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Abstract. A definition of Gibbs measure is introduced for a class of unbounded, regular
functions on NZd

. This extends the definition introduced by Capocaccia ([3]) to a non-
compact setting, using the “ergodic” approach of associating the measures to a function,
rather than a specification or an interaction potential. The definition is checked to be
compatible with Georgii’s ([5]) probabilistic definition of Gibbs measure for a specification
and, in the cases where the function is representable as the local energy of an absolutely
summable interaction potential, with the standard DLR definition of Gibbs measure for
an interaction potential.

1. Relation to the Literature.

The thermodynamic formalism of Gibbs measures in various settings has been well de-
veloped since the 1960’s. Standard references on the physical side of the literature include
Ruelle’s [13] and it’s precursor [12]; Simon’s ([15]) and Israel’s ([7]) functional analytic
approaches; Georgii’s probabilistic monograph [5]. Any of [15], the introduction to [7],
or Section 2 of the long paper [16] provide thorough physical interpretations. The core

of all these studies is a multidimensional integer lattice EZd with an interaction potential.
Gibbs measures are defined by the DLR equations (named for Dobrushin, Lanford, Ruelle),
which specify conditional measure within a finite sublattice given a fixed tail configuration
in terms of exponentiated interaction. Only [5] discusses the more general probabilistic the-
ory of Gibbs measures for a product measure specification (or just “specification”, though
the term should not be confused with the concept of “dynamical systems with specification”
as introduced in [2] and studied in [6], e.g.). Georgii’s book [5] is also noteworthy for being
the only among these standard references to deal with possibly noncompact alphabets such
as our E = N. For a discussion of existence of Gibbs measures, the reader may consult his
Chapter 4.

In the present paper we diverge from all the above references in that we do not use
an interaction potential or an explicit product measure specification in our definition, but
rather only a local energy function. This approach is modeled after Chapter 5 of Keller’s
ergodic theory book [8], and should provide a more familiar setting for researchers in
dynamical systems. Dynamicists rarely have occasion to study interaction potentials, which
truly belong to mathematical physics, but frequently encounter 1D shift spaces (symbolic
dynamics) with potential functions (Lyapunov exponents).
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We show our definitions to be fully compatible with [5] in Observation 2.11, where we
prove that all exp-summable, regular local energy functions define quasilocal specifications
which are modifications of the infinite a priori counting measure on N. In Section 3 we
discuss compatibility with the most common “physical” setting for Gibbs measures, where
the alphabet is a finite measure space E, E , ν and the configuration space EZd is equipped
with an interaction potential Φ with convergent Hamiltonian series and finite partition
functions.

The dynamic/ergodic approach of defining Gibbs measures for a function rather than an
interaction or a specification has been extended to infinite alphabet (hence noncompact)
one dimensional shifts in [9] and [14] and subsequent work of the same authors. As has been
mentioned, it has also been presented in great detail ([8]) for higher dimensional shifts with
finite alphabets. For existence of Gibbs measures we refer the reader to Our goal in the
present paper, then, is to fill in the missing intersection of higher dimensional shifts with
infinite alphabets. We note that we have also done the core theory of pressure, variational
principle, and equilibrium states in a self contained way for the NZd setting, but in the
interest of space we only submit the results relevant to characterization of Gibbs measures.

2. Terminology and Preliminary Estimates

2.1. Configuration Space NZd and Shift Action T .
Treat the lattice itself, Zd, with the norm

|λ| = max{|λj| : 1 ≤ j ≤ d}.
Denote the rectangular open box about the origin of radius n by

Λn ≡
{
λ ∈ Zd : |λ| < n

}
.

As a topological product, the basic open sets in NZd are the cylinder sets

[ω] ≡ π−1
Λ (ω) =

{
x ∈ NZd : x|Λ = ω

}
,

where Λ ⊂ Zd is a finite set and ω = (ωλ)λ∈Λ ∈ NΛ is a finite configuration (or finite word).
In particular we denote origin cylinders by

[a] = π−1
0 (a) =

{
x ∈ NZd : x0 = a

}
for any a ∈ N. Given any subsets Zd ⊇ Λ ⊇ Λ′, and a configuration ω ∈ NΛ, let

ω|Λ′ = (ωλ′)λ′∈Λ′ ∈ NΛ′

denote the restriction or projection of the larger configuration to the smaller. (It is only for
aesthetic reasons that we choose to write x|Λ′ rather than πΛ′(x).) We often speak of partial
configurations of the form ω ∈ NΛ, Λ ⊂ Zd. When adjoining/concatenating words, take
care to indicate to which subset Λ ⊂ Zd each sub-word is associated. Thus for Λ,Λ′ ⊂ Zd

with Λ ∩ Λ′ = ∅, ω ∈ NΛ, and ω′ ∈ NΛ′ , there is no ambiguity in writing the configuration
(ω, ω′) ∈ NΛ∪Λ′ .

The action of Zd on NZd is called the shift, or the group of shift maps. For each λ ∈ Zd

define the map T λ : NZd → NZd by the coordinate-wise rule(
T λx

)
λ′

= xλ+λ′ ∀ λ′ ∈ Zd.
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Indeed they form a group action on NZd .
The product topology on NZd is metrizable with

d(x, y) ≡ 2−n(x,y)

≡ 2−max{n>1 : x|Λn=y|Λn}

= 2−min{ |λ| : xλ 6=yλ}.

This means for every n ≥ 1,

B(x, 2−n) = [x|Λn+1 ] and B(x, 2−n) = [x|Λn ].

2.2. Exp-summability. Let PF (Zd) = {Λ ⊂ Zd : |Λ| < ∞}. If f : NZd → R, we define
for every Λ ∈ PF (Zd) the partition function

ZΛ(f) =
∑
ω∈NΛn

sup f |[ω].

In particular let
Zn(f) ≡ ZΛn(f)

for every n ≥ 1.

Definition 2.1. We say a function f is exp-summable if Z1(f) <∞.

Exp-summability has important consequences for the pressure function, the variational
principle, and the existence of Gibbs states, but we do not discuss these varied issues here.
For now we only need note that if Z1(f) <∞, then for every n ≥ 1

Zn(f) ≤ |Λn|Z1(f) <∞,
too.

2.3. Smoothness Criteria for Real Valued Functions of NZd.

Denote by C
(
NZd
)

the vector space of continuous real valued functions on NZd , by UC
(
NZd
)

the vector subspace of uniformly continuous functions, and by BC
(
NZd
)

the Banach space

of bounded continuous real valued functions with the supremum norm

‖f‖∞ = sup
{
|f(x)| : x ∈ NZd

}
.

As NZd is not compact, UC
(
NZd
)

intersects but does not contain BC
(
NZd
)

. (Nor does

BC ⊇ UC.) Let BUC
(
NZd
)

be the Banach subspace BC
(
NZd
)
∩UC

(
NZd
)

of BC
(
NZd
)

.

