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ABSTRACT. A new scheme for randomly generating probability distributions on the
interval [0,1] is introduced. The scheme can also be viewed as a way to generate
homeomorphisms at random. Conditions are given so that a continuous measure
with full support is generated almost surely. Geometric properties of the generated
probability measures are examined, including the dimension and derivative structure
of the measures and their respective distribution functions. For example, we give
conditions so that almost all the distribution functions of the measures generated are
strictly singular. Applications include determining average case errors for numerical
methods of equation solving and Bayesian statistics.

1. Introduction.

This paper presents a new scheme for randomly generating probability measures
on [0,1] — that is, for obtaining probability measures or priors on the space of
probability measures on [0,1]. The scheme can also be viewed as a way to generate
a homeomorphism at random. From this latter perspective, we generalize Graf,
Mauldin and Williams’ (1986) method of randomly generating homeomorphisms.
Other related methods of generating probability measures and homeomorphisms
are described by Dubins and Freedman (1967) and by Kraft (1964).

One application of the priors we obtain is in determining average case errors for
numerical methods of equation solving. As mentioned in Novak (1988), worst case
errors for numerical methods are generally much larger than those encountered with
most functions. Therefore, there is interest in finding average error bounds. Such
average case errors are investigated by Graf, Novak, and Papageorgiou (1989) and
Ritter (1992). Novak (1989) and Novak and Ritter (1992) survey related results
on average case errors. Other applications are discussed by Ulam (1982), Graf,
Mauldin and Williams (1986) and Mauldin, Sudderth and Williams (1992). In
particular, the priors produced here — random rescaling priors — are tailfree priors
as described in Ferguson (1973) and Doksum (1974). A related set of priors are the
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Dirichlet priors given by Ferguson (1974). Random rescaling priors, unlike Dirichlet
priors, can give probability one to the set of continuous measures with full support.
Such priors are useful in Bayesian statistics.

In the second section, we introduce our scheme and mention related work. Condi-
tions so that a continuous probability measure with full support is generated almost
surely are given in section 3. Equivalently, as discussed in the next section, these
conditions ensure that the scheme generates a homeomorphism almost surely.

Sections 4 and 5 examine the geometric properties of the generated probability
measures. Among the properties we consider are the derivative structure of the
distributions and the (Hausdorff) dimension of the supports.

Specifically, Theorem 4.1 gives a condition under which almost all distribu-
tion functions are strictly singular — i.e., do not have a finite positive derivative
anywhere. And, in Theorem 4.2, we establish conditions under which, for each
z € [0,1], almost all distributions have derivative 0 at z. One of these conditions
involves bounding the fourth moments of a particular set of random variables. We
believe this condition can be weakened to only bounding the second moments, but
we have been unable to prove it. Of course, Theorem 4.2 implies Theorem 4.1. An
example is given which shows that the converse does not hold.

Upper and lower bounds on the dimensions of the generated probability measures
are derived in section 5. The martingale convergence theorem and a Frostman type
lemma are used to obtain the bounds.

2. Random Rescaling. In this section, we describe our scheme for randomly
generating a probability measure. First, note that a distribution function of a
probability measure on [0,1] is a non-decreasing right continuous function from
[0,1] to [0,1], which assumes the value 0 at 0 and the value 1 at 1. If the probability
measure is continuous and has full support, then its distribution function will be
continuous and strictly increasing — that is, a homeomorphism of [0,1] onto [0,1].
On the other hand, a non-decreasing right continuous function from [0,1] to [0,1]
which leaves 0 and 1 fixed determines a unique probability measure on [0,1]. If the
function is also a homeomorphism of [0,1] onto [0,1], then the induced probability
measure will be continuous and have full support. Thus, generating a probabil-
ity measure at random is equivalent to selecting a non-decreasing right continuous
function at random — a theme initiated by Dubins and Freedman (1967) — and
generating a continuous probability measure with full support is equivalent to se-
lecting a homeomorphism at random.

Denote the set of probability measures on the interval [0,1] by P([0, 1]). Let 7 be a
mapping (transition kernel) from the dyadic rationals, D, to P([0,1]). We generate
a distribution function, h, of a probability measure on [0,1] by randomly rescaling
7 as follows. First, set the value of h at 0, h(0), to 0 and set (1) = 1. Now randomly
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select the value of h(}) according to the distribution of 7(3). Select h(%) according
to the distribution of 7(%) scaled to the interval [0, 2(3)] and independently select
h(2) according to 7(2) scaled to [h(3),1]. Continue in this manner to define a
function on the dyadic rationals. In the natural way, extend h to a distribution
function of a probability measure on [0,1]. This scheme thus induces a probability
measure or prior, denoted by R., on the space of distribution functions — or,
equivalently, on P([0,1]).

