Iterations and Martin's Axiom

1. Two Step Itera tions

We shawved in lemma ?? that forcing with is equivalent to rst forcing
with  to get M G, and then forcing with  overM G to getM G H . This,
however, is not the most general caseof a two step iteration as in this casewe
are assuming M. More generally we could have that M and M G.
Note that this breaksthe symmetry between and ; we cannotforcewith  rst
now. We wish to describe this situation in more detail now; in particular, how
do we describe a two-step iteration as a single forcing over the ground model? To
motivate the de nition of the partial order for the two-stageiteration, let G
where M . Letp P with p is a partial order . To be precise, actually
abbreviatesatriple of names q; ; , but it will beclearfrom the context what
we mean. We are assuming(without loss of generality) that all our partial orders
have maximal elemerns. It is easyto seethat there is a M  sud that
is a partial order and is a partial-order . [Let A A1 A
be a maximal antichain of p P suc that either p is a partial order (this
de nes A;) or p is not a partial-order . Let A A, where

is a any name such that is a partial-order ]. Thus, there will be no loss
of generality if we require that is a partial-order . Also, if qi; and
., thereare 1; » dom sud that 16, % > ¢, and there are
P1; P2 such that p; 1 , P2 2 , and p; 1 o 2 . With this
as motivation we now de ne two step iteration forcing.

Denition 1.1. Let M be atransitive model of ZF and M a partial order. Let
Q M beanamewith p Q is a partial-order . The two-stepiteration forcing
Q is the partial order in M de ned to bethe setof all p; sucthat p P,

dom Q ,andp Q . The orderingof Qisdened by pi; 1 p2; 2
i p1 p pzandp 1 2.
We assumethereisaname g dom Q sudithat p o is maximal in Q .

It is easyto seethen that p; o is amaximal elemeri of Q.

If G P is M -generic and H Qg isa lter on Qg in M G, we de ne
G H Q by p; G Hi p Gand ¢ H. It iseasyto seethat G H
is a lter:

Exercise 1. Show under the hypothesesabovethat G H isa lter on Q.

Conversely supposeF Q is M -generic. Let G p P:p o F .Let
H Qg bedened by H G: dom Q p P p; F . Wewill verify
in the proof of the next theoremthat G;H are Iters on , Qg respectively.

Theorem 1.2. Let M be a transive model of ZF and Q M. IfG Pis
M -genericandH Qg isM G genericfor Qg, thenG H is M genericfor Q.
Conversely, if F Q is M generic for Qand G p P:p; o F,
H G: dom Q p P p; F , then G is M -generic for , H is
M G -genericfor Qg, and M F M G H.
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Proof. First assumethat F Q is M -genericand de ne G, H as above. To
seeG is M -genericfor ,let D P be densewith D M. Then E p;
Q:p D isdensein Q [given q; Q, thereisap qwith g D.
Then p; Qasp Q and also p; E]. Let p; E F. Then
p; o Fandsop D G.
Wechek that H isa lter onQ Qg. Supposex;y H. Say X G, Y G,

where p; F, o F. SinceF is a lter, let r; p; ; q  with
r; F. By denition of G, r G. Alsor ,S0 ¢ o . Similarly,
¢ Q - Also, ¢ H bydenition of H. Next supposex H andx y. Sa
X c with p; F. Lety ¢ Where dom Q . Since ¢ ¢ ¢ (and since
G is generichy the above) thereisaq G with g Q . SinceF isa
Iter, let r; F with r; p; ;q o . Thenr and r

(asr q) sor . So, r; r .AsF isa lter, r; F. Thus, by

de nition of H,y c H.

We next shov H isM G genericfor Qg. Notethat in M G, isapartial
order. Let D be dense,whereD M G . Fix M with D . Fix
also po with po is densein Q . Wemust shovthat ¢ D H for some

domQ . Let E p; Q:p . To seeE is densebelow
Po; o in Q, let q; Q with g po. So,q X X X
Thus for somer g and dom Q we haver (you can see
this by taking a genericcontaining g). Hence r; Q and in fact r; E.
By de nition, r; g, . SOE is densebelow po; o . Since pp; o F,it
followsthat F E . Let p; E F.Thenp Gandalsop . Hence
G c D.Also ¢ H by denition ofH.