For a function f ∈ C(NZd) define the oscillation

δn(f) ≡ sup {|f(x)− f(y)| : x|Λn = y|Λn} ,
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for any n ≥ 1. Throughout this paper we will consider only functions with finite oscillation
on origin cylinders,

δ1(f) = sup{|f(x)− f(y)| : x0 = y0} <∞.
We note that Sarig and collaborators have studied Gibbs measures for functions with infinite
oscillation on origin cylinders on a Z-action subshifts with a countable alphabet, e.g. [14].
In terms of oscillations, note that

(1) f ∈ UC
(
NZd
)

if and only if δn(f)→ 0 as n→∞, i.e. if and only if f is quasilocal.

and

(2) f is Hölder continuous if and only if δn(f)→ 0 exponentially fast as n→∞.

It is important to realize that with our discrete alphabet the uniformly continuous functions
are exactly the quasilocal functions (in the language of [5], e.g.).

Of special interest for our theorems will be the regular functions:

Reg ≡

{
f : NZd → R :

∞∑
n=1

nd−1δn(f) <∞

}
.

The hierarchy of smoothness, all defined in terms of the oscillations δn, is

Hölder ( Reg ( UC.

The ergodic spatial averages are denoted

1

|Λ|
fΛ(x) ≡ 1

|Λ|
∑
λ∈Λ

f ◦ T λ,

and in particular

fn(x) ≡ fΛn(x).

We find it helpful to have a special symbol for the oscillations of the (unnormalized) spatial
averages. So let

∆n(f) ≡ δn(fn) = sup {|fn(x)− fn(y)| : x|Λn = y|Λn} .

Lemma 2.2. A commonly occurring error term: “stratified” summation over Zd.
For every n0 ≥ 1 there is a constant Bn0 > 0 such that for all n ≥ 1

|Λn+n0 \ Λn+n0−1| ≤ Bn0n
d−1

and hence for any f ∈ Reg
(
NZd
)

∞∑
n=1

|Λn+n0 \ Λn+n0−1| δn(f) ≤ Bn0 Reg(f).



5

Proof. First of all observe that |Λn| = (2n− 1)d. Applying the mean value theorem to the
function xd on the interval (2(n + n0 − 1) − 1, 2(n + n0) − 1) we find there is a number c
in the same interval satisfying

(2(n+ n0)− 1)d − (2(n+ n0 − 1)− 1)d = dcd−1 ((2(n+ n0)− 1)− (2(n+ n0 − 1)− 1))

< 2d(2(n+ n0)− 1)d−1

≤ 2d((2n0 + 1)n)d−1.

So one may use
Bn0 = 2d(2n0 + 1)d−1.

�

Lemma 2.3. On the asymptotic oscillations of spatially averaged functions:
If f ∈ UC(NZd) and δ1(f) < +∞ then ∆n(f) = o(|Λn|).
If f is regular, then ∆n(f) = O(nd−1).

Proof. If x ∈ NZd and y ∈ NZd with x|Λn = y|Λn and λ ∈ Λn then T λ(x)|Λn−|λ| = T λ(y)|Λn−|λ| .
This is true because Λn−|λ| ⊂ Λn ∩ (λ+ Λn). So, as a general rule,

sup{|f ◦ T λ(x)− f ◦ T λ(y)| : d(x, y) ≤ 2−n} ≤ δn−|λ|

holds for any f ∈ RNZd
, n ≥ 1, and λ ∈ Λn.

Let ε > 0. Because f is here assumed uniformly continuous, there is some index nε ≥ 1 for
which δn(f) ≤ ε for every n ≥ nε. If n ≥ nε and x|Λn = y|Λn then n− |λ| ≥ nε if and only
if λ ∈ Λn−nε+1, and so

|fn(x)− fn(y)| ≤
∑
λ∈Λn

|f ◦ T λ(x)− f ◦ T λ(y)|

≤
∑
λ∈Λn

δn−|λ|(f)

≤
∑

λ∈Λn−nε+1

ε+
∑

λ∈Λn\Λn−nε+1

δ1(f).

Thus ∆n(f) ≤ |Λn−nε+1|ε+ |Λn \Λn−nε+1|δ1(f). Although it won’t be so used, this estimate
makes sense even when n < nε if Λk is understood to be the empty set for k ≤ 0, in which
case it reduces to the trivial observation ∆n(f) ≤ |Λn|δ1(f).

Now the “little oh” becomes apparent as

lim
n→∞

∆n(f)

|Λn|
≤ lim

n→∞

|Λn−nε+1|ε+ |Λn \ Λn−nε+1|δ1(f)

|Λn|
= 1 · ε+ 0 · δ1(f).

To be sure, the ratios of cardinalities are

|Λn−nε+1|
|Λn|

=
(2(n− nε) + 1)d

(2n− 1)d
→ 1 as n→∞
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and
|Λn \ Λn−nε+1|

|Λn|
= 1− |Λn−nε+1|

|Λn|
→ 0 as n→∞.

For the second claim, let f be regular, and let x, y ∈ NZd with x|Λn = y|Λn . Then

|fn(x)− fn(y)| ≤
n−1∑
l=0

∑
λ∈Λl+1\Λl

|f(T λx)− f(T λy)|

≤
n−1∑
l=0

|Λl+1 \ Λl|δn−l(f)

≤
n−1∑
l=0

B1l
d−1δn−l(f)

(letting j := n− l) = B1

n∑
j=1

(
n− j
j

)d−1

jd−1δj(f)

≤ B1(n− 1)d−1Reg(f).

This proves ∆n(f) ≤ B1 Reg(f)(n− 1)d−1. �

2.4. Coordinate-wise Permutation within Λ and the associated Infinite Volume
Energy Loss. Suppose that for each λ ∈ Zd, τλ ∈ SN, the set of all permutations of N.
Then the map

τ : NZd → NZd , (τ(x))λ = τλ(ωλ)

is a bijection, and if τλ is the identity for all sufficiently large |λ| it is also a homeomorphism.
Classify these homeomorphisms according to where they act:

Definition 2.4. For Λ ∈ PF (Zd) let

EΛ =
{
τ = (τλ)λ∈Zd : ∀ λ ∈ Zd τλ ∈ SN, ∀ λ ∈ ΛC τλ = Id

}
.

These are coordinate-wise permutations of finitely many coordinates or local permutations.
Note they are conjugating homeomorphisms of NZd with the shift action T , in the language
of [3], e.g.

In particular let En ≡ EΛn . We may further specify by letting, for each sub-alphabet
I ⊆ N,

EΛ,I = { τ ∈ EΛ : ∀ λ ∈ Λ τλ|IC = Id } .
In defining Gibbs measures it will suffice to consider the cases where I is a finite subset
of N. In progressing to the DLR equations in Theorem 2.1 we shall want to distinguish a
family of these permutations.
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Definition 2.5. For each Λ ∈ PF (Zd) and ω ∈ NΛ let τω ∈ EΛ by defined by

(τω)λ = (ωλ1) ∈ SN ∀ λ ∈ Λ,

wherein appears the cycle notation for the transposition of the letters ωλ and 1.

