QUANTIZATION DIMENSION FOR INFINITE CONFORMAL ITERATED
FUNCTION SYSTEMS

MRINAL KANTI ROYCHOWDHURY AND MARIUSZ URBANSKI

ABSTRACT. The quantization dimension function for an F-conformal measure mg generated
by an infinite conformal iterated function system satisfying the strong open set condition and
by a summable Holder family of functions is expressed by a simple formula involving the
temperature function of the system. The temperature function is commonly used to perform
a multifractal analysis, in our context of the measure mp. The result in this paper extends a
similar result of Lindsay and Mauldin established for finite conformal iterated function systems.

1. INTRODUCTION

Various types of dimensions such as Hausdorff and packing dimension or the lower and
upper box-counting dimension are important to characterize the complexity of highly irregular
sets. In the past decades, a lot of research has been done aiming at the calculation of these
dimensions for various special cases or establishing some significant properties. In recent years,
paralleling methods have been adopted to study the corresponding dimensions for measures
(cf. [F]). In this paper, we study the quantization dimension for probability measures. The
quantization problem consists in studying the quantization error induced by the approximation
of a given probability measure with discrete probability measures of finite supports. This
problem originated in information theory and some engineering technology. A detailed account
of this theory can be found in [GL1]. Given a Borel probability measure y on R¢, a number

r € (0,+00) and a natural number n € N, the nth quantization error of order r for p is defined
by

V() := inf{/d(x,oz)Tdu(x) ca C RY card(a) < n},

where d(x, ) denotes the distance from the point x to the set o with respect to a given norm
| || on RY. We note that if [ |jz||"du(x) < oo then there is some set « for which the infimum
is achieved (cf. [GL1]). The set a for which the infimum is achieved is called an optimal set
of n-means or n-optimal set of order r for 0 < r < +o0. The upper and lower quantization
dimension of order r for pu is defined to be

— rlogn
D, (p) :=limsup ————=——; D, (p) := liminf
n—oo 10g Vn,r (/l)
If D,(u) and D, (1) coincide, we call the common value the quantization dimension of order r
for the probability measure p, and is denoted by D, := D,.(u). One sees that the quantization
dimension is actually a function r +— D, which measures the asymptotic rate at which V,, ,
goes to zero. If D, exists, then one can write

1
log Vn,r ~ log(_)r/Dr'
n
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Graf and Luschgy first determined the quantization dimension for a finite system of self-similar
mappings associated with a probability vector (cf. [GL1, GL2]). Lindsay and Mauldin extended
the above result to the F-conformal measure m associated with a conformal iterated function
system determined by finitely many conformal mappings (cf. [LM]). Later, quantization
dimension was determined for many other fractal probability measures, for example one could
see [R1, R2, R3, R4, WD]. But, in each case the number of mappings considered was finite.
Quantization dimension for a fractal probability measure generated by infinite mappings was a
long time open problem. In [R6], Roychowdhury first determined the quantization dimension
for a self-similar measure generated by infinite similitudes (.S,,),>1 with similarity ratios (s,)n>1
respectively, associated with a probability vector (p,)n>1, although an extra assumption is
needed for the existence of the function P(q,t) := > 7, pjs; that occurred in that paper. In
this paper, we give an extension of Lindsay and Mauldin’s (cf. [LM]) results to the realm
of itereted function systems with a countable infinite alphabet. The probability measure mpg
considered here is the F-conformal measure associated with a summable Holder family of
functions F := {f® : X — R,i € I'} and a conformal iterated function system {p; : X —
X,i € I}, where [ is a countable set, called alphabet, with finitely many, or what we want
to emphasize, infinitely many, elements. We show that for this measure mpg, the quantization
dimension exists and is uniquely determined by the following formula:

