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then measurable strategies were adequate for approximating optimal return. Sudderth 
[24] defined the utility of a strategy ar by integrating a real-valued function g, called a 
utility function, defined on the space of histories, with respect to the measure 
determined by a. If the utility function was of a certain class, namely finitary and 
measurable, then measurable strategies were adequate. In [25] this class of utility 
functions was enlarged to include functions which are indicators of certain subsets of 
the history space. These subsets are composed of exactly those histories for which 
some fixed states appears infinitely often. Another case for which measurable strate- 
gies are adequate is given in [27]. 

More generally, measurable gambling problems have been studied in several 
papers including [9], [11], [26], and [28]. The adequacy of stationary strategies in a 
measurable setting was investigated by Sudderth [23] and by Monticino [16]. Persis- 
tently optimal strategies were considered by Dubins and Sudderth [10] and by Hertz 
[13]. In a dynamic programming framework, measurable models have been studied in 
[1], [3], [4], and [21]. Measurable models of continuous time decision processes are 
presented by Pestien [17] and by Pestien and Sudderth [18]. 

?2 makes precise those notions discussed above. Also, our main result, Theorem 
4.3, is presented. The proof of this theorem is reserved until ?4. In ?3, technical 
results employed in the proof of Theorem 4.3 are given. 

2. Preliminaries. A gambling problem is a triple (F, F, u), where 
(i) The state space F is a nonempty set; the set of partial histories is the set U nFn; 

and the space of histories H is the countably infinite product F x F x . 
(ii) The gambling house F is a subset of F x P(F), where P(F) is the set of finitely 

additive probability measures defined on all subsets of F. For x e F, r(x) = 

{y: (x,y) E F) is the set of gambles available at x (it is assumed that F(x) is 
nonempty for each x). 

(iii) The utility function u is a bounded real-valued function defined on F. 
A strategy or is a sequence o-0, oh,..., where or E P(F) and, for each n, a, is a 

map from Fn into P(F). A strategy is available at x E F if (oe T(x) and, for each 
n and (xl,..., xn) Fn, an-(xl,..., x) E T(xn). E(x) will denote the set of all 
strategies available at x. 

If p = (Xl,..., xn) E Fn, then a[p] denotes the conditional strategy given p, 
which is defined by 

(o P])o = on(X1,.. .,xn) 

and for k > 0 

({[p]])k(yIl,..., Yk) = On+k(Xl .. .,x,, l,... , Yk)' 

We assume that H is endowed with the product topology determined by giving F 
the discrete topology. A function g: H -> R is finitary if it is bounded and continuous 
with respect to this topology and with the real line given the discrete topology. A 
subset of H is called finitary if its indicator function is a finitary function. It was 
shown in [8] that a strategy o- induces a finitely additive probability measure CL(r) 
upon the algebra of finitary sets. Thus, if g is a finitary function, fg du(ar) is defined. 
We will identify a strategy oa with its corresponding measure, L(ro). Of course, two 
different strategies could be identified with the same strategic measure. We will write 

fg d for fg dp(r). 
Purves and Sudderth [19] demonstrated that the measure induced by a strategy can 

be extended to a finitely additive measure on the a-algebra generated by the finitary 
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sets. Moreover, they extended the domain of definition of fgda, in such a way that 
the important properties of the Dubins-Savage integral were retained, to all bounded 
functions which are measurable with respect to the a-algebra generated by the open 
sets of the product discrete topology on H. 

If X is a Borel subset of a complete separable metric space then we denote by 
B(X) the a-algebra of Borel subsets of X. P(X) denotes the set of all countably 
additive probability measures defined on (X, B(X)). P(X) is endowed with the 
topology of weak convergence. Under this topology P(X) is a Polish space and 
B(P(X)) is the smallest a-algebra of sets which makes the maps p - p(A) measur- 
able for each A E B(X) (see [2] and [7]). 

Recall that a subset A of X is analytic if there exist a Borel space Y and a Borel 
subset C of X x Y such that A is the projection of C into X (see [1] and [15] for a 
discussion of analytic sets). Denote by A(X) the algebra generated by the analytic 
subsets of X. 

The universal a-algebra of subsets of X, U(X), is that class defined by U(X)= 
n) pE (X)BX(p), where BX(p) is the completion of B(X) with respect to p. Note, as 
shown by Lusin, B(X) cA(X) c U(X). 

A real-valued function f defined on X is upper analytic if for every real number r, 
the sets {x E X: f(x) > r} are analytic. If Y is a Borel space, then a Y-valued 
function g, defined on X is Borel if it is measurable with respect to (X, B(X)) and 
(Y, B(Y)); and it is universal if it is measurable with respect to (X,U(X)) and 
(Y, B(Y)). 

Suppose fl is a a-algebra of subsets of F. Let Rn and fXl be the product 
a-algebras on F" and H, respectively. A strategy a is fl-measurable if 

(i) o- and ao(p), for all n and for every p E Fn, are countably additive when 
restricted to fi, and 

(ii) for all n and C E f, the maps 

(Xl, ...Xn) -"( O*(Xi,. .., X)(C) 

are measurable with respect to (F", fln) and (R, B(R)). 
If F is a Borel space, an fl-measurable strategy is Borel, is analytic, or is universal, 

respective to whether f = B(F), fi = A(F), or Qf = U(F). If a is universal then oa is 
countably additive when restricted to the Borel sets of H. Specifically, a determines a 
countably additive probability measure, p(a), on B(H). 

A gambling problem is Borel [analytic] if 
(i) F is a Borel space, 
(ii) r is a Borel [analytic] subset of F x P(F). In particular, each gamble is 

countably additive when restricted to B(F). Each such gamble is identified with its 
completion on B(F). 

(iii) u is a bounded Borel [upper analytic] utility function. 
For a Borel or analytic gambling problem, let ;B(x) denote the set of Borel 

strategies essentially available at x, and let ;A(x) denote the set of analytic strategies 
essentially available at x. Furthermore, VU(x) will denote the set of universal 
strategies available at x. A strategy a is essentially available at x if a0 e F(x) and, 
for n > 0, r(XO1,..., xn) E F(xn) a-almost surely. Now let 

= ((x,a): x F, a E B(x)}, 

= {(x,( ): EF, a E A(x)}, 

U = {(x, o): x F, E ,U(x)) 
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As shown in [23], if the gambling problem is Borel, then E" is a Borel subset of 
F x P(H). Using slight modifications of the results of [23] and Proposition 3.1 below 
it can be seen that EA is an analytic subset of F x P(H), if the gambling problem is 
analytic (see also Theorem 3 of [5]). Similarly, it can be shown that EU is Borel if the 
gambling problem is Borel, and Eu is analytic if the problem is analytic. 