The preceding definition is made exactly so that for any t ∈ NΛC

τω(ω, t) = (1Λ, t) and τω(1Λ, t) = (ω, t).

Theorem 2.6. Fix some n0 ≥ 1 and τ ∈ En0. Together with a regular local energy function
f , τ defines a uniformly continuous infinite volume energy loss

fτ ≡ ‖‖∞ lim
n→∞

(fn ◦ τ−1 − fn).

Proof. For any integers m > n ≥ n0,∥∥(fm ◦ τ−1 − fm)− (fn ◦ τ−1 − fn)
∥∥
∞ =

=

∥∥∥∥∥∑
λ∈Λm

(f ◦ T λ ◦ τ−1 − f ◦ T λ)−
∑
λ′∈Λn

(f ◦ T λ ◦ τ−1 − f ◦ T λ)

∥∥∥∥∥
∞

=

∥∥∥∥∥∥
∑

λ∈Λm\Λn

f ◦ T λ ◦ τ−1 − f ◦ T λ
∥∥∥∥∥∥
∞

≤
m−1∑
l=n

∑
|λ|=l

∥∥f ◦ T λ ◦ τ−1 − f ◦ T λ
∥∥
∞

≤
m−1∑
l=n

|Λl+1 \ Λl| δl−n0+1(f)

(
letting

k=l−n0+1

)
=

m−n0∑
k=n−n0+1

|Λk+n0 \ Λk+n0−1|δk(f)

≤ Bn0

m−n0∑
k=n−n0+1

(k)d−1δk(f).

Since it was assumed Reg(f) <∞, the sum in the lower right corner, which is the difference
between Reg(f) and a partial sum of Reg(f), must shrink to 0 as n→∞.
Thus the sequence {fn◦τ−1−fn}∞n=1 is ‖·‖∞ Cauchy, and moreover the rate of convergence
obtained above does not depend on the choice of τ ∈ En0 . The standard “ ε

3
” argument

shows that if each fn is uniformly continuous (which is true as long as f is uniformly con-
tinuous), then there is a uniformly continuous limit fτ under ‖ · ‖∞.

�

To see in Fact 2.13 that the specification associated to our Gibbs measures is quasilocal
in the sense of [5], we’ll also need the following equicontinuity result:
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Lemma 2.7. For every regular, exp-summable function f and every n0 ≥ 1

sup
τ∈En0

δn(fτ )→ 0 as n→∞.

Proof. Let n0 ≥ 1, τ ∈ En0 , n > n0, and x, y ∈ NZd with x|Λn = y|Λn . We have

|fτ (x)− fτ (y)| = lim
m→∞

|fm(τ−1x)− fm(x)− fm(τ−1y) + fm(y)|,

but there is some question in how to pair the terms. Working with m > n, we have the
decomposition

fm =
∑

λ∈Λ
bn+n0

2 c+1

f ◦ T λ +
∑

λ∈Λm\Λbn+n0
2 c+1

f ◦ T λ.

In the first sum, we pair x with y and τ−1x with τ−1y because x|Λn = y|Λn and (τ−1x)|Λn =
(τ−1y)|Λn . In the second sum we pair x with τ−1x and y with τ−1y because x|ΛCn0

=

(τ−1x)|ΛCn0
and y|ΛCn0

= (τ−1y)|ΛCn0
. This yields

|fm(τ−1x)− fm(x)− fm(τ−1y) + fm(y)| ≤
≤

∑
λ∈Λ

bn+n0
2 c+1

2δn−|λ|(f) +
∑

λ∈Λm\Λbn+n0
2 c+1

2δ|λ|−n0(f)

≤ 2B

b
n+n0

2
c∑

l=0

δn−l(f)ld−1 +
m−1∑

l=bn+n0
2
c+1

δl−n0(f)ld−1


(

reindex the first sum with k=n−l, note n−bn+n0
2
c=dn−n0

2
e
)

= 2B

 n∑
k=dn−n0

2
e

δk(f)kd−1

(
n− k
k

)d−1

+
m−1∑

l=bn+n0
2
c+1

δl−n0(f)(l − n0)d−1

(
l

l − n0

)d−1


≤ 2B

(n− dn−n0

2
e

dn−n0

2
e

)d−1 n∑
k=dn−n0

2
e

δk(f)kd−1 +

+

( bn+n0

2
c+ 1

bn+n0

2
c+ 1− n0

)d−1 m−1∑
l=bn+n0

2
c+1

δl−n0(f)(l − n0)d−1

 .

Taking m→∞ the right hand sum remains finite by regularity, and we obtain the common
upper bound on δn(fτ ), τ ∈ En0 . The floor/ceiling coefficients on both sums converge to 1
as n→∞ (note for the left one that n− dn−n0

2
e = bn+n0

2
c). By regularity of f both sums

shrink to 0 as n→∞. Thus the lemma is proved. �
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2.5. Gibbs Measures. Because we use the local energy f without reference to an inter-
action, the traditional physical (DLR) definition of a Gibbs measure must be modified.

Let PF (N) = {F ⊂ N : |F | <∞}.
Definition 2.8. A Gibbs state for a regular, exp-summable local energy function f : NZd →
R is a Borel probability measure for which µ ◦ τ−1 � µ with Radon-Nikodym derivative

dµ ◦ τ−1

dµ
= efτ

for every F ∈ PF (N), n ≥ 1, and τ ∈ En,F . For short we write µ ∈ G.S.(f).

This definition of Gibbs state by transfer of measure under local permutations of the
configuration space is motivated by Keller’s definition for finite alphabet lattice systems
in [8], which is in turn motivated by Capocaccia’s definition in [3] of Gibbs states for an
expansive Zd action on a general compact metric space. To extend Keller/Capocaccia’s

definition to the non-compact space NZd we have simply required the measure to respond
correctly to local permutations of finitely many letters.

We record an obvious algebraic and topological consequence of this definition.

Observation 2.9. The set of Gibbs states for a regular, exp-summable function is convex
and weak closed.

Proof. In the defining equation µ◦τ−1 = efτµ, both sides are affine in µ. Thus for 0 < α < 1
and {µ, ν} ⊆ G.S.(f) it follows that

(αµ+ (1− α)ν) ◦ τ−1 = efτ (αµ+ (1− α)ν) ,

i.e. (αµ+ (1− α)ν) ∈ G.S.(f), too. For weak closedness, let {µj}∞j=1 ⊆ G.S.f and let µ be

a weak limit of the sequence. Let g ∈ B.C.(NZd) and τ ∈ En,F as before. Then

µ ◦ τ−1 = w lim
j→∞

µj ◦ τ−1 = w lim
j→∞

efτ µj = efτ µ.

and this proves µ is a Gibbs state for f , too. �

2.6. DLR Characterization, Specifications.
We check that our definition is equivalent to satisfying a local energy form of the DLR
equations. These equations are also significant because they constitute a quasilocal specifi-
cation without reference to an interaction potential Φ. The approach is modeled after [8]’s
Chapter 5.

