UNIVERSITY OF CALIFORNIA

Los Angeles

An Inquiry into the Number of Isomorphism
Classes of Boolean Algebras and the Borel
Cardinality of Certain Borel Equivalence
Relations

A dissertation submitted in partial satisfaction
of the requirements for the degree
Doctor of Philosophy in Mathematics

by

Michael Ray Oliver

2003



(© Copyright by
Michael Ray Oliver
2003



The dissertation of Michael Ray Oliver is approved.

Donald Martin

Edward Keenan

Itay Neeman

Gregory Hjorth, Committee Chair

University of California, Los Angeles

2003

1



to the memory of my father, Earl Davis Oliver

1l



1 Cardinality of the Isomorphism Types of Quotients by Borel Ide-

TABLE OF CONTENTS

1.1 Introduction and nomenclature . . . . . . . . . . . . .. ... ..

1.1.1

1.1.2

Background . . . ... ..o

Basic definitions and nomenclature . . . . . . . ... . ..

1.2 Construction of the ideals . . . . . . . . . . .. .. .. ... ...

1.2.1

1.2.2

Motivation . . . . . . . . ..

Formal definition . . . . . . . . . . ... ... ..

—,

1.3 Non-isomorphism results on the quotients by the ideals Z(A) . . .

1.3.1

1.3.2

1.3.3

1.3.4

1.3.5

Connection between “input” ideals and structure of Boolean

algebra . . . . ..o
Wadge reduction . . . ... ...
N, distinct quotients . . . . .. ..o
Continuum many distinct quotients by analytic P-ideals

Remarks on the use of the Axiom of Choice . . . . . . ..

1.4 Existence of collections of “input” ideals with desired properties .

1.4.1

1.4.2

Ny “input” ideals . . . .. ..o oo

Mutually RK-irreducible analytic P-ideals . . . . . . . ..

2 Borel Cardinalities Below ¢o . . . . . . . . . ... ... ... ....

2.1 The Ideal of Density is equireducible with ¢ . . . . . . . . .. ..

v



2.1.1  Origin of the Question . . . . . . .. ... ... .. ... .. 35
2.1.2 Easydirection . . . . . . ... 36
2.1.3 Harder direction . . . . . ... .. ... L. 38

2.2 Borel Upper Bounds for the Louveau—Velickovi¢ and Mazur Towers 41

2.2.1 Introduction and nomenclature . . . . ... ... ... .. 41
2.2.2  Reduction for the Louveau—Velickovi¢c Tower . . . . . . . . 43
2.2.3 Proof that the reduction works . . . . . ... ... .. .. 44
2.24 The Mazur Tower . . . . . . . . ... .. ... ... .... 45
2.2.5  Proof that the reduction works . . . . . ... ... .. .. 46
References . . . . . . . . .. 47



L1sT OoF FIGURES

1.1 Example isomorphism

1.2 Paring an isomorphism

vi



ACKNOWLEDGMENTS

I gratefully acknowledge Greg Hjorth for guiding me through this process, both
logistically and mathematically, for providing key ideas, and for his detailed re-
view of and corrections to this document. I also wish to thank Ilijas Farah for
keeping me up to date on progress in the field and for extremely useful sugges-
tions. Others who have provided useful mathematical insights that contributed
to my research on these questions include Alexander Kechris, Juris Steprans and
Yiannis Moschovakis. I would also like to thank the members of my committee,

Greg Hjorth, Ed Keenan, Tony Martin and Itay Neeman, for their service.

I am grateful to Deanna Whitestone for proofreading this dissertation for

grammar.

In addition I wish to thank my mother and father for financial support, and
my entire family for moral support, during my time as a graduate student. It
is dangerous to start mentioning the moral support of friends, as I might never
finish such a task, but I nevertheless wish to acknowledge my comrades-in-arms

Mitch Rudominer, Mogan Brown and Sarah Reznikoff.

vil



1962

1984

1984-1986

1987

1988-1992

1996-2002

1996-—present

ViTA

Born, Albuquerque, New Mexico, USA

B.S. (Mathematics), California Institute of Technology

Member of Technical Staff, Space Applications Corporation.
Designed and implemented ground-based control and simula-

tion software for NASA’s CRRES satellite.

M.A. (Mathematics), UCLA

Teaching Assistant/Associate, UCLA

Developer of nQuery Advisor, a software package for statistical

power and sample-size determination

Research Assistant—Programmer/Analyst, UCLA/UCSD, in
Andrew B. Kahng’s VLSI-CAD group

PUBLICATIONS

Andrew E. Caldwell, Yu Cao, Andrew B. Kahng, Farinaz Koushanfar, Hua

Lu, Igor L. Markov, Michael Oliver, Dirk Stroobandt, and Dennis Sylvester,
GTX: The MARCO GSRC technology extrapolation system, Proc. DAC, 2000

(2000), pp. 693-698

viil



Y. Cao, C. Hu, X. Huang, A. B. Kahng, I. Markov, M. Oliver, D. Stroobandt,
and D. Sylvester, Improved a priori interconnect predictions and technology ex-
trapolation in the GTX system, IEEE Transactions on Very Large Scale
Integration Systems (2002)

Mike Oliver, On the restriction of the domain of universals in Loglan, The

Loglanist, vol. 2 (1978), pp. 50-51

———, Three proposed additions to the Loglan prepositional system, The Log-
lanist, vol. 3 (1979), no. 2, pp. 96-98

1X



ABSTRACT OF THE DISSERTATION

An Inquiry into the Number of Isomorphism
Classes of Boolean Algebras and the Borel
Cardinality of Certain Borel Equivalence
Relations

by

Michael Ray Oliver
Doctor of Philosophy in Mathematics
University of California, Los Angeles, 2003
Professor Gregory Hjorth, Chair

The dissertation consists of two chapters, each addressing a separate problem.
Both problems relate to the notions of definable cardinality and ideals on the

natural numbers.

In the first chapter we examine the question of how many Boolean algebras,
distinct up to isomorphism, that are quotients of the powerset of the naturals
by Borel ideals, can be proved to exist in ZFC alone. The maximum possible
value is easily seen to be the cardinality of the continuum 2%0; earlier work by
Ilijas Farah had shown that this was the value in models of Martin’s Maximum
or some similar forcing axiom, but it was open whether there could be fewer in

models of the Continuum Hypothesis.

We develop and apply a new technique for constructing many ideals whose
quotients must be nonisomorphic in any model of ZFC. The technique depends
on isolating a kind of ideal, called shallow, that can be distinguished from the

ideal of all finite sets even after any isomorphic embedding, and then piecing



together various copies of the ideal of all finite sets using distinct shallow ideals.
In this way we are able to demonstrate that there are continuum-many distinct
quotients by Borel ideals, indeed by analytic P-ideals, and in fact that there is in
an appropriate sense a Borel embedding of the Vitali equivalence relation into the
equivalence relation of isomorphism of quotients by analytic P-ideals. We also
show that there is a definable wellordered collection of Borel ideals with distinct

quotients.

The second chapter addresses the Borel cardinality of the ideal Z, of asymp-
totically zero-density sets, shown to be the same as that of the equivalence relation
induced by the classical Banach space ¢y, and also shows that a large collection of
ideals introduced by Louveau and Velickovi¢, with pairwise incomparable Borel
cardinality, are all Borel reducible to cy. This refutes a conjecture of Hjorth and

has facilitated further work by Farah.
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CHAPTER 1

Cardinality of the Isomorphism Types of

Quotients by Borel Ideals

1.1 Introduction and nomenclature

1.1.1 Background

In [Far03], Farah asks the question “How Many Boolean Algebras P(N)/Z Are
There?”, with the understanding that there is some definability criterion being
imposed on Z, since if no such criterion is imposed then every Boolean algebra
of cardinality 2™ is isomorphic to one of the form P(w)/Z and there were known
to be 22 such (pairwise nonisomorphic) Boolean algebras. In this work we shall

address only the case where Z is Borel.

On the face of it the answer might appear likely to be independent of ZFC;
certainly it is possible for different models of ZFC to answer differently the ques-
tion of whether two given Borel ideals have isomorphic quotients, even when the
models are both wellfounded and have the same reals (so that the quotients being
compared are identical across the models). For example, it follows from CH that
P(w)/Fin = P(w)/(Fin x (}), because both P(w)/Fin and P(w)/(Fin x (}) are R;-
saturated in the model-theoretic sense (see [Far03, Proposition 6.1]). However it
follows from OCA+MA that P(w)/Fin % P(w)/(Fin x @) (see [Far00b, Corollary
3.4.5]). Here OCA stands for the Open Coloring Axiom; see [Far00b, Chapter 2]



for definitions.

