COMPUT ABILITY  OF SELF-SIMILAR SETS

HIROYASU KAMO AND KIK O KAWAMURA

Abstra ct. We investigate computabilit y of a self-similar set on a Euclidean

space. A nonempty compact subset of a Euclidean spaceis called a self-similar

set if it equals to the union of the images of itself by some set of contractions.

The main result in this paper is that if all of the contractions are computable,

then the self-similar is a recursive compact set. A further result on the case
that the self-similar set forms a curve is also discussed.

1. INTRODUCTION

The aim of this paperisto nd fundamertal mathematical tools to investigate
self-similar setsfrom the viewpoint of computability.

First, we should recall what \self-similarit y* means. Mandelbrot called a set
constructed from someminiatures of the whole a self-similar set [5]. A more precise
de nition was discovered by Hutchinson [3] and generalizedby Hata [2]. For any
nitely many cortractions To,...,7m 1:R%! R9Y, the setequation

X=To(X)[ [ Tm 1(X)

has a unique nonempty compact solution. A nonempty compact set that is the
solution of a set equation of this form is called a self-similar set.

Next, we should clarify what \computabilit y" is. Many important studies have
been made on real numbers, real function, subsetsof the real line, etc from the
viewpoint of computability sinceRice discoveredthe real eld of all computable real
numbers|[8]. In this researd eld, which is often referredto as classical computable
analysis or simply computable analysis, the following recursiveness is often used: a
nonempty compact subset KX RY is called recursive if d¢ : R9! R dened by
dy (z) = infyok ke yk is computable [12] [13].

A question now arises whether the self-similar set is a recursive compact set
if all of the contractions are computable transformations. In this paper, we shall
answer this question positively. If all of contractions Ty,...,Tm 1 : R9! R% are
computable transformations, then the self-similar setwith respectto 7y, ... Tm 1
is a recursive compact subset.

Kawamura and Kamo have already shown that the result above holds in the
special casewhen all of the contrancions are a ne translations [4]. In other words,
someof the results shawn in this paper is partly a generalization of thosein [4].

In addition, we shall discusson a further result. Hata [2] proved that if contrac-
tions Tp,...,Tm 1 :RY! RY satisfy an additional condition

T1(Fix(To)) = To(FiX(Tm 1)),..., and Ty 1(FiX(710)) = Tm 2(FiX(Tm 1))
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where Fix(T) denotesthe unique xed point of 7', then the self-similar set is (the
image of) a curve. We shall show that, under this condition, if all of Tg, ..., Tm 1
are computable transformations, then the curve can be a computable function.

We believe that theseresultswill bethe rst step for investigation of self-similar
setsfrom the view point of computabilit y.

2. PRELIMINARY

2.1. Self-similarit .

2.1.1. Self-similar Set.

Denition  2.1. A nonempty compact subset X of RY is self-similar with respect
to contractions 1p,...,Tm 1:RY! RYif

X=TX)[ [ T 1(X).

We should notice that 7i's in this de nition neednot be similarity transforma-
tions. They may be arbitrary cortractions.

We denotethe set of all nonempty compact subsetsof RY by K(R%). A complete
metric known asthe Hausdorff metric dqy on K(RY) is de ned by:

du(X,Y) = maxfd(X,Y),d Y, X)g
where

dYX,Y) = sup inf ke yk.
x2X y2Y
Theorem 2.1 (Hutchinson). Let Top,...,Tm 1 : RY! RY be contractions. Then
there exists a unique self-similar set X with respect to Tp, ... and Tm 1. If f Xng
is a sequence of nonempty compact sets on RY with

Xn+1 = To(Xn) [ [ Tm 1(Xn),
then X, converges to the self-similar set X asn! 1 in the Hausdorff metric.

Refer to [3] for the proof.

2.1.2. Self-similar Curve. In this paper, we call a continuous function from an
interval to R% a curve on R%. We do not call the image of the function a curve. To
distinguish a curve and the image of it, we say acurve f : I ! RY constructs a
sety 2 RYIf f(I) = ~.