Theorem 2.10. A Borel probability measure on NZd is a Gibbs state for the regular, exp-
summable function f if, and only if, for every Λ ∈ PF (Zd), ξ ∈ NΛ and x ∈ NZd, it has the
conditional measures

µ([ξ]|AΛC )(x) =
exp fτξ

(
1Λ, x|ΛC

)∑
ω∈NΛ

exp fτω
(
1Λ, x|ΛC

)
= lim

m→∞

exp fm(ξ, x|ΛC )∑
ω∈NΛ

exp fm(ω, x|ΛC )
.(2.1)
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Proof. First suppose µ is a Gibbs state. If A ∈ AΛC and (ω, x) ∈ A for some ω ∈ NΛ,

x ∈ NΛC , then (ω′, x) ∈ A for every ω′ ∈ NΛ. This means AΛC measurable sets are
preserved by all the maps in EΛ. In particular, if τ ∈ EΛ, and α, ω ∈ NΛ with τ−1[α] = [ω]
then in fact for any A ∈ AΛC τ−1([α] ∩ A) = [ω] ∩ A. Using some basic properties of
conditional expectation, we see that for all A ∈ AΛC∫

A

11[ω]dµ =

∫
A

11[α]d(µ ◦ τ−1)

=

∫
A

11[α] exp fτdµ

=

∫
A

11[α](x) exp fτ (α, x|ΛC )dµ(x)

=

∫
A

Eµ

[
11[α] exp fτ (α, ·|ΛC )

∣∣∣AΛC

]
(x)dµ(x)

=

∫
A

Eµ

[
11[α]

∣∣∣AΛC

]
(x) exp fτ (α, x|ΛC )dµ(x).

This proves that

(2.2) Eµ

[
11[α]

∣∣∣AΛC

]
(x) exp fτ (α, x|ΛC ) = Eµ

[
11[ω]

∣∣∣AΛC

]
(x).

Now let Λ ∈ PF (Zd), F ∈ PF (N) with 1 ∈ F , and ω ∈ FΛ. Recall Definition 2.5 of
τω ∈ EΛ,F , for which τω([ω]) = [1Λ]. Taking τ = τω and α = 1Λ in Equation 2.2 yields

Eµ

[
11[1Λ]

∣∣∣AΛC

]
(x) exp fτω(1Λ, x|ΛC ) = Eµ

[
11[ω]

∣∣∣AΛC

]
(x),

and summing over all ω ∈ FΛ yields (by linearity of conditional expectation)

Eµ

[
11FΛ×NΛC

∣∣∣AΛC

]
(·) =

∑
ω∈FΛ

Eµ

[
11[ω]

∣∣∣AΛC

]
(·) = Eµ

[
11[1Λ]

∣∣∣AΛC

] ∑
ω∈FΛ

exp fτω(1Λ, ·|ΛC ).

Because
⋂
F∈PF (N)

(
FΛ × NΛC

)C
= ∅, the “continuity” property of countably additive

measures implies∫
|11− 11FΛ×NΛC |2dµ =

∫
|11− 11FΛ×NΛC |dµ = µ((FΛ × NΛC )C)→ 0

as F → N. Since conditional expectation given AΛC is a continuous linear operator on
L2(µ) (namely, orthogonal projection onto the closed subspace of AΛC measurable square
integrable functions),

Eµ

[
11FΛ×NΛC

∣∣∣AΛC

]
→ Eµ

[
11
∣∣∣AΛC

]
in L2(µ) as F → N. Now by general measure theory there is a subsequence {Fm}m≥1 ⊂
PF (N) for which Eµ

[
11FΛ

m×NΛC

∣∣∣AΛC

]
converges µ − a.e. to Eµ

[
11
∣∣∣AΛC

]
. The constant
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function 11 ≡ 11NZd is a version of Eµ

[
11
∣∣∣AΛC

]
, so for µ− a.e.x ∈ NZd

1 = lim
m→∞

Eµ

[
11FΛ

m×NΛC

∣∣∣AΛC

]
(x)

= lim
m→∞

Eµ

[
11[1Λ]

∣∣∣AΛC

]
(x)

∑
ω∈FΛ

m

exp fτω(1Λ, x|ΛC )

= Eµ

[
11[1Λ]

∣∣∣AΛC

]
(x)

∑
ω∈NΛ

exp fτω(1Λ, x|ΛC ).(2.3)

Before proceeding, we want to say something about the countable sum in the last line. Let
n0 be the least index such that Λ ⊆ Λn0 , and let

Dω =
∑

λ∈Λn0\Λ

|f ◦ T λ(ω, x|ΛC )− f ◦ T λ(1Λ, x|ΛC )| ≤ |Λn0 \ Λ|δ1(f).

Then for every n > n0∑
ω∈NΛ

exp fnτω(1Λ, x|ΛC )

≤
∑
ω∈NΛ

exp

(
fΛ(ω, x|ΛC )− fΛ(1Λ, x|ΛC ) +Dω +

n−n0∑
l=1

|Λn0+l \ Λn0+l−1|δl(f)

)
≤ exp

(
|Λn0 \ Λ|δ1(f) +Bn0 Reg(f)− fΛ(1Λ, x|ΛC )

)
Zx

Λ(f) <∞.

This shows that each of the functions

NΛ 3 ω 7→ exp
(
fnτω(1Λ, x|ΛC )

)
, Λn ⊇ Λ

is integrable by the counting measure on NΛ and moreover the whole sequence is dominated
by the integrable function

ω 7→ exp
(
fΛ(ω, x|ΛC )− fΛ(1Λ, x|ΛC ) + |Λn0 \ Λ|δ1(f) +Bn0 Reg(f)

)
.

With the Lebesgue dominated convergence theorem, this shows that the limit function
ω 7→ efτω (1Λ,x|

ΛC
) is integrable and justifies the coming exchange of sum and limit.

Moving on, fix any one ξ ∈ NΛ and again use η = 1Λ and τ = τξ in Equation 2.2.

