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SOME ORTHOGONALITY PRESERVING KERNELS WHICH
ARE NOT COMPLETELY ORTHOGONAL

By R. DaNIEL, MAULDIN® AND H. v. WEIZSACKER

University of North Texas and Universitit Kaiserslautern

It is shown that a perturbed Bernoulli probability transition kernel
yields an explicit example of an orthogonality preserving kernel which is
not completely orthogonal. In statistical language, such a kernel defines
models P,, 8 €[0,1], in which there is no estimate that estimates 6
perfectly for all 8, but there is, for any given prior distribution on 6 and
hypothesis H, c [0, 1], a perfect test for H, against its complement [0, 1] \
H,. It is also demonstrated with an analysis and an application of sets and
maps with the Baire property that there are continuum many nonisomor-
phic atomless orthogonality preserving transition kernels which are not
completely orthogonal. Our methods may be regarded as refinements of
those used by Blackwell.

The purposes of this note are to construct an explicit example of an
orthogonality preserving kernel which is not completely orthogonal and to
show that there are continuum many nonisomorphic atomless orthogonality
preserving transition kernels which are not completely orthogonal. In statisti-
cal language such a kernel defines models P,, 6 € [0, 1], in which there is no
estimate that estimates 6 perfectly for all 8, but there is, for any given prior
distribution on 6 and hypothesis H, c [0, 1], a perfect test for H, against its
complement [0, 1] \ H,. Since the main technical problem is of a measure
theoretic nature, we use measure theoretic rather than statistical terminology.
Our methods may be regarded as refinements of those used by Blackwell
(1980).

Let X and Y be Polish spaces. Recall that a transition kernel x —» u, €
Prob(Y') is said to be completely orthogonal provided there is a Borel measur-
able map (or perfect statistic) f: Y — X such that for each x, u,(f1(x)) = 1.
A transition kernel x — u, is orthogonality preserving means the mixture
transformation, T', takes orthogonal measures on X to orthogonal measures
on Y, where if v is a measure on X and E is a Borel subset of Y, then

T(»)(E) = [ po( E) dv (x).

If Z and W are Polish spaces, two transition kernels x — u, € Prob(Y) and
z = v, € Prob(W) are said to be isomorphic provided there are Borel isomor-
phisms ¢: X > Z and ¢: Y > W such that u,(E) = v, (¢(E)). Mauldin,
Preiss and Weizsécker (1983) showed that there is exactly one isomorphism
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class of atomless completely orthogonal kernels over uncountable Polish spaces.
They also demonstrated that there exists an orthogonality preserving kernel
which is not completely orthogonal. However, an explicit example of such a
kernel was not given and it has also been unresolved until now whether any
two such kernels are isomorphic, as recently discussed by Mauldin (1989).

1. Perturbed Bernoulli kernels. Let B, for 0 <x <1 denote the
Bernoulli measure on Y = {0, 1}*. The kernel (8,), <[0,1) is completely orthogo-
nal, i.e., there is a Borel map f: Y — [0, 1] such that for each x, B8,(f (x)) = 1.
In this section, we explicitly modify this family so that the new kernel is still
orthogonality preserving, but no longer completely orthogonal.

Construction. Let M be the set of all sequences of positive integers such
that the ratio of two consecutive members converges to . Let M and Y carry
the usual product Borel structure. Let (%,), ., be a sequence of nonnegative
random integers such that

(1) k.-, .o and P(3rsuchthatk,=1)—-,,,0,

for example, the %, independent of each other according to the uniform
distribution on {27,...,2"*! — 1}. For each x € [0,1], let (B¥)7_; be a se-
quence of i.i.d. B(1, x)-random variables (so that the joint distribution of this
sequence is B,), independent of the (%,).

For each m € M, define the random subset N,, of N by

2) N, = U [m(k,), m(k, + 1)).
r=1
For each triple (x, z, m) € [O, 11X Y X M, let
- Bf, ifi &N,
(3) o= {zi, ifi € N,

and let p, , ,, be the joint distribution of (Y;**™)7_,.

