Intro duction to Forcing

The forcing method ia a technique for taking a model of ZF (usually ZFC)
and enlarging it by adding a new object G, called a generic, to produce a bigger
universeV G . The method givesus enoughcortrol over the model V G that we
can arrange that various statemerts of interest will be true in V G, if we choose
the G in the right way.

Before discussingthe method itself, we rst discussa logical problem. SinceV is,
by de nition, the classof all sets,we cannot enlargeit at all. What exactly do we
meanthen? This problem is actually not very serious,and can be dealt with in sev-
eral di erent ways. We mertion one way now, and touch on the others later. First,
if we are willing to assumea tiny bit more than ZFC, namely ZFC CON ZFC ,
then the problem disappearsaltogether. For the theory ZFC CON ZFC proves
that there is a set model M of ZFC. SinceM is a set, there is now no reasonwhy
we cannot enlargeit to a biggermodel M G . SinceM is a model of ZFC, it is just
as good a starting point asV. We could even (assuming AC in V) take M to be
countable by theorem ?2.

If we are not willing to strengthen ZFC, we can still proceedas follows. We
would like to arguethat there is a model of ZFC |, sa&. If not, then ZFC ,

and so for nitely many of the axioms of ZFC, say, 1;:::; n we would have
1,000 n . Howewer by the re ection theorem and theorem ?? there is a
countable set M which satises 1;:::; , . We may alsoassumeM satis es as

many additional (but nitely many) axioms of ZFC aswe wish, sothat any of the
argumerts neededfor the forcing construction are also true in M. Then we may
do the forcining construction starting from M to produceM G , and we will have

1;::7; npand all holdingin M G (the latter by the forcing construction). This
will contradict the fact that 1;:::; n .

The argumert of the preceedingparagraghtook placein the meta-theory, but it
will be easily formalizable to give the theorem CON ZFC  CON ZFC

In what follows, we usually suppressmertioning these logical points, and just
assumeM is a countable transitive model of ZF or ZFC. We now turn to the
forcing method itself.

The basic setup for the forcing method will be a transitive model M of (enough
of) ZF, and a partial order P; in M. Recall a partial order means a
re exiv e, transitiv e, binary relation on a set . It is sometimescorvenien, though
not necessaryto assumethe partial order has a largest elemen, which we denote
by (we can always adjoin a new maximal elemen to the partial order, and none
of the argumerts below will be e ected).

If P is a partial order and p;q P, we say p and q are compatible, written pk g,
if thereisanr P suchthat r pandr g Otherwise they are incompatible,
written p g If A P consistsof pairwise incompatible elemers, we say A is
an antichain. Wesay D P isdenseif p P q pqg D.WesyD P
ispredenseif p D q D qgkp. This is equivalent to saying the downward
closure p P: g Dp q ofD isdense.

Denition 0.1. A Iter G ona partial order isaG P satisfying

(1) p;g G pkqg.
2 p Gag pg G.
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Example 1. LetP 2 ' ,anddenep qi pextendsg Thenany lter GonP
denesafg: 2 0;1 for some I . Conversely any \real" x 2' denesa
Iter over P. We could also considerthe variation whereP consistsof nite partial
functions from ! to 2. Again,p i pextendsq. A lter givesa partial function
from! to 2,andany x 2' againdenes a lter onP.

The next de nition is a certral onein the theory of forcing.

Denition 0.2. Let M be a model of ZF, and M a partial order. We say a
Iter G over is M -genericisG D for all denseD P with D M.

Exercise 1. Show that G is M -generici G meetsall of the predensesetsD P
in M i G meetsall of the maximal antichainsA P in M.

Exercise 2. Shaw that if A is densebelow p, then any generic containing p will
meetA.

A genericG is required to meetall of the desesetsD which lie in M . G itself will,
in all non-triial casesnot bein M itself. By non-trivial we can take the following.

Denition 0.3. issplitingif p P g pr pgq r.

Lemma 0.4. If M is a model of ZF, M, s semrative, and G is M -generic
for ,thenG M.

Proof. SupposeG M . ConsiderD p P: g G p g .ToseeD isdense,
X p P.Letg p,r pwith g r. Then at leastone of g;r must bein D
as otherwise we could extend g;r to q;r respectively with q;r G. SinceG isa
Iter, wecouldgetans q,s r,contradicting q r. So,D is dense,and by
assumptionthen G D . This violates G being a lter.

