A NEW CHARACTERIZATION OF GIBBS MEASURES FOR
UNBOUNDED LOCAL ENERGY FUNCTIONS ON NZ,

STEPHEN MUIR

ABSTRACT. A definition of Gibbs measure is introduced for a class of unbounded, regular
functions on N%*. This extends the definition introduced by Capocaccia ( [3]) to a non-
compact setting, using the “ergodic” approach of associating the measures to a function,
rather than a specification or an interaction potential. The definition is checked to be
compatible with Georgii’s ([5]) probabilistic definition of Gibbs measure for a specification
and, in the cases where the function is representable as the local energy of an absolutely
summable interaction potential, with the standard DLR definition of Gibbs measure for
an interaction potential.

1. RELATION TO THE LITERATURE.

The thermodynamic formalism of Gibbs measures in various settings has been well de-
veloped since the 1960’s. Standard references on the physical side of the literature include
Ruelle’s [13] and it’s precursor [12]; Simon’s ([15]) and Israel’s ([7]) functional analytic
approaches; Georgii’s probabilistic monograph [5]. Any of [15], the introduction to [7],
or Section 2 of the long paper [16] provide thorough physical interpretations. The core
of all these studies is a multidimensional integer lattice E”" with an interaction potential.
Gibbs measures are defined by the DLR equations (named for Dobrushin, Lanford, Ruelle),
which specify conditional measure within a finite sublattice given a fixed tail configuration
in terms of exponentiated interaction. Only [5] discusses the more general probabilistic the-
ory of Gibbs measures for a product measure specification (or just “specification”, though
the term should not be confused with the concept of “dynamical systems with specification”
as introduced in [2] and studied in [6], e.g.). Georgii’s book [5] is also noteworthy for being
the only among these standard references to deal with possibly noncompact alphabets such
as our £ = N. For a discussion of existence of Gibbs measures, the reader may consult his
Chapter 4.

In the present paper we diverge from all the above references in that we do not use
an interaction potential or an explicit product measure specification in our definition, but
rather only a local energy function. This approach is modeled after Chapter 5 of Keller’s
ergodic theory book [8], and should provide a more familiar setting for researchers in
dynamical systems. Dynamicists rarely have occasion to study interaction potentials, which
truly belong to mathematical physics, but frequently encounter 1D shift spaces (symbolic
dynamics) with potential functions (Lyapunov exponents).
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We show our definitions to be fully compatible with [5] in Observation 2.11, where we
prove that all exp-summable, regular local energy functions define quasilocal specifications
which are modifications of the infinite a priori counting measure on N. In Section 3 we
discuss compatibility with the most common “physical” setting for Gibbs measures, where
the alphabet is a finite measure space F, £, v and the configuration space EZ is equipped
with an interaction potential ® with convergent Hamiltonian series and finite partition
functions.

The dynamic/ergodic approach of defining Gibbs measures for a function rather than an
interaction or a specification has been extended to infinite alphabet (hence noncompact)
one dimensional shifts in [9] and [14] and subsequent work of the same authors. As has been
mentioned, it has also been presented in great detail ([8]) for higher dimensional shifts with
finite alphabets. For existence of Gibbs measures we refer the reader to Our goal in the
present paper, then, is to fill in the missing intersection of higher dimensional shifts with
infinite alphabets. We note that we have also done the core theory of pressure, variational
principle, and equilibrium states in a self contained way for the N2 setting, but in the
interest of space we only submit the results relevant to characterization of Gibbs measures.

2. TERMINOLOGY AND PRELIMINARY ESTIMATES

2.1. Configuration Space N% and Shift Action 7.
Treat the lattice itself, Z¢, with the norm

Al = max{|\;| : 1 < j <d}.
Denote the rectangular open box about the origin of radius n by
A, = {ANeZ¥: |\ <n}.
As a topological product, the basic open sets in NZ* are the cylinder sets

[w] =7t (w) = {ac e N : za :w},

where A C Z¢ is a finite set and w = (wy)rea € NY is a finite configuration (or finite word).
In particular we denote origin cylinders by

[a] = 75t (a) = {x e N gy = a}
for any a € N. Given any subsets Z¢ O A D A’, and a configuration w € N, let
wla = (Wy)ver € N

denote the restriction or projection of the larger configuration to the smaller. (It is only for
aesthetic reasons that we choose to write x|,/ rather than my/ (z).) We often speak of partial
configurations of the form w € N*, A C Z?. When adjoining/concatenating words, take
care to indicate to which subset A C Z¢ each sub-word is associated. Thus for A, A’ C Z¢
with ANA =0, we N and ' € NV, there is no ambiguity in writing the configuration
(w,w') € NAUY,

The action of Z¢ on NZ° is called the shift, or the group of shift maps. For each \ € Z¢
define the map T* : NZ* _ NZ* by the coordinate-wise rule

(TAJ,’))\, =Tyin V N ezl



Indeed they form a group action on NZ*,
The product topology on NZ* is metrizable with
dx,y) = 2776
92— max{n>=1: z|An=yla, }

9= min{ |\ : $,\7éy)\}.

This means for every n > 1,
B(x,27") = [z]a,.,] and B(z,27") =[x

An] *

2.2. Exp-summability. Let Pp(Z%) = {A C Z% : |A] < oco}. If f : NZ' = R, we define
for every A € Pr(Z%) the partition function

Za(f)= 3 sup fl

wENAn

In particular let

for every n > 1.
Definition 2.1. We say a function f is exp-summable if Z;(f) < oo.