We next showthat F G H. If p; F then p; o Fandsop G.
By denition of H, ¢ H. By denition of G H, p; G H. Supposenow
p; G H. Thus,p Gand ¢ H. By denition of G, p; ¢ F. By

de nition of H, ¢ c Where q; F. Letr G with r . Thus,
r, o F. SinceF isa lter, let s; Fextend p, o, g ,and r; o .
Sinces and s , S . Thus, s; p; , andsinceF isa

Iter, it followsthat p; F.

Finally, it is clearthat from F wemay de ne G, andthendene H,soM G H
M F . SinceF G H, from GandH wemay dene F,soM F MG H.
Thus,M F M G H.

This completesone direction of the theorem. For the other direction, assume

now G is M -genericand H Qg isM G -generic.LetF G H Q.
As we showed already, F is a Iter on Q. To seeit is generic,let D Q
be dense,with D M. We must nd a p; D with p Gand ¢ H. Let
E Qg bedened by E c: p G p; D.ClearyE M G. To
seeE is densein , let ¢ , Where domQ . Letp ,p G. Let
A g p: domQ g¢; D g p; . Easily A is densebelow p.
Letq G A. Let dom Q be such that g; D and g; p; . Since
g Gandq , we have ¢ c- By denition of E, ¢ E. This shows

E isdensein .lLet ¢ E H. Thenthereisap G suc that p; D, and
we are done.
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We next prove an important fact about presenation of -c.c. under nite itera-
tions.

Lemma 1.3. Let bearegular cardinal. Supmpse is -c.c., and p Qis -
c.c.. Then Qis -c.c.

Proof. Suppose p ; , is an antichain in Q. If G is genericfor and
p,p G, then ¢ and c are incompatible in Qg. For if ¢ extended
them both, then we could getp G with p and p peta. Since
G is a lter, wemay assumep p ;p . But then p; p; .p p;
a contradiction. SinceQg is -c.c., it follows that :p G hassize . This
shows that D p : p p G is densein . Let
A be maximal subject to being an antichain and A D. SinceD is dense,A
is a maximal antichain of . Forp A,let p be asin the de nition of D.
Since isregularand A , sup, A P . This is a cortradiction, aswe
cantake a genericG containing somep for (this genericmust meet A).

Lemma 1.3doesnot sa that the product of -c.c. partial ordersis -c.c. In fact,
it isindependen of ZFC whether the product of two c.c.c. partial ordersis c.c.c.We
will seebelow that under Martin's axiom and CH, the product of two c.c.c. partial
ordersis c.c.c. On the other hand, CH implies that that there are two c.c.c. partial
orderswhoseproduct is not c.c.c. Sud an exampleis more easily constructed from
the existenceof a Suslin tree. SupposeT is a Suslin tree. We view T as a partial
orderby x yi X t,ie., by reversingthe tree order. Clearly T is still c.c.c.
viewed as a partial order this way. However, the partial order T T is not c.c.c.
To seethis, rst assumewithout lossof generality that T is pruned, and then that
T is splitting (by consideringthe subtree T of T obtained by restricting to levels

i, i I'1, where every elemert of T at level ; hasincompatible extensionsat
level ; 1). SoassumeT is splitting. Foreachhx T,letl x ,r x beincompatible
immediate extensionsof x in T. Then | x ;r x 1t formsanantichainin T T.

In fact, the next lemma characterizeswhen a product of -c.c. partial ordersis

-c.C.

Lemma 1.4. Let P, Q be partial orders. ThenP Qis -c.c.i Pis -c.c. and
p Qis -c.c..