Can we nd generics?The next lemma shows that we can always do this in the
casewhere M is countable.

Lemma 0.5. Let M be a countable model of ZF, and M. Then there is a
M -generic lter G for P.

Proof. Let Dg;Dy;::: enumerate the densesubsetsof P which lie in M . Using the
densenes®f the D,, dene a sequencepy p1 P2 ::: wherep, D;,. Let
G p P: np p, .Giseasilya lter and by constuction meetsall of the
Dn.

We will seethe signi cance of genericsshortly. First we describe the constuction
of the model M G for G a Iter on the partial order M (we don't needG to
be genericfor this construction). We would like M G to be the smallest model
containing M and G, in somesense.Every elemert x of M G will have a name
in M. The Iter G will de ne an evaluation map g from the namesto the
elemenis of M G, soevwery x M G will be of the form x c. The nameswill
livein M (i.e., beaclassin M), but sinceG M, the evaluation map will not be
deininablein M . First we de ne the classM of names.

Denition 0.6. Let M be a model of ZF, and M a partial order. By
trans nite recursion on ON™ we dene M as follows: M, . For limit,
M M . We dene M 1 M or is a relation with

dom M and ran P. Welet M onn M
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Thusaname is asetof orderedpairs ;p where isanameof smaller rank
andp P. Note that the construction of the namesis exactly like the construction
of the universeof setsitself (i.e., the rank hierarchy) exceptthat the elemeris of a
setare \tagged" with elemerns of the partial order P. Intuitiv ely, the tag p tells us
to throw the corresponding elemert into the setif p G. We de ne the evaluation
map as follows.

De nition 0.7. Let M beamodel of ZF, and M apartial order. LetG P be
a lter. for M , ¢ isdened by trans nite recursionon by: ¢ G: p
G: ;p

We de ne somecanonical nameswhich always evaluate to certain objects.

De nition  0.8. Let M beamodel of ZF, and M apartial order. By trans nite
recursionin M, de ne for each x M the namex by: x yip:y x p P.
De ne the name G by G pip:p P.

For any wellfounded model M of ZF, it is a straightforward induction to show
that for all x M that xg X. It followsthat G ¢ G. Thus, we have canonical
namesfor all of the setsin M aswell asthe lter G. Note that the function x X
is a classfunction in M . We thus have:

Lemma 0.9. For any welfounded model M of ZF, partial order M and lter
Gon M MG andG M G.

We would liketo say that M G is the smallest model of ZF containing M and
G, but we don't know that M G is a model of ZF. This will not, in fact, be true
for all G, but will be true for the genericG. The forcing theorem will give us the
toolsto show this, aswell asrelating truth in M G to truth in M in general. First
we prove a few more simple facts about M G .

Lemma 0.10. M G is transitive and ONM ¢ ONM .

Proof. If x M G, then x c for some M . If y X, then by de nition of
c we havey c for some M  (in fact, trclx). So,y M G. SinceM,
M G aretransive, ON™M ON M andONM © ON M G. So,to shaw
ON™  ONM © it suces to show that everyx M G hasrank lessthan ONM .
By a straightforward induction on ON™ we have that if M ,then ¢

SinceM G s transitiv e, it satis es foundation and extensionality. One can also
show directly that it satis es pairing and union. For example,if ¢, ¢ M G,
then o is such that ¢ c. & . Note that these fact do
not require G to be generic, they are true for any Iter G on . To show the
other axioms, and to further explore the model M G however requiresthe forcing
theorem which relatestruth in M G to truth in M for genericG.

Denition  0.11. By the forcing languagewe mean all statemerts of the form

1;::7; n Wwhere Xi;::i;X, is aformula in the language of set theory and
15 M
We now de ne the forcing relation, which is the certral conceptin the theory
of forcing. For p and 1;::7; n In the forcing language, we de ne the
notion p 1;::0; n (read p forces  q;:::; ). Formally, this is de ned

by induction on , where for atomic it is de ned by trans nite recurion in M
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on the maximum of the ranks of the ;. This de nition, it is important to note,
takesplace entirely inside of M (more precisely for ead formula there is a class
function in M from M " to assigningto each 1;:::; n M " the set
p P:p 15505 0 )

De nition  0.12. Let M be a transitive model of ZF and a partial orderin M.