_Dy
1) tim = log 3 (lexp(Su(F)I el ) 75 =0
weln

The multifractal formalism for a probability measure corresponding to a two parameter family
of Holder continuous functions

qt = {gqt = Qf(l +t10g’§01’ (S [}

does indeed hold if I is a countable set (cf. [HMU, MU]). In particular, the singularity
exponent ((q) (also known as the temperature function) satisfies the usual equation

2) lim ~ log > lexp(SL(EN el 17 =0,

n—oo M
welm

and that the Spectrum f(«) is the Legendre transform of 3(q). Comparing (1) and (2), we see
that if ¢, = D , (¢-) = rq,, that is, the quantization dimension function for an infinite
self-conformal measure has a relationship with the temperature function of the thermodynamic
formalism arising in multifractal analysis (for thermodynamic formalism, multifractal analysis
and the Legendre transform one could see [F, HMU]). The result in this paper is an infinite
extension of Lindsay and Mauldin (cf. [LM]).

2. BASIC DEFINITIONS AND LEMMAS

In this paper, R? denotes the d-dimensional Euclidean space equipped with a metric d. Let
us write,

Vir = Vo () = inf{/ d(z,a)"du(x) : « C RY, card(a) < n}.

A set a C R? with card(a) < n is called an n-optimal set of centers for p of order r or
Voo (u)-optimal set if

Vel = [ d(e. ) du(z).

As stated before, n-optimal sets exist when [ ||z"du(z) < co.
Let X be a nonempty compact subset of R? and I be a countable set with infinitely many
elements. Without any loss of generality we can take I = {1,2,---} the set of natural numbers.
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Let S = {g; : i € I} be a collection of injective contractions from X into X for which there
exists 0 < s < 1 such that

(3) d(pi(z), pi(y)) < sd(x,y)

for every ¢ € I and every pair of points x,y € X. Thus the system S is uniformly contractive.
Any such collection S of contractions is called an iterated function system. Put I* = J,,-, ["
and for w = wiwqe -+ w, € I", n > 1, set

Puw = Puwy © Puwy © 0 Py, -

If w e I" we say n is the length of w. We have made the convention that the empty word 0 is
the only word of length 0 and py = Idyx. If w € I* U T* and n > 1 does not exceed the length
of w, we denote by w|, the word wjws - w,. Observe now that given w € I*°, the compact
sets ¢, (X), n > 1, are decreasing and their diameters converge to zero. In fact, by (3)

(4) diam(py, (X)) < s"diam(X).
It implies that the set

m(w) = m ‘;Owln(X)

is a singleton and therefore this formula defines a map = : I* — X which, in view of (4) is
continuous. The main object of our interest will be the limit set

J=n(17) = {J [ eur.(X):

wel>® n=0
Let o : I® — I denote the left shift map (cutting out the first coordinate) on I, i.e.,
0(w) = wows - - -. Note that m o o(w) = ¢, o m(w), and hence rewriting m(w) = @, (1(o(w))),
we see that
J=Jel).
i€l

The set J is called the infinite self-conformal set corresponding to the infinite conformal iter-
ated function system S. Notice that if [ is finite, then J is compact and this property fails for
infinite systems. An iterated function system satisfies the Open Set Condition if there exists
a nonempty open set U C X (in the topology of X) such that ¢;(U) C U for every i € I and
0i(U) Np;(U) = 0 for every pair i,j € I, i # j. Furthermore, the system satisfies the strong
open set condition if U can be chosen such that U N J # ().

An iterated function system satisfying the Open Set Condition is said to be conformal if the
following conditions are satisfied:

(1) U = Intga(X).

(i) There exists an open connected set V with X C V' C R? such that all maps ¢;, i € I,
extend to C'-conformal diffeomorphisms of V into V.

(iii) There exist v,¢ > 0 such that for every z € 9X C R? there exists an open cone
Con(z,~,¢) C Int(X) with vertex x, central angle of Lebesgue measure 7, and altitude ¢.