Thus Farah has addressed the question from two sides: In [Far00b] he looks at
set-theoretic propositions consistent with ZFC, such as Martin’s Maximum, that
tend to minimize the opportunity for given definable ideals to have isomorphic
quotients. On the other hand, in [Far03] he examines the question of what quo-
tients must be isomorphic if CH holds, which tends to maximize the opportunity
to find isomorphisms between definable structures of cardinality 2%, and there-
fore (potentially) to minimize the number of isomorphism types. In this latter
case he found many partial classification results, showing for example (given CH)
that there are exactly two quotients, up to isomorphism, by dense density ideals,
but leaving open the question of whether there were 2% (or indeed even infinitely

many) distinct quotients by Borel (or even X1) ideals.

Steprans, in [Ste03], uses a variation on Sacks Forcing to show that there is
a family of 2% distinct TI$ ideals on a certain Polish lattice (that is, a lattice
ordering on a Polish space that is closed as a subset of the Cartesian product of
the space with itself; an ideal on such a lattice is a subset closed downward and
under join) that have pairwise nonisomorphic quotients. The method also works
to give ideals on the natural numbers, but apparently at the cost of increasing
the complexity to ITj. At this writing it is not clear whether the method can
be refined to give ITY ideals on the natural numbers; if so, it would provide an

alternative proof of much of the content of Theorem 1.3.4.2.

It should be noted that Steprans’ method provides information that the
present work does not; namely, he shows that two lattices (or two Boolean al-
gebras, as the case may be) are nonisomorphic by showing that neither can be

completely embedded into the other.



1.1.2 Basic definitions and nomenclature

By an ideal we shall always mean a collection Z of subsets of a countably infinite

index set I (usually I = w or I = w X w) such that

i)if A€ Z and BC A, then B€Z
ii) if ABeZthen AUB€eT

iii) if A C I and A is finite, then A € 7

Condition (iii) is not part of the standard definition of an ideal, but we include

it to avoid trivialities.

Elements of Z are said to be Z-null; subsets of I that are not Z-null are called

Z-positive, and we write ZT for the collection of all Z-positive sets.

7 induces an equivalence relation 7 on P(I) by

X~rY «— XAYeT

If X C I we write [X]7 for the ~z-equivalence class of X. We write P([)/T for
the Boolean algebra whose underlying set is the collection of all ~z-equivalence

classes, and whose A and V are induced by N and U respectively.

If 7 and J are ideals on index sets I and J respectively, we define
IxJE2{ACIxJ{mell{n|<m,n>c Ay e Jt} eI}
That is, the Z x J-positive subsets of I x J are the ones with Z-positively many

J-positive vertical sections.

Note that while we do not officially consider {(}} to be an ideal, we do define
Z x () and @) x Z as though it were (leaving off the braces around ). That is, a

subset of I X w is Z x (-positive if and only if it has Z-positively many nonempty



vertical sections, whereas a subset of w x I is () x Z-positive just in case it has no

I-positive vertical sections.

Ideals Z and J are Rudin—Keisler isomorphic, T ~gxk J, if (modulo null sets)
there is a bijection between the underlying sets I and J that respects the ideals—
that is, there are A € Z, B € J, and a bijection h : I \ A — J \ B such that, for
any X CI, X €7 «<— WX eJ. UZr=gxJ then easily P(I)/Z =P(J)/T

as Boolean algebras.

If A is Z-positive, we write Z | A for {X C I|X N A € Z}. If Bis a Boolean
algebra and = € B, x # (g, we write B [ x for the Boolean algebra {y|ly <g x}

with the Boolean operations inherited from B. Clearly
PI)/ (X1 A)=(PU)/I) ] [Alr

Ideals in our context can never be closed under countable unions; the entire
underlying set is the union of countably many singletons, and singletons are null.
In some sense the closest we can get is the notion of a P-ideal. Z is a P-ideal if,
for any countable collection of Z-null sets { Bx|k € w} there’s a Z-null set B that
misses only finitely much of each By, (that is, (Vk)By \ B € Fin).

An ideal on w is a subset of P(w); on the latter we take the product topol-
ogy. Any reference to the descriptive-set-theoretic complexity of an ideal (say,
“Borel ideal”, “analytic ideal”, “II3 ideal”) should be understood in terms of that

topology, as should any reference to Wadge reducibility between ideals.

Some specific ideals to which we shall make frequent reference:



Fin the ideal of all finite subsets of w

Zy the ideal of all subsets of w with asymptotic zero density
() x Fin all subsets of w x w with no infinite vertical sections
Fin x () all subsets of w X w with only finitely many nonempty

vertical sections

1.2 Construction of the ideals

1.2.1 Motivation

The construction is an idea of Hjorth, who noted that it was possible to “inte-
grate” ideals with respect to a partition of the natural numbers in such a way
that the original ideal could be recovered from the order-theoretic properties of

the quotient algebra corresponding to the “integral”.

1.2.2 Formal definition

Definition 1.2.2.1. Given T an ideal on w containing Fin and A= (Ap)new @

sequence of disjoint subsets of w (some possibly empty), we write:
T(A) = {X Cw|Vn X NA, € FinA{n|XNA, #0} €T}

Definition 1.2.2.2. Given A = (Ap)new a sequence of disjoint subsets of w (some

possibly empty), we write:

P; = {n € w|A, is infinite}

-,

It may be casier to think of Z(A) in terms of the positive sets: A set is Z(A)-

positive just in case it either has infinite intersection with some A,,, or meets

-,

Z-positively many A,,. For example, any A, is itself an Z(A)-positive set, below



—,

which P(w)/Z(A) is isomorphic to P(w)/Fin. On the other hand, given any
Z-positive set C, we can choose one element (say, the least) from A, for each
n € C; the set of these is now a Z(A)-positive set below which P(w)/Z(A) is
isomorphic to P(w)/Z restricted to C. By choosing ideals Z with a structural

property distinguishing them from Fin (see Section 1.3.2.1 below) we can rule

out isomorphisms of certain types between quotient algebras.

We should note as well that we can consider our ideals as living on any
countably infinite set, say w X w, and that if every A, is infinite (that is, if
P; = w) then the ideal (0 x Fin) N (Z x ) on w X w has a quotient isomorphic
to P(w)/Z(A).

The following simple fact will come in handy:

Lemma 1.2.2.1. Let T be an ideal and A = (An) e, a sequence of disjoint

subsets of w. For any X C w, if we write X,, for X N A,, and X for the sequence
of X,, then

(P@)/Z(A) 1 Xy = P()/T(X)
via a canonical isomorphism.

-,

Proof. GivenY a representative for an element of P(w)/Z(A) below [X]; 4, the
isomorphism sends [Y]7 5) to [Y]7g). It is routine to verify that this is well-

defined, a bijection, and respects the Boolean operations.

1.3 Non-isomorphism results on the quotients by the ide-

—

als Z(A)



1.3.1 Connection between “input” ideals and structure of Boolean

algebra

Lemma 1.3.1.1. Let Z be an ideal on w containing Fin, let A= (An)new be a

sequence of disjoint subsets of w, and let I(ff) be as defined above. Then for every
C C Py, C €T if and only if {A,|n € C} has a least upper bound with respect

—,

to Z(A) (that is, {[An]z z)|n € C} has a least upper bound in P(w)/Z(A)).

Proof.

=: The least upper bound will be represented by X £ (J, .~ A,. Clearly this

neC
is an upper bound. Suppose that Y is also a representative for an upper bound.
Then for each n € C, (X \Y)N A, = A, \ Y must be finite, as otherwise Y

—,

would not be above A,, with respect to Z(A). But these are the only n for which

-,

(X \Y)N A, is nonempty, and C' is Z-null. Therefore X \ Y is Z(A)-null.

<: Suppose X (no longer defined as above) is a representative for the least
upper bound. For each n € C, A,,\ X must be finite, so X N A,, must be infinite,
and in particular nonempty (this uses n € Py). Form Y by removing from X one
element of X N A,, for each n € C'. Then Y must still be an upper bound, but if
C were Z-positive we would have Y <z(4) X, contradicting the assumption that

X is a least upper bound. Therefore C' is Z-null. Il

1.3.2 Wadge reduction

The goal of this section, culminating in Theorem 1.3.2.1, is to show that, given
ideals J; and J, with a certain property (called shallowness), and given Aa

partition of w into countably many infinite sets, if P(w)/J1(A) = P(w)/J2(A),
then J1 <w Ja.