Forp P and 1;::7; n in the forcing language,the relation p 1,007 n
is de ned by trans nite recursion through the following cases.
Casel) 1 2.
Wedenep 1 2i Q: 0T 2 qQ r q 1 is densebelow p.
Case?2) 1 2.

We de ne p 1 21 forall 1;q 1, the set
r-r q 2;S 2 S I 1 2

is densebelow p, and likewisefor all  ,;q 2 the set

r.-r g 1,8 1rosr 1 2
is densebelow p.

Case3)
Wede ne p i p and p

Cased)
We de ne p [ g pg

Caseb) 1,00 n X 000 X,
We de ne p X it omx i M q 1,000 ns is dense
below p.

The motivation for the de nition is our desireto cortrol truth in M G . We
would like to have that p 1;::0; n 1 for every generic G containing p we
have M G 16,:':; n e . In other words, for every statemert in the

forcing language, the truth of the statemert, view as a function on the set of
generics,is continuous. The reader will note the analogy with a basic theorem in
analysis. Namely, every reasonable(say, Borel) function f : 0;1 (or even
f: ) is continuous when resticted to a certain comeagerset. The generics
sene the role asthe comeagerset, for all truth functions for all statemerts in the
forcing languagesimultaneously.

The motivation for the de nitions in the various speci c casesshould now be
fairly clear if we keepin mind the de nition of a generic. For example,in Casel
above, we are really asserting that any generic G which contains p will contain

aq psudc that for some ;r 2 with g r (hence ¢ 2 ¢) we have
qg 1 (which by induction should meanthat ; ¢ ). We have usedhere
exercise2.

Lemma 0.13. If p andq p, theng . Conversely,if q:q is dense
below p, then p

Proof. Supposep and g p. If is atomic or existertial, the de nition of
p is that a certain set A is densebelow p, and the de nition of A does not

involve p. Trivially, A is densebelow q as well, so q . The conjuction case



follows immediately by induction. The negation caseis trivial asif s ps
then s qgs .

Supposenext that q: g is densebelow p. The atomic and existertial cases
follow from the fact that if q: A is densebelow q is densebelow p, then A is
densebelow p. The conjuction caseagain follows immediately by induction. For
the negation case , our assumptionisthat q: r qr is dense
below p. Now, if g p, then q , asotherwisefrom the rst paragraph we would
have that any extension of q forces , cortradicting our assumption. Hence, by
de nition p

Corollary 0.14. If p , then for someq p, q . In particular, for any ,
p: p p is dense.
Proof. If the conclusionfails, then r:r is densebelow p. From lemma 0.13

it follows that p

Exercise 3. Shawthat p i p . (hint: unravelthe de nition ofp
and usethe secondpart of lemma 0.13).

Lemma 0.15. If G is a generic lter andp;q G,then r G r p r (.

Proof. Let D r-r p r q r p r g .EasilyDisdense(ift P
then eithert porthereisau twith u p. Either u qorthereisav u
with v g,andalsov u ©p). Letr G D. SinceG isa lter, we cannothave
r porr g sor pandr q

We now state preciselyand prove the forcing theorem. For the theorem to make
sense,we needto know that generic lters exist, and so we will now require the
model M to be countable.

Theorem 0.16 (Forcing Theorem). Let M be a countable, transitive model of ZF
and M a partial order.

(1) Foranyp Pand 1;:::; n M ,p 1;::1; n 1 for all genericG
containing p, 160000 ng MG,
(2) For any genericG, and 1;:::; n M, 160 naMC i o p
Gp 1,000 n .
Proof. We rst show that (2) implies (1). Assume rst that p , and let G be
a genericcorntaining p. If M G then by (2) there would beaq P sud that
q . SinceG is a lter, pk g, and from lemma0.13we may assumeq p. Also
by lemma0.13,q . This contradicts the de nition of q . Assumenext that
for all genericG cortaining pthat M ¢ | If p , then by corollary 0.14 there
would beaq p sud that g . Let G be a generic Iter cortaining g. From
(2), M G which contradicts our assumption.

We turn our attention to (2). We prove this by induction on , and when
1 2 by induction on the maximum rank of i1, 2. We considercasesas
in the de nition of the forcing relation.