A stopping time t (called an incomplete stop rule in [8]) is a function from H to 
the positive integers union (oo), such that if t(h) < oo and h agrees with h through the 
t(h) coordinate, then t(h) = t(h). 

Frequent use will be made of the functions P,: H -> U lF", where t is a 
stopping time. For h = (x1, x2,...) and t(h) < o, pt(h) (xI,..., xt(h). For the 
special case of t n, n is a positive integer, the notation Pn is used. (Note, in 
general, the functions Pt are allowed to be undefined on some h E H-that is, on h 
such that t(h) = oo.) 

If x E F, the history (x, x, x,...) is denoted by hx. The juxtaposition of a function 
g, defined on H, and a partial history, p = (y1,..., y,), denotes the function defined 
by 

gp(h) = gp(xl, x2, ...) = g( yi,..., Yn, Xl X2, .. ) 

If t is an everywhere finite stopping time and h = (xI, x2,...) then ft(h) = xt(h. 
A policy is a pair (r, t) where or is a strategy and t is an everywhere finite stopping 

time. A policy (ar, t) is f-measurable if ar is f-measurable and t is Q2-measurable. 
Let 

Il(x) = {(r, t): (a, t) is a policy, and a E S(x)}. 

For a gambling problem (F, F, u) the utility of a strategy a is the value 

u(ac) = lim sup ju(ft) do, 
t -- 00 

where the limsup is taken over the directed set of all everywhere finite stopping 
times. The optimal return of a gambler starting at state x, V(x), is the supremum of 
all utilities of strategies available to him at x. That is, 

V(x) sup u(a). 

For e > 0, a strategy a, available at x is e-adequate if u(ac) > V(x) - e. A class of 

strategies is adequate (for approximating optimal return) if, for each x e F and 
E > 0, there exists an E-adequate strategy available at x within the class. 

As the example below shows, for Borel gambling problems, there do exist non-Borel, 
even nonuniversal, strategies of optimal utility. The utility of the non-Borel strategy 
in the example does not become apparent until infinitely far into the future. 
Specifically, the strategy ar is such that u(ar) = 1. But, for all positive integers n, if t 
is a stopping time such that t < n, then fu(ft) da = 0. Such a situation cannot arise 
if a strategy is universal. This is one motivation for querying whether universal 
strategies are adequate for Borel (or analytic) gambling problems. With this in mind, 
we present the main result of this paper, Theorem 4.3. The proof of the theorem is 
reserved until ?4. 

THEOREM 4.3. Let F be a Borel space and suppose F is an analytic subset of 
F x P(F). If, for any analytic subset A of F, the optimal return function associated 
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with the analytic gambling problem (F, F, IA) is upper analytic, then universal strategies 
are adequate with respect to any analytic gambling problem of the form (F, F, u). 
Conversely, if universal strategies are adequate with respect to an analytic gambling 
problem, then the optimal return function associated with the problem is upper analytic. 

EXAMPLE. Let F = [0, 1) and let u = Il/2}. Endow F with addition modulo 1 and 
let p be a translation invariant, finitely additive extension of Lebesgue measure 
defined on all subsets of F (the existence of such a measure is demonstrated in [14]). 
Now let {P)i be a sequence of disjoint non-Lebesgue measurable subsets of [0, 1), such 
that U = Pi = F and, for all positive integers n, p(U n=Pi) = 0. (Such a collection of 
sets is described in [20, p. 64]. In [20], P1 is a selection from the cosets of F/{rational 
numbers) and Pn = P1 + rn, where {rj}n= is an enumeration of the rational numbers 
in F with r1 = 0.) Now define F by having F(x) = {8(x), p, 8(1/2)}, for all x E F. 

Define a strategy a as follows: 

ao = 

and, for z E Pn, define the conditional strategy at z, a[z], as below: 

(a[z])o = 5(z) 

and, for all positive integers i such that 1 < i < n, 

(a[Z])i(X1,...,Xi) = 8(xi). 

Furthermore, 

(a[ ])n+ (x1,..., xn+1) = 8(1/2) 

and 

r[z][x1,..., Xn+2] = 
6(hxn2). 

Basically, if a gambler is in P, on day 1, a keeps him there until time n + 2 and then 
sends him to 1/2 where he stays forever thereafter. 

Define a stopping time t by 

t(h) = n + 3, 

for h = (Xl, x2,...) such that xl E Pn. 
Then for all stopping times t for which t > t, we have 

fu(f,) d- = 1. 

However, for any bounded stopping time s 

fu(f,) d = 0. 

3. Technical results. In this section we present results which are essential to the 
proof of Theorem 4.3. Several of the results prove interesting in themselves. We 
begin with the following relatively simple lemma. 
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LEMMA 3.1. The set 

D = {(x, 8(hx)): x E F, 5(hx) is a unit mass at hx} 

is closed in F x P(H). 

PROOF. Let (xn, 8(h n)) be a sequence in D converging to (y, p) e F X P(H). 
Then hx converges to hy in H and 5(hx ) converges to p weakly. So for all 
continuous g: H - R, 

fgd((h=) = 
g(hxn) 

- gdp. 

But, g being continuous implies fgdp = g(hy). Thus, for all continuous g, fgdp = 

fgdS(hy). We have, then, that p = 8(hy) and (y, p) e D. # 
It follows, moreover, that the sets 

Dn = {((X1,. .., ), 6(hxn)): (Xl,..., Xn) E F} 

are closed in Fn x P(H) for n = 1,2,.... 
A strategy ro stagnates immediately at x E F if o- = S(hx). A strategy stagnates 

along a history h = (xl, x2,...) at time n if a[pn(h)] = 8(h ). 
For a strategy a, we define a stopping time, s, by letting s,(h) be the first n, if any, 

for which ao stagnates along h at time n. If a does not stagnate along h for any n, 
then s,(h) = oo. This stopping time is called the stagnation time of a. 

LEMMA 3.2. If a is a universal strategy, then sa is a universal stopping time. 
Moreover, if ar is Borel, then s, is Borel. 