THEOREM 1. Let g be a Borel map of [0,1] into Y X M. Then the kernel
X D [y = Py ox) LS Orthogonality preserving. If g is two-to-one and onto, then
the kernel is not completely orthogonal.

Proor. In order to show that (u,) is orthogonality preserving it is suffi-
cient to verify that the weak law of large numbers holds, that is,

>e}=0,

lim Mx{y €Y:|(1/n) Yy, —x
n—e i=1

or equivalently,

>e}=0.

(4) lim P{ (1/n) Y Y58@® — g

i=1
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That this condition is sufficient can be seen by passing to a suitable subse-
quence. A more general version of this implication is (vii) — (i) of Theorem 4.1
in Mauldin, Preiss and Weizsidcker (1983). For the proof of (4) observe that
each term in the arithmetic mean in (4) is bounded by 1 and therefore it
suffices to show that for each ¢ > 0,

(5) ’}i_r)le{(l/n)#{i <n:Y"E® % B¥} > ¢} =0,

since (B) satisfies even the strong law of large numbers. Now, because

m (k + 1)/m (k) = « and in view of (2) and (3), the condition
(1/n)#{i <n:Y?&® % B¥} > ¢

holds for large n only in case
m(k,—1) <n<my(k,.+1),

for some r € N. Let /(n) be the unique integer such that
m,(l(n)) <n<m,(l(n)+1).

Then I(n) - © as n — » and hence

P{(1/n)#{i < n: Y*&® = Bf} > ¢}
<P(3 rsuchthat ., =1(n) —lork,=1(n)} -0,

as n — «, by assumption (1). In other words, (5) holds. O

2. Using the Baire property. In order to prove that the kernel (u,)
constructed in Section 1 cannot be completely orthogonal, we need the follow-
ing result which is a generalized version of a theorem of Blackwell (1980). For
this particular form, see Lemma 5.la of Mauldin, Preiss and Weizsédcker

(1983).

LEMMA 2. Let Y be the topological product of a sequence of finite spaces,
Y = T17_,Y;. If a subset A of Y has the Baire property and is not meager and if
L is an infinite set of positive integers, then there exist a point z € Y and an
increasing sequence m of positive integers such that m(1) = 1,V i > 1, m(i)
L, and the set

A(z,m)={yeY:y;=z, forallj € [m(k),m(k + 1)) fork =1
and for infinitely many k}

is a subset of A.

Note that in this lemma it is no restriction to assume m € M since if
A(z, m) C A, then this relation also holds for any subsequence of m, provided
m(1) is unchanged.

Now, suppose (u,) is completely orthogonal, separated by the map f:
Y - 70,1]. Let G be a Borel set such that (z, m) is a bijection on G and on
[0, 1] \ G. Recall every Borel subset D of a Polish space has the Baire property
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and either D or its complement is not meager. So, switching, if necessary
between A and its complement, we may assume that A = f~(G) is not
meager. There is, according to the lemma, a point (z, m) € Y X S such that
A(z, m) c A. Now, choose x € [0,1] \ G such that (z, m) = g(x). The con-
struction of the sequence Y»#®™) implies (Y*¢®), ; € A(z, m) and thus,
p.(A(z,m)) = 1and u,(A) =1, while f~'({x}) N A = f({x} N G) = &. This
is a contradiction to u,(f~'(x)) = 1, concluding the proof of Theorem 1.

3. Orthogonality preserving kernels not completely orthogonal.
First, we give a general condition insuring that a kernel is not completely
orthogonal. It shows that in Theorem 1 the condition ““two-to-one’ is super-
fluous.

THEOREM 3. Let Y be the topological product of a sequence of finite spaces,
Y =T17_,Y;, with card(Y;) > 2. Let x — u, € Prob(Y) be an atomless transi-
tion kernel such that for each (2, m), there is some x such that there is a Borel
subset K, of A(z, m) of full u,measure. Then the kernel u, is not completely
orthogonal.