Hata investigated self-similar curves[2]. We summarize here someof the results
necessanto proceedout task.

LetTo,...,Tm 1:R! Rbecortractions. If they satisfy an additional condition

(1) Ti(Fix(Tp)) = To(Fix(Tm 1)),..-,Im 1(FixX(70)) = Tm 2(FiX(Tm 1)).

where Fix(T) denotesthe unique xed point of T', then the self-similar set is con-
structed from a curve. Namely, if Ty, ... and Ty, 1 satisfy (1), there existsa contin-
uousfunction f :[0,1]! RYsuchthat f([0,1]) = To(f(0,2)[ [ Tm 1(f([O,1])).
Sud an f is called a self-similar curve.

More precisely from any given cortractions Tp,...,Tm 1 : R9! RY that sat-
isfy (1), we can obtain a self-similar curve through the following proposition.
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Prop osition 2.1. Let Tp,...,Tm 1:R9! RY be contractions that satisfy
T1(Fix (To)) = To(FiX(Tm 1)),---,Tm 1(Fix(70)) = Tm 2(FiX(Tm 1)).
Define fn 1 [0,1]! RS9 for n 2 N recursively by
fo(®) = @ ) Fix(To) + tFiX(Tm 1),
fasr (&) = Tk (fa(mt k) ift2 [k/m,(k+ 1)/m] and k2 f0,...,m 1g.
Then the sequence T fng is uniformly convergent. Using f for the limit, we have

fU0,1]) = To(f(0, AN [ [ Tm 1(f([0,1])).
2.2. Computabilit y in Analysis.

2.2.1. Computability of Real Functions. In this subsection,we will briey recall the
theory of computability on real functions. The de nitions here are equivalert to
thosein [7] although they are expresseddi erently in detail.

The de nitions here are also equivalent to those in another formalization of
computability that usesan extended Turing machine named Type 2 machine [9]
[1Q] [12] [13]. The equivalenceis not usedin this paper. It is however important in
application of theoretical computability to computation in the real world.

Denition  2.2. A sequenceof rational numbers fr¢g is computable if there exist
recursive functions s,a,b: N! N suc that
a(k)
b(k)+ 1
Denition  2.3. A double sequenceof realsf xn g converges to a sequenceof reals

frngask! 1 effectively in n and k if there exists a recursive function a : N>! N
such that for any n, N 2 Nand any k2 Nwith & a(n,N), jznx anj<2 N.

= ()W

Denition  2.4. A sequencefrealsfx,gis computable if there existsa computable
double sequenceof rational numbers frng g that corvergesto fzpng ask ! 1
e ectively in n and k.

A real z is called computable if fxgkon, the sequenceall elemens of which
equal z, is a computable sequenceof reals. A sequenceof points on a Euclidean
spaceis called CQSnputable i ead sequenceof its coordinates is computable. A
closedrectangle iq:l [ai, bi] is computable i all of a;'s and b;'s are computable
reals.

Denition 2.5. Let I RY be a computable closed rectangle. A sequenceof
functions f fo,g with f, : I | R is computable if it satis es the following two
conditions.

1. For any computable sequenceof points f x, g with z 2 I, the double sequence
of realsf fi, (zk)g is computable.

2. There exists a recursive function a : N2>! N such that for any n, N 2 N and
any z,2°2 I, if ke 2% <2 amN) thenjfo(x) fa(29) <2 N wherek-k
denotesthe Euclidean norm.

De nition  2.6. A sequenceof functions f fog with f, : R9! R is computable if
it satis es the following two conditions.

1. For any computable sequenceof points fzxg on RY, the double sequenceof
realsf f,(xx)g is computable.
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2. There exists a recursive function « : N3 | N such that for any n, N, M 2 N
andany z,2°2 [ M, M9, if ke 2% < 2 aON-M) then jfy(z) fa(20] <
2 N,

Wesay f f,gis sequentially computable if it satis es the condition 1 and effectively
uniformly continuous if it satis es the condition 2.

A function f is called computable if f fgk2n, the sequenceall elemers of which
equalto f, is a computable sequenceof functions.