Proof. One direction is immediate from lemma 1.3. Supposethat p Qis -

cc..Letp Pand MP besud that p ; Q

For let p p and q Q be suc that p g . Let
A p:q . We show that A is an antichain in P Q. Fix , and
suppose r;q p:q ;p;q . Thenr g andr g, and

sincer pit followsthatr q g, acortradiction.

2. Intermedia te Extensions

SupposeM is a transitiv e model of ZFC and M G is a genericextensionof M .
Let N beamodelof ZFCwith M N M G . Weshaw that we can\factor" the
extensionthrough N, that is, get a two stepiteration M M G M G, G,

M G with M G, N. Also, if X M G and X M (e.g., X is a set of
ordinals), then there is a minimal transitive model M X of ZFC containing X,
and thuswecanwrte M G M G; G, M X G, asatwo-stepiteration.



First we show the following lemma which showvs we can do the factoring in
the casewhere N M Gi; where G; is M -generic for a partial order which is
completely embeddedinto

Denition 2.1. Let M be a transitive model of ZFC, , partial ordersin M,

and e: a complete embedding which liesin M. For G ,let G q
p G epkg

Lemma 2.2. Let M be a transitive model of ZFC, , partial ordersin M, and

e: a complete emtedding in M. Let H be M -generic for . Let

G e !'H . ThenGisM genericfor , H G andis M G -genericfor G.
Also,M H M G H (hereM G H refersto the extensionof M G by forcing
with Q).

Proof. Since e: is complete, G e ' H is M-genericfor . Clearly
H G, sinceany g H is compatible with ep forany p G (sinceep H).
We showvw H is M G -genericfor G. Let D G, with D M G, be densein
G. Fix M with D c- Letpp G, po is densein Q G . De ne
E g =:©p Oh P G g ® q ep
We claim that E is densebelow e pg . To seethis, let q@ e po . Let p1 be

a reduction of ¢p. Then p; h G [For let G be genericfor containing
p:. Let po G, and weshov ep, k op. Let p3 G with ps  p1;p2. Then
e ps epz,and eps k q sincep; is a reduction of g and p3  p:. Thus,
ep, ka.] Sinceep; ko, epr kepo, andthus p; k po (as e is complete). So
we may assumep;  po. Also, p; is densein G . Thus we can get p2; &
with p; (o)) QG and g o. Sincep: ¢ Q G it follows that
ep; k. Letq ep2 ;. Thenq E.

Letnowq E H. Letp and ou withessq E. Sinceq ep,ep H
andthusp G. Also,qu H. Sincep Gandp o ,wehavequ D. So,
¢ H D. This showsH isM G -genericfor G.

Finally, M H M G H isimmediate sinceG M H .

We now state precisely our theorem on intermediate extensions.

Theorem 2.3. Let M be a transitive model of ZFC, M a partial order, and
let G be M -generic for . Then if N is a transitive model of ZFC with
M N M G, thenthereis a two stageiteration partial order ;1 ,in M and
an M -genericG; Gy for ; o suchthatN M G; andM G M G; G;.
Also,if X M G andX M, thenthereis a smallest transitive model N of ZFC
containing M and X, and thus we have M M X M G; M G, G,

M G for sometwo stageforcing 1 2 and genericG; Go.

Remark 2.4. We need the hypothesis that X M ; the result is not true for
arbitrary X M G.

First consider the casewhere M M G, where G is M -generic for  and
X M G, X ON. Let B be the completion of , soB is a complete Boolean
algebraand M G M G whereG is M -genericfor B. Thus, we may assume
that is a complete Boolean algebra. Fix a M B with X c. For