A more precise view of R, can be obtained by introducing a scaling map 6 from
[0,1]P to P([0,1]). (Note that we alternately regard images of @ as distribution
functions and as the corresponding probability measures.) Let D,, be the set of
strictly n'® level dyadic rationals — eg., + ¢ Ds. For t = (#(1),t(2),t(3),...) €
[0,1]P, define the distribution function 6(t) inductively on D as follows.

Assume 6(t)|ur_ p; has been defined. And, for 0 < j < 2" —1, set

oo () o0 () + (o () -0 (3): ()

It is straightforward to show 6 is a well defined, open and continuous map from
[0,1]” into P([0,1]). The prior R, is induced by P, =[] cp 7(d) through 6.

As mentioned above, Graf, Mauldin and Williams (1986) and Dubins and Freed-
man (1967) introduced related methods of generating probability measures and

homeomorphisms. In particular, one scheme presented by Graf, Mauldin, and
Williams (1986) randomly rescales a fixed measure p at each stage — that is,
their transition kernel equals p at each dyadic rational. So, obviously, our scheme
generalizes their method and we produce a larger class of priors than they do. To
see that random rescaling can also produce priors which can not be constructed
within the framework of Dubins and Freedman (1967), set 7(d) = d; 13, for all
dyadic rationals d < %, and set 7(d) =& (1}, for all d > +. Then R, regarded as a

probability measure on distribution functions, is d;,, where h(z) = z, for z > 1
3
(1967, Theorem 5.1) show that this prior can not be obtained from their construc-

and h is singular over (0,%) (see, for instance, section 4). Dubins and Freedman
tion for any basic measure u € P([0,1]?). More generally, for any homeomorphism,
h, there exists a transition kernel 7 for which R, = d;,,. However, if h is not
singular almost everywhere and if A is not the identity function, then d;,; can not

be obtained from a Dubins and Freedman (1967) construction.

3. Continuous Measures with Full Support. Here general conditions are de-

termined so that the random rescaling scheme generates continuous measures with
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full support almost surely — or, equivalently, conditions so that a homeomorphism
is generated almost surely.

Recall that a probability measure 7 € P([0,1]) is continuous if 7({z}) = 0, for
all z € [0,1]. Let

C={r e P(0,1]): 7({z}) =0, for all = € [0,1]}.

A probability measure p defined on a compact Hausdorff space M has full support
if every nonempty open subset of M has positive y-measure. Note that this is
equivalent to M being the smallest compact set which has y-measure one. Let

S = {m € P([0,1]): 7 has full support}

and
C=CnS§.

To establish conditions on a transition kernel 7: D — P([0, 1]) so that R.(C) =1,
we borrow a technique from Mauldin, Sudderth, and Williams (1992). Suppose
R; is a random rescaling prior and let II; be a random measure with distribution
R;. Then there exists a unique (distribution-wise) sequence of [0,1]-valued random
variables X7, X7 ,... which, given II, are independent each with distribution II,.
That is, for X™ = (X{,X7,...) and Borel set A C [0,1] x [0,1] x

(3.1) Pm7e4=/}wmym4m,

where 7° = m X 7 X ... is the infinite product measure on [0,1] x [0,1] X .... (This
sequence is an exchangeable sequence of random variables directed by R,. See, for
instance, Aldous (1983) for details.) The sequence X7, X7,... gives us a way to
check whether R,(C) = 1. In particular, we get Proposition 3.1. The proposition
is essentially Lemma 5.2 of Mauldin, Sudderth, and Williams (1992).

Proposition 3.1. Let R, be the random rescaling prior associated with transition
kernel T: D — P([0,1]). Then R, (C) =1 if and only if P[X] = X]]=0.

Proof. From (3.1),
P[XT = X]] = / /[ | wahdr()dR (o

//{01] 7({z})dn(z)dR.( /c/m] 7({z})dr(z)dR. (r)

=0+ 7m({z})dn(x)dR, (7
/c/[o,u ({z})dr (z)dR, (m)
0
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if and only if R,(C¢) > 0. O

We say a transition kernel 7: D — P([0,1]) is centered if, for each € > 0, there
exists a § € (0, 3), such that

7(d)((0,1 —8)) > 1—¢,

for all d € D.

Denote the distribution function of a probability measure 7 on [0,1] by hy.

