First Order Logic and the Go6del Incompleteness Theorem

1. REVIEW OF FIRST ORDER LOGIC

We give a brief overview of the main concepts and results of first order logic. This
is far from a complete survey, but rather a quick presentation of the central points.
We first review the basic set-up of first-order logic, with an eye towards two cases
of particular interest: set theory (which we have been doing all along) and number
theory (or arithmetic) which will be of importance for the Gédel incompleteness
theorem. In the case of set theory, we already briefly introduced some of the relevant
notions in § ?? but here do the general case.

Definition 1.1. By a language of first-order logic we mean a collection £ =
{Ri, fi,Ci}iew of relation symbols R;, function symbols f;, and constant symbols
C;.

Each relation symbol R or function symbol f in a first-order language has an
arity associated with it, with is a positive integer. The exact meaning of the arity
is made clear below, but it is intending to denote the arity of a relation or function
to which the symbol R or f corresponds.

Example 1. The language of set theory consists of a single binary relation symbol
€. The language of number theory consists of binary function symbols +,-, E (E
is intended to denote the exponentiation function (z,y) — z¥, a unary function
symbol S (intending to denote the successor function n — n + 1), a binary relation
symbol <, and a constant symbol 0. Thus, £ = {<, +,-, E, S, 0}.

Note that the definition of a language is purely “syntactical,” that is, no mean-
ing is in anyway assigned to these symbols of the language (e.g., there is nothing
that says + somehow really represents what we think of a addition on the natural
numbers, whatever that means).

For any first-order language £, we consider also certain logical symbols which are
always allowed in constructing formulas. These are variable symbols zg, z1,z2, .. .,
connectives A, v, —, quantifiers 3,V, parentheses (, ), and a symbol ~ for equality.
We could choose to use just A,neg and V, defining v and 3 in terms of these. We
now define the formulas (or well-formed formulas, wifs) of the language L.

Definition 1.2. For £ a first-order language, the terms of the language are defined
recursively as follows:
(1) Variable symbols z; and constant symbols ¢; are terms.
(2) If f € Lis an n-ary function symbol and ¢4, . .., ¢, are terms, then f(t1,...,t,)
is a term.

The terms of the language are the syntactical objects which are intended to
denote actual objects (how they actually do this will be made clear below).

Definition 1.3. The formulas of the language £ are defined recursively as follows.

(1) If R € L is an n-ary relation symbol and t1, . .. , t,, are terms, then R(¢1,...,t5)
is a formula. Also, if #;,t> are terms, then ¢, ~ ¢ is a term.

(2) If ¢,1) are formulas then so are (¢ A ), (¢ v ) (—¢).
(3) If ¢ is a formula, then so are (3z;¢) and (Vz;¢).
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The formulas in case (1) are said to be the atomic formulas.
An occurance of a variable z in a formula ¢ is said to be free if it is not within
the scope of a Yz or 3z quantifier. More precisely:

Definition 1.4. We define by recursion of the formulas:

(1) Any occurance of z in an atomic formulas is free.

(2) x occurs free in (¢ A ¢p) where it occurs free in ¢ and where it occurs free
in 9. & occurs free in (—¢) where it occurs free in ¢.

(3) x occurs free in (Yy¢) where it occurs free in ¢ if y # 2. If y = z, then z
does not occur free in (Yyg).

We say x occurs free in ¢ if it has a free occurance in ¢. We say a sentence is a
formulas with no free variables.

We usually write ¢(z1,...,25) to denote a formula ¢ whose free variables are
among Ty,...,Tg-

Intuitively, a formulas ¢(x1, . .., zy) is intended to an assertion about the objects
represented by zi,...,z,. In particular, a sentence is intending to be a statement
whose can be ascertained without any knowledge of what certain variables represent.
We have not yet officially assigned any meaning to formulas yet, however, they are
currently purely syntactical.

Example 2. If £ is the language of set theory, the only terms are the variable x;.
The only atomic formulas are z; ~ z; and x; € =;. The axioms of ZF written down
earlier were all sentences in the language of set theory. All of the theorems proven
earlier about ordinals, cardinals, etc. are expressible as sentences in the language
of set theory.

Suppose now L is the language of number theory. Then ¢ = ((—z =~ 0) A (—z =
S(0)) AVm Vn (x x m-n — (m ~ S(0) vn ~ 5(0)))) is a formula with free variable
x which attempts to assert that z is prime. The sentence ¢ = Ym In 3k (n >
m A ¢(n) A ¢p(k) Ak~ S(S(n))) asserts the twin-prime conjecture.

In order to assign meaning to a formulas, we must have a “universe” of objects
in which to interpret the quantifiers, interpretations of the relation, function, and
constant symbols of the language, and if the formula has free variables we also have
to know how interpret the free variables. This is made precise in the following
definition of structure.

Definition 1.5. A structure for a first-order language £ = {R;, fi, Ci}icw is an
object of the form 2 = (4; RA, f#,c?) where A is a non-empty set, R{! is an n-ary
relation on A (where n is the arity of the relation symbol R;), f/A: A» — A is an
n-ary function (again, n is the arity of f;), and ¢ € A.

Thus, a structure provides a universe A as well an an interpretation of the sym-
bols of the language £. Structures may be thought of as fairly general mathematical
objects. For example, consider the language of group theory, which consists of a
single binary function symbol -. A structure for the language is a set A with a
binary operation (a,b) — a-b€ A on A. A group, for example, would be such a
structure (but of course not all structures would be groups).

As another example, for £ the language of number theory, the “usual” natural
numbers would be a structure N = {N; +, N EN <N GN 0N for the language,
where +~ denotes the usual addition on N, etc. Of course, there are many other
structures for this language. [note: what we mean by the “usual” natural numbers
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is vague and undefined here. We can think of this as meaning the finite ordinals
of a model of ZFC set theory which we suppress mentioning and identify with the

metatheory].
A structure will be sufficient to decide the truth or falsity of a sentence, but
for a formula ¢(z1,...,2,) with free variable, we need also a map s: var — A

interpreting the variables (or at least the free variables in ¢). We wish to define
precisely the meaning of “ the structure 2 satisfies ¢ at the variable assignment s,”
which we will denote as 2 = ¢[s]. The formal definition follows.