Substitute the expression this provides for Eµ

[
11[1Λ]

∣∣∣AΛC

]
(x) into Equation 2.3 to obtain

(for µ− a.e.x ∈ NZd),

1 = Eµ

[
11[ξ]

∣∣∣AΛC

]
(x) exp

(
−fτξ

(
1Λ, x|ΛC

)) ∑
ω∈NΛ

exp fτω
(
1Λ, x|ΛC

)
,

and so

Eµ

[
11[ξ]

∣∣∣AΛC

]
(x) =

exp fτξ
(
1Λ, x|ΛC

)∑
ω∈NΛ

exp fτω
(
1Λ, x|ΛC

) .
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This formula, the first line of Equation 2.1, is derived by Keller for finite alphabet lattice
systems in Chapter 5 of [8]. To obtain the formula in the second line of Equation 2.1, write
out the fτ as limits and cancel the common factor.

exp fτξ
(
1Λ, x|ΛC

)∑
ω∈NΛ

exp fτω (1Λ, x|ΛC )
=

exp lim
m→∞

(
fm ◦ τ−1

ξ − fm
) (

1Λ, x|ΛC
)

∑
ω∈NΛ

exp lim
m→∞

(
fm ◦ τ−1

ω − fm
)

(1Λ, x|ΛC )

=
exp lim

m→∞

(
fm (ξ, x|ΛC )− fm

(
1Λ, x|ΛC

))
∑
ω∈NΛ

exp lim
m→∞

(fm (ω, x|ΛC )− fm (1Λ, x|ΛC ))

= lim
m→∞

exp
(
fm (ξ, x|ΛC )− fm

(
1Λ, x|ΛC

))∑
ω∈NΛ

exp (fm (ω, x|ΛC )− fm (1Λ, x|ΛC ))

= lim
m→∞

exp fm (ξ, x|ΛC )∑
ω∈NΛ

exp fm (ω, x|ΛC )
.

The exchange of limit and sum in the denominator from the second line to the third
is allowed by the Lebesgue dominated convergence theorem, as mentioned above. This
completes the proof that Gibbs states for a regular exp-summable local energy f must have
the DLR-type conditional expectations of Equation 2.1.

For the converse take some n ≥ 1, F ∈ PF (N), and τ ∈ En,F . Take any ξ ∈ NΛn and let
ω = τ |Λ−1

n
(ξ) ∈ NΛn . Assuming the conditional expectations of equation 2.1,

µ ◦ τ−1 ([ξ]) = µ ([ω]) =

∫
11[ω]dµ =

∫
µ
(
[ω]|AΛCn

)
(x)dµ(x) =

=

∫
exp fτ

(
ξ, x|ΛCn

)
µ
(
[ξ]|AΛCn

)
(x)dµ(x)

=

∫
Eµ
[
exp fτ

(
ξ, ·|ΛCn

)
11[ξ]

∣∣AΛCn

]
(x)dµ(x)

=

∫
exp fτ

(
ξ, x|ΛCn

)
11[ξ](x)dµ(x) =

∫
[ξ]

exp fτdµ.

This proves µ ◦ τ−1 = efτµ. �

Now we turn to the compatibility of our definition of Gibbs measure for a regular,exp-
summable function of NZd with the probabilistic theory of Gibbs measures for a product
measure specification as presented in [5]. With the local energy DLR 2.1 characterization
of G.S.(f), we can check that it consists precisely of the Gibbs measures for a certain

quasilocal specification γ on the measurable space
(
NZd ,Borel

)
. The details follow.
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Observation 2.11.

ρΛ(x) ≡
exp fτx|Λ (1Λ, x|ΛC )∑

ω∈NΛ

exp fτω(1Λ, x|ΛC )

constitutes a positive χ-modification, where χ is the counting measure on N.

Proof. For normalization recall from the proof of Theorem 2.10 that the denominator of
ρΛ(x) is finite for any x ∈ NZd . Thus

ρΛχΛ(NZd |x) =
∑

y∈NZd :y|
ΛC

=x|
ΛC

ρΛ(x) = 1.

For the consistency condition we use the equivalent formulation in the second line of Equa-
tion 2.1 and criterion (c) of Proposition (1.30) in [5]: if Λ ⊂ Λ′ ∈ PF (Zd), a, b ∈ NΛ and

t ∈ NΛC , then

ρΛ′(a, t)ρΛ(b, t) = lim
m→∞

exp fm(a, t)∑
ω′∈NΛ′

exp fm(ω′, t|Λ′C )

exp fm(b, t)∑
ω∈NΛ

exp fm(ω, t|ΛC )
= ρΛ′(b, t)ρΛ(a, t).

�

With this modification ρ of the a priori counting measure χ, we get the specification
γ = ρχ defined by

(2.4) γΛ([ξ]|x) =
exp fτξ(1Λ,x|

ΛC
)∑

ω∈NΛ

exp fτω(1Λ, x|ΛC )
= ρΛ(ξ, x|ΛC ).

for any ξ ∈ NΛ and x ∈ NZd , and more generally

(2.5) γΛ(B|x) =

∑
ξ∈NΛ:(ξ,x|

ΛC
)∈B

exp fτξ(1Λ,x|
ΛC

)∑
ω∈NΛ

exp fτω(1Λ, x|ΛC )

for any Borel subset B of NZd . We recall from [5] that the Gibbs measures Gγ for a
specification γ are those probability measures for which

(2.6) µ(B|AΛC )(x) = γΛ(B|x)

holds for every Λ ∈ PF (Zd), B ∈ Borel
(
NZd
)

, and µ-a.e. x ∈ NZd .

Observation 2.12. For a regular, exp-summable function f on NZd, the Gibbs measures
for f (G.S.(f), Definition 2.8) conicide with the Gibbs measures for the specification γ (Gγ,
Definitions 2.5,2.6).
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Proof. Using the local energy DLR characterization theorem 2.10, it is clear from the special
case 2.4 of equation 2.5 that any Gibbs measure for the specification γ is an element of
G.S.(f). Conversely, if µ ∈G.S.(f) then we know

µ([ω]|AΛC )(x) = γΛ([ω]|x)

for every Λ ∈ PF (Zd), ω ∈ NΛ, and µ-a.e. x ∈ NZd . In other words, if µ ∈ G.S.(f) then for
each Λ ∈ PF (Zd) the class of sets{

S ∈ Borel
(
NZd
)

: µ(S|AΛC )(x) = γΛ(S|x) for µ− a.e.x ∈ NZd
}

contains all cylinders [ω] where ω ∈ NΛ. It follows from the basic properties of conditional
expectation that this class is closed under complementation and further contains all “rec-

tangle” sets of the form A× B ∈ Borel
(
NΛ
)
× Borel

(
NΛC

)
(here we mean the Cartesian

product of the σ-algebras). Then it follows from basic measure theory and appropriate use
of the Lebesgue dominated convergence theorem that this class is closed under countable
unions. Thus it is a σ-algebra, and contains the algebra of finite unions of cylinders. So in

fact µ ∈ G.S.(f) implies that for every Λ ∈ PF (Zd) and every S ∈ Borel
(
NZd
)

the function

γΛ(S|x) is a version of µ(S|AΛC )(x), i.e. µ ∈ Gγ. �

It does not follow directly from [5] that γ is a quasilocal specification, so we prove it
here.

Fact 2.13. The specification defined in Equation 2.4 is quasilocal for any regular, exp-
summable local energy function f .

Proof. We need to show that for each Λ ∈ PF (Zd) and bounded local function g that γΛg
is a quasilocal i.e. uniformly continuous function. Recall

γΛg(x) =
∑
ξ∈NΛ

γΛ([ξ]|x)g(ξ, x|ΛC ).