Theorem 3.2.. Let R, be the random rescaling prior associated with transition
kernel : D — P([0,1]). If T is centered, then R, (C) = 1.

Proof. It suffices to show that P[X] = X7] =0. Let
E = {(z1,72) € [0,1]*: 21 = z2}.

Foreachn =1,2,... and 2 <4 <27 let By ,, = [0, 2%] and E; , = (Z,;—,,l, 2%]

From (3.1), for every n =1,2,...,

P[X] =X]]= / 72 (E)dR, (r)

< [ # LB )R (m)
By construction,
/WZ(Eil U E2,)dR, (r) = / (h,r (%))2 + (1 _h, (%))2@4@
- [y +a-vrar)w.

More generally, if p; , = [ 7°(E}, )dR, (), then

2t —1
[ F B U B )R ) =i [42+ (1= (557 ) )

Now let & € (0, 3) be such that, for all d € D,
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So, for d € D,

[v+ -yt =1+2 ( [varaw- [ ydr(d)(y))

=142 (/[071_51 y2dr(d)(y) + /(1_571] y~dr(d)(y)

)

51+2<G—5X416ﬁdﬂ®@)+/' ydr(d)(y)

(1-3.,1]
- [war@w)

—1-95 ( /[071_5] ydr(d)(y)>

=1-26 ( /[075] ydr(d)(y) + /( .- ydr(d)(y))

<1-42

Hence, letting p = 1 — 42 < 1, an easy induction argument shows

[ P B R, () <
foreachn=1,2,.... Andso P[X] =XJ]=0. O

To ensure that R,(S) = 1 we need only that 7(d)({0,1}) = 0, for each d € D.
We state this formally in Theorem 3.3.

Theorem 3.3.. Let R, be the random rescaling prior associated with transition
kernel : D — P([0,1]). R-(S) =1 if and only if 7(d)({0,1}) =0, for each d € D.

Proof. Consider the reverse implication first. Note that
Se = Up2; UL, Sim,

where S; , = {m:7(E;,) = 0} and E;,, is as defined in the proof of Theorem 3.2.
By hypothesis,

Ry(S10) = Re({m: ([0, 5]) = 0))
= R ({m:he(3) = 0))

= 7(3)({0})
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Similarly,
Re(S2,) = B ({mem((5,1) = 0))
= R.({r:he(3) = 1)
= 7(5)({1})

=0.

Suppose that R,(S;,) =0for all1 <i<2"and n <m. And, let 1 <3 < 2™,
Then

RT(S2i71,m+1) = RT({W:W(Ei,m) = 0})
+ R, ({m:7(E;m) # 0 and 7(Eai_1,m+1) = 0})
2 — 1
=0+ B, (fren(Bim) # 0 7 (Gt ) (0D

=0

The second to last equality follows from the induction assumption and by our
scheme for generating 7. The last equality holds by hypothesis. Similarly,

Rr(S2imt1) = Br({m:7(Bim) = 0}) + Rr({m: 7(Eim) # 0 and 7(Ezim+1) = 0})
=0+ R, ({m:n(E;m) #0}) -7 (2;,”;_’_11) ({1}

=0

Hence, by induction, R, (S;,) =0, for all n and 1 <14 < 2". Therefore, R, (S) = 1.
The argument establishing the forward implication is analogous to that given for

the reverse. 0O

The following corollary is an immediate consequence of Theorems 3.2 and 3.3.

Corollary 3.4.. Let R, be the random rescaling prior associated with transition

kernel T: D — P([0,1]). If T is centered, then R, (C) = 1.

As might be expected, several results relating the support of R, and the supports’
of the 7(d)'s can be given. We state three such results in Theorem 3.5. For
instance, the first result states when R, has full support. The proof of the theorem
is straightforward and in the interest of space we forego presenting it. We just
remark that the theorem can be proved by utilizing the relationship between R,
and P, and standard facts about product spaces. Also, assertion (i) of the theorem
can be proved using methods similar to those applied in the proof of Theorem 6.1
of Mauldin, Sudderth, and Williams (1992).
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Theorem 3.5.. Let R. be the random rescaling prior associated with transition
kernel 7: D — P([0,1]).

(i) R, has full support on P([0,1]) if and only if, for all d € D, 7(d) has full
support on [0,1].

(ii) The support of R, is nowhere dense if and only if either the support of T(d)
is nowhere dense, for some d € D, or there exist infinitely many d € D for
which 7(d) does not have full support.

(iii) If R, (C) = 1, then the support of R, is dense in itself if and only if either
the support of 7(d) is dense in itself, for some d € D, or there exist infinitely
many d € D with 7(d) not supported by a single point.