PROOF. We will prove this first for the Borel case. Since a is Borel, for all positive 
integers n, the maps t: H - P(H) defined by Tn(h) = or[pn(h)] are Borel (see 
[1, Proposition 7.29, 7.26]). Thus the maps O,: H -* F X P(H) defined by ,n(h) = 
(fn(h), a[ n(h)]) are Borel, for each n = 1,2,.... 

Clearly, for each k, 

?O1(D) c {h: s,(h) < k}, 

with D as in Lemma 3.1. Thus, 

n n 

U O-k (D) U {h: s, < k} = {h: s,(h) < n}. 
k=l k=l 

On the other hand, and equally obvious, for each k, 

{h: s,(h) = k} c Okl(D). 

Therefore, 

n n 

U {h: s,(h) = k} = h: s,(h) < n} c U O;1(D). 
k=l k=21 

Since, for each k, 0k (D) is Borel, we have that s, is Borel. 
If ar is universal, then, by Proposition 7.46 and Lemma 7.28 of [1], the maps Tn are 

universal, for all n. Now the universal version of the lemma follows by essentially the 
same argument as that used for the Borel version. # 
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The following proposition is a reformulation, and slight extension, of Corollary 1 
of [23]. 

PROPOSITION 3.1. Let X and Y be Polish spaces. 
(i) The map 4: P(X x Y) - 1(X x P(Y)) defined by 

4(p)(C) =po({x: (x,p[x]) eC}), 

for p E P(X x Y) and C e B(X x (Y)), is Borel (Po is the marginal distribution of 
p on X and p[x] is a Borel version of the conditional p-distribution on Ygiven x). 

(ii) The map OA: P(X X Y) - R defined by 

A(P) = po({x:(x,p[x]) EA4}), 

is upper analytic, where A is an analytic subset of (X x P(Y)). 

PROOF. Assertion (i) follows from Corollary 1 of [23] and Proposition 7.26 of [1]. 
For r E R, 

{p EP(X X Y): 4A(p) > r} = {p: +(p)(A) > r) 

-= {a P(X X P(Y)): a(A) > r}. 

By Propositions 7.43 and 7.40 of [1], this set is analytic. Thus, 4A is upper analytic. 
# 

Letting X = F" and Y = H, if C E B(Fn X P(H)) observe that the map 

p pn-l({(Xl,**, Xn): (( X, ., Xn),p[Xl, * , Xn]) C}) 

is Borel from P(Fn X H) = P(H) to the Borel line, where pn-1 is the marginal 
distribution of p on F" and p[x1,..., x,] is a version of the conditional p-distribu- 
tion on H given (x1,..., xn). This observation is useful in the proof of Theorem 3.1. 

A gambling problem is leavable if 8(x) E F(x), for all x E F. The leavable closure, 
(F, FL, u), of a gambling problem (F, r, u), is the problem determined by letting 
rL = r(x) U {8(x)}. Let IL(x) denote the set of strategies available at x in the 
leavable closure. Furthermore, l , let (x), (x and Su(x) be the set of essentially 
available Borel strategies in the leavable closure, the set of essentially available 
analytic strategies in the leavable closure, and the set of universal strategies available 
in the leavable closure, respectively. 

'B = {(X, ) :a E f(x)}, 

X = {(x,) : L (x)}, 

U = {(x, ): r E (X)}. 

The next theorem, which is used in the proof of Theorem 4.3, is interesting in itself. 
Essentially, Theorem 3.1 shows that the embedding of the set of Borel policies, 
available in F, into VB is itself a Borel subset of F xP(H). If (r, t) is a policy 
available at x E F, then we can embed (a, t) in V(x) by defining a strategy at as 
follows: 

For each h = (xl, x2,...) E H and n < t(h), let 

(or')n(Pn(h)) = an(Pn(h)) 
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and let 

(o)t(h)[Pt(h)(h)] 
= 

6(hxt(h). 

THEOREM 3.1. (i) If (F, r, u) is a leavable Borel gambling problem, then the set S, 
consisting of those (x, p) E aB for which p stagnates with p-probability 1, is a Borel 
subset ofF X P(H). That is, 

S= {(x, p) E B: p((h: sp(h) < oo}) = 1} E B(F x P(H)). 

(ii) If (F, r, u) is a leavable analytic gambling problem, then 

= {(x,p) C EA: p({h: sp(h) < oo) 
= 1} 

is an analytic subset of F x P(H). 

PROOF. (i) For n and m positive integers, let 

An,m = (P)E :({x,p) p((...X n): ((Xl,-[...X,X,... Xn]) EDn}) 

> 1 - 1/m}, 

where Dn is as in the remark after Lemma 3.1. Notice, by the remark before this 
theorem and the fact that B E B(F X P(H)), it follows that An,m E B(F x P(H)), 
for all positive integers n, m. 

Now we assert that S = n = U =An, m. To see this, note that if (x, p) E S then, 
for all m, there exists an n(m) such that p stagnates by time n(m) with p-probability 
at least 1 - 1/m. This follows since p E P(H) and by Lemma 3.2. Thus, for all m, 
(x, p)E U nAnm which implies (x, p) E n = Un=An m. That is, S c 

n Un=l n ,m' 
Now suppose (x, p) E SB but (x, p) is not in S. That is, p{h: sp(h) = oo} > 1/m for 

some m. Then, for all n, 

p({h: p[pn(h)] = 6(hx)}) < 1- 1/m. 

In other words, for all n, 

pn-1({(xl,...,Xn): ((Xl,...,Xn),P[X,..., Xn]) c D }) < 1 - 
1/m. 

So, for some m, (x,p) is not in U i=An,m. This implies (x,p) is not in 

n m= U n=Anm. Therefore, n= U n= lAn, S. And thus, S E B(F x P(H)). 
(ii) If or is an analytic strategy, then cr[x, ..., xn] differs from any Borel version of 

the conditional c-distribution on H given (x,,..., xn) only on a set of " n-1-measure 
0 (orn-1 is the marginal distribution of or on F"). Noting this, Proposition 3.1, and 
the fact that ZA is analytic, follow the method used to prove (i) to prove (ii), the 

analytic version of the theorem. # 

4. Adequacy of measurable strategies. In this section the measure theoretic 
results of the last section are applied. Moreover, we achieve our goal and prove 
Theorem 4.3. The two key results used in proving Theorem 4.3 are Theorems 4.1 and 
4.2. In Theorem 4.1, we show that if A is an analytic subset of F and if the optimal 
return function associated with the analytic gambling problem (F, F, IA) is upper 
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analytic, then universal strategies are adequate for the problem. Using this result and 
a measurable selection theorem, we are able to prove the forward implication of 
Theorem 4.3, which we single out as Theorem 4.2. 