Exp-summability has important consequences for the pressure function, the variational
principle, and the existence of Gibbs states, but we do not discuss these varied issues here.
For now we only need note that if Z;(f) < oo, then for every n > 1

Zn(f) < |An] Z1(f) < o0,

too.

2.3. Smoothness Criteria for Real Valued Functions of N%°.

Denote by C' (de) the vector space of continuous real valued functions on NZ*, by UC (de>

the vector subspace of uniformly continuous functions, and by BC' (de) the Banach space

of bounded continuous real valued functions with the supremum norm
d
1llee = sup {If(@)] + = € N}
As N%' is not compact, UC (de> intersects but does not contain BC <NZd>. (Nor does

BC:;UC)IﬁtBUc<NW)bemeBmmdmmﬁmmeBc(NW>mUc(NW)och(NW)
For a function f € C'(N%') define the oscillation
on(f)

(f) = sup{[f(x) = fW] = 2la, =yla.},
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for any n > 1. Throughout this paper we will consider only functions with finite oscillation
on origin cylinders,

o1(f) =sup{|f(z) — f(y)] : 20 =yo} < o0.

We note that Sarig and collaborators have studied Gibbs measures for functions with infinite
oscillation on origin cylinders on a Z-action subshifts with a countable alphabet, e.g. [14].
In terms of oscillations, note that

(1) feUC (de) if and only if 0,,(f) — 0 as n — oo, i.e. if and only if f is quasilocal.
and

(2) f is Holder continuous if and only if d,(f) — 0 exponentially fast as n — oo.

It is important to realize that with our discrete alphabet the uniformly continuous functions
are exactly the quasilocal functions (in the language of [5], e.g.).

Of special interest for our theorems will be the reqular functions:

Regz{f:NZd—dR : ind_lén(f) <oo}.

n=1

The hierarchy of smoothness, all defined in terms of the oscillations d,,, is

Holder C Reg C UC.

The ergodic spatial averages are denoted

1 1
TfA(x) = meoTA,

| | AEA
and in particular

fu(@) = fa, (@),

We find it helpful to have a special symbol for the oscillations of the (unnormalized) spatial
averages. So let

An(f) = 0nl(fn) =sup{[fu(@) = fuy)l : zla, =yla,}-

Lemma 2.2. A commonly occurring error term: “stratified” summation over Z°.
For every ng > 1 there is a constant B,,, > 0 such that for alln > 1

|An+n0 \An+n0—1| < Bnond_1

and hence for any f € Reg (de>

Z [Antng \ Antng—1|0n(f) < By Reg(f).
n=1
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Proof. First of all observe that |A,| = (2n — 1)¢. Applying the mean value theorem to the
function % on the interval (2(n + ng — 1) — 1,2(n + ng) — 1) we find there is a number ¢
in the same interval satisfying

(2(n+no) = 1) = (2(n +no = 1) = 1)* = dc™ ((2(n +no) — ) (2(n+no—1) = 1))
< 2d(2(n+np) — 1)*
< 2d((2ng + 1))+

So one may use
B, = 2d(2ng + 1)**

Lemma 2.3. On the asymptotic oscillations of spatially averaged functions:

If f € UC(N®') and 6,(f) < +oo then A, (f) = o(|An]).

If f is reqular, then A, (f) = O(n®1).

Proof. Itz € N2* and y € N2 with 2|5, = y|a, and X € A, then TN Ay = T |60y -
This is true because A5y C A, N (A + Ay,). So, as a general rule,

sup{|f o T*(z) — f o TMy)| : d(z,y) < 27"} < 6y

holds for any f € ]RNZd, n>1,and X € A,,.

Let € > 0. Because f is here assumed uniformly continuous, there is some index n, > 1 for
which 0,,(f) < € for every n > n.. If n > n,. and x|y, = y|a, then n —|A| > n if and only
if A\ e A,_p.+1, and so

[fa(@) = )] < D 1foT @) = foTy)|

AEA,
AEA,

< D> et > alh.
)\GAnf'n{#»l )\GATL\Anf’!Lg#»l

Thus A, (f) < |An—not1le+ A\ An—n.+1|01(f). Although it won’t be so used, this estimate
makes sense even when n < n, if A, is understood to be the empty set for k£ < 0, in which
case it reduces to the trivial observation A, (f) < |A,|01(f).

Now the “little oh” becomes apparent as

Trll) gy P P\
= 1-€4+0-6(f).

To be sure, the ratios of cardinalities are

|An—ne+1| _ (2(n - ne) + 1)d
|\, (2n —1)4

—lasn— o0
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and
|An \ An—n6+1| -1 _ |An_ne+1|

— 0 as n — oo.

For the second claim, let f be regular, and let z,y € N%* with z|s, = y|s,. Then

@) - fWl < S S (T - f(T)

=0 )\EA1+1\AZ

D 1A \ Aifdui(f)
=0

IA

IA

n—1
> B, i(f)
=0

N\ d-1
(letting j:=n—10) = B Z (n - j) 3465(f)

< Bi(n—1)""Reg(f).

This proves A, (f) < By Reg(f)(n — 1)¢L. O

2.4. Coordinate-wise Permutation within A and the associated Infinite Volume
Energy Loss. Suppose that for each A\ € Z¢, 7, € Gy, the set of all permutations of N.
Then the map

7 NE S NE (7(2)), = Ta(wa)
is a bijection, and if 7, is the identity for all sufficiently large || it is also a homeomorphism.
(Classify these homeomorphisms according to where they act:
Definition 2.4. For A € Pp(Z4) let
5/\:{7':(7',\)/\62(1 VYV AeZ? 1y e Sy, VAeA© T,\:]d}.