4. Derivatives of the Generated Distribution Functions. Here we examine
the derivative structure of the distribution functions generated by random rescal-
ing. A distribution function is strictly singular if it does not have a finite positive
derivative anywhere. The two main results of this section are the following theo-

rems.

Theorem 4.1.. Let R, be the random rescaling prior associated with transition
kernel 7:D — P([0,1]). Suppose that there exists a § > 0 and a compact set
K C[0,1] — {3} such that

T(d)(K) > 6,

for all d € D. Then R, -almost all h, are strictly singular.

Theorem 4.2.. Let R, be the random rescaling prior associated with transition
kernel T:D — P([0,1]). Suppose that there exists real constants a1,az > 0 such
that, for every d € D,

/ In(y)dr(d)(y) < —In2 — a1,
0.1)

(4.1)
/ In(1 — y)dr(d)(y) < —In2 — a;
(0,1)
and
[ taw)ar@e) < -n2-as,
(4.2) (©0.1)

/ (In(1 — ))*dr(d)(y) < —In2 — ay
©1)

Then, for every x € [0,1], R, -almost all hy have derivative 0 at x.
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Theorem 4.2, of course, implies that R,-almost all h, are singular. In fact,
conditions (4.1) and (4.2) imply the conditions given in Theorem 4.1 and thus R,-
almost all h, are strictly singular. Actually (4.1) and a weaker version of (4.2)
which just requires that the second moments be bounded imply Theorem 4.1. This

leads to the following conjecture which we have been unable to prove.

Conjecture. Theorem 4.2 holds when condition (4.2) is replaced by

/ (In(y))?dr(d)(y) < —In2 — as
(4.2 1)
/(0 1y (In(1 - y))zdr(d)(y) < —In2 —ay

On the other hand, Example 4.6 shows that Theorem 4.1 does not imply Theorem
4.2.

Related results for other generating schemes are given by Dubins and Freedman
(1967) and Graf, Mauldin, and Williams (1986). The former present conditions
under which the distributions they generate are strictly singular almost surely.
The latter give conditions so that, for all 2 € [0, 1], almost all distribution functions
have derivative 0 at z. Conversely, Kraft (1964) can be used to state conditions
which guarantee that almost all distributions generated by random rescaling are
absolutely continuous with respect to Lebesgue measure.

The proof of Theorem 4.1 relies on the following lemmas and uses the scaling
map defined in section 2. The lemmas are reformulations and generalizations of
Lemmas 5.10, 5.18, and 5.23 of Dubins and Freedman (1967) for our purposes.
Also, it will often be convenient to exploit the binary structure of our generating
scheme. Let {0,1}* denote the set of all finite sequences of 0’s and 1’s including
the empty sequence §) = {0,1}°. Define a map 3:{0,1}* — D by B(0) = 3 and, for
all other (b1, ...,b,) € {0,1}*,

ﬂ((bla an)) = % - Z 2i+1 . .

i=1

Suppose b € {0,1}" and b' € {0,1}™, then bb’' denotes the element of {0,1}"+™
whose first n coordinates are b and whose last m coordinates are b'. Take @b = b
and b = b.

For a transition kernel 7: D — P([0,1]), set

™ =76:{0,1}* = P([0,1]).

The idea is to view T as a binary tree of probability measures with 7() = 7*(0) at
the root, 7(3) = 7%(0) at the first left node, 7(3) = 7*(1) at the first right node,
and so on. Set Pr+ = [],c(9,13- 77(b). Obviously, any statement about P+ and

sets in [0, 111" will be true for P, and the corresponding sets in [0, 1].
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Lemma 4.3. Let K C [0,1] — {3} be compact, t € [0,1]°, n a nonnegative in-
teger, and z € [0,1] with dyadic expansion © = .xi1zox3.... Suppose that for
infinitely many nonnegative integers j there exists a b(j) € U™ ({0,1} such that
t(B((z1,22,...,2;)b(j))) € K. Then 6(t) does not have a finite positive derivative

at T.

Proof. Essentially, the same proof as used in Lemma 5.10 of Dubins and Freedman
(1967) works here. O

The next few results require some additional notation. For a transition kernel
7:D — P([0,1]) and b € {0,1}*, let 7*[b]: {0,1}* — P([0,1]) be defined by

T [B](b') = 77 (D),

for ¥’ € {0,1}*. Denote Hb’e{o,l}**T* [b](b') by Prvpp. Similarly, for ¢ € [0,1]” and
b € {0,1}*, define t*[b] € [0,1]{%'}" by

tr[b](b") = t*(bb) = t(B(bb)).