1.3.2.1 w-partitions

In [Far03], Proposition 6.1, Farah gives a list of equivalent conditions for an
atomless ideal on w to have a quotient that is not Nj-saturated in the model—
theoretic sense. This derives from a result of Just and Mijajlovi¢; see [JM87].
We shall not make use of the model theory in this paper, and in the interest of

independent readability we instead isolate the following equivalent:

Definition 1.3.2.1. Given a Boolean algebra B and x € B, v # O, we say

(Tn)new 1S an w-partition of z if:

i) Vn (z, <z and x, # Op),
it) Vn #m x, A\ x, = 0g, and
iit) Yy < z[(Vn y ANz, = 0g) = y = 0g]

Definition 1.3.2.2. Given an ideal T on w and a subset X of w, X Z-positive,

we say (X, )new 18 an w-partition of X with respect to Z if:

i) Yn (X, <z X and X,, is Z-positive ),
ii) Yn #m (X, N Xy, is Z-null ), and

iii) VY <z X[(Vn Y N X, is Z-null ) =Y is ZT-null ]

Though not necessary for our current purposes, it is useful to note that the
nonexistence of an w-partition is equivalent, at least in our context, to what
Farah calls countable saturation and Chang and Keisler (see [CK90], p. 256)
call Ny-saturation, as this provides an important constraint on nonisomorphism
results from ZFC alone. If CH holds, then any two countably saturated Boolean

algebras of the form P(w)/Z are isomorphic.



Also note that (iii) of Definition 1.3.2.2 implies that X is a least upper bound

for the X, in the order given by Z, and mutatis mutandis for Definition 1.3.2.1.

Definition 1.3.2.3. An ideal T is shallow if T # P(w) and every Z-positive set

has an w-partition with respect to L.

We call these ideals “shallow” because they are the ones with respect to
which there are no “deep” sets in the sense of [Far03]. It should be noted that
shallowness is not a “smallness” or “simplicity” condition—there are shallow
ideals of arbitrarily high complexity, and P(w)/Fin has smaller Borel cardinality
than P(w)/Zy, though Fin is not shallow (in fact every set is deep with respect

to Fin) and Zj is shallow.

Claim 1.3.2.1. P(w)/Fin has no w-partition below any point.

Proof. Suppose to the contrary that (X,,),e, 1S an w-partition of some infinite
set X with respect to Fin. Let Y consist of the least element of each X,, that
is not in any X,, for m < n (such an element must exist because X,, is infinite
and has finite intersection with each X,,, m < n). Then ¥n Y N X,, € Fin but
Y ¢ Fin. O

Claim 1.3.2.2. We can get large collections of shallow ideals.

The precise meaning of this claim will become clear. We note it here to call
attention to the way we intend to establish nonisomorphism results, by showing
that pieces of one quotient cannot match up with pieces of another, because the
former are quotients by shallow ideals and the latter are isomorphic to P(w)/Fin.

See Section 1.4 below.



1.3.2.2 How an isomorphism must behave on the A,

Given sequences A= (An)new and B = (B;)icw of subsets of w, each sequence

-

pairwise disjoint, and shallow ideals [J; and Ja, write By for P(w)/J1(A) and By
for P(w)/Ja(B), and suppose

¢: By — B,
is an isomorphism.

Let us overload the symbol ¢ by choosing once and for all an arbitrary lift of

¢ to a function from P(w) to P(w), which we shall also call ¢.

Now let S C w x w be the relation defined by

nSi <= ¢(A,) N B; is infinite
— [o(A,)N Bi]JQ(g) >0
= [0(An)] 71 N [Bil gz > 0

— (b <[A”]\71(z‘¥)> A {BZ]Jz(A‘) >0
Note by the last equivalent that S does not depend on how we lifted ¢.

Lemma 1.3.2.1. ¢(A,,) is essentially the union of its infinite B; pieces. That
is, for each n, ¢(An) =, 5 Uynsil@(An) N Bil.

Proof. Clearly

o(4,) = |Jls(4.) N By

i|nSt

U U [9(An) N B

i|—nSi

1Ew

-

The final summand does not meet any B; and so is Jo(5)-null.

10



Thus if the claim fails, J [0(A,) N By is Ja(B)-positive (call this set T).

i|-nSi
All the T'N B; are finite, by the definition of S, so there must be a J,-positive set
U of indices ¢ on which 7N B; is nonempty. For each i € U, choose one element

(say, the least) of TN B; and let D be the set of all these.

Now it is easy to see that the subsets of D modulo j2(§> are an isomorphic
copy of the restriction of P(w)/J> to some nonzero point. Therefore there is an
w-partition of D with respect to .72(5). However, below the jl(zéf) equivalence
class of A,, By is isomorphic to P(w)/Fin, and therefore there is no nonzero
point below [A,] in B; having an w-partition. As ¢ is an isomorphism, this is a

contradiction. O

Lemma 1.3.2.2. There are only finitely many such pieces. That is, for each n,

{i|nSi} is finite.

Proof. First observe that for any n, the set of ¢ such that ¢(A,) meets B; is Ja-

) An
such that ¢(D") = D. But Bj restricted to B’ is isomorphic to P(w)/Fin and

null. Otherwise, let D be the set of all least elements of nonempty sets of the form
d(A,) N B;. D is Jy(B)-positive, so there is some J;(A)-positive D’ <A

therefore there is no w-partition below D’ in B;, whereas B, restricted to D is
isomorphic to P(w)/J; restricted to the set of all 7 such that ¢(A,,) meets B;, so

there is an w-partition below D with respect to J5(B). This is a contradiction.

Now suppose for some n, {i|nSi} is infinite (but by the above argument,
necessarily Jo-null). Then ¢(A,,) is above (by Lemma 1.3.2.1, actually equivalent
t0) Ujjnsil#(An) N Bi] in the order given by J>(B). But a subset of Uijnsil@(An) N
By is Ja(B)-positive just in case it is infinite on at least one of the B; (because
the set of indices i being considered is Jy-null). That means that P(w)/Jz(B)
restricted to (J;,q;[¢(A4,) N By] is isomorphic to P(w x w)/(0 x Fin). But it is

11



easily seen that w x w has an w-partition with respect to () x Fin, whereas there is

—,

no w-partition below A, with respect to J;(A). This again is a contradiction. [

Lemma 1.3.2.3. ¢(4,) is the least upper bound (mod Jo(B)) of its infinite B;

pieces:
[0(An)] 7, = \/ [0(An) N Bi] 7,4
i|nSi
Proof. Immediate from Lemmata 1.3.2.1 and 1.3.2.2. [

Lemma 1.3.2.4. For each i, B; =, 5 U,,:[0(An) N Bil, and moreover there

are only finitely many n such that nSv. Therefore

Blam = V o (Adga) ABlya

n|nSi

(This is the flip side of Lemmata 1.3.2.1, 1.3.2.2 and 1.53.2.3).

Proof. Choose an arbitrary lift of the inverse isomorphism ¢! : B, — B; to a
function from P(w) to P(w), and again overload the symbol ¢~! by referring to
the lift as ¢~ as well. ¢ and ¢! (as functions on P(w)) may not be inverses,

but we will have, for X C w, ¢(¢™(X)) ~, 5 X and ¢~ (d(X)) =4, 5 X-

Now Lemmata 1.3.2.1, 1.3.2.2 and 1.3.2.3 immediately apply to ¢ !; it remains

only to point out that if we write S’ for the relation

iS'n == ¢ <[Bz’]jg(£)> A An] 72> 0
then

iS'n <= [Bi]JQ(/Y) N ([An]ﬁ(ff)) >0

<~ nSi

12



1.3.2.3 Example

Figure 1.1: Example isomorphism
BO Bl BQ B3

Suppose for example that for each n we have

2n S 2n

2n S 2n+1

and that no other pairs of natural numbers bear the S relation. That is, ¢(Aa,)
is essentially the union of infinite pieces of Bs, and Ba, 1, and ¢(Ay,11) occupies

the “other half” of By, and Bs,.;. This situation is illustrated in Figure 1.1.

Then for a given set of natural numbers C, we know by Lemma 1.3.1.1 that

—

C € J, if and only if {A,|n € C'} has a least upper bound with respect to J;(A),
which happens just in case {¢(A,)|n € C'} has a least upper bound with respect
to jz(é); that is, if Dy U Dy has such a least upper bound, where

Dy = {¢(Ay,)2n € C}

D1 £ {¢(A2n+1)|2n+ 1e O}

which we can rewrite

Dy = {(¢(Az2,) N Azn) U ((Azs) N Bayys)|2n € C}
Dy = {(#(A2:) N Azpi1) U (d(Agni1) N Bapy1)2n+1 € C}

13



Now given any X C w, it is easy to see that X is an upper bound for Dy U D, if
and only if X is an upper bound for Dgg U Dy; U Do U Dy, where

Do 2 {#(As,) N Byy|2n € C}

Doy = {¢(A2,) N Bynya|2n € O}

Dy 2 {¢(Agny1) N By,2n+1€ C}
Dy 2 {¢(Agny1) N Bopyi|2n+1€ C}

Therefore C' € J; if and only if Doy U Dy U D19 U D1 has a least upper bound
with respect to @(E) The method used in Lemma 1.3.1.1 shows that such a
least upper bound exists just in case the set of all indices represented in the D;;,

namely {2n,2n + 1[2n € CV2n+1 € C}, is Jo-null.