De nition 2.7. Let I be a computable rectangle in RY9. A double sequenceof
functions f frk g with frx : I R converges to a sequenceof functions f fn g with
fai Il Rask! 1 wuniformly onl effectively in n and k if there exists a recursive
function @ : N2! N such that for any n,N 2 Nandany k 2 N, if & a(n, N),
then for any z in I, jfw(z) fa(z)j<2 N.

We quote the following three facts on computable functions from [7]. Refer to
[7] for proofs.

(Closure under e ectiv e cornvergence)Let f z. g be a computable double se-
quenceof reals and f z,g a sequenceof realssuch that zp ! =, ask! 1
e ectively in n and k. Then fx,g is a computable sequenceof reals.

Let I beacomputablerectangleon RY, f fx g a computable double sequencef
functions with fr 1 I'! R, andf f,gasequencef functions with f, : I'! R
sud that frk () ! fo(x) ask! 1 eectivelyin n anduniformly in x. Then
f fng is a computable sequenceof functions.

(E ectiv e version of Maximum Value Theorem) Let I be a computable rec-
tangle in RY and f f,g a computable sequenceof functions with f, : I'! R.
Then the maximum values f maxy2, fn(z)g form a computable sequenceof
real numbers.

2.2.2. Recursiveness of compact subsets of Euclidean Spaces. De ning computabil-
ity of a subsetof Euclidean spacesis not a straightforward task. For A R9Y, the
characteristic function ya : R9! R de ned by

() 1 ifz2 A,

x) = .

XA 0 otherwise

is uselessto investigate computability of A since xa is computablei A = ; or

A= RY,
An alternativ e for the characteristic function is d, : R9! R de ned by

da (o) = fnf ke gk
Recursivenessde ned asfollows is often usedin computable analysis.

De nition 2.8 (Weihrauch). A nonempty compact subset K RY is recursive if
dx is computable.

We should notice that the de nition of a recursive compact subsetis position-
dependert. In other words, a compact subset may not be recursive even if it is
congruert to a recursive compact subset. For example, let o 2 R% be a non-
computable point. The compact subsetf zog is not recursive although it is congru-
ent to a recursive compact subsetf Og.
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2.2.3. Computability of curves. De ning computability of a curve is a straightfor-
ward task. A curve on a Euclidean spaceis (or is consideredto be) a corntinuous
function from an interval to a Euclidean space. Thus we can de ne computability
of a curve by using computability of a function.

De nition  2.9. A computable curve is a computable function f:[0,1]! RA.

Restriction of the domain to [0, 1] causesno loss of generality. Let f : [a,b] !
RY be a continuous function from an interval [a,b] with computable endpoints.
Computability of f is equivalert to that of f°: [0,1] ! RY dened by fqt) =
fla+ (b a)t).

We should notice that the de nition of a computable curve is also position-
dependert.

Theorem 2.2. If f : [0,1] ! RY is a computable function, then f([0,1]) is a
recursive compact set.

Proof. Apply the e ectiv e version of Maximum Value Theorem to
ds (0- = min k t)k.
A ([0,1])(55) t2[(|);1] v f(t)
O

In other words, computability of a curve as a function is a stronger condition than
recursivenessof a curve as a compact set.

3. RECURSIVENESS OF A SELF-SIMILAR SET

In this section, we investigate computability of a self-similar set. Recursiveness
of a self-similar set with respect to a set of contractions is of coursedependert on
computability of the contractions. We will claim that a self-similar set with respect
to computable contractions is a recursive compact set.

First, we will show three lemmas.

Lemma 3.1. LetTp,...,Tm 1:RY! RY be computable contractions and a 2 RY
a computable point. Define a sequence of nonempty compact sets f Xng on RY
recursively by
Xo = fag,
Xn+1 = To(Xn) [ [ Tm 1(Xn).