Let B C [0,1]{%'}" and let j and k be nonnegative integers. Define the following
sets.

B® = {t* € [0,1)1% " for all (by,by,...) € {0,1} x {0,1} x ...,
there exists k or more n’s such that t*[(by,...,b,)] € B and n < j}.

k k,j
B* = U2, B
B>® =N, Bk

A subset B of [0,1]1%1}" is determined by level n if whenever t{ € B and
t5(b) = t5(b) for all b € U?_,{0,1}, then t} € B.

Lemma 4.4.. Let :D — P([0,1]) be a transition kernel, n a nonnegative integer,
and € > 0. Suppose B is a Borel subset of [0, 1]{0’1}* determined by level n and

(4.3) 2" (1 = P (B)) < 1—¢,

for allb € {0,1}*. Then P;-(B>) =1.

Proof. First, note that it is enough to show that

(4.4) P.p(BY) =1
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for all b € {0,1}*. To see this, suppose (4.4) holds. Then
P..(B') =1.

Assume that P,.(B%) = 1, for all i < k. Then, for any € > 0, there exists a j(e),
such that
P (BF 13y > 1 — .

Let
AT = {t* € [0,1)O8": for all (by,...,bj11) € {0,1}7FL, t*[(b,...,bj11)] € B'}.
By (4.4), P, (A7) = 1, for every j. Hence, using Bonferroni’s inequality, for € > 0,

P+ (B¥) > P, (BF13() 0 43(9)
>1—ce.

Since € > 0 was arbitrary, P,«(B*) = 1. Thus, by induction, if (4.4) holds then
P,.(B®) =1.

Let 7 = infyefo,13+ Prep)(B1). If n = 1, then (4.4), of course, holds. Now let
b € {0,1}*. Using the facts that

B C B!
and
PoyB1B)> ] Prwn(BY,
b’ e{0,1}n+1
we get

P‘r*[b](Bl) ZPT*[b](B)+(1_PT*[b](B)) H P‘r*[bb’](Bl)
b e{0,1}n+1

n+1
> Propy)(B) + (1= Prepy (B))()*
Let b',b%,... be a sequence in {0,1}* such that
+Lisp B!
n E = T*[b””]( )

Then .
n+1
N+ — > Prepm)(B) + (1= Preppm) (B))()”
for all m. By (4.3), there is an z > 0 such that (1 — z)2"*! < 1 and, for all
be{0,1}*, 2 < Pr*[b](B)- And so,

1 n41
= > 1-— 2
n+m_x+( z)(n)*



12 MAULDIN AND MONTICINO

for all m. That is,
gn+1

n>z+(1-2z)n)

A little calculus (for a proof see Lemma, 5.15 of Dubins and Freedman (1967)) then
shows that n =1. O

For a subset K of [0,1], denote by K (n) the set
K(n) = {r* €[0,1]1%1}"; there exists a b € U 4{0, 1}’ for which 7*(b) € K}.
Lemma 4.5.. Let :D — P([0,1]) be a transition kernel. Suppose there ezists a
compact set K C[0,1] — {3} and a 6 > 0, such that, for all d € D,
T(d)(K) > 6.
Then there exists a nonnegative integer n such that

P..(K(n)*®) =1.

Proof. By hypothesis, there exists a nonnegative integer n and € > 0 such that
2"t (1 — (D) (K)2 T L < 1 -

for all b € {0,1}*.
Let b € {0,1}*. Then

21— Ppy(K(m)) =2t J[ (1= 0b)(K))
b'eur_{0,1}¢
< 21— 7 (bb) (K))2"T

S1_67

where (1 — 7*(bb)(K)) = maxy eur_ {01} (1 — 77(00')(K)). Now apply Lemma
44. 0O

Proof of Theorem 4.1. Apply Lemmas 4.3, 4.5, the relationship between P, and
P.., and the fact that R; is induced by P; through §. O

Proof of Theorem 4.2. Fix x € [0,1]. Now R;-almost all h, have derivative 0 at
z if R -almost all h, have right-hand derivative 0 at  and R,-almost all h, have
left-hand derivative 0 at z. The right-hand case is proved below. The left-hand
case can be proved similarly.
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As noted in Graf, et. al. (1986, Theorem 5.20), to show that

 (frtn(29252) 1))

it is enough to show that, for every a > 0,

(AU fr e )

By the first Borel-Cantelli lemma, this is true if

ZR ({ m+222 hw(x)m})@Q

This holds if for arbitrary i, € {0,...,2" — 1}

(4.5.) iRT ({m hn(z‘";;lZ); ha(3%) %}> o
n=1

(Again, see Graf, et.al. (1986, Theorem 5.20).)