1.3.2.4 Formal reduction

The example in Section 1.3.2.3 suggests the following claim: for each C' C Py,

CeJr < {i|In(nSinneC)} e

In the case where Py = w, this equivalence gives us a Wadge reduction demon-
strating J; <w Jo. To see this, we must check that the function f : P(w) — P(w)
given by f(C) = {i|3n(nSi An € C)} is continuous. Choose a basic open set U
in the topology on P(w); say, let {ao,...,ar} and {by,...,bs} be given disjoint

finite sets of natural numbers and let
U={X Cw|(Vi<k)(a;e X)N(Vj<{l)(b; ¢ X)}

What we need is for f~'[U] to be open. Choose an element C' of f~'[U]. As
f(C) € U, there must be ng...n; taken from C' such that (Vi < k)(ngpSag).
Moreover no b; is an element of f(C'), so for each j < ¢ and any n such that

nSb;, we have n ¢ C; by Lemma 1.3.2.4 there are only finitely many such n.

14



Now given any C” such that (Vi < k)(n; € C”) and such that C’ does not
contain any of the finitely many n bearing the S relation to any b;, 7 < ¢, we
have that f(C") € U, so C" € f~[U]. The collection of all such C" is an open
neighborhood of C' included in f~'[U], so f~![U] is open.

1.3.2.5 Proof of reduction
Theorem 1.3.2.1. for each C C Py,
CeJi < {i|In(nSinneC)} e

Proof. The proof is a generalization of the argument in the example in 1.3.2.3.
We will argue that the following are equivalent:

i) C e

—,

ii) {A,|n € C} has a least upper bound with respect to J;(A)

iii) {¢(A,)|n € C} has a least upper bound with respect to Ja(B)

iv) {¢(A,) N Bi|nSi An € C} has a least upper bound with respect to Jy(B)
v) {i|In(nSiAneC)} e T

The equivalence of (i) and (ii) is immediate from Lemma 1.3.1.1. (ii) is equiv-

alent to (iii) because ¢ is an isomorphism.

To see that (iii) is equivalent to (iv), note that D £ {p(A4,)|n € C} and
E 2 {¢(A,) N B;|nSi An € C} have the same collection of upper bounds with
respect to jg(é): Every element of £'is < (5 some element of D, so any upper
bound for D is an upper bound for £. Conversely, if X C w is an upper bound

for F, then fixing n € C' we want to check that X >/ 5 ¢(4,). But we know,
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for each i such that nSi, that X >/ 5 ¢(A4,) N B;, so by Lemma 1.3.2.3 we have
X 2 7,(B) P(An).

For (iv)=(v), suppose that F £ {i|3n(nSi An € C)} is Jr-positive. Then
given any upper bound X for E (as defined above), we can form X’ by removing,
for each i € F, the least element of X N ¢(A,) N B;, where n is least such that

nSi. Then X’ <n@) X but X is still an upper bound for F, contradicting (iv).

For (v)=-(iv), we will argue that given (v), the union of all sets in F is the
least upper bound for E (call this union X'). Suppose X’ is any upper bound for
E. Then for any n and i such that nSi, X’ can miss only finitely many points
of ¢(A,) N B;. Fixing i, it follows by Lemma 1.3.2.4 that X’ misses only finitely
many points of X in B;. But the only 7 for which X’ can miss any points of
X in B; are those i € F (where F' is as in the previous paragraph) and F' by
hypothesis is Jo-null. Therefore X < 7(B) X' O

1.3.3 N, distinct quotients

Theorem 1.3.3.1. There is an uncountable collection of Borel ideals on w such
that if ) and Zy are ideals from the collection, then P(w)/Z; is not isomorphic to
P(w)/Zy. Moreover, there is a definable embedding from wy into the isomorphism
types of quotients by Borel ideals, in the sense that there is a Borel map f :
P(w) — P(w) such that, for X, Y C w coding countable ordinals, f(X) and f(Y)
are Borel codes for ideals, and their quotients are isomorphic if and only if X

and Y code the same ordinal.

Proof. In Section 1.4.1 below, we show that there is a (Borel in the codes) map
a +— J, such that, for o a countable ordinal, 7, is a shallow ideal, and such that

if « < (3, then J, <w jg.
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Now let A = (An)new be a partition of w into infinite sets. Then if X C w
codes a countable ordinal o, we will let f(X) be a code for Jo(A). (If X does
not code a countable ordinal, we do not care what f(X) is.) The fact that there

is a Borel such f follows from the Suslin-Kleene theorem.

-, —,

To see that it works, note that if P(w)/J,(A) were isomorphic to P(w)/T3(A),
B < a, then by Theorem 1.3.2.1 we would have [J, Wadge-reducible to J3,

contrary to the construction. ]

1.3.4 Continuum many distinct quotients by analytic P-ideals

The goal of this section is to show that there is a collection of 2% analytic P-
ideals (therefore necessarily I13) with pairwise nonisomorphic quotients. This is
not simply a strengthening of Theorem 1.3.3.1 because that theorem establishes
a “definable” injection from w; into the isomorphism types of quotients by Borel

ideals, which the result of this section will not.

1.3.4.1 Preservation of analytic P-property

Thanks to Farah for pointing out that this next result follows directly from the
definition, making it unnecessary to appeal to Solecki’s result that analytic P-
ideals are precisely the exhaustions of lower semicontinuous submeasures (see

[S0199]). (There is also a rather easy proof using that result.)

-,

Lemma 1.3.4.1. If 7 is an analytic P-ideal, then so is Z(A)

-,

Proof. Let By, By, ... be a sequence of Z(A)-null sets of naturals. For each k let
Cr = {n|A, N By # 0}; then C}, is Z-null.

As T is a P-ideal, there is some Z-null set C' such that Cj \ C' is finite for every

17



k. Now define

B & {m|3k[m € By AVl(m € Ay = ({ > kAl e C))}

That is, we take a union of the By with some stuff left out: We leave out
anything that is in A, for £ ¢ C, and we leave out that part of B; that is also in

Ap, that part of By that is in Ay or Ay, and so on.

Now {{|BN A, # 0} C C € Z, and the intersection of B with a given A is
contained in the union of the intersections of finitely many By with A, (namely

those with k& < £); each of those intersections is finite (since By, € Z(A)), so BNA,
is finite. Thus B € Z(A).

For each k, the elements of By \ B are either in A, for ¢ < k (there can be
only finitely many of these), or in A, for some ¢ ¢ C. However in the latter case
we have ¢ € Cy \ C, and Cy \ C is finite. Since each By N Ay is finite, we get that

-,

By \ B is finite. Thus B is the required witness demonstrating that Z(A) is a

-

P-ideal. (That Z(A) is analytic is trivial quantifier-counting.) O

(Actually the method gives that if Z is a P-ideal, analytic or not, then so is

Z(A), but we will not make use of this.)

1.3.4.2 Attempt using Borel reducibility

It was originally hoped that the method of Section 1.3.2 would show, given that
Pw) /T (A) = P(w)/Ts(A), not merely that J; <y Ja, but that J; <z J as

equivalence relations. As Louveau points out, Borel reducibility of equivalence

relations is in some sense the dimension-2 analogue of Wadge reducibility.

Had this held, then we could have used the ideals given by Louveau and

Velickovic in [LV94] to establish the result immediately (they give a collection of
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2% analytic P-ideals such that none is Borel reducible to another as equivalence

relations).

However there does not seem to be any direct way to establish this implication.

The natural thing to try would be to establish, for X, Y C w, that
XAY e < f(X)AfY)e T,

where

f(X) & {m e w|(@n e X)mSn}

But that’s false. Look again at the example in Section 1.3.2.3, illustrated in
Figure 1.1, and take X to be the set of even natural numbers and Y to be the

set of odd natural numbers. Then X AY is w, but f(X) A f(Y) is 0.

Note that what goes wrong has to do with the fact that the .S relation in this
example is neither a function nor one-one. If we knew that S were a bijection,
then the proposed reduction would not be merely a Borel reduction of equivalence
relations but a Rudin—Keisler isomorphism between the ideals. I am indebted to
Farah for the idea that we can make S do what we want by paring down the

underlying set.

1.3.4.3 More Technical Lemmata

In this section we prove some easy, yet notationally messy, facts about the possible

structure of ideals Z(A). The reader may wish to skip ahead to Section 1.3.4.4

and refer back to this section as necessary.