If g only depends on the coordinates in Λj, j ≥ 1, then let n ≥ j and x, y ∈ NZd with
x|Λn = y|Λn . Using normalization of γΛ( |x) and the fact that g(ξ, x|ΛC ) = g(ξ, y|ΛC ) for
every ξ ∈ NΛ, we compute

|γΛg(x)− γΛg(y)| = |
∑
ξ∈NΛ

γΛ([ξ]|x)g(ξ, x|ΛC )− γΛ([ξ]|y)g(ξ, y|ΛC )|

= |
∑
ξ∈NΛ

g(ξ, x|ΛC ) (γΛ([ξ]|x)− γΛ([ξ]|y)) |

≤ ‖g‖∞max
ξ∈NΛ

∣∣∣∣1− γΛ([ξ]|y)

γΛ([ξ]|x)

∣∣∣∣ .
But it is clear from the middle term in equation 2.4 that, because x|Λn = y|Λn

exp

(
−2 sup

τ∈EΛ
δn(fτ )

)
≤ γΛ([ξ]|y)

γΛ([ξ]|x)
≤ exp

(
2 sup
τ∈EΛ

δn(fτ )

)
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holds for every ξ ∈ NΛ, and hence (with the mean value theorem)∣∣∣∣1− γΛ([ξ]|y)

γΛ([ξ]|x)

∣∣∣∣ ≤ 2 sup
τ∈EΛ

δn(fτ ) exp

(
2 sup
τ∈EΛ

δn(fτ )

)
.

Thus

δn(γΛg) ≤ 2‖g‖∞ sup
τ∈EΛ

δn(fτ ) exp

(
2 sup
τ∈EΛ

δn(fτ )

)
,

which shrinks to 0 as n→∞ by Lemma 2.7. �

3. Compatibility with the “Interaction” Formulation of a Lattice Model.

We present the preliminary Propositions 3.1, 3.2 of this section in a more general setting
that takes a measurable space E, E for an alphabet. (Note: in [5], the lattice Zd is also
generalized to an arbitrary countable set, but we see no need to go so far here because our
notion of “spatial averaging” doesn’t produce useful results with a structureless indexing
set for the product.) Then in Theorem 3.4 we compare our notion of Gibbs measures on

NZd (Definition 2.8, Theorem 2.10) to the established notion of Gibbs measures in this
general setting.

In the physical theory an interaction (variously called an interaction potential, or just a
potential) is an element

Φ = (ΦΛ)Λ∈PF (Zd) ∈
∏

Λ∈PF (Zd)

CΛ

(
NZd
)
,

where we’ve labeled the Λ-local functions by

CΛ

(
NZd
)

=
{
f ∈ C

(
NZd
)

: x|Λ = y|Λ ⇒ f(x) = f(y)
}
.

In [13],[15],and [7], the largest class of interactions studied is the “Big” Banach space of
interactions Φ with norm

‖Φ‖B =
∑

0∈Λ∈PF (Zd)

|Λ|−1‖ΦΛ‖∞ <∞.

The “Small” Banach space, for comparison, has the norm

‖Φ‖S =
∑

0∈Λ∈PF (Zd)

‖ΦΛ‖∞ <∞.

In [5], the only interactions considered are those for which all the Hamiltonian series

HΛ(Φ) =
∑

Λ′∈PF (Zd):
Λ∩Λ′ 6=∅

ΦΛ′

at least converge pointwise, i.e. configurationwise. (Note for Φ ∈ S the Hamiltonians con-
verge absolutely, uniformly, but Φ ∈ B neither implies nor is implied by the Hamiltonians’
pointwise convergence.) An interaction in [5] is further called admissible by an a priori



16 STEPHEN MUIR

measure ν on the alphabet E if all the Hamiltonian series converge pointwise and for all
Λ ∈ PF (Zd) and all “tail configurations” t ∈ EΛC the “partition function”

Zt
Λ(Φ) =

∫
EΛ

e−HΛ(Φ)(a,t)dνΛ(a) =

∫
e−HΛ(Φ)d

(
νΛ × δt

)
is finite. An admissible interaction Φ defines a product measure specification by modifica-
tion of νZd . Specifically, for every Λ ∈ PF (Zd), B ∈ EZd , and x ∈ EZd ,

(3.1) ηΛ(B|x) = ηΦ,ν
Λ (B|x) =

(
Z
x|

ΛC

Λ (Φ)
)−1

∫
EΛ

11B(ω, x|ΛC )e−HΛ(Φ)(ω,x|ΛC )dνΛ.

An important feature of product measure specifications is that for each fixed B the func-
tion x 7→ ηΛ(B|x) is AΛC measurable, i.e. does not depend on the coordinates x|Λ. For
convenience in what follows, this allows us to use the symbol

ηΛ(B| · t),

where t ∈ EΛC , to stand for the common value of ηΛ(B|(ω, t)) for all ω ∈ EΛ. In [5] a
Gibbs measure µ for an interaction Φ admissible by some a priori measure ν is defined as
a Gibbs measure for the specification η, i.e. one satisfying

(3.2) µ (B|AΛC ) (x) = ηΦ,ν
Λ (B|x)

for every Λ ∈ PF (Zd), B ∈ EZd , and x ∈ EZd . In [13],[15], and [7] the same definition
is used for finite ν and Φ ∈ S, but the use of specifications is avoided by writing the
conditional measures directly in terms of the exponentiated Hamiltonians in 3.1, and calling
the set of such measures GΦ,ν rather than GηΦ,ν . Both Dobrushin and the team of Lanford
and Ruelle are attributed with the discovery that this system of conditional measures is
the appropriate “infinte volume” generalization of the classical Gibbs ensemble for finite
cardinality configuration spaces (or purely atomic measures.) Consequently, the collective
equations 3.2 are known as the DLR equations.

If Φ ∈ B or if Φ has well defined Hamiltonians, then it has a well defined local energy
function

ÂΦ =
∑
Λ3◦0

ΦΛ,

wherein the symbol

Λ 3 ◦λ
indicates that the lattice site λ is the

⌈ |Λ|
2

⌉
th, or middle, element of Λ in lexicographic

order. Note the series ÂΦ converges in ‖ ‖∞ if Φ ∈ B. The physical interpretation of Â(Φ)
is specific internal energy, i.e. internal energy per lattice site. Although it is calculated at
the origin, translation invariance implies it is the same throughout the lattice. In defining
local energy it is perhaps a bit arbitrary to assign the interaction in a region Λ to it’s
lexicographical middle. Indeed a more common definition of local energy is

AΦ =
∑

0∈Λ∈PF (Zd)

|Λ|−1ΦΛ.
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Both maps Â and A are bounded linear maps (B, ‖ ‖B)→
(
BUC

(
NZd
)
, ‖ ‖∞

)
. However,

Â has the advantage of admitting a natural construction of an element Φ ∈ Â−1(f) for

every f ∈ BUC
(
NZd
)

. The construction is due to Ruelle ([13]), but we present the details

below in Fact 3.3. Interestingly, the exact image of B under the averaging approach A to
local energy appears to be unknown. The two local energies are equivalent in the sense that
for any shift invariant finite measure µ on NZd the integrals coincide:

∫
A(Φ)dµ =

∫
ÂΦdµ.