Casel) 1 2.
First assumep . By de nition, D q: ir 2 q r g 1 is
densebelow p. SinceGisgeneric, g G D q p.Let ;r 2 be suc that
g randq 1 . By the equality case(proven next) we may assumethat

16 c. Sincer G, ¢ 2 ¢ by denition of , g. Thus, 16 2G-



Next assumethat G is genericand M ©  that is, 1 g >c. Let ;g
besuchthat g Gand ;¢ . By the equality case,let r G be sudc that
r 1 . From lemma 0.15,let p G with p q;r. Then p 1 2 since
forany s pwehave ;q 2,S p @ ands 1 sinces r. Thus,
the set required to be densebelow p in the de nition of p ;  » is actually all

s p.

Case?2) 1 2.
First assumep 1 2. It suces by symmetry to show that 1 g 2 G.
Let x 16, S& X 1 ¢ Where 1;q 1 and g G. By denition, the
set D r-r q 2;S 2 s r 1 2 is densebelow p.

D r p:r g r q r D .ThenD iseasilydensebelonp (ift p
then eithert qorwecanextendttoau twith u @ sinceu p, wecanget
v uwithv D.Thenv tandv D.) Letr G D . Wecannothaver (¢
asqg G. So,r qandr D. By denition of D wenow havea 3;s 2 with

r sandr 1 2 . By induction, i g 2. Sincer Gandr s,
2 G 2 6. Hence,x 16 2 G 2G-
Next assumethat M ©  thatis, 1 g 5 6. Let

D p:p 1 2
1, th 1P r p 2, 2 I G T 1 2

We rst claim that D is dense. To seethis, let p P. If p 1 2, then
p D. Otherwise, for some 1;qu 1 the set A S:' s 2; %
2 S g S 1 2 is not densebelov p. Let p p be such that

S ps A.Thus,foralls p wehaves q (soin particular p @), and
2, 2 S @ S 1 2 . Thus,p D. This showvs D is dense.
Letp G D. Ifp 1 2, we are done, so supposethe seconddisjunct in
the de nition of D holds. Let ;o1 with p & be asin the seconddisjunct.
Sincep G, 16 16 2 6. So,let 2 2 besuth that @ G and
16 2 ¢. By induction, let @ G be sudc that g 1 2. Letr  p;q .
Then r violates the de nition of p D.

Case3)

If p ,then by de nition p andp . Byinduction, M ¢ and M ¢  and
so M G | Converselyif M ¢ then M G and M G Byinduction, p Gp
and q Gq .Letr Gwithr p;g Thenr , ,and sor

Cased)
Assume rst p . If MG then by inducton q G q . Letr p;q
Thenr andr , a contradiction to the de nition of r . Thus, M G,
Next assumephi™ © . Let D p: p p . Then D is dense,so let
p G D.Ifp we are done, so assumep . By induction, M © which
cortradicts M © .

Caseb5) ~ X ~iX.

First assumep and G is genericcontaining p. By de nition D q:
M q ~; is densebelow p. Letq G D with g p. Let M
witnessq D, soq ~; . By induction, 160300 na. a™MC . Thus,

..... M G
1Gy---» nG .
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Next assumethat g is genericand 160100 no MG . Let M  besud

that 16,5 ne,; eMC. Byinduction, p Gp L0 .
Trivially then D q: M q ~; is densebelow p (it contains all
g p), andsop 1000 n

This completesthe proof of the forcing theorem.

We next show that if M satis es ZF or ZFC, then so doesM G . Although
we are mainly interested in what additional properties we can arrange to hold in
M G , the proof will give us somepractice in using the forcing theorem.

Theorem 0.17. LetM be a transitive model of ZF (or ZFC), and M a partial
order. SupmseG is M -genericfor . Then M G satis es ZF (or ZFC).

Proof. We have already chedked that M G s transitiv e and satis es foundation,
extensionality and pairing. Union is alsoeasyto chedk directly asif x c MG,
let ;oo M pqg P P ' q . Clearly x G- As
M MG,and! M,! M G and by absolutenessM G saties the innit y
axiom.