Lemma 1.3.4.2. If J; and J5 are shallow ideals and A and B are sequences

-,

of disjoint subsets of w such that P(w)/J(A) = P(w)/TFa(B), and if Py is Jh-

positive, then Py is Jp-positive.
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Proof. See below. m

Definition 1.3.4.1. A set X C w is shallowizing with respect to an ideal I if X

18 L-positive and I | X 1s shallow.

(We say “shallowizing” rather than “shallow” because the latter could be
interpreted as “not deep”, which is a weaker notion—a shallowizing set is not

only not deep; it has no deep sets below it.)

Lemma 1.3.4.3. If T is shallow and Py is T-null, then one of the following six

cases holds:

iv) Z(A) is shallow

-,

v) Wlza = Xlza @ Yga), where Z(A) | X ~gx Fin and Y is I(A)-
shallowizing.

-,

vi) [Wlrzy = [Xlzea) © Yz, where Z(A) | X ~px 0 X Fin and Y is Z(A)-

shallowizing.

Proof. Let Q; = {n|A, € Fin A A, # 0}. Then Pj is either empty, finite
nonempty, or infinite, and @ ; is either Z-null or Z-positive. The cases break
down as follows:

Py =10 | Py finite nonempty | Py infinite

QieT | () (i) i)

QieT™| (i ) (+i)
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Lemma 1.3.4.4. Suppose I is shallow and Py is T-positive. Then there is an

-,

Z(A)-shallowizing set, and moreover, given any X C w such that X is I(ff)—

-,

shallowizing, there is Y C w disjoint from X such thatY is also T(A)-shallowizing.

Proof. LetY equal {k|(3n € Pz)(k is the least element of A,)}. ThenY is Z(A)-

-,

positive, and Z(A) [ Y is Rudin—Keisler isomorphic to Z, which is shallow by

—,

hypothesis. Thus Y is Z(A)-shallowizing.

—,

Given an Z(A)-shallowizing set X, for every n, X N A, must be finite, because
otherwise X N A, would be an (Z(A) | X)-positive set without an w-partition.
So for each n € Py let Al £ A, \ X; each such A, is infinite and in particular

nonempty. Now, much as before, let

Y £ {k|(3n € P;)(k is the least element of A)}

-

then Y is disjoint from X and Z(A)-shallowizing,. O

Proof of Lemma 1.3.4.2. Suppose to the contrary that P is Jo-null. Then Jo(B)
falls into one of the six cases of Lemma 1.3.4.3. But cases (i), (ii) and (iii) are
ruled out because they imply there is no jg(g)—shallowizing set, when there must

be a Ji(A)-shallowizing set because Py is Jy-positive. Cases (iv), (v) and (vi),

pulled back via the isomorphism to P(w)/J:(A), would contradict the “moreover”

clause of Lemma 1.3.4.4. O

1.3.4.4 Paring technique

First we explain, given an isomorphism from P(w)/J1(A) onto P(w)/Fa(B), how
to cut down the underlying sets to get an isomorphism between pieces of these
Boolean algebras, whose corresponding S relation is now a function. The tech-

nique will then be run in the other direction to make S into a bijection.
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Figure 1.2: Paring an isomorphism

Each A, is sent by ¢ to some subset of the union of all B; with n.Si (modulo a
Jo(B)-null difference). We take i, to be the first such i, and we pare away, from
the underlying set of P(w)/J>(B), the image of A, restricted to each of the other

i with n.Si. Then we must also pare away from the underlying set of P(w)/J1(A)
the part of A,, that is sent to those other ¢. See Figure 1.2.

This now leaves an isomorphism between two Boolean algebras that are re-
strictions of the previous ones, such that in the new S relation 4, is the unique
natural number satisfying nS%,. Moreover the Boolean algebra formed by re-

stricting P(w)/J1(A) is in fact Rudin—Keisler isomorphic to the original, because

we had to leave an infinite piece of each A,.

This description is not quite precise because we have not shown that ¢ sends
the remaining part of the first algebra to the remaining part of the second, and

in fact it may not, exactly. But if we define

i, = least i such that nSi (for each n)
D, £ ¢(A,)N B,
A, = Anng T (Dn)
x & |J4,
necw
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B & ¢(X)nN B; (for each 1)
then certainly ¢ restricts to an isomorphism from

Bl r [X]Jl( #)

onto

By | [9(X)] 7,5

Roughly, X is the part left after paring away the top half of Figure 1.2, and
Bl is what should be left of B;. The technicality here is that we do not know (at
least by the methods so far developed) that B; is empty in the case that B; has

been entirely pared away. However we do have:

Claim 1.3.4.1. If i =i, for some n then B} is infinite, otherwise not.

Proof. Suppose i = i,. Then [D,] 7,(B) 18 positive and

IN

[Bi] 7,5

Ja(B) J2(B)
[Dnl 3y < [(0(An)] 7,5
Thus
[¢( ;1)]32(5) = [¢(An)]j2(§) N [Dn]jg(é) = [D”]J2(§) < [Bi]ﬁ(g)
S0
[Bz{]jz(é) = [¢(X)]J2(§) A [Bi]Jz(E)

> [¢(A)] 75 A [Bil )

= [Dn]jz(é)

> 0
Otherwise, for each of the finitely many n such that nSi, we have [A7] 7 7 A

[¢_1(BZ)]j1(Z) = 0317 S0 [Bl,]j2(§) = OBQ.
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So we know that the S relation of the pared-down isomorphism is a function

(it sends n to i,) and that it is a subset of the original S.

We can now establish

Theorem 1.3.4.1. Given shallow ideals J, and Jo and sequences A and B such

—,

that Py is Ji-positive, and given that P(w)/J1(A) = P(w)/Ja(B), there is an
injective partial function f : w — w such that the domain of f is Jy-positive, and

such that for X C dom(f), X € J1 <= "X € Js.

Proof. Given an isomorphism ¢ and working as above, we obtain a restricted
isomorphism
¢ : P(w)/Ti(A) = P(w)/To(B)
such that the new S relation, call it S given by
nSWi — ¢ ([A;]Jl( A~,)) A (B gy > 0
is a function.

Moreover by Lemma 1.3.4.2 we know that Pz is Jy-positive; therefore the

inverse isomorphism
6" P(w)/F(B) = P(w)/T(A)
can similarly be pared down to
67 P(w)/Te(B") — P(w)/ T (A7)
and a new inverse S relation, S®, given by
iSWn = ¢_1 ([Bz{,]@(éﬂ)) A [A/T,JJl(A—;’) >0

Now the desired f is simply the inverse of S®); we have dom(f) = P, which

again by Lemma 1.3.4.2 must be J;-positive.
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The following is the main result of this Section 1.3.4:

Theorem 1.3.4.2. There are at least Ey-many distinct quotients by analytic
P-ideals; that is, there is a Borel function f : P(w) — P(w) such that, for any
XY Cw, f(X) and f(Y) are Borel codes for analytic P-ideals, and the quotients
of P(w) by said ideals are isomorphic as Boolean algebras if and only if X AY

18 finite.

-,

Proof. For X C w let f(X) be a Borel code for the ideal Zx(A), where Zy is
defined in Section 1.4.2 below. (That we can find a Borel—indeed, recursive—
function f that accomplishes this is a consequence of the Suslin—Kleene theorem:;

see the discussion in Section 1.4.1.3.)

If X AY is finite, then Zx and Zy are literally the same ideal, so trivially
P(w)/Ix(A) and P(w)/Iy(A) are isomorphic.

If on the other hand X AY is infinite, then without loss of generality suppose

—,

X \'Y is infinite, and assume there is an (onto) isomorphism ¢ : P(w)/Zx(A) =

-,

P(w)/Zy(A). Then let

7 & U[,-

ieX\Y
z & |JA,
nez
o A, ifneZ

#  otherwise

(where the I; are as in Section 1.4.2).

Now it is easy to check that [P(w)/Zx(A)] | Z is the same as P(w)/IX\y(fT’)
and that [P(w)/Zy(A)] | #(Z) is the same as P(w)/Zy(B) for some B, so ¢

restricts to an isomorphism from P(w)/IX\y(fT’) onto P(w)/Zy(B). But now
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Theorem 1.3.4.1 gives us precisely the injective partial function that, by Claim

1.4.2.1 on page 33, cannot exist.

1.3.5 Remarks on the use of the Axiom of Choice

In sections 1.3.2 and 1.3.4 we have used the Axiom of Choice to conclude that
any isomorphism ¢ : P(w)/Z = P(w)/J, for ideals Z and J, must lift to a map
¢:P(w) = Pw).