(iv) Bounded Distortion Property (BDP): There exists C' > 1 such that

vl (y)] < Clel,(v)]

for every w € I* and every pair of points x,y € V, where |¢/ (z)| means the norm of the
derivative.
Inequality (3) implies that for every i € I,

d(pi(y), pi(z)) _ sdla,y) _

Y| = sup |©i(x)| = sup lim
||<;0 || xe)I? |S01( )| J:E)I;yaz d(y,l’) zeX d($7y)
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and hence ||¢/,|] < s™ for every w € I, n > 1. For t > 0, the topological pressure function for
a conformal iterated function system S = {; : i € I} is given by

. 1 /ot
P(t) = g;ngonlogé il
provided the limit exists. As it was shown in [MU1], there are two disjoint classes of conformal
iterated function systems, regular and irregular. A system is regular if there exists ¢ > 0
such that P(t) = 0. Otherwise the system is irregular. Moreover, if S is a conformal iterated
function system, then

dimg(J) = sup{dimg(Jr) : F C I, F finite} = inf{t > 0: P(¢) < 0},

where dimg (J) represents the Hausdorff dimension of the limit set J and Jp is the limit set
associated to the index set F. If a system is regular and P(t) = 0, then ¢ = dimg(J). Let us
assume that the conformal iterated function system considered in this paper is regular.
Let ' = {f® : X — R}ic; be a family of continuous functions such that if we define for
each n > 1,
Vn(F) = sup sup {|f(w1)<900(w) (.I‘)) - f(M)(QOU(w) (y))|} eﬁ(n_l)

wel™ zye X

for some 3 > 0, then the following is satisfied:

(5) Va(F) = sup {Va(F)} < oc.
The collection F' is called then a Hélder family of functions (of order 3). Denote by || - || the

supremum norm on the Banach space C(X) and by 1 the function with constant value 1 on
X. If in addition to (5) we have

Z lle?”[lg < 0o or equivalently Lp(1) € C(X),
iel

where

Lr(g)@) =D/ Pglpi), g€ C(X),
iel

is the associated Perron-Frobenius or transfer operator, then F' is called a summable Holder
family of functions (of order (). It was originally in [HMU], and called a strongly Holder
family of functions. In our paper, we assume that F'is a summable Holder family of functions
of order f3.

For n > 1 and w € I", set Sy(F) = > 7, [ 0 ¢,i(). Then following the classical
thermodynamic formalism, the topological pressure of I is defined by

P(F) = lim “log 3 || exp(S.(F)) .

n—oo M
welm

The limit above exists by the standard theory of sub-additive sequences. Subtracting from
each of the functions f@ the topological pressure of F' we may assume that P(F) = 0. By
[HMU]J, there exists a unique Borel probability measure mp on X such that for any continuous
function g : X — Randn > 1,

/gde => /exp(Sw(F)) (g0 pu)dmp.

weln
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In particular, for any Borel set A C J and 7 € I", n > 1, we have

me(er(4) = Y [ explSu(F) @)+ (Loia o pu(o))dmr(z)

— [ exp(S(F)@) - (e, o or(a))dmr(0)

_ /A exp(S. (F)(z))dmp(z).

Moreover, mp satisfies mp(p,(X) N @-(X)) = 0 for all incomparable words w,7 € I*. The
probability measure mp is called the F'-conformal measure of the (possibly) infinite conformal
iterated function system S and the summable Hélder family of functions F = {f® : X —
R,i € I}. Let us now consider a two-parameter family of Holder continuous functions

Gor = {97(q, 1) == qf D + tlog @} Yier.

The topological pressure corresponding to G, is given by

!
(6) P(g,t) = lim —log > llexp(Su(EN]eLI"

weln
The limit above exists by the standard theory of sub-additive sequences. We assume that for
every q € [0, 1] there exists u € R such that
(7) 0 < P(q,u) < +oc.

For ¢ = 0 this simply means that the system S is strongly regular; see [MU1]| for a detailed
discussion of this concept. Let
Fin(q) ={teR: Lg, (1) < oo} = {t e R: P(q,t) < oo} and 6(q) = inf Fin(q).