Let {Ap}aep be a collection of independent random variables defined on a prob-
ability space (92, F, P) such that, for d € D, A; has distribution T(d). Suppose
i €{0,...,2" — 1} and (by,...,bn) € {0,1}" are such that 3 ;_; 2 = ;& Then a
straightforward generalization of Lemma 5.21 of Graf, et.al. (1986) gives

he () — he(2)
N

=P

2 a
H(bk + (_1)bkA5(bl,---,bk—1)) > W‘| )
k=1

with the convention that, when k =1, Agp, . . pp_y) = A%.
From condition (4.1) we get

n (0%
H(bk + (—1)bkA5(b1,...,bk_1)) > ﬁ]

k=1
=p Zln bk + (1) Agoy,.be_1)) >1n(2)—"1n2]
=P Zln bk + (1) Ag(by,... pus)) = by, sbues)

n

= (-2 = ug,,.. b))

k=1

| IS

Zln (bk + ( Aﬁ(bh bk~ 1)) U(by,..bpor) = In(3) +nas

| R

)
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where u(b1,~..,bk_1) = E[ln(bk + (_1)bk*’4ﬂ(b1,...,bk_1))]-
Let Sn = Yoy In(br + (—1)%* Ag(sy,... bu_1)) — Wby, bu_1)- Then, for n large
enough so that In(5) + nay > 0, Markov’s inequality gives

L o
P> In(bg + (=1 Ap(or,. b)) = Ulbrrbums) = In(3) + nay
k=1
E[S,]
=~ (In(%) +nay )t

Moreover, by condition (4.2) and the independence of the A} s, there exists a con-
stant M which does not depend on n such that

E[S,] < Mn?.

Thus (4.5) is true. O

Note that Theorem 4.2 is still true if (4.1) is weakened somewhat to condition
(4.6), given below. For b € {0,1}*, let

s = /( |, @)
and
upy = /( 1= Aar(BO) @)

Condition 4.6. There exists a constant a > 0 and an integer N such that, for
every n > N and (by,...,b,) € {0,1}",

1 n
—In2— E ;u(bl,...,bk_l),bk > a,

with the convention that, when k=1, (b1,...,br_1) = 0.

Example 4.6 shows that (4.1) alone is not sufficient to guarantee the conclusion of
Theorem 4.2. In particular, it shows that it is not sufficient to bound the variances
(or fourth moments) of the In(A44)'s and the In(1 — A4)'s (A4 is as given in the
proof of Theorem 4.2) along each branch of the binary tree associated with .
As mentioned, we believe that if the variances are uniformly bounded then the
conclusion of the theorem holds. Notice that the transition kernel in the example
satisfies the conditions of Theorem 4.1 — so almost all distribution functions are
strictly singular. Moreover, by Corollary 3.4, almost all distribution functions are

continuous.



RANDOMLY GENERATED DISTRIBUTIONS 15
Example 4.6.. For ¢ =23, ..., let

(e~ 2)In2
~cln(2) +Ind

and
Me = (1 — ac)(s{z%} + U/C(S{%}.

Then there exists a positive integer C' such that, for ¢ > C,
3
In(z)dp.(z) = —=1n2
(0.1) 2
and

/ In(1 — z)dp.(z) < 23 In2
(0.1) 2

Also, lim._yoo ae = 1.
Select a subsequence of the als, ac,,ac,, ..., such that [];~, ac, > z > 0 and,
for each k, ¢y, > C. Define n; and m; by

TL1=1
n1ln2

m1 =51
2

where |y] is the least integer greater than y. (Note that mq = 2). Fori =2,3,...,

set
ng=mn;_1+m;_1+1
and
n;1n2
m,; =
i=1 ln% J

Let z € (0,1) be that number with binary expansion

T = .bibsbs---=.01101...101...101...101...1...
—— ——
mo 1's m; 1's

Define a map 7*: {0,1}* = P([0,1]) by

(1) = Hess
T*(IJO) = lu’c27
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for k=2,3,...,

T*(bla-- '7bnk*17]‘) = HMeys
7—*(bl; "'7b”k717 170) = HMeas

T*(bl,...,bnk_l,l, 0,,0) = ,ucmk

mr—1 0's
and for all other b € {0,1}*
7(b) = pa-

Now define a transition kernel 7: D — P([0,1]) by 7 = 7*371.
Letting z,, = >, &,

(o) = 01 < e ({ Jim alon 22 70~ halan) ~of)