Definition 1.6. Let 2 be a structure for the first-order language £, ¢ a formula,
and s: var — |2|. We define 2 = @[s] follows.
First we extend the interpretation function s to terms t.
(1) If = € var, then s(z) is already defined. If ¢ is a constant symbol, then
s(c) = 2.
(2) Ifu = f(t1,...,t,) is a term, then s(u) = f&(s(t1),--.,s(tn)).
Next we define the notion 2 = ¢[s] by recursion on ¢ as follows.
(1) If ¢ is the atomic formula R(ty, - - ., t,,), then 2 = ¢[s] iff R*(s(t1),-- -, 5(tn))-
If ¢ is the atomic formula ¢; ~ t2, then A = @[s] iff s(t1) = s(t2).
(2) AE (pAy)[s]iff A= P[s] and A = P[s]. A = (—¢)[s] iff it is not the case
that A = ¢[s].
(3) 2 & Vzo[s] iff for every a € A we have that A = @[s(z|a)], where s(z|a)(y) =
s(y) if y # = and s(z|a)(z) = a.

The above definition contains no surprises; it simply formalizes the usual notion
of satisfaction of a statement in a mathematical structure.

If T is a collection of formulas, we write 2 = I'[s] to mean 2 = ¢[s] for all ¢ e T

The algebraic notion of homomorphism can be given in this general context.

Definition 1.7. Let 2, 98B be two structures for a first-order language £ = {R;, f;, ¢}
A homomorphism 7 from 2 to B is a map 7: A — B satisfying: R%(a1,...a,) iff
R¥®(n(a1),...7(an)), 7(f*(a1,...,aa)) = f*(n(a1),...,7(an)), and m(c*) = c*
for all ay,...,a, € A and all relation, function, and constant symbols R, f,c in L.
An isomorphism is a one-to-one, onto, homomorphism.

We now introduce the notion of logical implication.

Definition 1.8. Let I' be a collection of formulas in a first-order language £, and
let ¢ be a formula. We write I' = ¢ if for every structure 2 for £ and every
s: var — |2, if A = I'[s], then A = ¢[s].

Thus, I' = ¢ if every structure satisfying I' also satisfies ¢. Frequently we think
of I as being the axioms for some theory we are studying.

Example 3. For £ the language of group theory (i.e., a single binary function
symbol, but for convenience we now add a constant symbol e to the language as
well), let T be the following set of sentences:

VeVyVzz-(y-2)~(xz-y) 2

Vo (z-e~x)

Ve Jy(z -y ~e).
Thus, I is the usual set of axioms for groups. If ¢ is a sentence in the language of
group theory, then I' = ¢ iff ¢ is true in all groups.



We have introduced the notion of logical satisfaction, = above. This is one of two
of the basic notions of implication from first-order logic. The other is the notion
of provability, or deducability. We write I' - ¢ for this notion. This notion can
be defined in several, ultimately equivalent, ways. The exact definition is not so
important for us here, only that this notion satisfies several reasonable properties.
However, for the sake of completeness we give one formal definition of . We
assume below that the only connectives are — and —.

Definition 1.9. The logical azioms (for a given first-order language L) are the
universal closures of the following formulas (here a, 3, v are arbitrary formulas of
L):

) a— (8- a)

) (= (B—7)—{a—p)—(a—7)

) (ma— =) > ((ma—f) —a)

) Yz a — of whenever t is substitutable for x in ¢ (this means that where x
occurs free in ¢, no variable of ¢ is in the scope of a quantifier). Here of is
the result of replacing = where it occurs free by ¢.

(5) Vz (a = B) » (Vz a — Yz )

(6) @ — YV a, where z is not free in a.

(7) = ~ x;

(8) (i ~ x;) = (a ~ '), where « is atomic and ' is the result of replacing

some of the ocurances of z; by ;.

(1
(2
(3
(4

Definition 1.10. I" - ¢ iff there is a sequence of formulas (a deduction) ¢o, ¢1,. .., ¢n =
¢ such that for all i either ¢; is a logical axiom or an element of I, or the formulas
¥, ¥ — ¢; occur before ¢; for some 1) (we say ¢; is deduced by modus ponens).

The central result in first-order logic is the Gédel completeness theorem:

Theorem 1.11. For any first-order language L, set of formulas T', formula ¢, we
have T = ¢ iff T + ¢.

As we said, the exact details of the definition of the provability relation are not
so important. All we really require is that we be able to prove the completeness
theorem and that the notion “5 is a deduction of ¢ from T' is recursive for recursive
I' (we discuss the notion of recursive below).

2. ARITHMETIC

We give now a more or less standard axiomatization for “the natural numbers.”
That is, we write down axioms which intend to capture the intuitive properties
we ascribe to the natural numbers. As we will see below, however, we must be
careful in using a phrase such as “the natural numbers.” The following axiom
scheme is referred to as the Peano axioms for the natural numbers. It consists
of a finite set of axioms (sometimes called the Frege subsystem) together with an
infinite schema of induction axioms. We present the axiom scheme in the language
L =1{+,-,E,S,<,0}, but note that the language consisting of just + and - would
suffice (the other functions, relations, and 0 can be defined from + and - within
the version of the Peano axiom scheme mentioning only the axioms for these two
function). It simplifies things a little to have these extra symbols in the language,
however.
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Definition 2.1. The Peano axiom scheme is the following set of sentences in the
language of number theory.
(Successor Axioms)
Yz —(S(z) ~ 0).
Vz Yy (S(z) ~ S(y) =z ~ y)
(Order axioms)
Vo —(z <0)
VeVy(z <yvzxyvy<z).
Vo Vy (z < S(y) <z <y)
(Addition axioms)
Ve (z +0 =~ z)
Vo Vy z + S(y) =~ S(x + y).
(Multiplication axioms)
Ve z-0=0.
VeVyz-S(y)~z-y+=x
(Exponentiation axioms)
Ve zE0 ~ S(0)
Ve Vy zES(y) ~ (xEy) -«
(Induction axioms)
For every formula ¢(z) the axiom [¢(0) A Yz (¢(z) — ¢(z + 1))] — Vz ¢(=)

We let PA denote the Peano axioms scheme, and let F denote PA minus the
induction axioms. Thus, F is a finite set of axioms. Note that F just says that the
various functions and relations are correctly computed at S(y) from their values at
y. As we said above, we could get by, in defining the Peano axioms, with just the
addition and multiplication axioms for F.

Exercise 1. Let F’ be the version of PA in the language £’ = {+, - 0} consisting of
the addition, multiplication, and zero axioms together with the induction axioms.
Define < by x <y iff 3z (z # 0 Ay ~ = + z). Show from F’ that < satisfies the
order axioms.

Exercise 2. Show that PA proves the following stronger induction axiom: let
&(z1,...,2,) beaformula. Then Va; -- -V, [¢(z1,...,Tn—1,0)AVZ, (p(z1,...,20) —
HZ1y- ey Tn1, 0 + 1)] = YV, ¢(21,...,2,)]

We introduce a hierarchy of formulas and sets. We say a formula ¢(z1,-..,z,)
is Ay if it is bulit up through the following:

(1) All atomic formulas are Ay.
(2) Ifep(z1,...,Tn41) € Ag, thensois ¢ = Izpi1 <z Y(21, ..., 20, x;) (Where
1<j<n)andsois ¢ =Vr,q41 <zj Y(21,-..,%n,25).