To verify Power Set, let x c M G. Let ;1 dom dom
Clearly isasetin M and M . Weclaimthat P x M G, Which su ces.
To seethis, lety x,y M G. Sa, Yy c. Let p dom p

. Clearly ; and so ¢ c. Weclaim that ¢ c. If z G,

then z c where ;p andp G. Sincep (from the de nition of

) we have z G c by the forcing theorem. If z G, then since ¢ x we

have z c forsome ;p . By the forcing theorem, thereisaq G sud that
q ,and hence ;q andsoz .

To verify Comprehension,let  Xi;:::;Xn;y;z be a formula and a; 1G,

Dilan ne,b & M G.Wemust show that

z bt MG aiiianibiz MG

Let p dom p LI o . We show that
c works. If z G, then z c Wherep G andp 1500 n . and
p . Thus, M © a;;:::;a,;b;z andz ¢ ¢ b Conversely suppose
z band MG g;:::::a,;b;z. Thenz ¢ for some dom . By the forcing
theorem, thereisap G sud that p 1,000 ns . Then ;p ,
and soz G G-

To verify Replacemen, let X1:::;Xn;y;Z;w be a formula and a; 1G,
Dl an nG, A ¢ M G . Assumethat

z Aw MG M€C a:iraAzw:
By replacemen in M there is a set of namesS M sud that for all
dom andallp P,if M p 1;:00 ns 55, then Sp
Uiy o . Let ; : S . We show that ¢ veries this in-
stanceof replacemert in M G . For supposez A, s& z c Where dom
and suppose w M G MG aj;:iiian;Az;w . Fix such aw c. By the

forcing theorem, thereisa p G sud that p 1;::7 ns s 5 . From the
de nition of S it follows that for some S that p R =) '¢
sudha . Then ¢ ¢ and by the forcing theorem M C a;:::::an; Az, 6 .

We have now veried ZF in M G . Suppose nally that AC holdsin M, and we
chedk it holdsin M G aswell. Let x c M G.Letf: dom ,f M be
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a bijection, where  ONM. In M G dene F with domain by F f ..
Thenx ran F , which su ces to show that x can be wellorderedin M G (recall
M G already satis es ZF).

Exercise 4. Show that if M is a transitiv e model of ZF, M is a partial order,
and G P is a lter (not necessarilygeneric), then M G x f

ON f: °Mx.

1. For cing and Complete Boolean Algebras

The forcing theorem holds for arbitrary partial orders, but it is an interesting
fact that there is no lossof generality (assumingour modelsM are modelsof ZF) in
consideringonly partial orderswhich are complete Boolean algebras(wherep ¢
recall meansp ¢ 0). Although most of the time we deal directly with a partial
order, there are times when this point of view is useful. Given a partial order

P; , we will assaiate to it a complete Boolean algebra Bp which we will
call the completion of . This construction is just a slight generalization of the
construction of the completion of a Boolean algebra, but we give the construction
from scratch.

Forp P, let Np g P:qg p. The idea of the construction is to identify
every setD N, which is densebelow p with all of N,. One way to make this
preciseis asfollows. De ne atopology , on P by taking asa basesetsof the form
Np. RecallB P X is a basefor atopology on a set X i whenewr U;V B
andx U V,thenthereisaW B suchthat x W U V. This condition is
satis ed heresincein factif r Np Ngthen N, Np Ng (by transitivit y). So,
A P is -openi A isdownwards closed,thatis, p A g p g A . Note
that N, is the smallestopen set cortaining p. Recall a setU in a topological space
is regular open if U intcl U . Thus, an open set is regular openi it cortains
any neighborhood in which it is dense. Recall also that for any set A X that
intcl A is regular open. [One direction, namely U intcl U holds for any open
set. For the other direction note that int cl int cl A intclcl A intcl A ]It
is easyto seethat the intersection of two regular open setsis regular open.

Exercise 5. Show directly that anopen U P is regular openi whenewer U is
densebelowap P,thenp U.

De nition 1.1. Let P; be a partial order. Then Bp is the collection of
all regular open subsetsof P with the following operations: U V intclU V ,
uv U V, U int P U. Also,dene 0g and 1z P (note: we use

here U for the Boolean complemen operation to avoid confusion.)

Lemma 1.2. For any partial order , Bp is a completeBoolean algeba. Moreover,
themap :P Bdenedby p intcl N, satises the following:

Q) If p gthen p q.
@p qi p q.
3) is densein B.