These are coordinate-wise permutations of finitely many coordinates or local permutations.
Note they are conjugating homeomorphisms of NZ° with the shift action T', in the language

of [3], e.g.
In particular let &, = &y,. We may further specify by letting, for each sub-alphabet
I CN,
Eng={T17€&  VIEA T\|je=1d }.
In defining Gibbs measures it will suffice to consider the cases where [ is a finite subset

of N. In progressing to the DLR equations in Theorem 2.1 we shall want to distinguish a
family of these permutations.



Definition 2.5. For each A € Pr(Z%) and w € N* let 7, € Ex by defined by
(Tw)r = (wrl1) €GBy V A €A,
wherein appears the cycle notation for the transposition of the letters wy and 1.
The preceding definition is made exactly so that for any ¢t € NAC
To(w,t) = (1%¢)  and  7,(1%t) = (w,1).

Theorem 2.6. Fix someng > 1 and 7 € &,,. Together with a regular local energy function
f, T defines a uniformly continuous infinite volume energy loss

fT = H Hoonh_)HOlO(fnoT_l _fn)

Proof. For any integers m > n > ny,

H(fmoTil_fm>_(fnoTil_fn)Hooz
— Z(fOTAOT_l—fOTA>—Z(fOT)\OT_l—fOT/\)

AEAM, NeA,

o0

= Z foT or™t— foT?

AeAR\An 00
m—1
< Y D feTrort = foT
I=n |\=l
m—1
< Z |Al+1 \ Al| 6lfno+1(f)

l=n

( letting ) _ Z ‘AkJrnO \Ak+n071|5k(f)

k=l—no+1
k=n—ngp+1
m—ng

< By Y, (B)6(S).

k=n—mng+1

Since it was assumed Reg(f) < oo, the sum in the lower right corner, which is the difference
between Reg(f) and a partial sum of Reg(f), must shrink to 0 as n — oo.

Thus the sequence { f, 07! — f,,}°°, is || ||o Cauchy, and moreover the rate of convergence
obtained above does not depend on the choice of 7 € &,,. The standard “5” argument
shows that if each f,, is uniformly continuous (which is true as long as f is uniformly con-
tinuous), then there is a uniformly continuous limit f, under || - ||-

O

To see in Fact 2.13 that the specification associated to our Gibbs measures is quasilocal
in the sense of [5], we’ll also need the following equicontinuity result:
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Lemma 2.7. For every reqular, exp-summable function f and every ng > 1

sup 6,(fr) — 0 as n — oo.
Tegno

Proof. Let ng > 1, 7 € £,,, n > ng, and z,y € NZ* with x|a, = yla,. We have
|f7’($) - fT(y)l = WILLH;O |fm(7__1x) - fm(x) - fm(T_ly) + fm(y)|>
but there is some question in how to pair the terms. Working with m > n, we have the

decomposition
fm= > foT*+ > foT

XEA nin NEA\A i
L SAmAA g

In the first sum, we pair x with y and 7'z with 77!y because x|5, = y|s, and (77'2)|a,
(77')la,- In the second sum we pair z with 77'2 and y with 77"y because z|¢ =

(r7'2)[ag and ylag = (77'y)lag . This yields

[fin(T712) = fin(2) = fin(T71Y) + [ (y)] <

< Z 25n_‘)\|(f) + Z 26|/\\—n0 (f)
AEA ming |, /\GAm\ALEEmJ_H
|5 m—1
< 2B D SN+ DT (O
1=0 1=t 4y
(reindex the first sum with k=n—I[, note n—[w%j:f%D
n n—k: d—1 m—1 l d—1
_ d-1 d—1
—o| Y A (55T 0 X i ()
k=[2="0 =20 41
_ [n=ng]\ 41 n
< 2B <%) o SR+
2

k=[*52]

! Q”*LZJ{E 1+—1 no)dl mz_l Sne (£)(1 = mg)d

=" 4

Taking m — oo the right hand sum remains finite by regularity, and we obtain the common
upper bound on §,(f;), 7 € &,,- The floor/ceiling coefficients on both sums converge to 1
as n — oo (note for the left one that n — [25r0] = |24 |). By regularity of f both sums
shrink to 0 as n — oo. Thus the lemma is proved. 0
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2.5. Gibbs Measures. Because we use the local energy f without reference to an inter-
action, the traditional physical (DLR) definition of a Gibbs measure must be modified.
Let Pr(N) ={F C N: |F| < oo}.

Definition 2.8. A Gibbs state for a regular, exp-summable local energy function f : NZ*
R is a Borel probability measure for which o7~ < p with Radon-Nikodym derivative

-1
dpot > of-
dp
for every F' € Pp(N), n>1, and 7 € &, p. For short we write p € G.S.(f).

This definition of Gibbs state by transfer of measure under local permutations of the
configuration space is motivated by Keller’s definition for finite alphabet lattice systems
in [8], which is in turn motivated by Capocaccia’s definition in [3] of Gibbs states for an
expansive Z? action on a general compact metric space. To extend Keller/Capocaccia’s

definition to the non-compact space NZ* we have simply required the measure to respond
correctly to local permutations of finitely many letters.
We record an obvious algebraic and topological consequence of this definition.

Observation 2.9. The set of Gibbs states for a regqular, exp-summable function is convex
and weak closed.