Let F and F be given. Suppose u = alIA, + * * +alIA, where Ai c F, for all i. 
Let VAi be the "V function" associated with the problem (F, r, IA). For e > 0, set 

Ai, = {x E A: VA(X) > 1 - E}. Furthermore, let u, = 
alIA, + * +anlAn and let 

V, be the optimal return function associated with (F, F, u ). 
For Propositions 4.1 and 4.2 assume (F, r, u) is given, with u as above. Note that it 

is not necessary for (F, F, u) to be measurable for Propositions 4.1 and 4.2 to hold. 

PROPOSITION 4.1. For all e > 0, V = V. 

PROOF. Using the definition of the utility of a strategy, it is routine to show that if 
v and w are bounded utility functions on F, then 

(v + w)(a) < v(o) + w(o). 

Now, Theorem 3.7.1 of [8] implies that for each E > 0, 1 < i < n, and any strategy 
a, (Ai-Ai EXo- ) = 0. 

Thus, for any strategy o- and E > 0, we have 

u((a) =(alIA1 + +a nIA)(aO) 

(al,Al, + 
alIAi_-A1, 

+ +anIAn , + 
anIAn_An e)(r) 

<(a,IAl + + anIAn )(o() + (alIA-A )(o) + ... +(anlA-An))( O) 

UE=((). 

So, we have u(o-) < u(o-); but, since u. < u, then uj(or) < u(or). Therefore, for 
any strategy r and E > 0, we have u(a) = u(ao). And thus, V = VE. # 

A second measure of optimal return is the function U: F -o R, where 

U(x) = max(u(x), sup u(r,t), 
(oa, t) E n((x) 

and u(a, t) = fu(ft(h)) do. If the gambling problem is leavable then U = V; other- 
wise, U > V. 

For u and' u as described above, let U, be the "U function" associated with the 
problem (F, F, uE). 

PROPOSITION 4.2. For all E > 0 and 8 > O, Uo > Ve. 

PROOF. By Proposition 4.1, for all e > 0 and 8 > 0, V6 = VJ. And, by [8, p. 41], 
for all 8 > 0, U, > V. # 

Suppose that (F, F, u) is a leavable Borel gambling problem and that u = IG, for 
some G E B(F). Then, in [22, Theorem 1] it was shown, for any E > 0 and x E F, 
that there exists a Borel policy (o, t) available at x such that u(r, t) > U(x) - E. If 
(F, r, u) is Borel but not leavable, then this result still holds for x not in G. On the 
other hand, if x E G then U(x) = u(x) = 1, and there may not exist any policy 
whose utility is close to U(x). We do, however, have the following result. 

PROPOSITION 4.3. (i) Let (F, F, u) be Borel, where u = IG for some G e B(F). 
Suppose that x E G and that V(x) > 1 - E, for some E > O. Then, for all 8 > O, there 
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exists a Borel policy (a, t) E fl(x), such that 

u(, t) > U(x) - (e + 6). 

(ii) Let (F, F, u) be analytic, where u = IG for some analytic subset G of F. Suppose 
that x E G and that V(x) > 1 - E, for some e > O. Then, for all S > 0, there exists an 
analytic policy (a, t) E II(x), such that 

u(oa,t) > U(x) - (e + 8). 

PROOF. (i) Let F = F U (z}, for some z not in F, let F(y) = F(y) for all y E F, 
let R(z) = F(x), and, finally, let u = I/. Denote the "V function" and the "U 
function" associated with (F, F, u) by V and U, respectively. Then, clearly, V(z) = 
V(x). So, U(z) > V(x) > 1 - e. By [22, Theorem 1], for all 6 > 0, there exists a 
Borel policy, (or, t), available at z, such that u(cr, t) > U(z) - 5. But, (a, t) is also 
available at x, thus 

u(, t) > 1- ( + 6) = U(x) - (e + ). 

(ii) To prove the analytic version, follow the procedure used in (i), but use [6, 
Theorem 10.18] in order to get an analytic policy, (r, t), available at z, such that 
u(o,t) > U(z) - S. # 

Proposition 4.4 states that the set of strategies, available in the leavable closure of a 
gambling problem (F, F, u), which either use gambles available in the original 
problem or which stagnate with probability 1 is a Borel subset of F x P(H), if the 
problem is Borel. If the problem is analytic, then these strategies form an analytic 
subset F x P(H). 

PROPOSITION 4.4. (i) If (F, r, u) is Borel, then the set 

A = {(x,p) E : Po r(x),p ({(XI,..., ,): (X,,n (x1,...,x,))E r 

or ((xl,...,xn),p[x1,...,xn]) Dn}) = 1, foralln = 1,2,...} 

is in B(F x P(H)), where pn-l is the p-marginal distribution on F", pn(xl,..., x) is 
the p-conditional distribution on F given (x, ..., x,), and p[x ,..., x,] is a version of 
the p-conditional distribution on H given (x, ..., x,). 

(ii) If (F, F, u) is analytic, then A is analytic (with l replaced by LA in the 
definition of A). 

PROOF. (i) First, for each positive integer n, the function qn: Fn x P(H) 
F x P(F), defined by 

qn((( X1, , Xn), P)) 
= 

(Xn, po), 

is Borel (po is the p-marginal distribution on F). Thus, for each n, 

En = (qn) -'() E B(Fn X P(H)). 

So by the remark after Proposition 3.1, for each n, the map 

p pn-l({(Xl,...,n): ((X ,...,),Pp[x..,X]) ED"U En}) 
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is Borel from P(H) to Borel line. Noting that (p[xl,..., x,])0 = pn(xl,..., x,), we 
have the desired result. 

(ii) If (F, r, u) is analytic, then En is analytic, for each n. Now use Proposition 3.1 
to get the analytic result. # 

In the future we will make repeated use, without explicitly stating so, of the 
following proposition. This proposition is a modification of Theorem 2 of [24]. 