Proof. In fact, for any topological space X the regular open sets form a com-
plete Boolean algegra (with the sameoperations de ned above). Cheding this is
straightforward but tedious. The commutativ e, identity, and 0 1 laws are trivial
to chek. For any opensetU, U int X U is dense,and soU U 1.
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Since U X U, wehave U U 0. This chedks the negation laws.
The assaiative law for is trivial. To ched the assaiative law for addition, let
U;V; W be regular open. Sinceaddition is commutativ e, it is enoughto ched that
u v w UV W.Sincev W U V W,V W intclV W
intcl U VW U V Wsince U V W isregular open. Thus,
u Vv W U V W,andaganU V W intcr U VW

U V W, andwe are done.

To verify the distributivelaw U V W U Vv U W, rst note that
Uuv UW U V W ,andsincethe latter isregularopenwehaveU V. U W
intcltUV UW U V W . Forthe otherdirection,letx U V W . LetO
be aneighborhood in whichV W is dense. SinceU is open,wemay assumeO  U.
But thenU V U W isdensein O,andsox intclUV U W uv UW.

To verify the distributivelaw U V W U V U W, rst notethat
u V W U V U W, and sincethe latter is regular open we have
u VvV w U V U W . Forthe other direction,letx U V U W .
Let O; be a neighborhood of x in which UV is dense,and O, a neighborhood of
x inwhichU W isdense.LetO 0O; O,. Weshonvthat U V W isdense
in O, whichsuces. Let O3 O beopen.If O3 U , we are done. Otherwise,
V and W are eadh densein Os. SinceV;W areregular open,O; V W and we
are done.

For U a regular open set we claim that U U. Clearly U u.
For the other direction, let x U . Then there is a neighborhood O of x
such that O U . This meansevery neighborhood of every point in O

intersects U, that is, U is densein O. SinceU is regular open,O U, sox U.
From this it follows that we needonly ched one of de Morgan's laws. We chedk

u Vv U V . Since U€ U V¢ int U° int U V°¢. So,
U U V . Likewise, V U V,andso U Vv U V . Since
the latter is regular open, U \Y, U V. Letx U V. Let O be
a neighborhood of x missingU V. We claim that U V is densein O,

which suces. Let O; O beopen. If U missesOs, then U is densein O1, and
henceO; U asU is regular open. Likewise,if V alsomissesO; then O; V
andsoO; U V, acontradiction.

We have now shown that that the regular open setsin any topological space
form a Booleanalgebra. To seethey form a complete Booleanalgebra, it su ces to
show that if U are regular open, then there is a least upper bound for the U .
Let U intcl U , soU isregular open. Clearly U U for eath . For U;V
regular openit is easyto chek that U V (i.e.,, U V 0)i U V. Soifw
is regular open and U W for all , then U W for eah , so U W.
ThenU intcl U intcl W W. ThusU W. This showsU is the least
upper bound of the U .

Finally, we verify  satises (1)-(3). If p gthen N, Ng sointcl N
intcl Ng . Hence p g. If pkq, then (1) impliesthat p k q. Suppose
p gbut p k q,thatis, p g O.Letr intclNp intcl Ng. Thus,
N, cINp andN; clNg. The rst says that r can be extendedto as r,
s Np, and the secondsays that we may extendsto at s,t Ng. Thent p;q,
a contradiction.

The map of lemma 1.2is not necessarilyone-to-one,but it is under a very mild
condition on P which is always satis ed in practice. Namely, supposewhene\er
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p gthen r pr q.Thenifp qgsayp g andweletr p,r q, then
r Npbutr intcl Ng. Sometimesthe word semrative is usedto denote this
condition.

We next show that forcing with  is equivalent to forcing with its completion
Bp . The proof of this doesnot usethe fact that Bp is a complete Booleanalgebra,
just properties (1)-(3) above. We abstract these properties into a de nition.

Denition 1.3. Let , bepartial orders. Wesay :P  Qisadenseemiedding
if:

(1) fp qgthen p q.

2p qi p q.

3) is densein

Lemma 1.4. Let , bepartial ordersin atransitive modelM of ZF. Let : P
Q be a denseemtedding, M. Then:
(1) f H QisM-genericfor ,thenG = ' H is M-generic for
(2 f G P is M-genericfor ,thenH = q Q: p G p q is
M -generic for Q.
In either case,M G M H .