Proof. In the defining equation po7~! = e/7u, both sides are affine in . Thus for 0 < o < 1
and {u, v} C G.S.(f) it follows that

(ap+ (1 —aw)ort =el (ap+ (1 —a)v),
ie. (apu+(1—a)) € G.S.(f), too. For weak closedness, let {;}32, C G.S.f and let 11 be
a weak limit of the sequence. Let g € B.C.(N?") and 7 € &,  as before. Then

port = “limpjor ' = ¥ lim el Wi = el .
Jj—00 j—00
and this proves p is a Gibbs state for f, too. O

2.6. DLR Characterization, Specifications.

We check that our definition is equivalent to satisfying a local energy form of the DLR
equations. These equations are also significant because they constitute a quasilocal specifi-
cation without reference to an interaction potential ®. The approach is modeled after [8]’s
Chapter 5.

Theorem 2.10. A Borel probability measure on N2 is a Gibbs state for the regular, exp-
summable function f if, and only if, for every A € Pp(Z9), ¢ € N* and = € NZ*_ it has the
conditional measures

p([€]]Axc)(z) = exp fr, (1, 7[xc)

Z eXp f‘rw (1Aax’Ac)
weNA
. fm(£,$|AC)
(2.1) —  lim ——P
meee Z eprm(wax|AC)

weNA
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Proof. First suppose u is a Gibbs state. If A € Ayc and (w,z) € A for some w € NA,
z € NAY, then (W' z) € A for every o' € N This means Ajrc measurable sets are
preserved by all the maps in £x. In particular, if 7 € £y, and a,w € N* with 77!a] = [w]
then in fact for any A € Aye 77'([a] N A) = [w] N A. Using some basic properties of
conditional expectation, we see that for all A € A,c

/ll[w]d,u = /ﬂ[a}d(p,oT_l)

A A

Loy exp frdp
ﬂ[a}(m)eprT(a,x|Ac)d,u(x)

By |1 exp F2(0-[0) [ Ase | ()dpu(a)

E, [ﬂ[a]

—r

AAc] (x) exp fr(a, x| pc)du(z).
This proves that

(2.2) E, [ﬂ[al

AAc} (x)exp fr(a, x|pc) = E, [Il[w] AAc] (x).

Now let A € Pp(Z%), F € Pr(N) with 1 € F, and w € FA. Recall Definition 2.5 of
7, € Ear, for which 7,([w]) = [1*]. Taking 7 = 7, and a = 1" in Equation 2.2 yields

Are] @),

E/U' |:]1[1A]

AAC] (l‘) exp fTw(lA,iL"AC) = EM |:11[w]

and summing over all w € F” yields (by linearity of conditional expectation)

AAO} =Y E, {n[w] AAC} () =E, [nm AAC] 3 exp fr (1% ae).

weF weFA

E# [HFAXNAC

c
Because () FePr(N) <F A x NAC> = @, the “continuity” property of countably additive

measures implies

/|]1 - ]lFAxNACPdu - / 1 — ﬂFAxNA0|dM = H((FA X NAC)C) —0

as F' — N. Since conditional expectation given A,c is a continuous linear operator on
L?(i) (namely, orthogonal projection onto the closed subspace of A,c measurable square
integrable functions),

E# [HFAXNAC

Ane] = B 1]

in LQ(M) as ' — N. Now by general measure theory there is a subsequence {F,}m>1 C
Pr(N) for which B, |1y e

AAc} converges p — a.e. to E, [H‘AAc] The constant
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function I = 1l is a version of £, [Il’.AAc}, so for i — a.e.t € N2

AAC] ()
Axe| @) 37 exp fr, (1%, 2lxc)

wEFA

Ane] (@) 3 exp fr, (1%, 2le).

wENA

1= lim B, Ly e

m—0o0

= lim E‘u []1[1/\]

m—00

(2.3) = E, []1[1A]

Before proceeding, we want to say something about the countable sum in the last line. Let
ng be the least index such that A C A,,,, and let

D,= Y [foTMw alsc)— foT 1 zlxe)| < |An, \ Aldi(f).
AEA R, \A

Then for every n > nyg

Z exXp f;l(lAu x|AC>

weNA
n—ng
< D exp (fA(UJ,$|AC) — o™ z]xe) + Dy + Y Angar \ Ano+l—1|5l(f)>
weNA =1

< exp ([Ang \Al6i(f) + Bug Reg(f) — fa(1%, 2lac)) ZE(f) < oo

This shows that each of the functions
N 5w exp (2,18, lae)) s Aw 2 A

is integrable by the counting measure on N* and moreover the whole sequence is dominated
by the integrable function

w i exp (fa(w, zlae) = o™ lae) + [Any \ AlSL(f) + By Reg(f)) -

With the Lebesgue dominated convergence theorem, this shows that the limit function
w — efroalio) ig integrable and justifies the coming exchange of sum and limit.
Moving on, fix any one ¢ € N* and again use n = 1* and 7 = 7¢ in Equation 2.2.

AAc} () into Equation 2.3 to obtain

Substitute the expression this provides for F, []1[11\]
(for pn — a.e.x € NZ*),
1= By [Tg[Ane] (@) exp (< fre (1,21a0)) 3 exp fr, (1% 2]ac)
weNA

and so
exp fr, (1A,:c]Ac)

- Z exp fr, (1A,x|Ac)'

weNA

E, [n[g]‘AAC] (z)
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This formula, the first line of Equation 2.1, is derived by Keller for finite alphabet lattice
systems in Chapter 5 of [8]. To obtain the formula in the second line of Equation 2.1, write
out the f. as limits and cancel the common factor.

exp fr, (14, 2|p0) eXpmli_Igo (fm o 7-5_1 — fm) (1%, 2]aC)
Y exp fr, (18, 2]x0) > exp lim (fm 0Tl — fm> (18, 2| p0)
wENA weENA m—oo

exp I (f (6.2]a0) — fir (1, 2]sc))

Z eXp%E%o (fm (w>$|AC) - fm (1A7'T’AC))

weNA

— lim exXp (fm (&, x|pc) — fm (1A,x]Ac))
"= exp (S (@ 2lac) = Jn (1, 2lac)
weNA
= lim €xp fm (§; %[ac) ‘
m—o0 Z €exXp fm (w’x|A0>

weENA

The exchange of limit and sum in the denominator from the second line to the third
is allowed by the Lebesgue dominated convergence theorem, as mentioned above. This
completes the proof that Gibbs states for a regular exp-summable local energy f must have
the DLR-type conditional expectations of Equation 2.1.