Thus, A formulas are the formulas which contain only bounded number quan-
tification. For n > 1 we say ¢ € ¥,, if it is of the form ¢ = Jz; ...3z, 9, where
Y € Il,_1, and ¢ € II, if it is of the form ¢ = Va1 ...Vz, 1 where ¢ € X,,_1 (we
interpret 3o, Il as being Ag). Note that the negation of a ¥,, (or II,,) formulas is
logically equivalent to a IL, (or ¥,) formulas.

We say a set A € w is X2 (or I19) if there is a ¥, (resp. II,,) formula ¢ which
defines it, that is, for all n € w, n € A & N = ¢(n) (we interpret N here as the
structure of integers in some metatheory, say a model of ZFC). We say A is A if
it is both £9 and TI2.



3. RECURSIVE FUNCTIONS

An important point in the proof of the incompleteness theorem is that recur-
sive functions are “representable” within the theory F. Intuitively, the recursive
function f: w™ — w are those which are machine computable. One approach to
making this concept precise is to formalize the notion of a “machine.” This can,
for example, via the concept of a Turing machine. This gives a simple model of a
computer/algorithm, and one can then define the collection of recursive functions
to be those computable by a Turing maching. Although this approach is intuitive
and rather straightforward, it is somewhat tedious to verify that all of the needed
functions are computable in this sense. For this reason we take a different approach
here, defining the collection of recursive functions in a direct axiomatic manner. Of
course, it can be shown that the two definitions (or any of the other standard
definitions) define precisely the same class of functions.

Definition 3.1. The collection of (total) recursive functions f : w™ — w (for some
n) is the smallest collection of functions satisfying the following:

(1) For any k € w, the constant function f(Z) = k is recursive. The projection
function f(1,...,2z,) = z; is recursive, and the successor function f(n) =
n + 1 is recursive.

(2) The addition and multiplication functions f(n,m) =n+m, f(n,m) =n-m
are recursive.

(3) The class is closed under compostion, that is, if f(x1,...,z,) is recursive
and g1(x1,---,Tm),---,9n(T1,-- ., Tm) arerecursive then sois h(x1, ..., Tm)
F(91(@)- - ga(@)).

(4) The class is closed under primitive recursion. That is, if g(Z) is recursive,
and h(y, z, ¥) is recursive, then so is f defined recursively by

o )@ ifn=20
f(n’x)_{h(f(n—l,.i:’),n—l,f) ifn >0

(5) The class is closed under minimalization. That is, if g(#,n) is recursive and
for all Z there is an n such that g(Z,n) = 0, then the function f defined by
f(&) = pn (g(Z,n) = 0) is recursive. Here “un” denotes “the least n.”

There is a slight redundancy in the above list according to the next exercise.

Exercise 3. Show that multiplication can be defined by a primitive recursion from
addition, as can the successor function. Show also that exponentiation is recursive.

Exercise 4. Show that the equality relation on w is recursive using the above
a—b ifa=b

official definition of recursive. Show that the function ¢ ~ b = ]
0 otherwise

1 ifn>0
is recursive. Show that sg(n) = . is recursive.
0 ifn=0
The subclass of functions defined by all but the last (minimalization) clause is
called the class of primitive recursive functions. A relation is said to be primitive
recursive if its characteristic function is.

Definition 3.2. We say a relation R € w™ is recursive iff its characteristic function
XRr: w™ — {0, 1} is recursive.



The next lemma shows we can go back and forth between relations and functions.

Lemma 3.3. Let f: w™ — w be a (total) function. Then f is recursive iff its graph
Gy ={(a,b): f(@) = b} is.

Lemma 3.4. If R is a recursive relation and f is a recursive function, then R'(n) <
R(f(n)) is also recursive. The same is true for primitive recursive.

Proof. xgr/(n) = x-(f(n)) is a composition of two recursive (or primitive recursive)
functions. u

Proof. If f is recursive, then xg,(@,b) = x=(f(@),b) is recursive using exercise 4.
Conversely, if Gy is recursive, so g, is a recursive function, then f(a@) = ub (1 -
xa,(@,b) = 0) is recursive. O

Lemma 3.5. The class of recursive relations contains all relations defined by
atomic formulas, and is closed under finite unions, intersections, complements,
and bounded number quantification. The same is true for the primitive recursive
relations. In particular, the primitive recursive relations contain all of the AJ re-
lations.

Proof. If t = t(x1,...,zy,) is a term, then a straightforward induction show that
the correspoding function fi(as,...,a,) = t"(ai,...,a,) is primitive recursive
(more precisely we should write fi(a1,...,a,) = the unique m such that N

t(5*1(0),...,S5%(0)) = S™(0)). If ¢ is atomic of the form ¢ = (¢ ~ u), then the
relation defined by ¢ is of the form Ry(n) < (fi(n) = fu(n)) is primitive recursive.
The same is true if ¢ = (t < u) as the relation < is easily primitive recursive.

If Ry, Ry are primitive recursive, then so is R = Ry n Rz since xgr(n) = xg, (n) -
XR,(n). The same is easily also true for unions and complements.

Suppose now R(n) < Im < n S(n,m) where S is recursive (or primitive re-
cursive). Define R'(n,k) < Im < k S(n,m). Then xgr (n,0) = xs(n,0), and for
k>0 xr(n, k) =sgxr(n, k—1)+xs(n,k)), and so xg is recursive (or primitive
recursive) by closure under primitive recursion. Since xgr(n) = xr/(n,n) we also
have that R is (primitive) recursive. O

The proof of the previous lemma actually shows a bit more.
Lemma 3.6. If S(n,m) is recursive and f: w — w is recursive, then R(n) «
Im < f(n) S(n,m) is recursive. Likewise, if S and f are primitive recursive, then
R is primitive recursive.
Proof. Define R'(n,k) < Im < f(k) S(n,m). Then xr/(n,k) = xr(n, f(k)),
where R"(n,k) < Im < k S(n,m) is recursive (or primitive recursive) from
lemma 3.5. Thus, R’ is (primitive) recursive and thus so is R(n) « R/(n,n). O
The next lemma shows that definitions by cases preserve recursiveness or prim-
itive recursiveness.

Lemma 3.7. If Ry,..., Ry are recursive (or primitive recursive) relations, and
fi,..., fr are recursive (or primitive recursive) functions, the the function

fl (n) lf R1 (n)

fn) = fa(n) .ifRz(n)

fk (n) lf Rk (TL)
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is also recursive (primitive recursive).
Proof. x¢(n) = fi(n) - xr,(n) + - + fr(n) - xR (n).