(z k1 x
(ﬂ Uﬂk>g{ k+22 ;_3 ha () <,y}>_

v>0j5=1

Suppose v = é, then

u ha(zy, + 27541 — by
(e e )
=1k>j

Cha(@e + 27 — by (z) 1
Y[ 2—k+1 Z 5

3

I
!
=
3
8

<
Il
=
x>
I\
<

3

IA
!
=
3
8

<
Il
=
x>
I\
<

2k =

2

{
{ Da(oi £ 27HH) — ol +278) 1})
{

1
T hg (o + 275 — o (zp +27%) > —k})

I
!
=
5
DX

<
Il
—
ol
I\
<

IA
|
=
3
DX

<

||
N
x~
I\

<

{7 hr (=1 +27™2) — A (T —1 + 27

1
Z an—l

=1- P[ﬂ 2o Uk>j Byl
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where By = [(1 — Aﬁ(@))Aﬁ(l)AB(l,O) > %] and, for k > 2,

By =

mp_1—1
( I @+ (—1)“145(1)1,...,1),-_1)) (1= Ap(by,buy_ 1))

=1

(notation as in the proof of Theorem 4.2).

By the construction of 7
1
By = [Ap0)As(1,0) 2 5] € Be,
and for k > 2

Ey = [A@(bl,...,bnk_l_1,1)Aﬁ(b1,...,bnk_1_1,1,0); ey

2”1::—1

Aﬂ(bh...,bnk_l_l,l, 0, . .,0 ) Z 9mr—_1
——

C B.

mp_1—10's

Also, the Ej s are independent with P[E}] > #z, for all £ > 2. Thus, by the second
Borel-Cantelli lemma,

1-— P[ﬂ?’;z Ug>j Bk] <1- P[ﬁ;?OZQ Uk>j Ek]
=0

Therefore, R, ({m: h!.(z) =0}) =0. O

5. Hausdorff Dimension of the Generated Probability Measures.

Lastly, we investigate the (Hausdorff) dimension of the probability measures
generated by random rescaling. We establish bounds between which the dimension
of almost all measures lie. Note in the special case that 7(d) = p, for all d € D, the
results below correspond to a special case of Kinney and Pitcher (1964). Moreover,
Theorem 1 of Kinney and Pitcher (1964) is related to Lemma 5.1 below. However,
there appears to be an error in their proof of the theorem. The hypotheses they
give in their theorem are not quite what is needed for their conclusion. What is
needed is a condition analogous to that given in Lemma 5.1. In the remainder
of this section, assume that all the transition kernels considered are centered. So,

R.-almost all distribution functions are continuous.
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Recall that the Hausdorff dimension of a probability measure 7 € P([0,1]),
is
dimy(7) = min{dimy (A): A C [0,1] and w(A4) = 1},

where dimy(A) is the Hausdorff dimension of A. That is, for § > 0,

H$ (A) = min { Z |G|*:G is a 6 -mesh cover of A}
Geg

and the a-dimensional measure of A is
HY(A) = lim Hg (A).
§—0
The Hausdorff dimension of A is

dimy (A) = inf{a: H*(A) = 0} = sup{a: H*(A) = oo}

For z € [0,1) and n > 0, define a,(z) such that a,(z) = & < z < L.
And if .bibs ... b, is the nt*-order dyadic expansion of 54, let bo(5k) = @ and, for

1<k <mn,let bp(55) = (b1, ..., bi)-
For a transition kernel 7: D — P([0,1]) and b € {0,1}*, set

v = /[ V) + (1= )l —y) dr* ()
And, for n > 1, let

2= sup { [ ) = )7 + (1 =301 = ) =) dT*(b)(w}

be{0,1}n—1

— s {/yln2<y) L1 y) (1~ y) dr (B)() —vz?}

be{o,1}n—1

3

As above, we often identify a probability measure with its distribution function.
Denote the set of distribution functions on [0,1] by H.

Lemma 5.1.. Let : D — P([0,1]) be a centered transition kernel. Suppose
(i) fioqylyIn(y) + (1 —y)In(1 — y)|dr(d)(y) < oo, for all d € D,
(i) >, ‘;—Z < o0, and
(i) vz = limpoo L Z?:_ol Vo; (an(x)) €Eists, for all z € [0,1].
Then
lim <ln(h,,(an(a:) T hﬂ(an(m))) = e

n—oo N an
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for hy-almost all x € [0,1] and R -almost all h, € H.