For the converse take some n > 1, F € Pp(N), and 7 € &, . Take any £ € N*» and let
w=T7[y-1(€) € N*. Assuming the conditional expectations of equation 2.1,

wor (1€]) = p (jw]) = / 1l dp = / u (W]l Axg) (2)du(z) =
_ / exp fi (€. 2ac) 1 (€]l Ang) (2)dpu(z)
= [ B [ex0 1 (6 ) DglAag] (@)

Z/eprT (& #lag) Nig (x)dp() :/ exp frdj.

(€]
This proves po 77t = elrp. O

Now we turn to the compatibility of our definition of Gibbs measure for a regular,exp-
summable function of NZ° with the probabilistic theory of Gibbs measures for a product
measure specification as presented in [5]. With the local energy DLR 2.1 characterization
of G.S.(f), we can check that it consists precisely of the Gibbs measures for a certain

quasilocal specification 7 on the measurable space (de, Borel). The details follow.
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Observation 2.11.
exp fr, | (12, 2| pc)

S exp o, (1%, 2l4c)

wENA

pa(z) =

constitutes a positive x-modification, where x is the counting measure on N.

Proof. For normalization recall from the proof of Theorem 2.10 that the denominator of
pa () is finite for any 2 € NZ°. Thus

d
paxa (N |z) = > pa(z) = 1.
yGNZd:mAC:mIAC

For the consistency condition we use the equivalent formulation in the second line of Equa-
tion 2.1 and criterion (c) of Proposition (1.30) in [5]: if A C A’ € Pr(Z%), a,b € N* and
t e NAC, then

. fm(a,t) exp fm(D, )
par(a,pa(b.t) = lim ——0
MR e S e W tlae) S exp fnlwstrc)

w'eNA wENA

= pA’(b7 t)pA(aa t)'

O

With this modification p of the a priori counting measure y, we get the specification
~v = px defined by

XD fre(14 2|, )

TS exp £ (18 2lhe)

weNA

(2.4) a([E]])

- p/\(£7 x|AC)‘

for any ¢ € N and z € NZd, and more generally

Z €xp ng(lA,x\Ac)

_ €eNM(€al\0)EB

2.5 A(Blz) =
( ) Y ( | ) Z eprm(lA,I’Ac)

w€ENA

for any Borel subset B of N2, We recall from [5] that the Gibbs measures &, for a
specification 7 are those probability measures for which

(2.6) p(B|Axe)(z) = 1a(Blz)
holds for every A € Pp(Z?), B € Borel (de), and prae. x € N&°.
Observation 2.12. For a reqular, exp-summable function f on NZ°_ the Gibbs measures

for f (G.S.(f), Definition 2.8) conicide with the Gibbs measures for the specification v (®.,
Definitions 2.5,2.6).
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Proof. Using the local energy DLR characterization theorem 2.10, it is clear from the special
case 2.4 of equation 2.5 that any Gibbs measure for the specification 7 is an element of

G.S.(f). Conversely, if 1 €G.S.(f) then we know
p([w][Axe)(z) = a([wllz)

for every A € Pp(Z?), w € N and p-a.e. © € N?'. In other words, if € G.S.(f) then for
each A € Pp(Z?) the class of sets

{S € Borel (de> : (S| Ape)(x) = ya(S|x) for p—aex € NZd}

contains all cylinders [w] where w € NA. Tt follows from the basic properties of conditional
expectation that this class is closed under complementation and further contains all “rec-

tangle” sets of the form A x B € Borel (N*) x Borel (NAC> (here we mean the Cartesian

product of the o-algebras). Then it follows from basic measure theory and appropriate use
of the Lebesgue dominated convergence theorem that this class is closed under countable
unions. Thus it is a o-algebra, and contains the algebra of finite unions of cylinders. So in

fact € G.S.(f) implies that for every A € Pr(Z?) and every S € Borel (de) the function
YA (S|z) is a version of (S| Axc)(x), ie. p € &,.
It does not follow directly from [5] that 7 is a quasilocal specification, so we prove it

here.

Fact 2.13. The specification defined in Equation 2.4 is quasilocal for any reqular, exp-
summable local energy function f.

Proof. We need to show that for each A € Pp(Z?) and bounded local function g that g
is a quasilocal i.e. uniformly continuous function. Recall

wg(@) = ([E]l2)g(§, z[ac).