PROPOSITION 4.5. If (F, F, u) is an analytic gambling problem and if a is a 
universal strategy, then u(a) = fu* da, where u*(h) = limsupn_ u(xn), for h = 
(Xl, x2,...). 

Let oa and d be strategies and let t be a stopping time. If, for all h E H and 
n < t(h), a(pn(h)) = d(pn(h)), then a agrees with 5 up to time t. 

REMARK 4.1. In the proof of Theorem 4.1, we will want to define a specific 
universal strategy by giving the conditional strategies associated with it. Let 4: 
F -> P(H) be a universal map, where, for each x, +(x) is a universal strategy; and, 
let y be a countably additive gamble. Then, Proposition 7.27 of [1] guarantees that 
there exists a universal strategy a defined by the sequence O07 = y, ao, a2,..., such 
that, for each x E F, +(x) = a[x] (if we have a,/3 P(X) for X a complete 
separable metric space and we state that a = B, this means a(C) = /(C), for all 
C E B(X)). Proposition 7.27 of [1], furthermore, implies ()(x))o = a1(x) and, for 
each n > 1, 

(?(X))n(Xl, ...,Xn) 
= 

(o[X])n(Xl,..., X.n) 

[ x ]-almost surely ()( x)-almost surely). 

For each x, if 

Ax = h: o-[x][Pn(h)] : c(x)[pn(h)], for some n > 1}, 

then 

[x](Ax) = o =()(A ). 

Thus, if (F, r, u) is analytic, if o- is available in (F, F, u), and if, for each x, )(x) is 
available in (F, F, u), then a will be essentially available in (F, F, u). (Note that we 
can just as well consider a as available in (F, F, u). Since if (F, F, u) is analytic, there 
exists a universal map or selector q from F into P(F), such that q(x) rF(x) for all 
x-see [1, Proposition 7.49]. Define a universal strategy a' as follows: rOt = ao and, 
for each n and (xl,..., xn), 

= n(x1. .. I. xn) =if on(X1, ..., Xn) Er( ), 

q(x,) otherwise. 

Then, a' is available in (F, F, u) and clearly or'(C) = a(C) for all C E B(H).) 
Furthermore, for each x, the set 

(h: s,[xl(h) s,(x(h)) 

will have r[x] = )(x) measure 0. The importance of this fact will be seen later in the 
proof of Theorem 4.1. 
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For n = 1, 2,..., analogous results can be achieved if the universal strategy ar is 
defined up to time n by gamble or0 and universal maps r1,..., a,, and then the 
n + 1-day conditionals are given by a[x1,..., xn+1] = 4(x1,..., xn+1), where b is a 
universal map from Fn+1 into P(H). 

REMARK 4.2. If o- is a universal strategy available in a gambling problem, then 
Lemma 7.27 of [1] ensures that there exists a Borel strategy p essentially available, for 
which p = a. 

THEOREM 4.1. Suppose (F, F, u) is analytic and u = IA, where A is an analytic 
subset of F. If V is an upper analytic function, then SU is an adequate class of strategies. 
Moreover, for each x E F and e > O, there exists a strategy a E ;B(X), such that a- is 

E-adequate at x. 

PROOF. First, let x E F and e > 0 be given. Select a sequence e > el > E2 > 
* " > 0, such that fln=(1 - 3En) > 1 - e. 

We will now inductively define a sequence of universal stopping times, s1, s2,..., 
and a sequence of universal strategies, r1, Ur2,.... We start by selecting a universal 

policy (a?, t ) available at x, such that 

uE,1(, t?) > U, (x) - 2E. 

This can be done by [6, Theorem 10.18] and by Proposition 4.3. Let s, = to and let 
1 0= a? 

Now suppose that, for all i < n, universal stopping times si have been defined. 

Moreover, if i < j < n then, for all h E H, si(h) < sj(h); and if si(h) < oo then, for 
i <j < n, si(h) < sj(h). Also suppose that, for i < n, universal strategies a' have 
been defined, such that, for all i < j < n, ar agrees with ai up to time si. Further- 

more, for each 1 < j < n, 

a'{h: si(h) < oo and fs,(h) E AEI, for all 1 < i < j} 

> (U,(x) - 2E)(1- 3e2) .. (1 - 3e). 

Observe that, for all n > 1, there exists an A(U m= Fm)-measurable function n,: 
U mlFm -> P(H), such that (p, 4n(p)) E T for all p e U 

m= 

Fm, where 

T= (((x,...,xm),p) ( U F XP(H):(m,) S nA 
m=l 

and /u*, dp > U+l( xm) - 2n. 

(S and A are as in Theorem 3.1 and Proposition 4.4, respectively.) To see that the 

map 4n exists, observe first that since V is upper analytic it follows that uEn+l is upper 
analytic, for all n. Thus, from [6, Theorem 10.14], we have that the map Qn+,: 
Um= Fm- R, defined by 

Qn+ 1( ,..., xm) = Uen+l(Xm) 

is upper analytic. Second, since u,+l is upper analytic it follows, from [1, Proposition 
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7.43], that the function Wn1: U= Fm X 
(H) R, defined by 

Wn+l((X1, .. Xm) ) = /U,l dp, 

is upper analytic. Next, by Proposition 4.3, [6, Theorem 10.18], and [8, p. 45], there 
exists a p E EL such that 

(x,p) (S nA) and fu*,* dp > Unl(x) - 2,. 

Thus, T is an analytic subset of U iFm X P(H) and has nonempty sections. And 
now, to get On apply von Neumann's selection theorem (see [1, Proposition 7.49]). 

As suggested in Remark 4.1, we can find a universal strategy, which we will define 
to be "n +1, that agrees with on up to time sn and such that n + 1[ps(h)] = n(ps (h)), 
if sn(h) < oo. (If sn(h) = oo, then orn"+(pk(h)) will have already been defined, for all 
k > 1, by our requirement that n"+l agree with o-n up to time sn.) Define sn+ =1 
Sn + 1. 

We will define our desired universal strategy ao by specifying the sequence, 
'0-, -r1, -2,..., associated with it. 

0o = (oW)o 

-1 = (=2)1 

r = (on+'l)n 

It follows that 

fu*d = ({A i.o.}) > o-({h: sn(h) < oo and fsn(h) eA for n = 1,2,...}) 

> (L(x) - 2E)(l (1 - 36E)) > (V(x) - 2E)(1 - 6). 