Proof. SupposeH  Q is genericfor . Then G is easily closedupwards. Also, if
p;q G, then p k q asthey both lie in H. From (2) it follows that p k g,
henceG is a Iter. To seeit is generic,let D P be dense.Let E D. Then
E is densein Q from (3) [If p Q, let g p bein the rangeof , say q t.
As D isdense,Jetu t,u D. Then u E, wu t p using (1).] Let
p H E.Sap t,wheret D.Thent G D.

Supposenext that G P is M -genericfor P. Dene H Q asabove. H is
upwards closedby de nition, and it is easyto ched it is a lter using (1). To see
it is generic,let E  Q bedense.Let D p P: g E p q . ToseeD
is dense,let p P. SinceE isdense/letq E, q p. By (3), letr qgwith
r ran ,sar t. Since t r p,by (2 wehavepkt. Letu p,
u t.By(), u p, u t g Asq E, thisshovsu D, soD is
dense.Letnowp G D. Sincep D, letq p withq E.Theng H E
and we are done.

To seethat M G M H , simply note that in M G we may de ne H since

M,soM H M G. LikewiseM G M H .

Thus, there is no di erence betweenforcing with a partial order and forcing
with its completion Bp , which is a complete Boolean algebra.

if P Q is a denseembedding, then lemma 1.4 says that genericsfor P
and Q correspond; they are essetially the samething. If we relax condition (3) of
de nition 1.3, then Q may be much larger than P, and we do not expect generics
for P to give genericsfor Q. However, we can still get that genericsfor Q give P
genericsif we replace(3) by a suitable condition. This is the conceptof a complete
emiedding, de ned next.

Denition 1.5. Let , be partial orders. We say : P Q is a complete
embedding if it satis es the following.

Q) fp qgthen p q.
@p aqi p q.
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(3) Foreweryq Qthereisap P sucdhthat r p r kq.

To motivate (3), notethat if : P  Q, and wheneverH  Q is M -genericfor

Q, then P - 1 H is alsogenericfor P, then we must have (3). Otherwise, for
someq Q, p P: p q isdensein P. Let H be genericfor Q with q H.
If G 1 H isalsogeneric,cthen p G D. Buttheng, p H andare

incompatible, a contradiction.

The de nition of complete embedding in more natural when P, Q are complete
Boolean algebras. In this case, : P Q is a complete embedding i is a ono-
to-one homomorphismsof Boolean algebras(i.e., presenesthe Boolean algebra
operations) which is complete that is, it presenes arbitrary sups and infs: for

p P, sup p sup p . To seethis, supposeP;Q are complete
Boolean algebrasand (1)-(3) hold. Let p Pandp sup p . By (1),

p p forall ,so p sup p . Supposeq p sup p
neqOg. By (3), letr P besudhthat s r s kq. In particular r kg,
so r k p. By (2,r kp Lets p;r. Weclaimthat s p for eah

, a contradiction (sincethen p s is an upper bound for the p ). To seethis,
supposeskp ,sayt s, t p. Then t p andsincet r, t kg, a
cortradiction to the de nition of g. This show (1)-(3) imply that presenessups.
A similar argument shows that presenesarbitrary infs (exercise??). Since for
any Booleanalgebrap q supp;q andp q inf p;q it followsthat presenes

and . To see presenesBoolean complemers, note that p p Oby
(2). If p p,thenqg - p p Oq. Letr P beasin (3) for g.
Without lossof generality supposer kp, andlets r;p. Thenby (1) s p,

and by de nition ofr, s kqg. This contradicts the de nition of g. It is immediate
from (1) that Op Op and 1p 1p. Finally, is one-to-one,for suppose
p qbut p g . Without lossof generality assumer ~ p g Op. Then
r gbut r k g, contradicting (2).

Conversely suppose P, Q are complete Boolean algebrasand : P Qisa
one-to-one homomorphism which is complete (i.e., presenes arbitrary sups and
infs). Properties (1) and (2) are immediate as is a homomorphism. To see(3),
X q Q. lLetp infr P: r g . Supposes p. Sincep s p, we must
have p s g As p s p s,wehave s kqg

Exercise 6. Show that if : P Q satisies (1)-(3) where P, Q are complete
Boolean albebras,then  presenesarbitrary in m ums.