EENA

If g only depends on the coordinates in A;, 7 > 1, then let n > j and z,y € NZ* with
x|a, = yla,. Using normalization of v, ( |z) and the fact that g(&, z|yc) = g(&,y|ac) for
every £ € N*, we compute

ag(@) =g = 1D 9lEllx)g(& zlae) — 1a([][9)g (€ ylac)]
£ENA
= > g(&zlae) (m(E]x) — al€]lw) |
£ENA
Ya([€]ly)
< lolloe ot |1 =2 oy |

exp (~25u8,(1) ) < 20 < exp (250 1))

TEEA ([f]kt) TEEA
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holds for every ¢ € N, and hence (with the mean value theorem)

Ya([€]ly) ‘
1— ——="21 < 2sup d,(f,)exp | 2 sup d,(f) |-
| <2 e (25 05
Thus
3,(0m9) < 2l sup £y (250 6,11 )
TEEA TEEA
which shrinks to 0 as n — oo by Lemma 2.7. 0]

3. COMPATIBILITY WITH THE “INTERACTION” FORMULATION OF A LATTICE MODEL.

We present the preliminary Propositions 3.1, 3.2 of this section in a more general setting
that takes a measurable space E, & for an alphabet. (Note: in [5], the lattice Z< is also
generalized to an arbitrary countable set, but we see no need to go so far here because our
notion of “spatial averaging” doesn’t produce useful results with a structureless indexing
set for the product.) Then in Theorem 3.4 we compare our notion of Gibbs measures on

NZ* (Definition 2.8, Theorem 2.10) to the established notion of Gibbs measures in this
general setting.

In the physical theory an interaction (variously called an interaction potential, or just a
potential) is an element

O = (PA)reppze) € H Ca (de) ;
AePR(Z%)

where we’ve labeled the A-local functions by

(V) = {rec (V) ali=yh = fl0) = F)}-

In [13],[15],and [7], the largest class of interactions studied is the “Big” Banach space of
interactions ® with norm

1Plz=" > APl < 0.
OGAGPF(Zd)
The “Small” Banach space, for comparison, has the norm
Iells=" > Pl < co.
0€eAEPR(Z4)
In [5], the only interactions considered are those for which all the Hamiltonian series
HA((I)) == Z (DA’

N ePR(Z):
ANA'#D

at least converge pointwise, i.e. configurationwise. (Note for & € S the Hamiltonians con-
verge absolutely, uniformly, but ® € B neither implies nor is implied by the Hamiltonians’
pointwise convergence.) An interaction in [5] is further called admissible by an a priori
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measure v on the alphabet F if all the Hamiltonian series converge pointwise and for all
A € Pp(Z%) and all “tail configurations” ¢ € EA” the “partition function”

ZL(®) = / e Ha®@ g A () = /eHA(q’)d (v* x &)
EA

is finite. An admissible interaction ® defines a product measure specification by modifica-
tion of v2°. Specifically, for every A € Pp(Z%), B € X', and x € E%",

(31)  ma(Blz) = n>"(Blz) = (zj'AC(cp))_l /E (e 2o )e I @ (@ele) g A,

An important feature of product measure specifications is that for each fixed B the func-
tion x +— na(B|z) is Apc measurable, i.e. does not depend on the coordinates x|y. For
convenience in what follows, this allows us to use the symbol

nA(B| ’ t)?

where t € EA| to stand for the common value of ny(B|(w,t)) for all w € EA. In [5] a
Gibbs measure p for an interaction ® admissible by some a priori measure v is defined as
a Gibbs measure for the specification 7, i.e. one satisfying

(3.2) p(BlAxe) () = 0y (Blz)

for every A € Pp(Z%), B € £, and x € E%'. In [13],[15], and [7] the same definition
is used for finite v and ® € S, but the use of specifications is avoided by writing the
conditional measures directly in terms of the exponentiated Hamiltonians in 3.1, and calling
the set of such measures ¢, rather than &,.. Both Dobrushin and the team of Lanford
and Ruelle are attributed with the discovery that this system of conditional measures is
the appropriate “infinte volume” generalization of the classical Gibbs ensemble for finite
cardinality configuration spaces (or purely atomic measures.) Consequently, the collective
equations 3.2 are known as the DLR equations.

If & € B or if & has well defined Hamiltonians, then it has a well defined local energy

function
Ap =) @y,
A300
wherein the symbol

A > o)

indicates that the lattice site A\ is the ['2&

order. Note the series Ag converges in || ||« if ® € B. The physical interpretation of A(®)
is specific internal energy, i.e. internal energy per lattice site. Although it is calculated at
the origin, translation invariance implies it is the same throughout the lattice. In defining
local energy it is perhaps a bit arbitrary to assign the interaction in a region A to it’s
lexicographical middle. Indeed a more common definition of local energy is

Ao = ) [AT'®s

0€AEPR(2%)

Wth, or middle, element of A in lexicographic
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Both maps A and A are bounded linear maps (B, || ||z) — (BUC (NZd> l ||oo> However,

A has the advantage of admitting a natural construction of an element ® € A~'(f) for
every f € BUC (NZd>. The construction is due to Ruelle ([13]), but we present the details

below in Fact 3.3. Interestingly, the exact image of B under the averaging approach A to
local energy appears to be unknown. The two local energies are equivalent in the sense that
for any shift invariant finite measure p on N the integrals coincide: [ A(®)du = [ Agdp.
Thus they define the same variational equilibrium states. We turn next to a formulation
of the DLR equations in terms of these two local energies.