This application of AC is mostly for notational and expository convenience;
we do not really need to lift the entire isomorphism to a map from P(w) to P(w)
all at once. For example the S relation defined in Section 1.3.2.2 does not require
the lifting at all; it can be defined entirely in terms of the behavior of equivalence
classes under ¢. For Lemmata 1.3.2.1 and 1.3.2.2 we do not need any Choice at
all; for a given n we need only choose a representative for ¢ ([An] 7 g)>, and we

never need all these choices for all n at once. Similar considerations work for for

Lemmata 1.3.2.3 and 1.3.2.4.

In the proof of Theorem 1.3.2.1, we are finally making use of a fragment of
AC in a way that does not seem to be eliminable; to get the equivalence between
(iv) and (v) we appear to need representatives for all the ¢ ([An] 7 A~)> at once.
However we do not need full AC; countable AC for reals (that is, the proposition
that any countable collection of nonempty sets of reals has a choice function) is
sufficient. This same fragment also suffices to make the paring technique work as

described in Section 1.3.4.4, and therefore all the results of Section 1.3.
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1.4 Existence of collections of “input” ideals with desired

properties

1.4.1 N; “input” ideals

In order to get the result of Section 1.3.3, we need to find a “definable” collection

of N; shallow ideals, all of distinct Wadge rank.

1.4.1.1 If 7 is shallow, so is 7 x J

Suppose 7 is a shallow ideal on w, and let J be an arbitrary ideal on w.

Now choose an Z x [J-positive subset X' of wxw; we wish to find an w-partition

of X’ with respect to Z x J.

The intuition is simple: Z x J is the ideal whose positive sets are the ones
that have Z-positively many J-positive vertical sections. So we will project
everything down to the horizontal axis, the one corresponding to Z and work
with the properties of Z. Nothing interesting happens in the vertical sections; J
is treated as a black box. A surprising amount of notation goes into formalizing

this simple notion.

Let X C w be given by

X & {n e w|{m|{n,m) € X'} is J-positive}

Now X is an Z-positive subset of w (by the definition of Z x [J), so there is

an w-partition of X with respect to Z, call it (X,)neq-

We will partition X’ into (X ),ew by

X, ={(k,1) € X'|k € X}
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(note that | _ X/ may not be all of X', but the part we have omitted is Z x J-

new

null; in fact, it has all J-null vertical sections).

Given Y’ C X’ such that Vn (Y'NX]) € ZxJ, we must now show Y’ € Tx J.
Let

lI>

Y {k € w|{m|{k,m) € Y'} is J-positive}

Y" & {(k,m)eY'|keY}

That is, Y” is the union of all J-positive vertical sections of Y’, and Y is the
projection of Y” to the horizontal axis. The plan is to argue that, for each n,
Y NX, €7, and therefore Y € 7, so Y’ € T x J by definition of Z x [J. Again
by definition of Z x 7, this will follow if we can establish that {(k,m) € Y"|k €
Y NX,}is Z x J-null (because, by definition, all nonempty vertical sections of
Y are J-positive).

But easily {(k,m) e Y|k e Y NX,} CY'NX/,and Y'NX] is Z x J-null
by hypothesis. This finishes the proof.

1.4.1.2 The ideal of density Z, is shallow

First we show that w itself has an w-partition with respect to Z;. It suffices to

find a collection of sets (X,,),e, such that
i) each X, is Zy-positive
ii) the sets are pairwise disjoint, and
iii) VY Cw [(Yn Y NX, € Z)) = Y € Z].

We will take

X, = {i € w|2" divides i but 2"™! does not}
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(For completeness, take 0 to be an element of Xj.)

Suppose Y N X, € Z, for all n, and let ¢ > 0. We must find a natural number
M such that, for all k > M, |Y Nk|/k <e.

Observe that, for each n, X,, has a limiting density, which equals 1/2"!, and
that the sum of these densities is a convergent series summing to 1. So we can
choose Ny such that Y\ p(X,) > 1—€/4. Now we can choose M; such that,
for all & > My and all n < No we have Y\ |X,, Nk[/k > 1 —¢/2 (because

the sequence whose k' element is > | X, N k|/Ek converges to a value greater

n<No

than 1 — ¢/4). This implies that for all k > Moy, |U,>n, Xn Vk|/k < €/2.

Now choose M > M, such that, for all £k > M and all n < Ny, we have
Y N X, Nk|/k < ¢/(2Ny), which we can do because Y N X,, € Z;. Then for

k > M we have

Ykl = [(|JYnX,nku(JYnX.nk)

n<Np n>No

= > YnX,nkl+ ) [YNnX, Nk
n<Np n>No

< kNo(e/(2Ny)) + ke/2 = ke

Therefore |Y N k|/k < € as desired. Since € was arbitrary, Y € Zj, and we
have satisfied condition (iii) above. Conditions (i) and (ii) are trivial, so we have

an w-partition of w with respect to 2.

For the general case, suppose X is a Zy-positive set, therefore in particular

infinite. Let f: X — w be the collapse function (i.e.
f(i) =n <= iis the n'" element of X

where of course we start counting with 0.)

Now we take the partition to be

X, £ {i € X|2" divides f(i) but 2"*" does not}
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and again throw the smallest (zeroth) element of X into X, for completeness.

Condition (i) is no longer quite trivial; we observe that, as X is Zy-positive,
there are € > 0 and infinitely many k such that | X N k| > ke. We further note
that for each n, | X, Nk| > | |X Nk|/2"" | (where |-] is the greatest integer
function). From this it easily follows that there are ¢ > 0 and infinitely many
k such that |X,, Nk|/k > €, so X,, is Zy-positive. Condition (ii) is obvious; the
proof of condition (iii) (which now reads VY C X [(Vn Y NX,, € Zy) = Y € Z))

follows closely the argument above for the special case X = w.

1.4.1.3 There are J of arbitrarily high Borel rank

We apply an elementary argument found in [Kec95], Exercise 23.4 on page 180,
with the hint on page 362, and amplified by a personal communication from
Kechris. Here it is shown that for any set of reals A there is an ideal Z4 such
that A is Wadge-reducible to Z4. We reproduce the argument: For x € 2, let
C, C2be{z[n|ne€w} and given A C 2¥ let T4 be the ideal on 2<%
generated by all sets C,, for z € A, and all finite subsets of 2<“. That is, for
BC2% BeZy <— (H{xo,z1,...,20-1} € A)(B\ Ui, Cy, is finite).

If  # y, then C, N Cy is finite. The map = — C, is a continuous function

from 2¢ to P(2<%) reducing A to Z,.

A finer analysis shows that if £ > 3 is a countable ordinal and A is 22 then Z4
is also Eg; therefore, if A is Eg—complete, then so is Z4. This analysis proceeds
by defining a IT) subset P of 2<% x P(2<%) such that (s,0) € P if and only if s

determines a unique branch through ©, which will be designated f(s,©). Le.

P 2 {(5,0)3*tcO(tDs)

/\th,tg € @[(tl D8Nty D 8) = (tl CityViy C tl)]}
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f(5,0) = the unique z € 2* such that

3%t € ©(t D s At is an initial segment of z)

where the latter definition is applied only when (s,0) € P.

Now f is continuous on P (that is, for any open U C 2, {(s,0) € P|f(s,0) €
U} is the intersection of P with some open subset of 2<“ xP(2<¥)). By induction,
if X C 2¥is X2 for £ > 3, then the pullback of X by f, namely {(s,0) €
P|f(s,©) € X}, is also 3. Now aset B C 2% is in Z just in case B\ U, C.,
is finite for some xg, ..., x,_1 € A. For such z;’s, let k be greater than the lengths
of each of the finitely many elements of B\ U;<, C,,. Then, for every s € 2<¥
with length(s) > k, either s € C,, for some ¢ < n, in which case (s, B) € P and
f(s,B) = z;, or s ¢ C,, in which case t ¢ B for every t O s. Thus

BeT, = (3k)(Vs) [length(s) > k=

(VtDs)(t ¢ B)V[(s,B) € PA f(s,B) € Al

However the converse holds as well, because given k as in the RHS above,
there are only finitely many s of length k. The xq,...,x,_; are the values of
f(s, B) for those s of length k satisfying the second disjunct above. Thus the

RHS characterizes membership in Zy, so Z,4 is 22 given that A is.
This finishes the part of the argument taken from Kechris’ book.

Now for a given countable ordinal 3, let WOz be the set of all elements of
2¥ that code an ordinal less than 3. By [Ste78], WO« is X9  -complete. For
each a let A, £ WO _, aw and let Z,, 27 4, in the sense of the Kechris argument

above. Then Z, is X? -complete.