Theorem 1.6. Let , be partial ordersin a transitive model M of ZF. Let
P Q, M, be a completeemiedding. If H  Q is M -generic for Q, then
G L' H is M -generic for P. Furthermore, M G M H .

Proof. Let H Q be M -genericfor Q, and let G 1H .LetD P bedense.
Now D is not necessarilydensein Q, but E g p D q p p
D q p isdensein Q. Letq H E.Wecannothave p D (¢ p ,for
if so,letp P beasin (3) forg. Letr D,r p. Then r kq, aconradiction.
So, p D q p . Thus, p H,sop G.

Since M, working in M H we may clearly dene G, soG M H . Thus,
MG MH.

If we dealwith partial orderswhich are complete Booleanalgebras(which we can
do without lossof generality by lemma ??), then the de nition of forcing simpli es
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considerably This is becauseif A N g:gq p Iis densebelow p, then
sup A p. Also, if q for all @ A, then sup A . Thus, the various
densesetsthat appear in the generalde nition will \collapse" when dealing with
complete Boolean algebras. We make this more precisein the following de nition.

Denition 1.7. Let M beatransitivemodelof ZF andB M with B isacomplete
Booleanalgebra™ . For  {;:::; , astatemert in the forcing language,we de ne
its Boolean valueJ Kby induction on (and for the equality caseby induction onthe
ranks of the names)asfollows. (note: weuse , for suprenumsand in m ums).

(1) J: 2K
@2 J1 2K
1 K

3)J K JK JK
4J K JK
B) Ix ~xK ved = K

P szl K.
J 1K 2

dom 1 dom

J 2K

When B is a complete Boolean algebra, the notion of generic Iter can be re-
formulated and simplied a bit as well. First note that a generic Iter on B is
necessarilyan ultra Iter, that is, for any p B, eitherp G or p B. This
follows from the factthat q B:gq p q p isdensein B. Also, if p;q B
thenp q B. This followssince r: r p q rp O r q O isdense.
Thus, when dealing with complete Boolean algebraswe speak of generic ultra I-
ters on B. We can reformulate the density condition in the de nition of genericas
follows.

Lemma 1.8. Let M be a transitive model of ZF and B M with B is a complete
Boolean algeba M . Then G is an M -generic lter onB i G is an ultralter on B
which respects supremumsand in mums fromM . Thatis, if S B,then S G
i p Sp Gand S Gi p G p G.

Proof. We have already seenthat if G B is a generic Iter on B then it is an
ultralter. If S B, then D p B:p S 0 s Sp s isdense.lf
S G,andif weletp G D,thenwehavep sforsomes S. Thuss G
aswell. The proof that G respectsin m ums is similar.
Finally, if G respects suprenmums and in m ums, then in particular whenewer
D Bisdensethatis D 1z, wemust havep G for somep D. So,G is
generic.

The connection betweenthe forcing relation and Boolean valuesis given in the
next lemma.

Lemma 1.9. Let M be a transitive model of ZF, B M, and B is a complete
Boolean algeba M . Then for any statement in the forcing language,p i
p JK
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Proof. The proof by induction on s straightforward, we consider just one case
here, say 1 2. Now

p JK q Ji K
] 2
rop: ;g 2 g J1 K is densebelow p
rop: iq 2 g r J; K is densebelow p
rop: ie| 2 q r 1 is densebelow p:
p 102
The rst equivalenceis the fact that p Si g p:'s S g s lisdense

below p. The next to last egivalenceis by induction, and the last equivalenceis the
de nition of p 1 2.

An alternativ e possibility when considering forcing with complete Boolean al-
gebrasis that we introduce de nition 1.7, and then de ne the forcing relation by
p i p J K This hasthe advantage that the de nition of forcing is somewhat
simpler and more natural. Of course, in this approach one must now prove the
forcing theorem directly: for all genericultralters GonB, M ¢ i J K G. The

proof is essetially the sameasbefore. For example,considerthe case 1 2.
Suppose rst J K q , 9 J1 K G. From lemma 1.8 it follows that
for some ;q 2 2that g J K G. Thus,qg GandJ;i K G.
By induction, i ¢ c. Sinceq G, ¢ 2 , and we are done. For the
other direction, suppose 1 g 2 6. Fix ;q 2 such that q G and

16 c. By induction, J K G. SinceGisa lter, q J; K G. Thus,
q » a1 K G.