"supX ,deneb J K Let A B be the complete subalgebraof B
generatedby the b . By this we meanA is the smallest subalgbra of B containing
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the b and closedunder the and  operations of B (this easily exists). Let
H G A. The identity (inclusion) mapi: A B is a complete embedding,
and thusi * G G A H is M genericfor A. In particular, M H is a
model of ZFC. We show that M H M X . First, X M H , since X i

b Gi b H(sinceb A). Next we shov any transitive model N of ZFC
which corntains X must contain H, and this nishes. Now, the subalgebraA can
be constructed asfollows. Let Ag Jb K. At limit stageslet A A . At
successoisteps,let A ;. A a:a A E:E A (here refers
to the supremum operation of B; we continue this construction until A A 1)
We show by induction on that G A liesin N (more precisely we are actually

giving a de nition by trans nite recursionin N of the function G A). For
Owehaveb K Gi X. SinceX N, this shovsG Ay N. For

limit the inductive stepis trivial. At successostepswehave a Gi a G, and

E Gi G E (recall that sinceB is a complete Boolean algebra, G is a

a genericultralter on B). This givesa de nition by trans nite recursionin N of

the function G A , and showsin particular that G A N forall . For

large enoughthis givesG A N. Thus,M H M X . The sameargumert
just givenalsoworksif X M (with X M G).

We next show that if N is any model of ZFC with M N M G then
N M H for somegenericextensionM H of M. LetS PB N PN B.
For any X N, there is a set of ordinals A X N which \codes" X in that X
lies in any transitive model of ZF containing A X . In particular, AS N. By
the previous paragraph, M A'S existsand M A S M H for somegeneric
extensionM H of M. Fix now X N. Let A X be the complete subalgebraof
B constucted above sothat M A X M A X G (this actually dependson
the choice of name for A X , but this doesn't matter). SinceM A X N, we
have A X G N. Thus,A X G S. ThisshonX M S M H . Thus,
N MH andsoN M H .

We have shown that if N is a model of ZFC with M N M G then N
M H is a genericextensionof M, andif X M G, X M, then M X exists
and M X M H is a genericextension. In both casesH is an M -genericfor a
complete Booleanalgebrawhich a complete subalgebraof B (where G is M generic
for B). Lemma 2.2 now nishes the proof of theorem 2.3.

3. General lItera tions

We now extend the discussionfrom two step iterations to iterations of general
length. De nition 1.1 shows how to unravel a two-step iteration into a partial
order in the ground model. We will use the samede nition for successorsteps
in the general de nition. That is, an iteration 1 of successorength will be
(isomorphic to) a partial order of the form Q where isan length iteration
andQ M isa namewith Q isapartial order . There will actually be
a slight \notational" isomorphisminvolved. For example,an elemer of a three step
iteration would, by de nition 1.literated twice,beanelemen ofthe form x;y ;z,
whereasin our o cial de nition we will take the elemeris to be sequence®f length
3 (i.e., functions with domain 3).

The main question is what to do at limit ordinals, and there are a variety of
possibilities, all of which are useful in di erent arguments. Following Kunen we
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considerfairly general possibilites by allowing the \supp orts" of the conditions to
lie in a generalideal on . The precisede nition follows.

De nition 3.1. Let M be a transitive model of ZF, an ordinal of M, and
I P anidealon (possiblyimproper,that is,| P ) which liesin M. An

stageiterated forcing is a pair of sequencesn M of the form , Q
Each will be a partial orderin M (with a maximal elemen ), and Q isa
name with Q s a partial order with maximal elemen Q - Each
will consist of p which are sequencesf length . The satisfy the

following inductiv e conditions.
(1) o isapartial orderin M.

2 p 1 1 p : dom Q ,andp Q .
If p 1 1thenp pi p p andp .
(3) For limit, p [ p and the support of p is
in |, where the support of p is de ned by supp p : Qo -
For p;p ,wehavep p i p p
We de ne to be the sequence 0
The nal  stageiteration is determined from the sequenceof and Q
for . We will thus frequertly abbreviate the above de nition by writing it as
;Q

De nition  3.2. Wesay aniteration is of nite support if | isthe ideal of nite sets,
of countable support if | is the ideal of countable sets(in M), and of full support if
| P

Note that by properly choosing | it is possible to mix the various types of
iterations. For example,we might havean iteration of length! 3 wherewe alternate
nite and full supports. then | would bethe idealon! 3 of setsA such that A !
andA | 2;! 3 are nite.