Notice that either Fin(q) = (6(g), +0o0) or Fin(q) = [6(¢), +00) The following lemma is easy to
prove (cf. [HMU], Lemma 7.1).

Lemma 2.1. For every q € R the function (6(q),+00) 2 q — P(q,t) is strictly decreasing,
conver and hence continuous.

With the use of (7), the proof of [HMU, Lemma 7.2] gives the following.
Lemma 2.2. If q € [0, 1], then there exists a unique t = $(q) € R such that P(q,3(q)) = 0.

By [HMU, Theorem 7.4], the function (3 is strictly decreasing, convex and hence continuous
on [0,1]. This function is commonly called the temperature function of the thermodynamic
formalism under consideration.

Note 2.3. Since the system S is strongly regular 5(0) = dimg(J) of the limit set J (cf.
[HMU]). Moreover, P(1,0) = 0, which gives 5(1) = 0 (see Figure 1).

3. MAIN RESULT
For a given r € (0,+00) consider the function ¢ : (0,1] — R given by the formula

B(x)
glx) = ="~
We know that §(1) = 0 and §(0) = dimg(J), and so g(1) = 0 and lim,_o; g(x) = +o0.
Moreover, the function g is continuous, even differentiable, and strictly decreasing (calculate
its derivative which is negative since ' < 0) on (0, 1]. Hence there exists a unique ¢, € (0, 1)
such that ¢g(¢,) = 1, i.e.,

B(qr) = 4.
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y
Dim (J) |
=rq
=B(a)
Dr ]|
i t q
Qr 1

FIGURE 1. To determine D, first find the point of intersection of y = (3(¢) and
the line y = rq. Then D, is the y-intercept of the line through this point and
the point (1, 0).

The relationship between the quantization dimension function and the temperature function
B(q) for the F-conformal measure m, where the temperature function is the Legendre transform
of the f(a) curve (for the definitions of f(«) and the Legendre transform see [F, HMU]) is
given by the following theorem which constitutes the main result of our paper. For its graphical
description see Figure 1.

Theorem 3.1. Let m be the infinite F-conformal measure associated with the infinite family of
strongly Holder functions F := {f® : X — R};c; and the infinite conformal iterated function
system S. For each r € (0,400) the quantization dimension (of order r) of the probability
measure mpg 1S given by

Dr(mF)

where, we recall (B is the temperature function.

=

Lemma 3.2. Let 0 < r < 400 be given. Then there exists exactly one number k, € (0, +00)

such that
P( Koy ’ TRy ) _o.
r+ K, T+ K,

Proof. Just take k, := L and apply the definition of ¢,. O

o ]-_q'r

For every M > 2 write Iy = {1,2,--- , M}, and consider the partial system
Sy={pi: X —>X:iely}

of the infinite system S. Let Jj; be its limit set. Consider also the partial Holder family of
functions

Fy={f9:X SR:icly}
of the infinite family F. Let mj; be the corresponding F);-conformal measure on Jy,. Fur-
thermore, let Py(q,t) be the topological pressure and (j/(q) be the temperature function
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associated with the system S);. Note that for each M > 2, Py(q,t) is strictly decreasing,
convex and hence continuous in each variable ¢,t € R separately (cf. [F1, P]).
The following lemma is a special case of the Lemma 3.2.

Lemma 3.3. Let 0 < r < +o0 and M > 2 be as before. Then there exists exactly one number

ke € (0,+00) such that
PM ( Rr M TRy M ) —0.

Y
e e T R

Lindsay and Mauldin showed that the above k, js is the quantization dimension for the prob-
ability measure my, (cf. [LM]). We shall prove the following lemma.

Lemma 3.4. If (qu)m>2 is a sequence of elements in (0,1) such that qu — q for some
q € (0,1], then By(qu) — B(q) as M — oo.