We introduce some coding and decoding functions on the integers. Let p(0) =
2,p(1) = 3,p(2) =5,..., and in general p(n) = the next prime after p(n — 1) (we
refer to p(i) as the “i*" prime”).

O

Definition 3.8. For (ag,...,ar) € w=<¥ let <ag,...,ar) = p8°+1p?1+1---pzk+1.

Let Seq = {(@): @ € w=“} be the set of all codes of finite sequences. For n =
{ag,-..,ary € Seq, let 1h(n) = k + 1 be the length of the sequence coded by n, and
for n ¢ Seq, let Ih(n) = 0. Define the binary decoding function (n,i) — (n); by
(n); = a; n =<ao,--.,axy codes a sequence of length > ¢, and (n); = 0 otherwise.

Clearly the map (@) — <{a@) is one-to-one on w<¥.

Lemma 3.9. The function p and the set Seq are primitive recursive. For any fixed
k € w, the function (ao,...,ar) — {ao,-..,ary is primitive recursive. The function
Ih and the decoding function (n,i) — (n); are primitive recursive.

Proof. The recursive definition p(i) = pn [n > p(i — 1) A n is prime ]. shows
that the prime function is recursive. To see it is primitive recursive, use the
fact that, for example, there is a prime between any n and 2n, so we may write
p(@) = pn < 2p(i — 1) [n > p(i — 1) A nis prime ]. Note that n € Seq <
Vp < n Vg < n [(p,qareprime Ap < ¢q A g|n) — p|n]. Since the dividing
relation is clearly primitive recursive, this shows Seq is also. For any fixed k,
the function (ag,...,ar) — <ag,...,ary is clearly primitive recursive. We have
Ih(n) = pl <n [(n¢Seq An=0)v (neSeqn s(n,l))] where

s(n,l) «Im < n [(Vp<n (pis prime ) — (p|n < p|m)) A2lm Adtm
A (Vp,g <n Va <n (p,q are prime ) A =3Ir(p <7 < g AT is prime ) —
®*n < p**'n)

Adp<n (pn A p'T fn A Vg < n(gis prime ) A ¢ >p — gtm)]
Thus, s(n,l) asserts that there is an m of the form m = 2!325%---p' and p is the
largest prime dividing n. Finally,

(n)i=pk<n[(n¢Seqrk=0)v(neSeqai=lh(n)Ak=0)
v (n€Seq A i <1h(n) A p(i)** | n A p(i) 2t n)].
O

Exercise 5. Suppose g and h are primitive recursive and f is defined from then by
the following total recursion: f(@,0) = g(a), f(a@,n+1) = h({f(@,0),..., f(@,n)),a,n).

Show that f is primitive recursive. [hint: show that the function f'(@,n) =
{f(a,0),...,f(dn))is primitive recursive.

We now sketch a proof of the result that the class of recursive functions coincides
with the class of machine computable (total) functions. Since we have not given
a precise definition of “machine computable,” this sketch will necessarily be a bit
vague, but the reader with a particular definition of machine computability in mind
will have no trouble making the following argument precise. We will not use this
equivalence in what follows.



Theorem 3.10. the class of recursive function coincides with the class of machine
computable (total) functions.

Proof. Tt is straightforward to see that any recursive function is machine com-
putable, upon consideration of the various cases. For example, if f(@) = un (g(Cn) =
0) where g is recursive (and Y@ In (g(@,n) = 0)), then from an algorithm computing
g we can easily construct an algorithm computing f (f given input @ we go into a
loop computing g(@,n) for successive values of n until we find one where g(a@,n) = 0,
and then we output that n. The other cases are likewise straightforward.

Suppose then that f(n) is machine computable. Given input n, the algorithm
will, starting in a certain initial state, move through a successive series series of
states (following the algorithm), finally ending in a “halting” state where the out-
put value is given. We can code the successive states of the machine during the
computation as a sequence of integers s = {sq, $1,...,8ky where s¢ is the initial
state (which is determined in a simple way from the input value n), and each tran-
sition from s; to s;41 is a valid step according to the algorithm. Finally we require
the last integer s; to be a halting state of the machine, which encodes in some
simple way the output value. Thus, we may write

f(n) =h(us [s € Seq A “sp codes an initial state correspoding to input n”
A Vi <lh(s) —1 “(s;,s;41) is a valid transition”
A 7 s1n(s) codes a halting state ])

where h is a simple (primitive recursive) function which recovers the output value
from the final halting state. Note the essential use of the minimalization operator
here; we cannot replace this use by bounded quantification. On the other hand,
everything inside the square brackets is primitive recursive. This shows that every
recursive function can be defined with only one use of the minimalization operator.

d

Corollary 3.11. Every recursive relation is A9 (we will see the converse below).

Proof. The proof above shows that if R is recursive then it may be written in the
form R(n) < 3s S(n, s), where in fact S € AJ (all quantifiers in the definition of S
are bounded by n). O

Finally in this section we mention some of the properties of the pointclass definied
earlier. First, we have the following closure properties.

Theorem 3.12. Forn > 1 the XY sets are closed under finite unions and intersec-
tions, existential number quantification, bounded universal number quantification
(i-e., Yn < m), and recursive substitution (i.e., if f is total recursive and R € 9,
then so is R'(n) & R(f(n))).

Similarly, the TIS sets are closed under finite unions and intersections, universal
number quantification, existential number quantification, and recursive substitution.

Proof. We consider the case ¥2. Closure under existential number quantification is
obvious. Consider a bounded universal number quantification, say B(n) < ¥Ym <
n A(n,m) where A € 2. Thus, B(n) < Ym < n 3k C(n,m, k), where C € 1% _;.
Using our coding functions we can then write B(n) « I¥m < n C(n,m, (1))
By induction this shows B is £0. The finite union and intersection cases are
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easy. Closure under recursive substitution follows from tha fact that a recursive
substitution into a A§ relation results in a recursive relation (from the closure
properties of recursive relations), and the fact that a recursive relation is Ay. O

Theorem 3.13. A relation R € w is recursive iff R € AY.

Proof. We have already shown that any recursive relation is A{. Suppose now that
R e AV Say R(n) « 3m P(n,m), and —R(n) < Im Q(n,m) where R,(Q are
recursive (since both R and its complement are XY by definition of R being AY).
Let f(n) = pm [P(n,m) v Q(n,m)], so f is recursive. Then R(n) « P(n, f(n)),
so R is recursive. O

4. REPRESENTABILITY IN ARITHMETIC

An important point in the proof of the imcompleteness theorem is that all re-
cursive functions and relations are “representable” in arithmetic, and even in the
finite subsystem F defined in §2. We define this notion here and prove the repre-
sentability of the recursive functions and relations. The proof of the incompleteness
theorem itself is given in the next section.