(See also Zafrany ([Zaf89]), who proves the complexity claims about WO_a

by first defining ideals of unbounded Borel complexity; such ideals are exactly
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what we need here. However Zafrany does not define these ideals in a uniform
way on w, but rather on different countable sets as o increases; it is not clear to
me whether any slight modification of his work would provide the ideals we want

directly, without going through the Kechris argument.)

Now let J, £ Z, x Z,,. Then 7, is a shallow ideal and is Eg,wn for some n,
but is also XY -hard. Therefore, for any countable a, 8 with a < 3 we have that
Jo <w Js.

It remains to check that there is a Borel function f : P(w) — P(w) such
that, if X is a code for a countable ordinal «, then f(X) is a Borel code for J,.
For this we appeal to the Suslin-Kleene theorem; see [Mos80, 7B], and observe

that we can find recursive functions that, given a code for a countable «, return

31-codes for J, and its complement.

1.4.2 Mutually RK-irreducible analytic P-ideals

In this section we define continuum-many analytic P-ideals with the property
that every positive set has an w-partition, such that if 7, J> are distinct ideals
from the collection and X C w is Jp-positive, there is no injection h : X — w
such that

WCX)YeJ, < hYeh

Let (a;) be a sequence increasing fast enough that the ratio a;y1/ (Zizo ar,)
goes to infinity as ¢ goes to infinity. Let n; = 7,’;10 a;, and let I; = [n;,n;q1), so

For any A C w, let Z4 be the ideal of sets whose density on I; goes to zero as

1 goes to infinity for i € A.

Claim 1.4.2.1. If A and B are almost disjoint, then there is no Z4-positive set
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X such that P(X)/Za is Rudin-Keisler isomorphic to any piece of P(w)/Zp.

Proof. Suppose to the contrary that X is Z-positive and h : X — w is an

injection such that for all Y C X

Yely, < h’Y €1p

Now since X is positive, there is € > 0 such that for infinitely many i € A,

wi(X) > e, where p;(X) is the density of X on I;.

Choose M, such that for i > My, a;/(3"1_, ax) > 3/e. Define:

I7 = {nellh(n)el;,j<i}

I7 = {necLlh(n)c L}

X = Jxnr)

Xt = [Jxnrh

%

x= = Jxnr)

i

Now for ¢ > M, we have
1I7] < Zak (€/3)a;

S0 m(X) < wll7) < ¢f3.
Now there must be M; > M, such that for all ¢ > My, i € A, we have
1i(X=) < ¢€/3, because if for infinitely many ¢ € A this inequality failed, we could

take Y to be X~ on those infinitely many intervals, and then p;(Y") would not
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approach 0 as i — oo in A, but p;(R”Y) would equal zero for all but finitely
many ¢ € B. (A and B are almost disjoint, and h sends elements of each Y N [;

into the same I;.)

So now for infinitely many ¢ > M; we have that p;(X) > €, but pu;(X~) <¢€/3
and u;(X=) < €/3. So for such i we have p;(X) > ¢/3.

Now let Y be the union of X N I; for the infinitely many ¢ mentioned in
the previous paragraph. Then Y is not in Z,, because y;(Y") is infinitely often
greater than €/3. However h”Y is in Zp, because everything in Y gets sent by h
to a higher interval, and the condition a,1/(3%_, ar) — oo now guarantees that

wi(h”Y) — 0 as i — oo (in fact we need not even restrict to i € B). O

Each Z4 (for A infinite) is shallow because it is the restriction of Z, to a
positive set, and is an analytic P-ideal because it is the exhaustion of a lower

semicontinuous submeasure ¢ given by

XN
o(X) & sup X O
i€A a;

(See [Sol99] for the result that the analytic P-ideals are precisely the exhaus-

tions of lower semicontinuous submeasures.)
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CHAPTER 2

Borel Cardinalities Below ¢,

In this chapter we present two results that were useful to Farah in his study of

“co-equalities” —see [Far01].

2.1 The Ideal of Density is equireducible with ¢

2.1.1 Origin of the Question

When investigating whether Borel reductions (see Definition 2.2.1.1 below on page
41) exist between given equivalence relations, it is sometimes convenient to replace
one equivalence relation with a combinatorially simpler one which is known to
be reducible in both directions with the given equivalence relation. For example,
consider the equivalence relation on R“ induced by the action of ¢; by pointwise
addition (let us refer to this equivalence relation simply as ¢1). Hjorth [Hjo00] has
shown that if £ <pg {1, then either /1 <p F, or E is reducible to an equivalence
relation all of whose equivalence classes are countable. In his exposition, he
replaces ¢; with the equivalence relation given by the summable ideal I,,, on the
power set of w: If A C w, then A € T, just in case ), ., 1/(n+ 1) < oco. Since
¢y <p I/, and Iy, <p /1, this substitution is legitimate. (Here we refer to as

T/, the equivalence relation ~ on P(w) given by A~ B — AA B € I,.)

Consider instead the equivalence relation on R“ generated by the action by

35



pointwise addition of ¢y (the set of all sequences of reals that approach zero).
Once again, we will refer to this equivalence relation simply as ¢y. Kechris had

suggested that ¢y might similarly be equivalent to the ideal of density Zy:

Definition 2.1.1.1. For A C w,

|ANn|
n

A€ Z) <— —0asn—w

(Once again, we use Z; to refer both to this ideal and to the equivalence

relation generated thereby.)

In this section we shall demonstrate that, as Kechris had conjectured, ¢y and

Zy are mutually Borel reducible.

2.1.2 Easy direction

We want to see that ¢y reduces Zy (i.e. Zy <p c¢p); that is, there is a Borel

function 0: P(w) — R* such that for any XY € P(w),

XAY e 2,

if and only if
0(X),—0(Y),—0 as n—w

2.1.2.1 Obvious approach

We might try to let the n'® real of the sequence §(X) be the density of X up to
n, i.e.

0(X), =|XNn|/n

which has the virtue of trivially making 6(X) approach 0 if and only if X € Z.
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The problem with this option is that the empty set is not the only possibility
for Y. E.g. if X is the set of odd natural numbers and Y the set of even naturals,
then both #(X) and 6(Y) will approach 1/2, but X AY is certainly not in Z;
in fact, X AY = w.

2.1.2.2 How do we fix it?

We have to make 0(X) encode not only the densities of X itself, but of X com-
pared with all possible comparison sets Y. Since there are 2% of these Y, this
would seem a daunting task, except that we only have to compare finite pieces

of them at any one time.
That is to say: Enumerate all pairs (S, k) where k is a natural number and
S C k, and write (S, k,) for the n'® such pair. Note that k, — w as n — w.
Now given X € P(w), we let

(X Nkn) A S|
kn

9<X)n =

Now if X AY € Z,, then for each n we have
< (X Nkp) A SR) A (Y Nky) A S
= |[(XAY)Nk,|
So lim,, ., (X)), — 0(Y ), =0, s0 0(X) —0(Y) € .

On the other hand, suppose X AY ¢ Z;, and let us consider the sequence

ng, N1, ... determined by Y in the sense that, for each ¢, S,, =Y Nk,,. Then

for every ¢ we have 0(Y),, = 0, and 6(X),, = KXAZM. But as ¢ ranges over
e
w, ky takes on every value in w; since X AY ¢ Z;, we know that w does
nye

not go to zero. Therefore 6(X) — 0(Y) € co.
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We have established

Claim 2.1.2.1. Z; <g ¢.

Proof. See above discussion. n

2.1.3 Harder direction

Claim 2.1.3.1. Co SB Zo.

i.e. there is a Borel function 0: RY — P(w) such that for any Z,7 € R¥,

Ty — Yp — 0 as n—w

if and only iof
0F) £ 0(7) € 2

Proof. Tt is enough to get such a function from [0, 1] — P(w). For, suppose we
have a Borel function 6 : [0,1]¥ — P(w) satisfying the above criterion; we can
recover a reduction 6’ : RY — P(w) as follows: Given f € R“ and a bijective

pairing function (,) : w X w — w, define f : [0,1]* — P(w) by

0 it f(k) <n
fln, k) £ <1 it (k) >n+1
f(k) —n otherwise

Now take &'(f) £ 0(f).

Definition 2.1.3.1. a rational is i-dyadic for a natural number i if it equals

7/2', for some integer j.