Proof. Let us first show that Gy (qar) < B(qar) for all M > 2. If not then there exists a positive
integer M’ > 2 such that Gy (qar) > B(qar). Then

0 = Pyr(qumr, B (qarr)) < Par(qur, B(anr)) < Plgar, Blgur)) = 0,

which is contradiction, and hence Bas(qar) < B(qar) for all M > 2. By the hypothesis, ¢ — ¢
for some g € (0,1] as M — oo. Moreover, the temperature functions are continuous on (0, 1],
and hence

(8) lim sup Sy (gar) < limsup G(gar) = lim B(qar) = 5(q)-
M M

If liminfys Bar(gar) < B(q), then for some € > 0 there exists a subsequence (Oar, (qar,))k>1 of
the sequence (Bar(qar))ar>2 such that

B (qar,) < B(q) — € < B(q)
Then for all £ > 1,
and hence for any positive integer ¢ if k > ¢,
0 2 PMk(QMk?ﬁ(q) - 6) 2 PMe(quaﬁ((ﬁ - 6)5
which implies
0> ]}LTEOPME(QMMB(Q) —¢€) = Pu,(q,8(q) —e),
and so we have
0> lim Py, (g, 6(q) =€) = Pg, 5(q) =€) > P(a, 5(q)) = 0,

which is a contradiction. Hence,
(9) lim Inf Bar(gar) = B(q)-
By (8) and (9), it follows that

i Bar(an) = 5(q),

and thus the lemma is yielded.
O

Lemma 3.5. Let 0 < r < 400, and let K, and K, be as in Lemma 3.2 and Lemma 3.3.
Then kyp — Ky as M — o0o.
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Proof. Let g, = % and ¢, = 2. It is enough to prove ¢,y — ¢, as M — oo. Let

(Grarx )k>1 be a subsequence of (g ar)a>2 such that g, — ¢ for some ¢ € (0,1]. Then by
Lemma 3.4,
TqA = ]}Lr& Tqr. My, = kh—{go ﬂMk (QT,Mk) = ﬂ((j)

So, by uniqueness of ¢, this implies that ¢ = ¢,. Hence ¢, ;s — ¢ as M — o0, i.e., K,y — Ky
as M — oc. 0

Lemma 3.6. Let my; and mp be as defined before. Then my; converges weakly to mp as
M — oo.

Proof. Let f : I°® — I*® be such that f(w) = f“)(n(c(w))), i.e. f is an amalgamated function
corresponding to the infinite family F* of strongly Hélder functions. Then for each M > 2, f|re
is an amalgamated function for the partial family F); of strongly Holder functions. Let mj,
be the conformal measure of the function f; with respect to the dynamical system generated
by the shift map oy : 155 — I55. Then (see Theorem 3.2.3 in [MU]) my, := 1y 0y, is the
unique Fy-conformal measure, where 7y, := 7|re is the restriction of the coding map 7 on the
space I57. The proof of Theorem 2.7.3 along with Corollary 2.7.5 (especially its uniqueness part
(a)) in [MU] gives that the sequence (1r)35_, converges weakly to m, the unique conformal
measure for f : I°° — R. Since the projection map « : I*° — X is continuous, we therefore
have that the sequence (mj;)35_, converges weakly to the measure mg := m o=, Thus the
proof of the lemma is complete. O

But because of Theorem 3.2.3 in [MU] again, so defined measure mp is the unique conformal
measure for the Holder family F', i.e., mp = m, where m is the F-conformal measure defined
before.

Let M denote the set of all Borel probability measures on X. Then given 0 < r < +o00, we
know L,-minimal metric (also refereed as L,-Wasserstein metric or L,-Kantorovich metric) is
given by

r(p ) =i ([l = slFivten))

where the infimum is taken over all Borel probabilities v on R? x R¢ with fixed marginals
P, and P,. Note that weak topology and the topology induced by any L,-minimal metric p,
coincide on M.

The following lemma is well-known (cf. [GL1]).

