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ABSTRACT

This note considers the average-optimal expected return of two

players observing independent random variables X1, . . . ,Xn, whose

distributions are generated at random. One player, the pseudo

prophet, knows the distributions prior to observing the random

variables. The other player, the gambler, has no such foresight.

Sharp difference and ratio comparisons of the two players’ optimal

expected returns are given. The key step in the proof is a reduction to

a classical prophet inequality for i.i.d. random variables proved by

Hill and Kertz (Hill, T.P.; Kertz, R.P. Comparisons of stop rule and

supremum expectations of i.i.d. random variables. Ann. Probab.

1982, 10 (2), 336–345).

*Correspondence: Pieter Allaart, Mathematics Department, University of

North Texas, P.O. Box 311430, Denton, TX 76203-1430, USA; E-mail: allaart@

unt.edu.

233

DOI: 10.1081/SQA-120025030 0747-4946 (Print); 1532-4176 (Online)

Copyright & 2003 by Marcel Dekker, Inc. www.dekker.com



©2003 Marcel Dekker, Inc. All rights reserved. This material may not be used or reproduced in any form without the express written permission of Marcel Dekker, Inc.

MARCEL DEKKER, INC. • 270 MADISON AVENUE • NEW YORK, NY 10016

Key Words: Optimal stopping; Random distributions; Prophet

inequality.

AMS Subject Classification: 60G40.

1. INTRODUCTION

A classical problem in optimal stopping theory is to compare the
optimal expected return of an ordinary gambler to that of a player
with complete foresight. Such comparisons, considered for the first
time by Krengel and Sucheston,[6] are called prophet inequalities, and a
vast literature exists about them. See Hill and Kertz[5] for a survey.

This note considers a related problem in which both players have less
than complete foresight into the future. Specifically, let X1, . . . ,Xn be
independent random variables, observed sequentially by two players.
Assume that the distributions of the variables are known in advance to
the first player, but unknown to the second. The first player will be called a
‘‘pseudo prophet,’’ since he has partial, but not complete, foresight into the
future. The second player will be referred to as the ‘‘gambler.’’ Assume
that the gambler adopts a stop rule that will maximize his expected return
EX�, on the average (in a sense to be made precise), over all possible
distributions. How much larger, on the average, can the pseudo prophet’s
expected return be compared to that of the gambler?

There are two natural scenarios:

Scenario 1. Nature picks a distribution P at random according to some
mechanism, and X1, . . . ,Xn are sampled sequentially from P.
Scenario 2. At each stage 1� i� n, nature picks a distribution Pi at
random, independent of previous distributions, and Xi is sampled from Pi.

In Scenario 1, the gambler is able to gather information about P
while playing. Thus, for large n, the pseudo prophet’s advantage can be
expected to be smaller than in Scenario 2, where no information gather-
ing is possible. Samuels[8] gives average-optimal stop rules in Scenario 1
when P is uniform with a two-sided Pareto prior on the endpoints,
but for the general case no sharp upper bounds for the pseudo prophet’s
advantage seem to be known.

Scenario 2 is analytically more tractable, since here the gambler
essentially observes an i.i.d. sequence of random variables from the
average distribution �PP (defined in Eq. (2) below). The purpose of this
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note is to show that the extremal case is when the Pi’s are Dirac measures
with probability one, thereby reducing the problem to an ordinary
prophet/gambler comparison for i.i.d. random variables. A theorem by
Hill and Kertz[4] can then be invoked to obtain sharp ratio and difference
inequalities.

2. THE MAIN RESULT

Let Rþ denote the set of nonnegative reals, and let B be the sigma
algebra of Borel sets in R

þ. Let P be the space of probability distribu-
tions on (Rþ,B), endowed with the weak* topology. Define P0 as the
subset of P consisting of those distributions having a finite first moment.
Note that P0 is Borel measurable since its complement in P can be
written as

\1
k¼1

[1
m¼1

P :

Z
½0,m�

x dPðxÞ > k

� �
:

By a prior we shall mean a Borel probability measure on the space P.
Call a prior Q integrable if QðP0Þ ¼ 1. For an integrable prior Q, let
P1, . . . ,Pn be independent random distributions sampled from Q, and
let X1, . . . ,Xn be random variables satisfying