Thus they define the same variational equilibrium states. We turn next to a formulation
of the DLR equations in terms of these two local energies.

Proposition 3.1. Let Φ be an interaction admissible by a finite a priori measure ν. If for
each Λ ∈ PF (Zd) and t ∈ EΛC there is a uniform rate of convergence for all the series

HΛ(Φ)(ω, t) : ω ∈ EΛ,

then for each Λ ∈ PF (Zd) and t ∈ EΛC , and B ∈ EZd

(3.3) ηΦ,ν
Λ (B| · t) = lim

n→∞

∫
EΛ 11B(ω, t)e−(ÂΦ)

n
(ω,t)dνΛ(ω)∫

EΛ e
−(ÂΦ)

n
(ω′,t)dνΛ(ω′)

.

Proof. Fix Λ, t, and B as above and examine the nth term of the sequence, assuming
W.L.o.G. that Λn ⊇ Λ. Cancelling all factors e−ΦΛ′ for which Λ′ ∩ Λ = ∅ yields
(3.4)

∫
EΛ

11B(ω, t)e−(ÂΦ)
n

(ω,t)dνΛ(ω)∫
EΛ

e−(ÂΦ)
n

(ω′,t)dνΛ(ω′)
=

∫
EΛ

11B(ω, t) exp

−∑
λ∈Λn

∑
Λ′3◦λ,

Λ′∩Λ6=∅

ΦΛ′(ω, t)dν
Λ(ω)


∫
EΛ

exp

−∑
λ∈Λn

∑
Λ′3◦λ,

Λ′∩Λ6=∅

ΦΛ′(ω, t)

 dνΛ(ω)

.

Now in the exponent of both integrands we recognize a partial sum of HΛ(Φ). With the
assumed strength of convergence of the Hamiltonians, for every ε > 0 there is an index nε
so large that for every n ≥ nε and ω ∈ EΛ∣∣∣∣∣∣∣∣HΛ(Φ)(ω, t)−

∑
λ∈Λn

∑
Λ′3◦λ,

Λ′∩Λ6=∅

ΦΛ′(ω, t)

∣∣∣∣∣∣∣∣ < ε

and hence, applying the mean value theorem to ex to get

|ea − eb| < |a− b|e|a−b|emax(a,b) < |a− b|e2|a−b|ea,
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we can conclude∣∣∣∣∣∣∣∣e
−HΛ(Φ)(ω,t) − exp

−∑
λ∈Λn

∑
Λ′3◦λ,

Λ′∩Λ 6=∅

ΦΛ′(ω, t)


∣∣∣∣∣∣∣∣ < ε e2ε e−HΛ(Φ)(ω,t).

Thus∣∣∣∣∣∣∣∣
∫
EΛ

11B(ω, t)e−HΛ(Φ)(ω,t)dνΛ(ω)−
∫
EΛ

11B(ω, t) exp

−∑
λ∈Λn

∑
Λ′3◦λ,

Λ′∩Λ 6=∅

ΦΛ′(ω, t)

 dνΛ(ω)

∣∣∣∣∣∣∣∣ <

< ε e2ε

∫
EΛ

11B(ω, t)e−HΛ(ω,t)dνΛ(ω)

≤ ε e2εZt
Λ(Φ).

The denominator of the right hand side of equation 3.4 converges to Zt
Λ(Φ) by the same

analysis. Numerator and denominator converge, therefore the ratio converges to ηΦ,ν
Λ (B|·t),

as was claimed. Note this includes the cases where ηΦ,ν
Λ (B| · t) = 0. �

For the “averaged” local energy AΦ we require slightly stronger convergence of the Hamil-
tonians, namely Φ ∈ S.

Proposition 3.2. If Φ ∈ S then for every finite a priori measure ν and every Λ ∈ PF (Zd),

t ∈ EΛC , and B ∈ EZd

ηΦ,ν
Λ (B| · t) = lim

n→∞

∫
EΛ 11B(ω, t)e−(AΦ)n(ω,t)dνΛ(ω)∫

EΛ e−(AΦ)n(ω′,t)dνΛ(ω′)
.(3.5)

Proof. For any n ≥ 1

(AΦ)Λn
≡

∑
λ∈Λn

AΦ ◦ T λ

(by invariance of Φ) =
∑
λ∈Λn

∑
Λ′30

|Λ′|−1ΦΛ′+λ

=
∑
λ∈Λ′

∑
Λ′3λ

|Λ′|−1ΦΛ′

=
∑

Λ′∩Λn 6=∅

|Λ′ ∩ Λn|
|Λ′|

ΦΛ′ .(3.6)



19

For every Λ ∈ PF (Zd), t ∈ EΛC , B ∈ EZd , and n so large that Λn ⊇ Λ,
(3.7)∫
EΛ

11B(ω, t) exp (−AΦ)n (ω, t) dνΛ(ω)∫
exp (−AΦ)m (ω′, t) dνΛ(ω′)

=

∫
EΛ

11B(ω, t) exp

 ∑
Λ′∩Λn 6=∅

|Λ′ ∩ Λn|
|Λ′|

ΦΛ′(ω, t)

 dνΛ(ω)

∫
exp

− ∑
Λ′∩Λn 6=∅

|Λ′∩Λn|
|Λ′| ΦΛ′(ω′, t)

 dνΛ(ω′)

.

Again the cancellation from the first line to the second of those factors which intersect Λn

but not Λ reflects the fact that if Λ′ ∩ Λ = ∅ then ΦΛ′(ω, x) = ΦΛ′(ω
′, x) holds for every

ω′ ∈ EΛ. For Φ ∈ S all the Hamiltonians converge in ‖ ‖∞ and so∥∥∥∥∥∥HΛ(Φ)−
∑

Λ′∩Λn 6=∅

|Λ′ ∩ Λn|
|Λ′|

ΦΛ′

∥∥∥∥∥∥
∞

≤
∑

Λ′∩Λn 6=∅,
Λ′∩ΛCn 6=∅

|Λ′ ∩ Λn|
|Λ′|

‖ΦΛ′‖∞ → 0

as n → ∞. So for any ε > 0 choose n so large that the preceding norm is less than ε.
Applying the mean value theorem to ex in the same way as before,∣∣∣∣∣∣
∫
EΛ

11B(ω, t)e−HΛ(ω,t)dνΛ(ω)−
∫
EΛ

11B(ω, t) exp

 ∑
Λ′∩Λn 6=∅

|Λ′ ∩ Λn|
|Λ′|

ΦΛ′(ω, t)

 dνΛ(ω)

∣∣∣∣∣∣
≤ ε eε e‖HΛ(Φ)‖∞ν(E).