Lemma 3.7. Let P, denote the set of all discrete probability measures Q on R® with |supp(Q)| <
n. Then

Vor(P) = inf pl(P,Q).
+(P)= inf pi(P,Q)
Let us now prove the following lemma.
Lemma 3.8. Let 0 < r < +o00, and my; — m with respect to the weak topology. Then for any

n>1,
lim V, . (mar) = Vi, (m).

M—o0

Proof. Since X is compact, for any Borel probability measure v we have [ |z||"dv(z) < oc.
Hence by Lemma 3.7, it follows that

VL (mag) = VT m)| < pr(mag,m),

n,r

which yields the lemma. O

Now we prove the main result of our paper.
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Proof of Theorem 3.1. To prove the theorem let us first prove

.. rlogn ) rlogn
10 Ky < liminf ——————— <limsup —————=—— < K,.
(10) —  n —logV,,(m) T ", p —log V,,r(m) —
. . . rlogn . rlog ng
If possible, let liminf,, ——2"— g Vo () < fir Then there exists a subsequence <—7 o8 V”kvr(m))kzl of

rlogn
—log Vi, r(m)

rlogng

the sequence ( “Tog Ve r

) such that limy_ . ) < Fr which implies that there
n>1

exists a positive integer K such that % < Kk, for all £ > K. Thus for k > K, using
ng,T

Lemma 3.5 and Lemma 3.8, we obtain

. rlog ng rlog nyg - 5

im = Ky = lim Ky,

M—oo — log Vnw(mM) — IOg Vnk,r (m) " M—o0 M

and so there exists a positive integer M’ such that — 18" < ke for all M > M'" and

—log Vi, r(mar)
for all £ > K. In particular, for all £ > Ky we have
rlog ng

11
(11) —log V,,, »(mar)

Note that V,,, (muy) — 0 as k — oo, and Vj,, ,(mar) > Vi, »(map) > 0 for all & > 1, and
thus there exists a positive integer K such that for all k > K|,

1> Vnk’T(mM/) > Vn

Hence for all £ > K, we have

< Kp,M’-

k+1ﬂ“(mM’) >0,

rlog nyg rlog g1
— lOg Vnk,r(mM/) - = IOg VnkJrl,T(mM/) ’

(12)

ie., ( rlogny is a decreasing sequence of real numbers. Then by (11) and (12), we

—log Voo r(mpyr) ) k> K

deduce
) rlog nyg ) .. rlogn ) rlogny
1 < Kp M7, 1€, 1 f <1 < Kp M’
hbo — log Vi, »(mar) For,p7y 1.6, ML log Vi, (mar) — hoo — log Vi, (M) For, M

Ky is the quantization dimension for the probability measure mys, and so by the preceding
inequality, we obtain

I rlogn T rlogn -
Kpar = lim = limin Ko M
M S “log Vo (marr) n —log V., (m) M
which is a contradiction. Hence
Lo rlogn L . rlogn
Ky < liminf ————— and similarly, limsup ——— < k..

— n —logV,,(m) Y n P log V,,..(m) —
Therefore, the inequalities in (10) are proved, and thus lim, _lorgl“jff(m) exists and equals
Ky, 1.€.,

1
D,(m) = lim _reen K.

n—oo —log V,, .(m)

Note that if ¢, = ;f=—, by Lemma 3.2, we have 3(g,) = rq,, and then D, = f(_—q;r). Thus the

proof of the theorem is complete.

We would like to close this section with a class of examples of summable Holder families of
functions which fulfill our assumptions. Assume that an infinite conformal iterated function
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system S = {@;}ics is co-finitely (or hereditarily) regular. Let k : X — R be an arbitrary
Holder continuous function. Fix s > 0g. For every i € I define

FO(x) = k(x) + slog|gf(x)].
Then F := {f®@},c; is a summable Hélder family of functions for which (7) holds, and in
consequence, Theorem 3.1 is true.
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