Definition 4.1. We say a relation R € w is representable in F if there is a formula
¢(z) (in the language of number theory) such that for all n € w, if R(n) then
F I ¢(S™(0)), and if —R(n) then F - —=¢(S™(0)).

We say a (total) function f: w — w is representale iff its graph Gy is. That is,
there is a formula ¢(z,y) such that if f(n) = m then F  ¢(5™(0), S™(0)), and if
f(n) # m then F - —¢(S5™(0),S™(0)).

Exercise 6. Show that every representable relation or function is recursive.

An important technical point is that representability of functions coincides with
a seemingly stronger concept which we now define.

Definition 4.2. A (total) function f: w — w is strongly representable if there
is a formula ¢(z,y) such that for all n, F  ¢(S™(0),57™(0)) and also F
[Vz (¢(S™(0),2) = z ~ §7(")(0))].

Clearly strong representability implies representability. We show that the con-
verse holds, but first a simple technical lemma.

Lemma 4.3. Foranyne€w, F-VYz (2 <5"0) - 2~20vza~S0)v---vz~
S™(0)).

Proof. By induction on n. The result holds for n = 0 since F - (2 < 0 — 2z = 0)
as F - —(z < 0). Asssume the result holds for n and assume z < S™*1(0). If
z < 8"*1(0) = S(S™(0)), then F proves that z < S™(0), in which case by induction
Fproves z~0v --- vz~ S"0). Thus, F-2~0v--- vz~ S"(0). O

Lemma 4.4. If f is representable, then it is strongly representable.

Proof. Suppose ¢(z,y) represents f: w — w. Define ¢(z,y) = [¢(z,y) A Yw <
y —é(z,w)]. We claim that ¢ strongly represents f. Fix n € w, and let m =
f(n). By asumption, F + ¢(S™(0),5™(0)). We must show that F + Yw <
S™(0) —¢(S™(0),w). Work within F, and assume w < S™(0). From lemma 4.3 we
can deduce (w x 0vw ~ S(0) v---vw~ S™1(0)). Since ¢ represents f we have
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that F - —¢(5™(0),0),..., F = =¢(S™(0),S™~1(0)). From these two statements
it follows that F - Yw < S™(0) —¢(S™(0),w). Thus, F - ¥(5™(0), S™(0)).
Working within F, assume now ¥(S™(0),z2), so Yw < z —¢(S™(0),w). Since
F + ¢(5™(0),5™(0)), we may deduce that z < S™(0) (we use that fact that
FI(z<8™(0)vz=S8"0)vz>S8m(0))). Sowe may deduce z =0 v --- vz~
S™(0). Since F + —¢(S™(0),0),..., F = —¢(S™(0),S™~1(0)), we may deduce
z ~ S™(0). O

The next theorem is the result we need on representability.
Theorem 4.5. Every recursive relation and function is representable in F.

Lemma 4.6. Let t be a closed term, that is, a term containing no free variables.
Then there is an n € w such that F +—t ~ S™(0).

Proof. By induction on the term ¢. If ¢ = 0 this is trivial. If ¢ = S(u) this is also
trivial as F  u =~ S™(0) for some n by induction, and S(S™(0)) = S"*1(0). If
t = u+w, then by induction it suffices to show that F - S™(0)+.5™(0) ~ S**™(0).
This, in turn, is proved by induction on n, say, with the inductive step given by
F + S(5™1(0))+5™(0) ~ S(S™1(0)+S5™(0)) ~ S(S**™=1(0)) = S**™(0). The
result for terms of the form ¢ = w - v follows similarly from F — S™(0) - S™(0) =~
S™™(0) which is proved by induction, using the result for addition. The result for
exponentiation is similar. O

Lemma 4.7. If ¢ is quantifier free then the relation R defined by ¢ is representable
i F.

Proof. It suffices to prove this for atomic formulas. For this it suffices to show
that if ¢,u are closed terms then either F - ¢ < u or F - —(t < u), and likewise
Fr (t ~u)orF+ —(t ~u). We consider first the the ~ case. By the lemma there
are n,m € w such that F ¢ ~ §™(0) and F - u ~ S™(0). It suffices to show that
if n = m then F  S?(0) ~ S™(0) and if n # m then fa — —(S™(0) ~ S™(0)).
The first is trivial. For the second, we prove by induction on min{n,m} that if
n # m then F - —(57(0) ~ S™(0)). If min{n,m} = 0, this follows from the first
successor axiom. Otherwise, by induction F - —(S"~1(0) ~ $™~1(0)). The second
successor axiom then gives that fa - —(S™(0) ~ S™(0)).

We now consider the < case. Again by the lemma there are n,m € w such that
Frt~S8"0)andF I S™(0). It suffices to know that if n < m then F - S"(0) <
S™(0) and otherwise F - —(S™(0) < S™(0)). First we show by induction onm > n
that F - S™(0) < S™(0). For m =n+1, F - S7(0) < S™*1(0) = S(S™(0)) follow
the axiom of F Vz Vy (z < S(y) « = < y) which implies Vz (z < S(x)). Assuming
the result is true for m, F - (S™(0) < S™(0)), and the same axiom then shows
that F - (S™(0) < S(S™(0)) = S™*1(0)). Assume now that n > m. Working in
F, asssume towards a contradiction that S™(0) < S™(0). From lemma 4.3 we have
FrS*0)~0v---vS"0)~ S™1(0). However, from the equality case we know
that F - —(S™(0) ~ 0), ...,F  —(S™(0) ~ S™~1(0)). This is a contradiction. O

Lemma 4.8. If ¢ € Ay then the relation R defined by ¢ is representable in F.

Proof. Tt suffices to show that if R(z,y) is representable by ¢(z,y), then S(n) <
Im < n R(n,m) is representable. Let ¥(z) = 3y (y < = A ¢(x,y)). Let n € w,
and first suppose S(n). Thus there is an m < n such that R(n,m). Thus, F -
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#(S™(0),5™(0)). From lemma 4.7, F - S"(0) < S™(0). Hence, F + Jy (y <
S™(0) A #(S™(0),y), that is, F - ¥(S™(0)).

Assume now that n € w and —S(n), hence for all m < n we have —R(n,m).
From lemma 4.3, F - Vy (y < S"(0) - y ~ 0 v --- vy = S%0)). Since ¢
represents R we also have F - —=¢(5"(0),0), ...,F - —¢(S™(0),S"(0)). These
two statements logically imply Yy (y < S™(0) — —(¢(S™(0),y). Thus, F - -3y <

S™(0) (#(S™(0),y)), that is, F - —1(S™(0)) and we are done. O
Corollary 4.9. For any k € w, the k-ary coding function (ag, - - . ,ax—1) — {ag, - - -, Qg—1)
is representable. Also for any j < k, there is a reprentable decoding function

n — (n); such that for any n of the form n = ay, - ..,ar_1), (n); = a;.