The third inequality holds by Propositions 4.1 and 4.2. Since e was arbitrary, we have 
the desired result. 

The existence of an essentially available Borel strategy follows from Remark 4.2. 
# 

Utilizing the result of Theorem 4.1, we prove Theorem 4.2, which is the final step 
towards proving Theorem 4.3. First, however, we present the following lemma, which 
was suggested by William Sudderth. The lemma shows that any nonnegative bounded 
upper analytic function can be uniformly approximated by an increasing sequence of 
upper analytic simple functions. A function g: X -> R is an upper analytic simple 
function if g = alIAI + .* . 

+anIAn, where, for each i, Ai is an analytic subset of X. 

LEMMA 4.1. Let u be a bounded, nonnegative, upper analytic function defined on a 
Borel space X. Then, for each E > 0, there exists an upper analytic simple function 
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g = aliA , * + +anIA, with A1 A2 D ' 
DA,, such that lu(x) - g(x)l < E, for 

all x e X. 

PROOF. Let E > 0 be given and suppose u(x) < K, for all x E X. Now, let n be 
such that (K/n) < E. For 1 < i < n set 

Ai = {x eX: u(x) > [K(i - 1)/n]}. 

Then, for each i, Ai is analytic and our desired function is 

g = (K/n)(IA + +IA,). # 

Notice that the conclusion of Lemma 4.1 would still hold if we merely required that 
u be bounded and upper analytic. 

Recall, if A is a subset of F, then VA is the optimal return function associated with 
the utility function uA = IA. 

THEOREM 4.2. Let F be a Borel space and suppose F is an analytic subset of 
F x P(F). If, for any analytic subset A of F, the optimal return function associated 
with the analytic gambling problem (F, F, IA) is upper analytic, then universal strategies 
are adequate with respect to any analytic gambling problem of the form (F, F, u). 
Furthermore, for each E > O, there exist E-adequate essentially available Borel strategies. 

PROOF. Without loss of generality assume that u is nonnegative. Then, as shown 
in Lemma 4.1, there exists a sequence of upper analytic simple functions, {Un}n=1 , 

which converges uniformly to u. Thus, from the definition of u(a), it follows that 
un(a) converges to u(r), for any strategy cr. So Vn converges to V, where Vn is the "V 
function" associated with un. Therefore, it is enough to prove the theorem for the 
case of u = a1IAl + +nIAn, where A1 D ... DA,, and, for each i, Ai is an 
analytic subset of F. 

Let e > 0 and let a = E =ai. Select a universal policy (ur, t) available at x such 
that 

u(o, t) > U,(x) - 2ae, 

where uE and U, are as defined before Proposition 4.1. Note that if UE(x)= 

sup(U t) n(x) ,(cO, t) then such a policy exists by [6, Theorem 10.18]. If UE(x) = u,(x) 
then Proposition 4.3 can be used to show the existence of such a policy. 

Using the result of Theorem 4.1 and von Neumann's selection theorem, for each 
1 < i < n, we can find a universal map Xi: U m=Fm -> P(H), such that, for all 

p e U m= 1Fm, (p, i(p)) e M, where 

M = ((Xl,..., Xm),p) ( U Fm X P(H) (Xmp) xm) 

and fu dp > VAi(xm) 
- E}. 

Now let cr' be that universal strategy which agrees with a up to time t, and if 

ft(h) E U I=lAi, (Ai e as in the definition before Proposition 4.1), then 

o'[Pt(h)] = t(f(h))(Pt(h)), 
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where, for x E U =Ai,E, t(x) = maxl,in{i: x E Ai,, . If ft(h) is not in U=lAi,E, 
then let 

r'[pt(h)] = l1(pt(h)). 

Thus, we have 

fu* d' = f u* d'[pt(h)] da' = ffu* d'[pt(h)] du 

> f(u(f(h)) - 2aE) d > (U,(x) - 2ae) - 2ae > V(x) - 4ae. 

Since e was arbitrary, the theorem follows. The existence of an essentially available 
e-adequate Borel strategy follows from Remark 4.2. # 

REMARK 4.3. Let (F, r, u) be an analytic gambling problem. A Borel selector is a 
Borel map q: F -_ P(F), such that q(x) e F(x) for all x. While universal selectors 
exist in analytic gambling problems, Borel selectors need not. Suppose, however, a 
Borel selector does exist and let o be a universal strategy available in (F, r, u). Then, 
there exists a Borel strategy or' available in (F, F, u) such that or' and a determine 
the same measure on B(H). Moreover, if a Borel selector exists and if the hypotheses 
of Theorem 4.2 are satisfied, then Borel strategies are adequate. 

REMARK 4.4. The proof of Theorem 4.2 relied first on approximating u by an 
upper analytic simple function. Then, the hypothesis that VA was upper analytic, for 
all analytic A, allowed Theorem 4.1 to be applied in order to construct an e-optimal 
universal strategy. Notice that if u was Borel, then it could have been approximated 
by a Borel simple function. And if this was the case, we would only need for VA to be 
upper analytic for all Borel A in order to apply Theorem 4.1 to construct an 
E-optimal universal strategy. So a weaker version of Theorem 4.2 could be stated: If u 
is Borel and if, for all Borel B, VB is upper analytic, then universal strategies are 
adequate. 

Armed with the preceding results we can now prove Theorem 4.3. 
PROOF OF THEOREM 4.3. The forward implication follows from Theorem 4.2. The 

reverse implication follows from the following observation. Let (F, r,u) be an 
analytic gambling problem and let V be the optimal return function associated with 
(F, r, u). By hypothesis, then, {x: V(x) > r} is the projection onto the first coordinate 
of the set K, where 

K= (x, r): r a E U(x), and fu* do> r}. 

Hence, since K is analytic, {x: V(x) > r} is analytic. # 
Note that Theorem 4.3 cannot be extended to include universal utility functions. In 

fact, even if V is constant, universal strategies may fail to be adequate if u is merely 
universal. As the example below shows, this can happen if u is the indicator of a 
coanalytic set. 