The next de nition givesa natural embeddinge from to  when

, and the following lemma shows this is a well-de ned completeembedding. Thus,

a genericG for the length iteration inducesgenericsG for all

De nition  3.3. Let i Q bean length iteration in a transitive model M
of ZF. Dene, in M, for the mape : bye p qwhere
q p and for . q Q-

Lemma 3.4. Let ;Q M be an length iteration. Then for any

, the map e is a well-de ned one-to-one map from to which is a
complete emledding.
Proof. Fix (if the result is trivial). Let p ,
andletqg e p. Clearly g since for any , g 0 Q (as
o Q ). Clearly e is one-to-one.
We ched that e is complete. It is trivial to ched that if p p then

e p e p . Supposenow p p, and we shaov e p e p.If
g e p;e p,thenqg p;p,sopkp. Thus,p pi e p e p.
Supposenow q .Letp q . We shaw that pis areduction

of g for e . Supposep p. We must shov that e p kg Dene



r byr p and r q . Clearly r . Sinceq , a

straightforward induction on shows that r and r g (for
example, for the successostep: sinceq Q andr g by induction,
r Q . Thus,r 1 1 and trivially r 1 q 1).
Also, r e p sincer p and for T Qo - Thus,
r e p;q

If ;Q M is an length iterated forcing, and G is M -generic for

, then for we will write G  for the generic for induced by G (so
G G ). Wealsowrite G forG 3. Wecanalsode ne for the generic
G Q ¢ . This isdened by G p ¢ p G . Now, 1 IS
isomorphic to Q . Under this isomorphism,G  correspondsto G G [To
be explicit, the isomorphism : 1 Q isgivenby p ; ]

From theorem 1.2 we havethat G isM G genericfor Q ¢

Finite and countable support iterations are frequertly used, and we consider
someof the properties presened under sud iterations. First we show that -c.c.
is presened under nite support iterations.

Lemma 3.5. Supmse is aregular cardinal of M, and 1 Q isan length

iteration using nite supports. Suppsefor each that Q is c.c..

Then is -c.c. in M.

Proof. We show by induction on that is -c.c.in M. If is -c.c.,then
1is -c.c. (in M) from lemma 1.3. Supposenow is limit, and is least such

that isnot -c.c.Let p be an antichain of . Lets suppp . Thus,

S is nite. We may assumethe s form a -system (note that if this is

trivial) with root r . Let with supr . Weclaim that that p ~ form

an antichain in | a contradiction. To seethis, let p and q

be two elements of the antichain p . Supposep andqg werecompatible,

syr p :;q .Dener by
8
Er if

; 0 if suppp suppq
3P if suppp  suppq
" q if supp g supp p
Sincer p ;q , a straightforward induction on shows that r and
r p ;q . Thus,r p;q, aconradiction.

Corollary 3.6. A nite support iteration of c.c.c. forcingsis c.c.c.

We now consideriterations with countable support. Wewould liketo show that a
countable support iteration of countably closedforcings(i.e., Q iscountably
close) is countable closed, however, that is not true in complete generality. It is
true, however, if we choosethe namesQ for the partial ordersin a reasonable
manner which, we will see,imposesno loss of generality.

Denition  3.7. Let M be a transitive model of ZF, be a partial order, and
M . Wesay isfullif dom and for all p and M, if
p then there is a dom  such that p



If is a partial order , then we say is ! -full is whenewer p . n
dom andp n n o1 n for all n, then there is a dom  sud
that p n for all n.

The next lemma shows that there is no lossof generality is using full nhamesfor
sets.