Definition 2.1.3.2. For a real number x, we write

l=ll; = [ - 2] /2"
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where || is the greatest-integer function. That is, ||x||; is the greatest i-dyadic

<z

For W € P(w), we let u,(W) = |W N n|/n, the density of W up to n. We

want to fix in advance a sequence kg, k1, ... such that for all i,
i) k; is a multiple of 2°
ii) we always have k; < k;y1 in the sense that if W € P(w) and
(WO ki ki) = - (Risa — ki) /2

then ||pk,,, (W)|l; = j/2°. That is, if you fill in the space from k; to ki1
with density j/2°, then the part up to k; is negligible up to finding the

nearest i-dyadic. More simply, what we need is k1 > 2 -2 - k;.

iii) We also have 2! < k;. Here what we want is that, beyond k;, anything you
do to 2¢ or fewer coordinates cannot change the density up to that point by
more than 27%. For this it is enough that k; > 2%,
Clearly k; = 22" works.
Now we are ready to define 6, as follows: Given Z € [0, 1]* and a particular i,
let j = ||z;]|; - 2, and then write
By, 2 {k € ki kisr) ‘ k mod 2° > 2 —j}

(note that the 7 on the right-hand side depends on Z and 7). Then we take

0(z) = U Bz
€W
That is, we break the interval [k;, ki, 1) into blocks of length 2, from each of
which we accept the final 7 numbers. Thus the density in the interval [k;, k;iq)

is the nearest i-dyadic to x;, and in fact by (ii) the density up to k;y; is near x;.
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If z, — y, does not approach zero, then there will be some ¢ for which, for
infinitely many n > ¢, x,, and y,, differ by more than 2/2¢. For such n, supposing
Ty > Yn, DOtE:

9(5) A 9@) n [km kn+1) - |Bf,n A Bg,n|
= |Bzn| — | Byl

znlln = lynlln) (Bngr = k)

> ( yn_1/2 )( n—i-l_kn)
> (1/2) b - (1 - 2700)
> (127 kun

Thus for infinitely many n, uy,, ., (0(F)A6()) > 1/2°71 where ( is fixed. Therefore
0(z) A 0(y) is not in 2.

On the other hand, suppose x, — ¥y, does approach zero, and let

P = pn(0(Z) A 6(7))
We need to see that p, — 0 as n — w.

First note that for any 7, we will have

Hpkai = | [J@illi — llyalls

by construction and by property (ii) of the k;’s. This value clearly goes to zero
as ¢ goes to infinity, so all we need to do is make sure that the value of p,, does

not get too large for values of n between the k;’s.

If n between k; and k;y; is a multiple of 2°, writing p' 2 | ||a;; — |||l |, then
pn is a weighted average of py, and p/, because all the blocks of length 2 starting
at k; have density p’. Thus, for such n, p, < max(py,, p’). But now by property
(iii) of the k;’s, it is true for any n between k; and k;,; that

Pn < maX<pki> pl) + 27
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But all terms above go to zero, so p, goes to zero. Thus the reduction is

established. N

2.2 Borel Upper Bounds for the Louveau—Velickovi¢ and

Mazur Towers

2.2.1 Introduction and nomenclature
2.2.1.1 Basic definitions

Definition 2.2.1.1. As usual, for X andY Polish spaces, E and I Borel equiv-
alence relations on X and Y respectively, we write E <g F', and say E is Borel
reducible to F', just in case there exists a Borel function 8 : X — Y such that
for all xog,z1 € X, xoExy if and only if 0(xg)FO(z1). In this case we say that F

reduces E.

2.2.1.2 Background

In [LV94], it is shown that the <p ordering is very rich, that in particular the
partial order of almost—inclusion on sets of naturals may be embedded into <p
restricted to the ITJ equivalence relations. In [Maz00] this result is improved
to X9; however, Mazur’s equivalence relations, unlike Louveau’s and Veli¢kovic’s,

may not be regarded as induced by the action of a Polish group on a Polish space.

For each subset X of w, the authors (in effect) define an equivalence relation
Ex such that Ex <p Ey if and only if X is almost included in Y (i.e. X \ Y is
finite).

In this Section 2.2 we show that all these relations E'x are Borel reducible to
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¢o. This refutes a conjecture of Hjorth that all equivalence relations reducible to
co were either Borel equivalent to ¢y or Borel-reducible to the equivalence relation

of equality on countable sets of reals.

Similarly, we show that all the equivalence relations defined by Mazur are

reducible to £°°.

2.2.1.3 The equivalence relations in question

Louveau and Velickovi¢ fix two sequences {a,|n € w} and {b,|n € w}, where the
exact values are not important except that the a,, grow very fast and the b,, grow
much faster than that. They then divide the natural numbers up into intervals
I, = [my, myqq) where my, = >, bp. Then for A C w, XY € P(w), they

define X FE,Y if and only if IOg(KXA:;)m”‘H) —0asn—w,ne A

It should be clear that given any A C w, we can obtain the equivalence relation
E4 by altering the sequence of a,’s and b,’s and then looking at E,,. Therefore

we shall suppress the dependence on A and simply define, for X,Y € P(w),

Definition 2.2.1.2.
log(|(X AY)NI,|+1)

Qn

X~y Y — —0asn—w

Mazur, on the other hand, defines equivalence relations of exactly the same

log(|(XAY)NI,|+1)

an

form except that instead of asking whether the sequence goes to

zero, one asks whether it is bounded. Thus we define:

Definition 2.2.1.3.

X~y Y = 3MVn (log(’(x AY)NIL|+1) M)

Qn

Now we can state that the purpose of this section is to show that

~v<gB Co
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and

~u<p L

2.2.2 Reduction for the Louveau—Velickovi¢é Tower
2.2.2.1 The idea

We have that two sets of natural numbers are Louveau—Velickovic—equivalent just
in case a certain sequence of reals approaches zero, and we wish to reduce it to
the equivalence relation whereby two sequences of reals are equivalent just in case
their difference approaches zero. Thus we might naturally wish to send a set of

natural numbers to its corresponding sequence of reals, thus:

6:Pw)— R

_log(IX NI, +1)

Qn

(0(X))n

2.2.2.2 Why doesn’t it work?

As in Section 2.1 on the reduction of the ideal of density to ¢y, we may consider
something like X = {n € w|n is even}, Y = {n € w|n is odd}. Then (0(X)), —
(0(Y)),, certainly goes to zero as n goes to oo, but X AY = w, so X =y Y

provided only that the sequences a,, and b, are so chosen that ~ry is not trivial.

2.2.2.3 How to fix it

The reduction proposed above compares, so to speak, the set x with the empty

set. We need to compare it with all possible sets of natural numbers. However,
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at any one moment (i.e. as far as concerns any element of the sequence of reals

produced), we need consider only finite initial segments of the natural numbers.

Therefore consider a bijective pairing function
(Y i d(n k) s k< 2P} =
and let {S, x|n € w, k € 2"} enumerate all the subsets of all the I,,.

Now the corrected reduction is:

0 P(w) — RY
OX)) iy = log(|(X A Spp) N 1|+ 1)

Qp

Actually, since S, j, C I,,, the above reduces to

_ log(J((X N 1) A Snp) +1)

Qn

(O(X))tnk)

2.2.3 Proof that the reduction works

We need to see

Claim 2.2.3.1. For X,Y € Pw),X ~pv Y < O(X)) — (0(Y))n —

Oasn—w

Proof. = First observe that for natural numbers a,b, we have (a+1)(b+1) =

ab+a+b+12>a+ b+ 1. Taking logs of both sides,
log(a+b+1) <log(a+1)+log(b+1)

Also if u,v,w are finite sets of natural numbers, then |u A v| < |u A w|+ [v A w|

(e.g. because u Av = (u A w) A (vAw)C (uldhw)U(vAw)).

Also write
log((X AY)N I, +1)

an

€n
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Then since X ~ry Y, we know €, — 0.

Letting u = X N I,,,v = Sy, w =Y N I, we obtain
log(ju A v|+ 1)

0 X)py = o
log(|u A w|+ 1) N log(Jv A w| + 1)
an an,
= & +0(Y )

0 X) k) =0 gy < €n
Symmetrically, we get the same inequality with X and Y reversed, so
10(X) ey = O(Y )iy < €

Now ¢, — 0 and for each n there are only finitely many & such that (n, k) exists

(i.e. such that (n, k) is in the domain of the pairing function); therefore
0(X),—6(Y), —0

<=: choose a sequence k,, such that for each n, S, 5, = Y N I,. Then the
subsequence (6(X)) k) — (0(Y))(nk,) g0es to zero as n goes to w. However

(0(Y)) k) is always zero by construction, and

_log((XAY)N L[ +1)

Qn

(O(X)) k)

Therefore since the left-hand side goes to zero, the right—hand side does as well,

SOXNLV Y. ]

2.2.4 The Mazur Tower
2.2.4.1 The Reduction

The reduction 0 : P(w) — R¥ to reduce ~j; to £ is precisely the same as the 6

defined above to reduce ~ry to cg.
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2.2.5 Proof that the reduction works

The proof is essentially identical to the Louveau—Velickovi¢ case; replacing the

phrase “goes to zero” with “is bounded”.
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