Proof. For n > 1, define f,,:[0,1] x H — R by

hon (@) + ) — h(on()) )
A —1(2) + 3=1) — b1 (2)) ba—1(an(2))-

fa(z,h) =1n (

Let F,, be the o-algebra generated by {[5&, 2] x H }g<i<2-1 and define a measure
¥ on [0,1] x H by

/ Fz, hy)d = / £, h)dhy (z)dR, ().
H J[0,1]
Then, for any 0 <4 < 2" ! —1 and n > 1,

Ey [I[ i itlgyp fn(xahﬂ')]

_ / / . ( ha(an(z) + o) — ha(an(2)) )
i it ha(on—1(z) + 2,%1) — ha(an—1(z))

on—1'9n—
— Vb —1(an(z)) Ahx(x)dR,(T)

= /H (h,r (;:_}) — hr (25_1» (/Olyln(y)+(1—y)1n(1—y)

dT*(bn_l(%L_l))—%n_l( ; )dRT(w)

on—1

=0

Thus, Ey[f,|Fn-1] = 0. Similarly it can be checked that Ey[f>] < o2. It now fol-
2

lows that S, = 37, ’;—J is an {F, }-martingale such that Eg[S7] < 37, j—; < 00.

Apply the martingale convergence theorem (Dellacherie and Meyer (1982, Theorem
V.30)) to conclude that

] 1 n ) 1n—1
Jm oD = Jim (5"—5251) =0. O

=1

We can now give bounds on the dimensions of almost all measures generated by
random rescaling. Our proof may be viewed as a “Frostman” type lemma. (Note
that, where it exists, v, is negative.)

Theorem 5.2.. Suppose that the hypotheses of Lemma 5.1 hold. Let
v = inf{v,:z € [0,1]}

and

72 = sup{7,:x € [0,1]}.
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Then, for R, -almost all 7,

Proof. Suppose m € P([0,1]) is continuous and that for h,-almost all z € [0, 1]

(5.1) lim 1 (m (h,r(an(w) + Zin) - hﬂ(an(a:))>> = .

n—oo N,

By Lemma 5.12, the set of such h, has R.-measure 1. Let A be a set of h,-measure
1 such that, for all z € A, (5.1) holds. Fix €,d > 0. We will show that HJ(A) <1,
where = T8 + e

For each z € A, let n(z) be the smallest n such that

1
<
2n ©

and

h(n(@) + 533) — i (n (@) > (%ﬂ) e

Notice that, for 21,22 € [ap(z)(2), An(a) (2) + 2,1—1(2)] N A, n(z1) = n(x2). Thus,

{ [an(z) (), an(z) (z) + ﬁ] }zeA

is a disjoint (except for endpoints) countable cover of A. Therefore,
1=n(A)

= (U [anm (@), an(z) () + ﬁ])
=3 <h,r(an(m)(:c) + ﬁ) — hx (Qn(e) (-’E)))
SES N

Since § and € were arbitrary, H(A) < 35 and so,

—n

i < .
dimy () < 2

Again fix € > 0 and set

K(e) = {x € [0,1]: ha(an(z) + =) — ha(an(z))
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For 6 > 0 and z € [0, 1], let m(z) be the smallest n (for z where such an n exists)

such that

and

Set

1
K(e,8) = { [am(z) (%), Qm(a) () + 2m<w>] } '
zE[O,l]

Then K (¢,d) covers K (€) and Ns_0 K (€, §) differs from K (€) by at most a countable

set. Therefore, since « is continuous,

0=n(K(e)) = m(Ns—0K (€, 0)) = lim 7(K (e, 9)).

6—0

Suppose B C [0,1] such that m(B) = 1. Then there exists f(e,d) such that
7((INANB)— K(ed)) < |I|(T,,—”’§)ff(e,6)7

for any interval I for which |I| < 6. Moreover, f(e,d) can be chosen so that f(e, d)
decreases (to €) as § decreases and f(e,d) = 0 as € and § — 0.

Now fix 6 > 0. We will show that #5(B) > 1/2, where k = 722 — f(€,0). Let
C = {I,} be a set of intervals covering (A N B) — K(¢,6) with |I,| < § < J and

(K (e,8)) < 5. Then

< S| |(E) -~ F(ed)

Hence

=7) /(9 (AN B) - K(e,8))

1
Z <yl
5 H

< WD) 1D,

Since f(e,d) can be arbitrarily small, it follows that -2 < H(B); and so,

2 .
— < .
g = dimy(7). O
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