Remark 4.10. The full coding and decoding functions of definition 3.8 are also
representable as we will see, but this weaker result suffices for what we need below.

Proof. For fixed k, the graph of the k-ary coding function is defined by a quantifier
free formula: y = (xo,...,Tk-1) < y ~ (2Exo)--- (pr—1Exr,). We define the
decoding function  — (z); to be the function represented by the Ag formula

¢(@,y) =[Fwo < z---Jwp—1 <z (y = (2Bwo) - -+ (pj—1Ewj—1) - - (p; E(y + 1))
- (pr-1Bwg-1))
v ~Jdwg Lz Jwgoy <z (y & (2Bwy) -+ - (pr—1EBwk, ) Ay =~ 0]
O

The next theorem is the result we need on the representability of recursive func-
tions.

Theorem 4.11. FEvery total recursive function is representable in F.

To prove this theorem, we must consider the cases in the recursive definition of
recursive function. For the ground case, we need to know that the base functions
f(n)=n+1, f(n,m)=n+m, f(n,m)=n-m, f(ai,...,ar) = a;, and constant
functions are representable. In all cases this follows from lemma 4.7. For example,
consider f(n,m) = n+m. The graph is represented by the formula ¢(z,y, 2) = (z+
y ~ z). Likewise, the graph of f(n) = n +1 is represented by ¢(z,y) = (y ~ S(z)).
The constant function f(z) = a is represented by the formula ¢(z,y) = (y =~ S*(0)).
The projection function f(a1,...,an) = a; is represented by ¢(z1,...,2n,y) = (y =
SL'J').

The next lemma handles the composition case.

Lemma 4.12. If f,g: w — w are representable functions then so is h =go f.

Proof. Let ¢(x,y) represent f and ¢(x,y) represent g. By lemma 4.4, we may
assume that ¢ strongly represents f. Let o(z,y) = [3z ¢é(z, 2) A¢(z,y)]- Let n € w
and m = h(n). Let k = f(n), so m = g(k). By assumption F - ¢(S"(0), S*(0))
and F | 4(S*(0),5™(0)). These two statements logically imply 3z [¢(S™(0), z) A
¥(z,5™(0)], and so F - o(5"(0),5™(0)).

Suppose next that r # h(n) = m, and we must show that F - —o(5™(0), S"(0)),
that is, F  Vz (¢#(S™(0),2) — —(z,S57(0))). By strong representability, F
Yz (#(S™(0),2) — z ~ S¥(0)). By representability of ) we have F - —(S*(0), S™(0)).
These statement logically imply Yz (¢(S™(0),z) — —¢(z,S%(0))). Thus, F
-a(S™(0), S7(0)). O
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The next lemma handles the minimalization case.

Lemma 4.13. Suppose g: w? — w is recursive and Yn Im g(n,m) = 0. Then
f(n) = pum g(n,m) =0 is representable in F.

Proof. Let ¢(x,y,z) represent g. Let ¢(z,y) = [¢(z,y,0) A Yw < y —¢(z,w,0)].
Let n € w and let m = f(n), so g(n,m) = 0 and for all k¥ < m we have g(n, k) # 0.
Since ¢ represents g we have F  ¢(S™(0),5™(0),0). From lemma 4.3, F |
Yw (w < S™(0) > w=x0v---vw~~ S™ 1(0)). Since ¢ represents g we also have
F + —¢(S™(0),0,0), ...,F  —¢(S™(0),S™ 1(0),0). These statement logically
imply Yw (w < S™(0) — —¢(S™(0),w, 0)). Hence, F I ¢(S™(0),S™(0)).

Assume now that r # m = f(n) and we must show that F - —1(5™(0), S"(0)).
Ifg(n,r) # 0, then F - —¢(S™(0), S™(0), 0) which logically implies —¢(5™(0), S™(0)).
So assume g(n,r) = 0, in which case we must have r > m. Since m < r, from
lemma 4.7 we have F - S™(0) < S7(0). Also, F + ¢(5™(0),5™(0),0), and
these statements logically imply Jw < S"(0) ¢(S™(0),w,0). This logically implies
—1(5™(0), 57(0)), and so F = —¢)(57(0), S"(0)). O

The next lemma handles the primitive recursion case, and completes the proof
of theorem 4.11.

Lemma 4.14. Suppose g(a@) and h(x,n,ad) are representable. Then the function f
defined by the primitive recursion f(0,a) = ¢g(@), f(n + 1,@) = h(f(n,ad),n,a) is
also representable.

Proof. Let ¢(2,y) and 9(x,y,Z,w) represents g, h. We use the same trick as in
the proof of lemma 3.9, this time verifying m = f(n, @) by searching for an integer

of the form w = 2€0:/(0,8)) . gLFLA) ... pp nf(m8)) a5 3 witness. More precisely,
define

x(z, Z,w) =¥p,q < w {(p,q are prime A (p < q) A —3Ir(p <r < g A r is prime )
Ag|lw)— (p|w) AVt ug,v,te,us,ve < w ((vp & d1,u1)
A V2 & (t2,u2)) A pEv1 |w A pE(S(v1)) tw A gEvy | wA
gE(S(v2)) tw — ta ~ S(t1) A P(ug,t1,Z,u2))}A
Ft<wIu<w {pZt) Au={0,t) A2Eu | w A 2E(S(u)) tu}A
Ip,u,y < w (pis prime Au={z,y)ApEu|w A pE(S(u)){w)
Here, of course, we substitute the appropriate Ag formula for “p is prime” and

“v &~ {t,up,” etc. Note that x € Ag.
Let then

o(z,2,y) = Jw [x(z,Z,w) A V' <w(=x(z,7,v"))
Adp,u < w (pis prime A ux{z,y) ApEu|w A pE(S(u)) t w)]
We claim that ¢ represents f. Suppose that f(n,@) = m. Let w = 2¢0:/(0:@) .
FLID) L p < f () - Clearly x(n,@,w) holds in N, and w is the least integer
such that x(n,d,w) holds. Since x € Ap, from lemma 4.8 we have that
F 1 x(5"(0),5%(0), 5°(0)) A Yu' < §°(0) =x(5"(0), 5%(0),w').