The same argument shows that the denominator in the right hand of equation 3.7 converges
to Zt

Λ(Φ), and so the ratio converges to ηΦ,ν
Λ (B| · t).

�

The question remains: how can an arbitrary regular, exp-summable (and therefore un-

bounded) function f be related to a local energy AΦ or ÂΦ for some interaction Φ? The
answer was suggested to the author by H.O. Georgii. First of all let

(3.8) f̃(x) = f(x)− sup f |[x0];

a bounded version of f . Then define the finite a priori measure ν on N by

(3.9) ν(i) = esup f |[i] .

For the sake of clarity we’ll flesh out the details (in NZd) of Ruelle’s aforementioned con-

struction of Φ ∈ Â−1(f̃).

Fact 3.3. For every g ∈ BUC(NZd) there is an interaction Φ ∈ B with ÂΦ = g. If g
additionally satisfies the strong regularity property

(3.10)
∞∑
n=1

nd δn(g) <∞,

then in fact Φ ∈ S.
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Proof. First we need to express g as an absolutely, uniformly convergent series whose terms
are all local functions. A standard choice could be

g(x) = inf g|[x0] +
(

inf g|[x|Λ2
] − inf g|[x0]

)
+
(

inf g|[x|Λ3
] − inf g|[x|Λ2

]

)
+ . . .

≡ g
1

+ g
2

+ g
3

+ . . .

Notice ‖g
n
‖∞ < δn−1(g), so regularity of g implies convergence of

∑∞
n=1 ‖gn‖∞. Now for

each n ≥ 1 define the local interaction Φn by

Φn
Λn = g

n
; Φn

Λn+λ = g
n
◦ T λ ∀ λ ∈ Λn,

and

Φn
Λ′ = 0

for all other Λ′ ∈ PF (Zd). Now Φn has the following properties

ÂΦn = Φn
Λn = g

n
,

‖Φn‖B = ‖g
n
‖∞,

and

‖Φn‖S = |Λn|‖gn‖∞.

Thus, by continuity and linearity of the map Â, we conclude

B 3 Φ ≡
∞∑
n=1

Φn,

ÂΦ = g,

and

‖Φ‖S ≤
∞∑
n=1

‖Φn‖S ≤
∞∑
n=1

|Λn|δn−1(g).

Given the strong regularity expressed in Equation 3.10 and the fact |Λn| = O(nd), this last
sum clearly converges. �

Let us refer to the strong regularity defined in Equation 3.10 as d-regularity. Now we
can prove the promised compatibility of our notion of a Gibbs measure for a regular,exp-
summable function of NZd with the standard (physical) interaction-Hamiltonian notion of
Gibbs measure as defined by the DLR equations 3.2.

Theorem 3.4. If f is d-regular and exp-summable, f̃ and ν are as defined in equations 3.8
and 3.9, respectively, Φ is construction of Fact 3.3 applied to −f̃ , (so that ÂΦ = −f̃ ,) then
a Borel probability measure µ satisfies the interaction DLR equations 3.2 if and only if it
satisfies the local energy DLR equations 2.1. Hence µ ∈ GΦ,ν if and only if µ ∈ G.S.(f).

Proof. Theorem 2.10 says µ ∈ G.S.(f) if and only if it satisfies the local energy DLR
equations 2.1. Proposition 3.1 says that µ is a Gibbs measure (in the sense of [5]) for the
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interaction Φ if and only if µ obeys the equations, ∀Λ ∈ PF (Zd) ∀B ∈ Borel
(
NZd
)

, and

µ-a.e. x ∈ NZd

µ(B|AΛC )(x) = lim
m→∞

∑
ω∈NΛ

11B (ω, x|ΛC ) exp
(
−(ÂΦ)m(ω, x|ΛC )

)
ν([ω])

∑
ξ∈NΛ

exp
(
−(ÂΦ)m(ξ, x|ΛC )

)
ν([ξ])

.

But∑
ω∈NΛ

11B(ω, x|ΛC ) exp (−(AΦ)m(ω, x|ΛC )) ν([ω])∑
ξ∈NΛ

exp (−(AΦ)m(ξ, x|ΛC )) ν([ξ])
=

∑
ω∈NΛ

11B(ω, x|ΛC ) exp
(
f̃m(ω, x|ΛC )

)
ν([ω])

∑
ξ∈NΛ

exp
(
f̃m(ξ, x|ΛC )

)
ν([ξ])

=

∑
ω∈NΛ

11B(ω, x|ΛC ) exp

(
fm(ω, x|ΛC )−

∑
λ∈Λm

sup f |[(ω,x|
ΛC

)λ]

)
exp

(∑
λ∈Λ

sup f |[ωλ]

)
∑
ξ∈NΛ

exp

(
fm(ξ, x|ΛC )−

∑
λ∈Λm

sup f |[(ξ,x|
ΛC

)λ]

)
exp

(∑
λ∈Λ

sup f |[ξλ

) .

For m so large that Λ ⊆ Λm, for sites λ ∈ Λm \Λ, the factors exp
(
sup f |[(ω,x|

ΛC
)λ]

)
in the

numerator cancel with the factors exp
(
sup f |[(ξ,x|

ΛC
)λ]

)
in the denominator. For sites λ ∈ Λ,

the factors exp
(
− sup f |[(ω,x|

ΛC
)λ]

)
and exp

(
sup f |[ωλ]

)
cancel in the numerator and the

factors exp
(
− sup f |[(ξ,x|

ΛC
)λ]

)
and exp

(
sup f |[ξλ]

)
cancel in the denominator. Thus we

conclude µ satisfies the DLR equations 3.2 for Φ if and only if it obeys the equations,

∀Λ ∈ PF (Zd) ∀B ∈ Borel
(
NZd
)

, and µ-a.e. x ∈ NZd

(3.11) µ(B|AΛC )(x) = lim
m→∞

∑
ω∈NΛ

11B(ω, x|ΛC ) exp (fm(ω, x|ΛC ))∑
ξ∈NΛ

exp (fm(ξ, x|ΛC ))
.

In particular, letting B = [ω] for ω ∈ NΛ in equations 3.11 and referencing Theorem 2.10
shows that if µ ∈ GΦ,ν , then µ ∈ G.S.(f). At the same time it shows that if µ ∈ G.S.(f)
then for every Λ ∈ PF (Zd) the class of sets{

S ∈ Borel
(
NZd
)

: µ(S|AΛC )(x) = ηΛ(S|x) for µ− a.e.x ∈ NZd
}

includes all cylinders [ω] where ω ∈ NΛ. Just as we argued in Observation 2.12, the basic
properties of conditional expectation combined with the Lebesgue dominated convergence
theorem imply that this class actually includes all the Borel sets of NZd . Thus G.S.(f) ⊆
GΦ,ν , and the theorem is proved. �
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