EXAMPLE. Let C be a coanalytic subset of [0, 1]2 whose projection onto the first 
coordinate axis is not Lebesgue measurable (in [12], Godel showed that the existence 
of such a set is consistent with the usual axioms of set theory). Let L be the 
projection of C onto E = [0, 1] x {- 1}, and let y be a finitely additive probability 
measure defined on all subsets of E. Also, assume y is countably additive when 
restricted to B(E). Moreover, assume y(L) = 1, and, for all sets D e B(E), for 
which D c L, assume y(D) = 0. (Such a measure can be derived by extending 
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Lebesgue measure p on E to a measure p defined on all subsets of E, so that 
p*(L) = p(L), where p* is the outer measure induced by p. Then, take a suitable 
restriction and constant multiple of p.) 

Let F = A u E U C, where E and C are as above, and A = [0, 1]2 - C. Define F 
by 

F( Y) (Y) 'if ( Y, 2) A u C, 

(YU {} (yI, z): 0 z < 1} if(y, y2) E, 

and let u = Ic. 
Now, let x E F and define a strategy ar available at x by or = y, and, for 

n = 1,2,..., 

n(X Xn) 
) if xn E L, where S(v) E r(x,) and v E C, 

y(X, otherwise. 

Then u(oa) = 1, and thus V- 1. 
Let x E C, and suppose / is any 2-day universal strategy available at x. By the 

construction of F, we must have p0 = y. If J = {x E E: 831(x)(C) = 1), then J is a 
subset of L. Since 8 is universal, J is a universal set, and thus y(J) = 0. This implies 
that 3(F x C) = 0. Similarly, it can be shown that for any 2-day universal strategy 3 
available in F, /(E X C) = 0. 

From the above, we can conclude that for all universal strategies a available in C, 
a(C X H) = 0 and o-(F X C X H) = 0. Moreover, for any universal strategy a 
available in F, a(E X C X H) = 0. 

Now assume, for all universal strategies available in C and for all i < n, that 
a(Fi X C X H) = O. 

Let o- be a universal strategy available in C. Then 

o(Fn+l X C X H) = (Fn X C X C X H) + -(Fn X E X C X H) 

+ ((Fn XA X C x H) 

= o(Fn XE X C XH) +o-(Fn xA X C XH). 

The last equality follows from the induction assumption. 
Clearly, 

o-(Fn XA x C XH) sup a(C) = 0. 
aE U xA F(x) 

Also, 

o(F x E x C x H) < supp/(E x C), 
/3 

where the supremum is taken over all 2-day universal strategies available in F. By 
previous observations, the value of this supremum must be equal to 0. 

By induction, for any universal strategy a available in C and for all positive 
integers n, o-(Fn x C x H) = 0. But, if a is universal 

00 00 

u(o) < o U (FnXCX H) < E [((Fn x C H)] =0. 
n=l n=l 

Therefore, there are not any good universal strategies available for x E C. 
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5. Examples. In this section, we present several interesting examples for which 
universal strategies are adequate for approximating optimal return. Moreover, in 
most of the examples Borel strategies are adequate. For instance, in Theorem 5.3, we 
show that Borel strategies are adequate if at each state the gambler has available 
some subset-which may depend on the state-of a fixed countable set of gambles. 
The examples deal mainly with Borel gambling problems, but could be modified to 
analytic problems. Basically, we demonstrate that Borel strategies are adequate by 
showing that VB is Borel for all B E B(F) and then applying Remarks 4.3 and 4.4. 

In the literature, examples of gambling problems for which measurable strategies 
are adequate are primarily of two types. In the first, measurable strategies are shown 
to be adequate with respect to a specific utility function but arbitrary measurable 
gambling house. The problems considered in [24] and [25] are of this type. The 
second type of problem demonstrates that measurable strategies are adequate with 
respect to a specific type of gambling house but arbitrary measurable utility function. 
Problems of this type are given in [22] and [27]. In [27], for example, the set of 
gambles available at a state x is either (S(x), y(x)} or {y(x)}, where y: F -> P(F) is 
Borel measurable. In this case, Borel strategies are adequate with respect to any 
bounded Borel utility function. Individual gamblers often have the same gambles 
available to them, but each gambler may have his own measure of the utility of the 
various states. Thus, the second type of problem is appealing since it guarantees that 
all the gamblers can restrict themselves, without loss, to measurable strategies. All 
but our last example are of the second type. The gambling problems in [27] and in 
some of our examples can be described relatively easily, however, since arbitrary 
bounded Borel utility functions are allowed; the adequacy of Borel strategies is far 
from obvious. The general, long-standing problem is whether measurable strategies 
are adequate for arbitrary measurable gambling houses and arbitrary measurable 
utility functions. 

Our last example, Theorem 5.5, illustrates the applicability of this paper's results to 
the first type of gambling problem discussed above. Theorem 5.5 verifies a supposi- 
tion proposed, without proof, by Sudderth in [25]. Specifically, we show that universal 
strategies are adequate if the goal is to visit a countable subset of the state space 
infinitely often. 

Theorems 5.2 and 5.3 are special cases of Theorem 5.1. However, the reader may 
want to consider the former two theorems first. The relationship between the sets of 
gambles available at different states, which is used to show that Borel strategies are 
adequate, is more apparent in Theorems 5.2 and 5.3 than in Theorem 5.1. 

Let C(F) be the set of finitely additive probability measures, defined on all subsets 
of a Borel space F, which when restricted to B(F) are countably additive. And, let A 
be the smallest o-algebra on C(F) such that the maps p -> p(A) from C(F) to the 
Borel line are measurable for all A c F. A function 4I: F - 2C(F) is upper measur- 
able if for any K e A, the set 

{x F: O}(x) n K A 0} 

is in B(F) (here 2C(F) denotes the power set of C(F)). 

THEOREM 5.1. Let F be a Borel space and let r be a Borel subset of F X P(F). 
Suppose, additionally, F(x) = -(x), for all x E F, where b is an upper measurable 
function. Then universal strategies are adequate for approximating optimal return with 
respect to any Borel gambling problem of the form (F,, ,u). Moreover, if a Borel 
selector exists, then Borel strategies are adequate. 

PROOF. We show that VD is Borel for any D E B(F). Then, the result follows by 
Remark 4.4. 
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First, note 

VD(x) = sup VDdy. 
yE r(x) 

Thus, for any r E R, 

{X: VD(x) > r} = (: there exists a y F(x) such that fVD dy > r} 

= X: r(x) n (P E C(F): rVDdp > r) 0). 

And, since r is upper measurable, this set is in B(F). Therefore, VD is Borel. If a 
Borel selector exists, then, as discussed in Remark 4.3, Borel strategies are adequate. 