The last conjunct in the definition of ¢ holds for x = n, y = m, and since this
conjunct is Ag, F proves the corresponding formula at S™(0), S™(0). Hence F |-
a(57(0), 5%(0),5™(0)).
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Suppose next that 7 # m = f(n,&). We must show that F - —a(5™(0), S%(0), S™(0)).
Let 7(z,Z,y,w) be the subformula of ¢ in square brackets. It is enough to show
that F together with 7(S™(0),S%(0),S7™(0),w) is inconsistent [for then we would
have F — —7(5™(0), S%(0), S"(0), w) and hence F - Yw —7(S™(0), S%(0), S"(0), w)
which is logicaly equivalent to —o(S™(0),5%(0),S7(0))]. Let wo = 20:/(%:a) .
FLIWAD ... p<mS (v Thus, F - x(S™(0), $%(0), $*°(0)). Now 7(S™(0), $%(0), S7(0), w)
logically implies x(S™(0), S%(0 ) w) as Well as Yu' < w —x(S™(0),S%(0),w’). From
the order axioms, F + (w < S™(0) vw ~ S (0) vw > S*(0)). The lat-
ter case is clearly a contradiction. From lemma 4.3 and lemma 4.8 F - Yw <
Swo(0) —x(S™(0),S%(0),w) which shows that the assumption w < S®°(0) also
leads to a contradiction. Thus we may deduce (from F and 7(S™(0), S%(0), S7(0),w))
that w ~ S*°(0). Thus we may deduce 7(S™(0), S%(0), S"(0), S*°(0)), which is a
contradiction since F - —7(5™(0), $%(0), S7(0), S*°(0)) from lemma 4.8.

O

5. INCOMPLETENESS

In this section we prove several versions of the Gédel incompleteness theorem.
First we define a coding of the formulas of number theory into the integers. Fix a
bijection 7 between the finitely many symbols of the language (including the logical
symbols) excluding the (infinitely many) variable symbols and the set {0,1,...,n9—
1}. Extend 7 to the variables by m(zx) = no + k. Then 7 is a bijection between the
logical symbols and the integers, and the relation R(a,b) < w(z,) = b is clearly
recursive.

Definition 5.1. If ¢ = s¢s1, ..., s is a string of symbols in the language of number
theory, then the Gidel code of ¢ is defined by #(¢) = (7 (so0),...,7(sk)) € w.

We will use in the folowing arguments the fact that certain relations and (total)
functions on the integers are recursive. In fact, all of the relations and functions
we need are primitive recursive. These facts can be easily checked from the closure
properties of recursive functions of § 3; we leave the details to the reader.

The next result is the key technical lemma for the incompleteness results. It says,
in effect, that we may construct self-referential formulas. The formulas attempt to
refer to themselves by referring to the Godel codes of themselves.

Lemma 5.2. Let 8(x) be a formula in the language of number theory with one free
variable . Then there is a sentence o (in the language of number theory) such that

FI (0 < 8(S#7(0))).

Proof. Let f: w — w be the primitive recursive function defined as follows. If n is
the code of a formula ¢ with one free variable, then f(n) is the code of the sentence
¥ (S#¥(0)). Otherwise, let f(n) = 0. Let p(x,y) strongly represent f in F. Let 7
be the formula
7 =13z (p(x0,21) A O(21))-

Note that 7 has one free variable, zo. Let n = #71. Let 0 = 7(S#7(0)). Let m =
f(n), which is the code for 7(S#7(0)) = 0. We show that ¢ works. Working within
F, first assume o. Thus, 3z; (p(S#7(0),z1) A 6(z1)). By strong representability,
F + V2, (p(S#7(0),21) — 21 ~ S™(0)). These two sentences logically imply
6(S™(0)), that is, H(S#°(0)).
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Assume next (S#7(0)), that is, §(S™(0)). Since F - p(S™(0),S™(0)) by rep-
resentability, we may deduce 3z; (p(S™(0),z1) A 8(x1)). Thus, we may deduce
7(5™(0)), that is, o. O

We now state the first version of the incompleteness theorem. We call a set of
sentences T recursive if {#¢: ¢ € T} is recursive. The reader will note that the
sentence ¢ constructed in the following proof is a formalization of the statement
“this sentence is not provable.”

Theorem 5.3. Let T be a consistent, recursive set of sentences in the language of
number theory which contains F. Then T is incomplete, that is, there is a sentence
o such that T - o and T ¥+ —o.

Proof. Towards a contradiction assume that 7" is complete. Let R = {#¢: T + ¢}.
We claim that R is recursive. This is because we may check if n € R by enumerating
all possible deductions from 7" and checking at each step if it is a deduction from
T of either ¢ (the formula with code n) or a deduction of —¢. We output a 1 if
for the least such deduction we encounter it is a deduction of ¢. Checking if an
integer codes a valid deduction from T is recursive, using the assumption that T is
recursive. This algorithm will always terminate by our completeness assumption.
The answer will be correct as T is consistent.

Let 6 represent —R in F'. Let o be the sentence of lemma 5.2 applied to 6. Thus,
F, and hence T proves the statement

o < 0(S%7(0)).

Let n = #o0. If R(n), then F - —60(5™(0)), and so T + —o. Thus, —R(n)
a contradiction. If —R(n), then F  6(S™(0)), and so T  o. Hence R(n),
contradiction.

O

Theorem 5.3 was proved by contradiction, and thus does not actually produce
a concrete sentence o which is independent of 7'. With a little extra argument we
can do this. First we give the argument due to G&del which shows this under a
slightly stronger hypothesis.

Definition 5.4. We say T is w-consistent if there is no formula ¢(z) such that for
alnew, T+ —¢(S™(0)) but T + Iz ¢(x).

Of course, an w-consistent theory is consistent, but the converse is not true. An
w-inconsistent theory is one that has no standard model.

For T a recursive set of sentences in the language of number theory, let Ry
be the relation defined by Rr(a,b) iff b is the code of a deduction from T of the
formula with code a. Rr is clearly recursive. Let 8(x,y) strongly represent R
in F. Let 7(x) = —3y 0(z,y), and let o1 = 01(T) be the sentence such that
F - 01(T) < 7(S#71(T)(0)) from lemma 5.2.

Theorem 5.5. Let T be an w-consistent, recursive set of sentences in the language
of number theory which contains F. Then T W o1 and T i —oy.

Proof. The proof is similar to theorem 5.3. Assume first that T' - o;. Let n = #07;.
Let m code a deduction of o1 from T'. Thus, T+ 6(S™(0),S™(0)) (in the notation
above). This logically implies —7(S™(0)), and thus 7'+ —oy. This contradicts the
assumption that T is consistent (note: this case only used the consistency of T').
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Assume next that T+ —o;. Thus, T + —7(S™(0)), and so T + Jy 6(S™(0),y).
Since T £ oy from the previous paragraph, we know that for all m € w that
= Rr(n,m), and hence T + —6(5™(0), S™(0)). This contradicts the w-consistency
of T. |

The extra hypothesis of w-consistency, though minor, is slightly annoying. An
improvement of theorem 5.5, due to Rosser, shows that it is actually unnecessary.
Let Rr(a,b) and 6(z,y) be as above. Let g: w — w be a recursive function such
that if a is the code of ¢, then g(a) is the code of —¢. Let p(z,y) strongly represent
g. Let 7(z) be the formula

T =Vy (0(z,y) — 3z <y Fw (p(z,w) A O(w,2)))
Let 02 = 02(T') be the sentence from lemma 5.2 for this 7.