Proor. According to the lemma this assumption implies that for every
Borel set A in Y there is some x such that u,(A) =1 or u, (Y N\ A) = 1. We
show no completely orthogonal kernel can have this property. Let us assume
u, is completely orthogonal. According to Theorem 2.2 of Mauldin, Preiss and
Weizsicker (1983), there is a Borel isomorphism % of Y onto [0, 1] X [0, 1]
such that u (E) = v,(h(E)), where x — v, € Prob([0, 1] X [0, 1]) is the canoni-
cal atomless completely orthogonal kernel given by v,(E) = ¢, X AM(E) = ME,),
where A is Lebesgue measure on the unit interval. Let A = A~([0, 1] X (3, 1D.
Then we have u,(A) = v,([0,1] X (3 X 1]) = 3, for every x which is a contra-
diction. O

4. Nonisomorphic kernels. Finally, we construct continuum many non-
isomorphic atomless orthogonality preserving transition kernels. Throughout
this section, let Y = [17_,Y;, where Y; = {j/2: 1 <j < 2%} and let ¢, be the
projection map of Y onto the nth coordinate. For each (z, m), let

K(z,m)={yeY:y;=z;,ifl<j<m(2)andVr>1,
3:,0<i<2"—1,suchthat y; = 2;,

for m(2"+i) <j <m(2" +i+ 1)}.
Note that K(z, m) = K(z', m") if and only if (z, m) = (2, m’).

Let B be an uncountable Borel set of increasing elements of NV such that
the sets o(N), o € B, are almost disjoint. [There are many ways to construct
such sets. One favorite method is the following: For each 0 < § < +x, let
M(0) be the set of all points of the positive lattice N X N whose distance to
the line y = 0x is less than 1. Clearly, if 6 + 6, then M(8) N M(0') is finite
and 6 — M(9) is a Borel measurable map into {0, 1}*". The remainder of the
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construction is a matter of coding.] Let D be the set of all increasing sequences
in N~ which begin with 1. Let W = {K(z, m): (z, m) € Y X D}. W is a Borel
subset of #(Y), the space of compact subsets of Y. It follows from Lemma
2 that W can be partitioned into Borel sets W,, W,, W5, ... such that, for each
n and each nonmeager Baire set A, there is some K(z,m)e W, with
K(z,m) c A. For each o € B, let g, be a Borel measurable map of [0, 1] onto
Y X D such that for each p, if K(z,m)€ W,, then |g;'(z, m)| = o(p).
Let x = u, , = Py, g,(x) @ in Theorem 1.

THEOREM 4. For each o € B, u, , is an atomless, orthogonality preserving
kernel, but not completely orthogonal. If o, 7 € B and o # 7, then u, , and
K., . are not isomorphic.

Proor. If (z,m) = g,(x), then by construction suppu, , = K(z, m).
Therefore, the kernels u, , are not completely orthogonal according to the
preceding theorem. But, they are orthogonality preserving according to Theo-
rem 1. Suppose o # 7 and there are Borel isomorphisms ¢ and ¢ such that
Ko, (E) = p, (¢ (E)). Let A be a comeager set such that ¢4 is continuous
[see Kuratowski (1966), page 400]. Choose k; and &, such that o([k,, »)) and
7([ky, ®)) are disjoint with 7(k;) > o(k,). Choose s such that o(s) > 7(k,).
Find K € W, such that K C A and ¥|k is continuous. Let x,,..., x,,, be the
distinct elements of [0, 1] such that supp x,, ,, = K. Since |k is continuous,
Y(K) = SUpp K, o, Thus, $(K) € W,, where 7(q) > o(s). Since 7(q) # o(s),
there is some x & {x,,..., x,.,} such that suppu, .., = ¥(K). This implies
the contradiction K = suppu, ,. O '
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