ProbðX1 2 A1, . . . ,Xn 2 AnjP1 ¼ P1, . . . ,Pn ¼ PnÞ

¼ P1ðA1Þ � � �PnðAnÞ ð1Þ

for all sets A1, . . .,An in B and distributions P1, . . . ,Pn. Thus, given
P1, . . . ,Pn the variables X1, . . . ,Xn are independent with respective
distributions P1, . . . ,Pn. By considering product spaces in the usual
way, it can be assumed that X1, . . . ,Xn and P1, . . . ,Pn are all defined
on the same underlying probability space. Let T G

n denote the set of stop
rules � satisfying �� n and

f� ¼ kg 2 � ðfX1, . . . ,XkgÞ, k ¼ 1, . . . , n,

and let T P
n be the set of stop rules � satisfying � � n and

f� ¼ kg 2 � ðfX1, . . . ,Xk, P1, . . . , PngÞ, k ¼ 1, . . . , n:

Since the pseudo prophet knows P1, . . . ,Pn ahead of time, he can
employ stop rules in T

P
n . So his optimal expected return is

VP
n ðQ Þ :¼ sup

�2T P
n

EX�:
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The gambler, however, is restricted to using stop rules in T
G
n . So his

value is

VG
n ðQ Þ :¼ sup

�2T G
n

EX�:

Let DnðQ Þ ¼ VP
n ðQ Þ � VG

n ðQ Þ and RnðQ Þ ¼ VP
n ðQ Þ=VG

n ðQ Þ:

Theorem 2.1. Let Q be an integrable prior. Then

(i) Rn (Q )� an; and
(ii) If Q assigns measure one to distributions supported on the closed

interval [a, b], then Dn (Q )� bn(b� a).

Here an and bn are the same implicitly defined constants given in
Theorems A and B of Hill and Kertz.[4] Both inequalities are best possible,
and (ii) is attained.

The definitions of an and bn are rather technical, and depend on several
recursively defined functions. The reader is referred to Hill and Kertz[4]

for the details. For the purpose of illustration, some values of these
constants are given below. The constants an and bn satisfy 1.1<an<1.6
and 0<bn<1/4, and can be easily approximated. For example, a2�
1.171, a3� 1.221, a4� 1.248, a10� 1.301, a10,000� 1.341, and b2¼ 1/16,
b3� 0.77, b4� .085, b10� .100, b10,000� .111.

The proof of the theorem uses the following lemma, whose
proof is routine. Let �PP denote the average distribution with respect to
Q. That is,

�PP ðAÞ ¼

Z
P

PðAÞ dQðP Þ, A 2 B: ð2Þ

Lemma 2.2. For every Borel-measurable function f :Rþ
! R,Z

R
þ

f ðxÞ d �PPðxÞ ¼

Z
P

Z
R

þ

f ðxÞ dPðxÞ

� �
dQðPÞ:

Proof of Theorem 2.1. Let �x denote Dirac measure at x, and let
�¼f�x|x� 0g. Define the Borel mapping � : x ! �x from R

þ to �, and
let Q* be the prior on P0 defined by Q�

ðBÞ ¼ �PPð��1
ðB \�ÞÞ, for each

Borel set B of P0. Thus Q
* gives measure 1 to the set of Dirac measures.

Let Y1, . . . ,Yn be a sequence of i.i.d. random variables with common
distribution �PP, let Sn be the set of all stop rules for Y1, . . . ,Yn, and
define VðY1, . . . ,Yn Þ ¼ sup�2Sn

EY�: From Eq. (1) it follows immediately
that X1, . . . ,Xn are unconditionally i.i.d. with common distribution �PP,
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and since the gambler observes only the values X1, . . . ,Xn, it follows that

VG
n ðQÞ ¼ VðY1, . . . ,YnÞ:

Since for any A 2 B,
R
PðAÞ dQ�

ðP Þ ¼
R
�yðAÞ d �PPð yÞ ¼ �PPðAÞ (in

other words, Q and Q* induce the same average distributions), it follows
likewise that

VG
n ðQ

�
Þ ¼ VðY1, . . . ,YnÞ ¼ VG

n ðQ Þ:

It will now be shown that

VP
n ðQ

�
Þ � VP

n ðQÞ:

Define

VP
n ðPi, . . . ,Pn Þ ¼ sup

�2T P
n

E ½X�jP1 ¼ P1, . . . ,Pn ¼ Pn�:

Note that for fixed P1, . . . ,Pn,

VP
n ðP1, . . . ,PnÞ � E½X1 _ � � � _ XnjP1 ¼ P1, . . . ,Pn ¼ Pn�

¼

Z
R

þ

� � �

Z
R

þ

x1 _ � � � _ xn dP1ðx1Þ . . . dPnðxnÞ,

where x _ y denotes the maximum of x and y. Thus

VP
n ðQ Þ ¼

Z
P

� � �

Z
P

VP
n ðP1, . . . ,PnÞ dQ ðP1Þ . . . dQ ðPnÞ

�

Z
P

� � �

Z
P

Z
R

þ

� � �

Z
R

þ

x1 _ � � � _ xn dP1ðx1Þ . . . dPnðxnÞ

� �

� dQðP1Þ . . . dQðPnÞ

¼

Z
R

þ

� � �

Z
R

þ

x1 _ � � � _ xn d �PP ðx1Þ . . . d �PP ðxnÞ

¼ E ðY1 _ � � � _ YnÞ

¼ VP
n ðQ

�
Þ:

The second equality follows by a repeated application of Lemma 2.2.
The last equality follows since under Q*, the pseudo-prophet has
complete foresight, and the unconditional distribution of each Xi is �PP.
It follows that

DnðQÞ � VP
n ðQ

�
Þ � VG

n ðQ
�
Þ ¼ E ðY1 _ � � � _ YnÞ � VðY1, . . . ,YnÞ,

and

RnðQ Þ �
VP

n ðQ
�
Þ

VG
n ðQ

�Þ
¼

E ðY1 _ � � � _ YnÞ

V ðY1, . . . ,YnÞ
:
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Applying Theorems A and B of Hill and Kertz[4] completes the
proof. œ

Remark 2.3. Although the worst-case prior Q* in the proof of the
theorem is supported on the set of Dirac measures, the bounds (i) and
(ii) remain sharp if the support of Q is required to be all of P0. To see this
for (i), fix ">0, let Q be a prior with Rn (Q )� an�" /2, and let Q̂Q be any
prior with full support on P0. For 0� t� 1, define

Qt :¼ tQ̂Q þ ð1� tÞQ:

Then Qt has full support on P0 for each t>0. It is straightforward to
prove that VG

n ðQtÞ and VP
n ðQtÞ are continuous as functions of t. Hence,

for t>0 sufficiently small, Rn (Qt)�Rn (Q)� "/2� an� ".
Similarly, the inequalities (i) and (ii) remain sharp if Q gives measure

one to distributions with full support in R
þ, or to absolutely continuous

distributions.

Remark 2.4. If n¼ 2 and �PP is the uniform distribution on [0, 1], a simple
expression for D2 (Q) in terms of the variance of the mean can be derived.
For a distribution P, let �P ¼

R
xdP denote the mean of P. Note that for

0 � c � 1Z
½0, 1�

x _ c d �PP ðxÞ ¼

Z 1

0

x _ c dx ¼ ð1þ c2Þ=2:

Hence VG
2 ðQ Þ ¼

R
½0, 1� x _ ð1=2Þ d �PPðxÞ ¼ 5=8. Similarly

VP
2 ðQÞ ¼

Z
P

Z
P

VP
2 ðP1, P2 Þ dQ ðP1 Þ dQ ðP2 Þ

¼

Z
P

Z
P

Z
½0, 1�

ðx _ �P2
Þ dP1ðxÞ

� �
dQ ðP1Þ dQ ðP2Þ

¼

Z
P

Z
½0, 1�

ðx _ �P2
Þ d �PP ðxÞ

� �
dQ ðP2Þ

¼

Z
P

1þ �2
P

2
dQ ðPÞ ¼

1þ E�2
P

2
,

where the second inequality is a consequence of the backward induction
principle (see Theorem 3.2 of Chow et al.[1]), and the third follows from
Lemma 2.2. Thus

D2ðQÞ ¼
Varð�PÞ

2
: ð3Þ
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Using Eq. (3), D2(Q) may be computed explicitly for several well-known
priors whose average distribution is uniform on [0, 1]. For instance, if Q
is the random-rescaling prior introduced by Dubins and Freedman[2]

with base measure equal to the uniform distribution on the vertical line
segment x¼ 1/2, 0� y� 1, then Varð�PÞ ¼ 1=40 (cf. Mauldin and
Williams[7]), so D2(Q)¼ 1/80. Alternatively, if Q is a Dirichlet process
prior with base measure �([0, x])¼ cx on [0,1] (see Ferguson[3]), then
it can be shown that Varð�PÞ ¼ ½12ðcþ 1Þ��1, so D2ðQÞ ¼ ½24ðcþ 1Þ��1.

Remark 2.5. The authors do not know sharp pseudo-prophet inequalities
for priors Q restricted to distributions with a given (fixed) mean �, or
priors satisfying other kinds of partial information.
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