Theorem 5.6. Let T be a consistent, recursive set of sentences in the language of
number theory which contains F. Then T - o2 and T I —os.

Proof. Let n = #05. Assume first T+ 03. Let m code a deduction of oy from 7.
So, T + 6(S™(0),5™(0)). Also, T + Yy (8(S™(0),y) — Iz <y Fw (p(S™(0),w) A
0(w, z))). These statements logically imply 3z < S™(0) Jw (p(S™(0),w) A O(w, 2)).
We violate the consistency of T' by showing T  Vz < S™(0) Yw (p(S™(0),w) —
—6(w, z)). From lemma 4.3 it is enough to fix k < m and show that T +
Yw (p(S™(0),w) — —O(w,S*¥(0))). By strong representability of p, it is enough
to show that T - —68(S™ (0), S*(0)), where n’ is the code for —o5. Since T is con-
sistent and T - o5 by assumption, T' £ —o2, and so —=R(n’, k). By representability,
T + —8(S™ (0),58%(0)) and we are done.

Assume next that T + —os. Let again n’ = #—03, and let now m code a
deduction from T of —o5. So, T + 6(S™ (0),5™(0)). Since T — —oy we also
have T + 3y (6(S™(0),y) A Vz < y Yw (p(S™(0),w) — —0(w,z))). To violate
the consistency of T it is enough to show that T - Yy —(6(S™(0),y) A Vz <
y Yw (p(S™(0),w) — —0(w, z))), and for this it is enough to show that T/ = T u{a}
is inconsistent, where a(y) = (8(S™(0),y) A Vz <y Yw (p(S™(0),w) — —0(w, 2))).
Since T + Yw (p(S™(0),w) — 6(w, S™(0))), it follows that 7" - y < S™(0) (we use
here the order axiom of F which gives y < S™(0) or y > S™(0)). From lemma 4.3
it is enough to show that each k < S™(0) that T” = T u {(6(S™(0), S*¥(0)) A Vz <
Sk(0) Yw (p(S™(0),w) — —B(w,2)))} is inconsistent. This is clearly the case,
however, since for all such k we have T  —6(S™(0), S¥(0)) since by consistency
R(n, k) holds (recall we are assuming T' + —a32). O

Note that the sentences o1, o2 of the Gdédel theorems are II; sentences in the
language of number theory. Thus, incompleteness arises for sentences having only
one unbounded number quantifier.

The incompleteness theorems as we stated them apply to theories in the language
of number theory, however it ie not difficult to see that they consequently apply
to to theories in which we can “interpret” the theory F. To make this precise, let
L denote the language of number theory, and £’ a first-order language (e.g., the
language of set theory). Suppose we have formulas ay, o, a., ag, ac, ag, ag of
L'. ay is intending to define a “copy” of N, and the other formulas, a for example,
are intending to define the corresponding function, relation, or constant symbol on
this copy. Let T” be a theory (set of sentences) in L', for example 7" might be the
axioms of ZFC. Suppose T' proves that 3z an(z) (i-e., the copy of N is non-empty)
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and also for each of the axioms 3 of F, T I 1)’ where ¢’ is the interpretation of
1 into £’ using the « formula in a natural way. For example, an atomic formula
of the form x + (y - 2) ~ w is replaced by 321322 (an(z1) A an(z2) A a.(y,2,21) A
a4 (x,21,22) Az2 & w). In this way, each formula ¢ of number theory is replaced by
a formula v’ of £’ such that if F ¢ then T”  4’. Of course, T’ may prove more
about its copy of N than does F, for example, if £’ is the language of set theory
and ay =“z € w,” (and the other « are defined in the usual way these functions
etc. are defined in set theory), then ZFC proves much more about N than F does,
in particular ZFC proves that all of the Peano axioms hold in N.

At any rate, if T’ proves all of the ¢’ for ¢ € F, then all of the proofs of
the incompleteness results given above for £ may be carried over immediately for
theories extending 7”. Since F is finite, it follows that there is a finite 7" which
suffices to prove all of the 1’

For example, let ZFC’ denote the finite subset of ZFC which suffices to prove all
of the ¢’ for ¢ € F. We then have:

Theorem 5.7. Let T be a recursive, consistent theory in the language of set theory
which extends the finite fragment ZFC'. Then T is imcomplete. Moreover, there is
a II; sentence oo = o2(T') such that T £ o2 and T t —os.

Proof. Define R(a,b) and 6(z,y) as in theorem 5.6. Let ' (x, y) be the interpretation
of 6 into the language of set theory. Thus, if R(,b) then F  6(5%(0),S%(0)) and
so T + 6, , and likewise for —R(a,b), where 6, ; denotes the interpretation of
6(S%(0), S%(0)). The proof is now essentially identical to theorem 5.6 using ¢’ in
place of 6. O

Lastly, we discuss the second Go6del incompleteness theorem. We now consider
theories T which may in the language of number theory, or set theory, etc., for
which we have an interpretation of N as above. Let R(b) iff b codes a deduction
from T of a logical contradiction, say 3z (z # x). Let 6(z) represent R in F, and let
CONr be the sentence —3x 0. If T is in set theory, say, then we let CON7 be the
interpretation of this sentence into the language of set theory. The second version
of the incompleteness theorem say that if T is recursive, consistent, and sufficiently
strong (but we need more that T contains F now), then T £ CONr. It is enough
to have T contain PA (even a smaller fragment of it, say II;-induction), but we
state the result now for theories extending ZFC.

Theorem 5.8. Let T be a recursive, consistent theory in the language of set theory
extending ZFC. Then T i CONry.

Proof. Let o1 be the sentence from the first version of the Godel incompleteness
theorem, so T t£ oy (recall this direction only used the consistency of T'). The proof
of this (theorem 5.5) was presented in the metatheory. That is, in the metatheory
we showed that if 7 is consistent, then T £ ¢;. Closer examination of the proof
reveals that the only properties of the integers used in the proof are theorems of
PA. Certainly, however, they are all theorems of ZFC. Thus, this argument in the
metatheory, when formalized, becomes the statement that ZFC - (CONp — ¢),
where ¢ is the formalization of the statement “there does not exist a proof of o1
from T.” However, this formalization is just the statement 7(S#71(0)) (using the
notation of theorem 5.5), and this is T' provably equivalent to o1 (more precisely,
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the interpretations of these statements into the language of set theory). Thus,
ZFC + (CONp — 0q). It follows that ZFC I# CONy from theorem 5.5. O