Lemma 3.8. Let M be a transitive model of ZFC and M . Assume
. Then there is a full name  suchthat

2

Proof. Let  bethe setof all i where P dom and ,
wherex dom? i dom x dom . Clearly M and is of the
desiredform. It is also clear that [for any genericG, g G sinceif
X 6 then x ¢ for some sud that ]. To shov and
to shaw fullnessit su ces to show that for any p and M ifp then
for some dom we have p . Let p; beasabove, sop .
Let A be maximal subject to being an antichain and for all g A eitherq p
and for some 4 dom ,q q org pandfor some 4 dom we
have g q . Clearly A is a maximal antichain of . For eadrq A we will
de ne a name ~, and then we will take to be the union of all the ~. Fix g A
and the corresponding ¢ dom . Let — ru: s;u qg I s . Let
q A ~q- Wemust shaw that andp . First, sinceA is an
antichain, for any g A we have q ~q . Wealsohaveq ~q q [Let G
be genericcortaining g. If x ~y g, thenx ug for some r;u  ~g,r G, with
sayr sand s;u q- Thusx ug g6 Ifx q 6, thenx ug for some
s;u q» Wheres G. Letr g@s. Then r;u ~q. Hencex ug ~qc.]
So,q q - SinceA is a maximal antichain, this gives .
Next we show p . Forany q A with g pwehaveq q as
above. But also, q q Dby de nition of A and 4. So,q for all

g A with g p. Thus,p

The previouslemma shows that there is no lossgenerality in using full namesfor
non-empty sets,in particular for the partial ordersin an iterated forcing. The next
lemma shaws that if we do this, and if the partial ordersare forcedto be countably
closed,then ! fullness condition is satis ed.

Lemma 3.9. SupmseM is a transitive model of ZFC, M, M is a full
name for a non-empty set and is a countably closel partial order . Then
is ! -full for

Proof. Let p and supposep no1 n for all n. We follow the argumert
of the previous lemma. Let A be maximal subject to being an antichain and
forall g A eitherqg pandthereisa ¢ dom sud that q n q n,or
g pandfor some ¢ dom wehaveq q . Using the fact that

is countably closed it followsthat A is a maximal antichain of . Foreadhq A
we construct ~; asin the previous lemma, and then let q A ~q as before.
Exactly as before,for g A, q q » and thus . Also, for all
g A with g pwehaveq n g n . Thus,p n n . By fullness,
since p , we have that for some dom that p . Hence,
p n n -



Thus, in iterating countably closedforcings, there is no harm in assumingthe !
fullness condition is satis ed. This next theorem shows that for countable support
iterations, this is enoughto guarantee the iteration is countably closed.

Theorem 3.10. Let M be a transitive model of ZFC, and ;1 Q M is an
length iteration with countable supprts. Suppsefor each that Q
is countably closed , andthat Q is! -full for . Then is countably closel.

Proof. Work in M, and supposep" n are such that p, 1 p, for all
n !. Wedenep with p  p" for all n. Let S, supp p" ,
and S nSn. So0,S is countable. We dene by induction on . Let
0 o extend all of the §, which we cando as o is courtably closed. If

is limit, let p p . Assumenow p isdened andp p" for all
n. If S, let Q- Clearly in this casep 1 p" 1 for all n.

Suppose now S. For each n we have p" ! p" andp" ?! ni

". So,p n "t " . By ! -fullness there is a dom Q sud

that p n " . This de nes p , andthusp 1. Clearly
p 1 p° 1 for all n. This de nes p. By construction suppp S, so
p . Also, p p" for all n.

4. Mar tin's Axiom

WeintroduceMartin's axiomsand usean iteration of nite support c.c.c.forcings
to show it is consistert (with CH).

De nition 4.1. Let beaninnite cardinal. MA is the statemert: if isa

c.c.c.partial orderand D isa sizefamily of densesubsetsof , then there
isa lter G such that G D for all . MA s the statemert that
2 MA

The following simple lemma is important for the proof.

Lemma 4.2. MA is equivalent to the statementthat for any c.c.c. partial order
; on , and any collection D of densesubsetsof |, thereis a lter
G meeting all of the D .

