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PROJECTIVE WELL-ORDERINGS
AND EXTENSIONS OF LEBESGUE MEASURE
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‘The problem considered here is one raised by Ulam in the Scottish
Book [8]:

Can one define a countably additive measure on the algebra of all
projective subsets of the unit interval which, for Borel sets, coincides
-with Lebesgue measure?

If ZFC and if the existence of an inaccessible cardinal is consistent,
then it is consistent that all projective sets are Lebesgue measurable [7].
Also, the axiom of projective determinancy implies that all projective
sets are Lebesgue measurable [4]. However, it is not known if the axiom
of projective determinancy is consistent with ZFC. Kakutani and Oxtoby
[2] showed that Lebesgue measure has an extension to a very large family
of subsets of the unit interval. Hulanicki [1] also obtained results pertaining
{0 the extension of Lebesgue measure. The purpose of this note is to show
that if there is a projective well-ordering of I = [0, 1] into type o,
then the answer to Ulam’s question is negative.

Tet us set the following notation. If X is a Polish space (complete
separable metric space), then #(X) denotes the tamily of all projective
subsets of X and #(X) denotes the family of all Borel subsets of X. We will
simply write 2 or 4 if X is understood. We will denote by (H) the féllowing
proposition:

There is a well-ordering < of the imterval I inio type w; such that
W = {(x,y): y <} is a projective subset of IxI.

Of course, if Godel’s axiom cf constructibility holds, then there iz a well-
ordering such that W is a projective set of class 4, = (PCA)n(CPCA).

TueorEM 1. Suppose (EL) holds, X and ¥ are Polish spaces, and K
is a projective subset of X x X. Then there is a projeciive subset Gof X xY
which wuniformizes K.

Proof. Without loss of generality, we may assume Y is uncountabl .
Since Y is Borel isomorphic to [0,1], there is a projective subset V o
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Y % V which defines the well-ordering < of ¥ onto type w,. To obtain
g uniformization we simply choose the first point in each mnonempty
section of K. :

Tet @ = {{z,y)eK:(2,y)e K =>y<y'}. We have

(XX Y)—6G = (X x ¥)—K)Um,(8),
where ) | . l ' o
N = {(wsynyr): (mﬁy)EKV (w,y’)@K and y’<y}-

Clearly, the set S is projective in X' X ¥ x Y. Therefore, & is a pro-
jective set. Also,'@ uniformizes E. = - |

Note. The proof of Theorem 1 is well known. It is simply one nged
by Addison under the assumption that V = L ([4], Theorem 5.2, p. 805).
Tror our purpeses, the fact that every projective set has a projective
uniformization is important, not. the “sharp” estimate on the class of
the uniformization in terms of the class of the set.

TamorEM 2. Suppose (H) holds and M is a projective subset of I xI
such that M, is countable for each x. Then ihere is & projective subset K of
I % IV such that (2, (y,>) ¢ K if and only if {y,: ne N} = M,.

Proof. Let K, = {(w, g0y e IXIV: {y,: me N} = M,}. Now,

) (I bt IN) — Ky = ”12(8)7
where

8 = {0, WD,y e [xI¥xI: (m,y)e M and y, #y for every nelN}.

Clearly, S is a projective subset of I x IV % I. Thus, K, is a projective
subset of I xIV. |

Let K, = {(#, <y,)) € IxI¥: (@,y,) ¢ M for every me N To see
that K, is a projective subset of I x IV, let @: (I X I)¥ - I X I¥ be defined
by 9 (&Yoo) = (B, <Y,»). Cleanly, @|D is a horneomorphism onto IxI¥,
where D = {{&,, Yoot @y = %y = ...}. Now, L = DM xMx...)is a
projective subset of (I x I)" of the same projective class as M ([3], p- 454).
Since (L) = K,, K, is a projective subset of I x IN. Of course, the set
K = K,nK, has the vequired properties. .

TasorEM 3. Suppose (H) holds and M is @ projective subset of I3 I
such thot M, is countable for each ®. Then

M = U Gn':'
gpmm 1

where, for each n, &, i o projective set which uniformizes M.

Proof. Let K be a projective subset of I x I" satisfying the conclu-
sion of Theorem 2. Let V be a projective subset of I x IV which unifor-
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mizes K. For each %, Tet G, = @, (V), where g, Ix TV > I % I is defined: "t
by @, (@ <yi,_,>) = (&, Jn) Since ¢, is & eontzxmous _map, G is a progeemve ‘
subset of Il Also, each &, umformlzes M and UG . E

THEORDM 4. If (H) holds, then there is no oozmmbl Y add@twe measwe,
defmed on - all the progectwe ‘subsets of the interval [0 1}, whwh oomc@d@s
with Lebesq%e medsure on the Bovél sets.: :

*Prooi. Let  be o well-ordering of [0, 1] into. type wy such. that
= {(z, ¥): sa} is & projective subset of I. Aecordlng to Themem 3,
thew is a sequence of functions f, such that {f,(®): n e N} ={y:y< o}
= W, for each » and the graph &, of f, is a. pre;ec‘twe subset of I ><I ,
for each . - J
Lot us note that, for each #, @, 18 actually in the - a.Igebm .
P(I)®%(I) (the o-algebra generated by all sets of the forn P x B,
where P e #(I) and B-é'%’([))" ’Z[‘o‘ s.ee' thisg, for each » and £k set

T = U ([%/i‘»G 'H-i (R} x [ifk, @—H)/k].
L=
These sets are in & @ # and, for each =,
= ank'
k=1

Now, suppose there is a countably additive measure 1 defined on
#(I) which extends the Lebesgue measure A defined on #(I). There is
a unigue countably additive measure 1 x A defined on Z® #. We calculate
the (ixA)-measure of W by Fubini’s theorem:

11

IxAW) = | [w(o, y)ad(y) di(z) = 0.

0 90

Also,
I AW = [ [amle, y)dh(2)dA(y) =

This contradiction establishes the theorem.

Let us note that perhaps Sierpinski [6] f{irst used Fubinl’s theorem
in this manner. Further references are given in [5]
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