Proposition 3.1. Let ® be an interaction admissible by a finite a priori measure v. If for
each A € Pr(Z%) and t € EAY there is a uniform rate of convergence for all the series

Hp(®)(w,t) : we BN,

then for each A € Pp(Z?) and t € EA, and B € £

@ Re(B1-0 = i e La e R0 )
n—00 fEA e~ <1> (w’ t)dI/A( )

Proof. Fix A, t, and B as above and examine the nth term of the sequence, assuming
W.L.o.G. that A, D A. Cancelling all factors e=®2’ for which A’ N A = () yields
(3.4)

A /lletexp ZZ(I)A/wtdu()
/ 1p5(w, t)e_(Aq’)n(w’t)dVA (w) Bt AEAL A/SoM,
EA B NAAFD

/ e~ (Aw) (W't dv™ (W)
BA / exp Z Z Dpr(w,t) | d™(w)
AEA, Aol
A’ﬂA;é(Z)

Now in the exponent of both integrands we recognize a partial sum of Hy(®). With the
assumed strength of convergence of the Hamiltonians, for every € > 0 there is an index n,
so large that for every n > n, and w € EA

—Z Z CDA/(w,t) <€

AEAR A'So0),
ANNAZD

and hence, applying the mean value theorem to e* to get

|ea . €b’ < ‘CL . b‘€|afb|emax(a,b) < ’a . b|e2|a7b|€a
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we can conclude

e HA®Wt) _exp | — Z Z Dy (w,t) || < e’ e Hal®wt),

AEAL A'3o),
ANNAZD

Thus

Ip(w,t)e Ha®@b g0 —/11 t) Dpr(w,t) | drr(w)] <
JRE AW~ [ s tep [ -3 Y Sl | diw)

A
E AEA, A S0,
A’mAﬂ)

< 6626/ Ip(w,t)e o@D qA (W)
EA

<ee*ZL (D).

The denominator of the right hand side of equation 3.4 converges to Z4(®) by the same
analysis. Numerator and denominator converge, therefore the ratio converges to nf’”(B\ 1),
as was claimed. Note this includes the cases where 13" (B| - t) = 0. O

For the “averaged” local energy Ag we require slightly stronger convergence of the Hamil-
tonians, namely ® € §.

Proposition 3.2. If ® € S then for every finite a priori measure v and every A € Pp(Z4),
t € EAY, and B € £

(3 5) CI)’V(B| . t) — lim fEA ]13((4}7t)e*(Aé)n(wi)dVA(w)
| " e Jion €A @D LA (W)

Proof. For any n > 1

(Aa)y,

ZA@OTA

AEA,

(by invariance of <I>) = Z Z |A,|_1(I>A/+)\

A€A, A'30

= Z Z |A/|_1<DA/

AEA A’

AN A
A'NAR#D
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For every A € Pp(Z%), t € BA°, B € X, and n so large that A, D A,

(3.7)
AN A, N
1 t 2 P, O ld
/ Ip(w,t) exp (—Ag)., (w, 1) dv(w) [EA 5w, t) exp A/ﬂ; T p(w,t) | dvt(w)
EA _ D
_A / A / /
/ exp (—Aa),, (1) dv (W) / exp (= Y Wiy () | ()
APAL D

Again the cancellation from the first line to the second of those factors which intersect A,
but not A reflects the fact that if AN A = () then &y (w,z) = Oy (', x) holds for every
w' € EA. For ® € S all the Hamiltonians converge in || ||o and so

NNA, NNA,
my@ - Y WMl s WA

] ]
A'NAR#D A NAR#D,
NNAS #0

as n — 00. So for any € > 0 choose n so large that the preceding norm is less than e.
Applying the mean value theorem to e* in the same way as before,

ANNA,
/ ]lB(w,t)e_HA(w’t)dVA(w)—/ Ip(w,t)exp Z |—/|<I>A/(w,t) dv™ (w)
EA EA A A0 ||
< cef eHHA((I))HooV(E>‘

The same argument shows that the denominator in the right hand of equation 3.7 converges
to Z4(®), and so the ratio converges to ny”(B| - t).
OJ

The question remains: how can an arbitrary regular, exp-summable (and therefore un-

bounded) function f be related to a local energy Ag or Ag for some interaction ®? The
answer was suggested to the author by H.O. Georgii. First of all let

(3.8) f(@) = f(@) = sup f1pag;
a bounded version of f. Then define the finite a priori measure v on N by
(3.9) (i) = eSSl

For the sake of clarity we’ll flesh out the details (in NZd) of Ruelle’s aforementioned con-
struction of ® € A7(f).

Fact 3.3. For every g € BUC(N%") there is an interaction ® € B with Ag = g. If g
additionally satisfies the strong reqularity property

(3.10) ind dn(g) < o0,

then in fact ® € S.
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Proof. First we need to express g as an absolutely, uniformly convergent series whose terms
are all local functions. A standard choice could be

g(z) = mfglp, + (infghx|A21 - infghzd) + (infg|[m31 - infghx|A21) t..
= 21+g2+23+...

Notice [|g [loo < dn-1(g), so regularity of g implies convergence of >, ||g |o. Now for
each n > 1 define the local interaction ®" by

R =0 Pha=g, 0T VAEA,

and
X/ - O
for all other A’ € Pr(Z%). Now ®" has the following properties
Aq)n — q)xn — gn,
12"|5 = llg,llo,
and
12" = [Anlllg,, lloc-

Thus, by continuity and linearity of the map A, we conclude

BB(I)Ef:@)”,
n=1
pr:g,

and

15 < 31875 < 3 1Al (9)
n=1 n=1

Given the strong regularity expressed in Equation 3.10 and the fact |A,| = O(n?), this last
sum clearly converges. 0

Let us refer to the strong regularity defined in Equation 3.10 as d-reqularity. Now we
can prove the promised compatibility of our notion of a Gibbs measure for a regular,exp-
summable function of NZ* with the standard (physical) interaction-Hamiltonian notion of
Gibbs measure as defined by the DLR equations 3.2.