Proof. Let Q; o beac.c.c.partial order. Let P Q with P and P
su cien tly closed. Speci cally, we require:

(1) Forallp P andall ,thereisaq D with g p.

(2) If p;q P arecompatiblein , then for somer P wehaver p;q.
Let P; where P P .LetE D P for . Thus, E
is densein . Note that s still c.c.c.by 2 (an antichain of is alsoan antichain
of ). SupposeG P andG E for all . Let H Q bethe Iter on

generatedby G (i.e., H g Q: r Gr q ) ThenH D for all

The following technical lemma will also be used.

Lemma 4.3. Let M be a transitive model of ZF, , partial ordersin M, and
e: a complete emieddingin M. LetH QandG e ' H . For M
wedene e M inductively by e e ;ep : ;p . Then for all

M we have ¢ e H .
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Proof. By induction on . We have
e H € H: ] ep H
c: P ep H
G: P p G

We are now ready to show the consistencyof Martin's axiom.

Theorem 4.4. Let M be a transitive model of ZFC and a regular cardinal of
M with 2 M Then there is a c.c.c. partial order M suchthat if G is
M -genericfor thenM G satises MA 2’ . In particular (since preserves
cardinals), CON ZFC CON ZFC MA CH .

Proof. We construct asa length iteration of c.c.c.forcings with nite support.
It will then follow from lemma3.5that isc.c.c.. Thus will preseneall cardinals
and co nalities. In particular, will be aregular cardinal of M G . Each stage
(for ) of the iteration will have size in M. The ideais to arrange sothat
the iteration eventually forceswith all possible  namesfor c.c.c. partial orders
on some , for all

Fix in M a bijection b: with b ! increasingin ead argumert (so if
b ; then ; ). As we de ne (for ) we simultaneously x an
enumeration Q of the the nice namesfor a partial order on some ,

that is, nice namessud that sucd that
Q isac.c.c.partial order :

Assuminginductiv ely that and isc.c.c.,wecando this asthere at most
! many suc names(this cardinality computed in M ; we are also

implicitly using AC in M).
We now give the inductiv e de nition of the Q , and henceof the iteration (again,

the iteration will be of nite support). Supposefor that isde ned, isc.c.c.
in M, and . Letb ;. LetQ e Q ,wheree
is the canonical embeddingand e is asin lemma 4.3. From lemma 4.3 we have
that Q isc.c.c. . Clearly 1 satis es our inductive hypotheses(note
that in M we have Q ). The inductiv e hypothesesare satis ed at
limit  from lemma 3.5 (which show is c.c.c.), and the nite support condition
(which givesthat by induction, as is regular).

Let G be M -generic for . We claim that if and x with
X M G, then for some we havex M G . To seethis, let M
be a nice name for x. Clearly . As s regular, there is an and a

M  sud that e . From lemma 4.3 we have that x G G

Sox M G

In particular, every x P! M G liesin someM G . Thus there are
at most P (this computation done in M) many realsin M G .
Thus, 2' M G Sinceco nally often we force with the Cohen partial order,

we clearly have 2' M G Hence 2 MG,
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To show M G satises MA, it is enoughto consider by lemma 4.2 a partial

order in M G of the form R i R , Where . Fix densesets D
where

From the claim above, x suhthat R M G and D M G
Let M  be a nice name for R. We may assumethat is ac.c.c.
partial order [Let p P isac.c.c.partial order . Let A be a maxiaml
antichain containing p. Fix a partial order T in M. Let , ,and forq A,
q plet ¢ T.FromA andthe g we constructaname asin lemma 3.8 sut
that p and is a c.c.c. partial order . We may assumethen
that is a nice name.] Let be sudh that Q ,andlet be sud that
b ;. ThenQ e . From lemma4.3wehave Q ¢ G R.
From theorem1.2,M G cortainsan M G  -genericfor R. This genericmeets
all the densesetsD , , sincethey liein M G M G . ThusinM G

there is a Iter meeting all of the densesetsD .