THEOREM 5.2. Let F be a Borel space and let F be a Borel subset of F x P(F). 
Suppose, additionally, there exists a countable Borel partition, A , A2,..., of F (i.e., 
Ai n Aj = 0 if i 1 j, U 1=Ai = F, andAi E B(F) for every i), such that, for any i, if 
x, y Ai then F(x) = F(y). That is, within each partition element of F the same 
gambles are available. Then, Borel strategies are adequate for approximating optimal 
return with respect to any Borel gambling problem of the form (F, F, u). 

PROOF. Clearly, r is defined by an upper measurable function and a Borel 
selector exists. Therefore, by Theorem 5.1, Borel strategies are adequate. # 

THEOREM 5.3. Let F be a Borel space and let F be a Borel subset of F x P(F). 
Suppose that, for all x E F, F(x) c W, where W is a countable subset of C(F). Then 
Borel strategies are adequate for approximating optimal return with respect to any Borel 
gambling problem of the form (F, F, u). 

PROOF. Let W = {Pi, P2,...} and let L E A. Then 
00 

{x: r(x) nL 0 U {x: r(x) n L n {pn} 0} U r.n 
n= 1 p, L 

where F is the pn section of F. 
Since F is Borel, Fp, E B(F), for all n. So the function FP: F - 2(F), defined by 

()(x) = F(x), is upper measurable, Furthermore, a Borel selector exists. So, by 
Theorem 5.1, Borel strategies are adequate. # 

The next set of propositions are used to prove Theorem 5.4. Theorem 5.4, at first 

glance, appears to be the same as Theorem 5.2. But, in Theorem 5.4 we no longer 
require, for each x and y in a given partition element of F, that F(x) = F(y). We 

only suppose that, for each y E T(x), there exists p E F(y) such that y and p agree 
on B(F). 

PROPOSITION 5.1. Let u = ID, for some D E B(F). Define U: F - R by 

U(x) = sup u(, t). 
(cr, t)0e (x) 

Then 

U(x) = sup u(a,t), 
(o-, t)en B(x) 

where fIB(x) is the set of Borel policies available at x. Also, U is universal. 
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PROOF. If x is not in D, then the result follows from [22]. If x E D, then use a 
procedure similar to that used in the proof of Proposition 4.3 to prove the result. # 

Note that V < U. 

PROPOSITION 5.2. Let u = ID, for some D E B(F). If x, y E F and if, for all 
y e F(x) (respectively, p E F(y)), there exists a p e F(y) (respectively, y E F(x)), 
such that p(A) = y(A), for all A E B(F), then U(x) = U(y). 

PROOF. Use Proposition 5.1, and the fact that 

U(x) = sup fudy. # 
yeF(x) 

PROPOSITION 5.3. Let u = IA, for some subset A of F, and suppose that U(x) = 1, 
for all x e A. Then V(x) = U(x), for all x e F. 

PROOF. Let e > 0 and x E F be given. Select a sequence 0 < e1, E2,..., such 
that In=(l - En) > 1 - E. Select a policy (r, t)x available at x, such that 

u((o, t)x) > (x) - E- 

For each y E A and positive integer n, select an available policy (cr, t)y n for which 

U((r, ynt)y (y) -n = 1 - e. 

Now construct, in much the same way as in Theorem 4.1 (but without necessarily 
worrying about measurability requirements) a sequence of stop rules sl, s,..., and a 
strategy a such that 

u(cr) > a({h: fs(h) E A for n = 1,2,...}) 

00 

> (U(x) 
- 

E) n (1 - e) > ((2(x) - E)(1 - 6). 
n=l 

Since e was arbitrary, the desired result follows. # 
For a function g: F -o R and a subset A of F, glA denotes the restriction of g 

to A. 

THEOREM 5.4. Let F be a Borel space and let F be a Borel subset of F x P(F). 
Suppose, additionally, there exists a finite Borel partition A1, A2,..., Am of F such 
that, for each i, if x, y E Ai then for all y E F(x) (respectively, p E F(y)) there exists 
p E F(y) (respectively, y E F(x)) for which p(D) = y(D), for all D E B(F). Then 
Borel strategies are adequate for approximating optimal return with respect to any Borel 
gambling problem of the form (F, F, u). 

PROOF. Clearly, there is a Borel selector. So, by Remarks 4.3 and 4.4, it will be 
enough to demonstrate that VG is Borel, for every G e B(F). In this gambling 
problem, we can without loss of generality assume G = A U ... U A, for some 
k < m. 

By Proposition 5.3, if ,GIA,i 1, for all i < k, then VG(x)= U(x), for all x E F, 
where UG is the U function associated with u = IG. Moreover, if UGiAi < 1, for all 
i < k, then, by Proposition 4.1, VG = 0. In either case, we are done. 

Suppose we have neither of the above cases. Let A1 ., A1 j be those A's for 
which UG/\lA 1. By Proposition 4.1, if we let G1 = A1, U . *U Al jl and let 
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= IGi then we have VG = VG. Denote by UG the U function associated with ul. 
So, again, if UGCIAI 1, for all i = 1,.. ., j, or if UG,IA, < 1, for all i = 1,..., j?, 
then we are done. 

However, if we, again, have neither of the above situations, let A2, 1 ..., A2, j be 
those A ,is for which UGlA1,i 1, let G2 =A2,L1 U UA2, j and let u2 = IG. As 
before, VG= = 1 VG2. Continue this procedure, and since we started with only a 
finite number of Ai's there exists a positive integer N < oo, such that VG = VG and 
either UGNIAN,i < 1, for all i = 1,..., jN, or UGIAN,i , for all i = 1, ...jN # 

As mentioned, the next result was postulated, without proof, in [25]. 

THEOREM 5.5. Let F be a Borel space and let F be a Borel subset of F X P(F). 
Suppose, additionally, that u = IG, where G is a countable subset of F. Then universal 
strategies are adequate for approximating optimal return with respect to (F, F, u). If a 
Borel selector exists, then Borel strategies are adequate. 

PROOF. Recall, to prove the adequacy of universal strategies in Theorem 4.1 we 
needed, for each n, that uE be upper analytic. For this to follow it is sufficient that 
the restriction of VG to G be Borel. Clearly, in the present case, V restricted to G is 
Borel. So, the proof of Theorem 4.1 can serve as a proof for this theorem. # 
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