Theorem 3.4. If f is d-reqular and exp-summable, f and v are as defined in equations 3.8
and 3.9, respectively, ® is construction of Fact 3.3 applied to —f (so that Ag = —f ) then
a Borel probability measure p satisfies the interaction DLR equations 3.2 if and only if it
satisfies the local energy DLR equations 2.1. Hence pi € &g, if and only if p € G.S.(f).

Proof. Theorem 2.10 says p € G.S.(f) if and only if it satisfies the local energy DLR
equations 2.1. Proposition 3.1 says that p is a Gibbs measure (in the sense of [5]) for the
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interaction ® if and only if u obeys the equations, VA € Pr(Z9) V B € Borel <de)7 and
p-a.e. r € Nz

>~ s (wizlae) exp (—(Ao)n(w,lae) ) ()

(BlAse) (@) = lim <= A
H m—00 Z exp (—(Aé)m(fax’/\c>) v([€)

£eNA
But
> g, zlpe) exp (—(Ae)m(w, 2lac)) v([w]) D Ip(w,z|se)exp (fm(w,xlAc)> v([w])
weNA _ weNA
>~ exp (—(Ae)m (&, o)) V(€] >~ exp (ful€ 7lac)) w(1€)
£eNA £ENA
Z 1p(w, z[pc) exp (fm(w7x|AC) - Z sup f’[(w,xlAc),\]) exp (Z sup f|[m)
_ weNA AEAM AEA
> exp <fm(fax|AC) — ) sup fl[(g,mcm) exp <Z sup fh@)
£eNA AEAmM AEA

For m so large that A C A,,, for sites A € A, \ A, the factors exp (sup f|[(w7m|ACM) in the
numerator cancel with the factors exp (sup f |[(§7x|AC) A}) in the denominator. For sites A € A,
the factors exp (— sup f|jw ly0) A]) and exp (sup f |[wk]) cancel in the numerator and the

factors exp (— sup f |[(€,x|Ac)A}) and exp (sup f |[§A]) cancel in the denominator. Thus we
conclude p satisfies the DLR equations 3.2 for & if and only if it obeys the equations,

VA € Pr(Z%) ¥V B € Borel (de>, and jprae. e N2

Y Lp(w,zlae) exp (fm(w, 2lac))

3.11 BlAye)(z) = lim =N
(3.11) A D S TR

£eNA

In particular, letting B = [w] for w € N* in equations 3.11 and referencing Theorem 2.10
shows that if yu € &g, then € G.S.(f). At the same time it shows that if 4 € G.S.(f)
then for every A € Pp(Z?) the class of sets

{S € Borel (de> : (S| Axe) () = na(S|x) for p—aex € de}

includes all cylinders [w] where w € NA. Just as we argued in Observation 2.12, the basic
properties of conditional expectation combined with the Lebesgue dominated convergence
theorem imply that this class actually includes all the Borel sets of NZ’. Thus G.S.(f) <
&4, and the theorem is proved. 0]



22

[14]
[15]

[16]

STEPHEN MUIR

REFERENCES

Bowen, R.: Equilibrium states and the ergodic theory of Anosov Diffeomorphisms. Springer-Verlag,
Berlin;New York (1975)

Bowen, R.: Some systems with unique equilibrium states. Math. Systems Theory 8, 193-202 (1974)
Capocaccia, D.: A Definition of Gibbs state for a compact set with Z™ action. Commun. Math. Phys.
48, 85-88 (1976)

Cohn, D.: Measure Theory. Birkhauser, Boston (1980)

Georgii, H-O.: Gibbs Measures and Phase Transitions. DeGruyter, (1981)

Haydn, N.T.A., Ruelle, D.: Equivalence of Gibbs and equilibrium states for homeomorphisms satisfy-
ing expansiveness and specification. Commun. Math. Phys. 148, 155-167 (1992)

Israel, Robert B.: Convexity in the Theory of Lattice Gases. Princeton Series in Physics, Princeton
Univ. Press, Princeton, N. J. (1979)

Keller, G.: Equilibrium States in Ergodic Theory. London Mathematical Society Student Texts 42.
Cambridge University Press, Cambridge (1998)

Mauldin, R.D., Urbanski, M.: Gibbs states on the symbolic space over an infinite alphabet, Israel. J.
of Math., 125 (2001), 93-130.

Mauldin, R.D., Urbanski, M.: Graph directed Markov systems: geometry and dynamics of limit
sets.Cambridge University Press, Cambridge (2003)

Parthasarathy, K.R. Introduction to probability and measure. Hindustan Book Agency (January 2005)
Ruelle, D.: Statistical mechanics: rigorous results. W.A. Benjamin, New York (1969)

Ruelle, D.: Thermodynamical formalism: the mathematical structures of classical equilibrium statis-
tical mechanics. Addison-Wesley Pub. Co., Advanced Book Program, Reading, Mass. (1978)

Sarig, O.: Thermodynamic Formalism for Countable Markov shifts. Erg. Th. Dyn. Sys. 19, 1565-1593
(1999)

Simon, B.: The Statistical Mechanics of Lattice Gases, Vol. I. Princeton University Press, Princeton
(1993)

Fernandez, R., Sokal, A., VanEnter, A.C.D: J. Stat. Phys. 72: 891-959 (1993)

STEPHEN MUIR
DEPARTMENT OF MATHEMATICS,
UNIVERSITY OF NORTH TEXAS,
P.O. Box 311430,
DeENnTON, TX 76203-1430,
USA
E-mail address: srm0070Qunt.edu Web: www.math.unt.edu/~srm0070