Then fdy g is a computable sequence of functions.
Proof. Fori2 f0,...,m" 1g, we abbreviate 7;, , Ti, to T" if ig,...,in 12
f0,...,m 1l1gandi= iom®+ + i, m" L

By induction on n, it is straightforward to show that eat X, is well-de ned and
ead dy satis es

c_ixn(ac):i2 min lgkx " (a)k.

f 0;:::;mn
Clearly, fdy g is a computable sequenceof functions. O
Lemma 3.2. LetTp,...,Tm 1:R%! RY be computable contractions and f Xng a

sequence of nonempty compact sets on RY such that

Xn+1 = To(Xn) [ [ Thm 1(Xn).
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Then f XnQ converges to some nonempty compact set X effectively in n in the
Hausdorff metric asn! 1 .

Proof. The existenceof X is guaranteed by Theorem 2.1.
SinceTy, ... and Ty, 1 are contractions, there exists a computable real o with
0< a < lsudthat forany ;2 f0,...,m lgandany z,y 2 RY,

KTi(z) Ti(yk ake gk
Analogously to Hutchinson's proof of Theorem 2.1, this implies:

an

dH(XI'hX)

dn (Xo, X1).
Q

The right-hand side forms a computable sequenceof reals since
dp (Xo, X1) = max ka Ti(a)k.
i2f 0;::;m

Therefore, dy(X,,X)! Oeectivelyinnasn! 1. O

Lemma 3.3. In the notation of Lemma 3.2, dy (x) converges to dy (x) uniformly
in x and effectively inm asn! 1 .

Proof. For an arbitrary point z in R, we will show that
jdx,1 () dx(2)] du(Xn,X).
We obtain that for any = 2 RY,
dy () dy ()= sup inf (ke zk kz yk)
n y2Xn 22X

sup inf k k.
y2Xp,-. z2 X Y z

By exdhanging X, and X, we also obtain that
dy () dyx(x) sup inf kz yk.
" 22X ¥2Xn
Thus
jdx, (@) dx (2)]  dn(Xn, X).

Now an application of Lemma 3.2 yields that dy () corvergesto dy (x) uniformly
in z and eectivelyinnasn! 1. O

As an immediate consequenc®f Theorem 2.1 and Lemmas3.1and 3.3, we obtain
the following accordingto De nition 2.8.

Theorem 3.1. LetTp,...,Tm 1:RY! RY be computable contractions. Then the
unique nonempty compact set X such that

X=TX)[ [ Twn 1(X)
s a recursive compact set.

Example 3.1. A Cantor ternary setwhich is a self-similar set on R with respect
to contractions Tp and Th de ned by
1 1 2
To(z) = 3% Ti(z) = 3Tt 3
is a recursive compact set.
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Example 3.2. A Sierpinski gasket which is a self-similar set on R? with respect
to contractions Ty, 71 and 7> de ned by
1/2

0 Tg(x):%x+ p1/4

1 1
TO(CU) - éxa Tl(x) - §x+ §/4 )

is a recursive compact set.

4. COMPUTABILITY OF A SELF-SIMILAR CURVE

As shown in Proposition 2.1, contractions Ty, ..., Ty 1:R%! RYthat satisfy
Ty (Fix(To)) = To(FiX (T 1)),---,Tm 1(Fix(To)) = Tm 2(FiX (T 1))

generatea curve f : [0,1] ! RY. In this case,computability of f is also of our
interest.

We have already claimed that computability of f is a stronger condition than
recursivenessof f([0,1]). We have also obtained that if Ty, ..., and T, 1 are
computable, then f([0,1]) is a recursive compact set. The next question is the
computability of f.

We will rst prove two lemmas.

Lemma 4.1. LetTp,...,Tm 1:R9! RY be contractions that satisfy
Ti(Fix (To)) = To(FiX(Tm 1)),..., and Tm 1(FixX(T0)) = Tm 2(Fix(Tm 1)).
Define fn :[0,1]! R9 recursively by
fo(t) = (1 ) Fix(To) + tFiX(Tm 1),
fasr () = Ti(fa(mt 7)) ift2 [i/m,(i+ 1)/m] withi2 f0,...,m 1g.
If all of Ti ’s are computable, then f fng forms a computable sequence of functions.

Proof. We usethe abbreviation 7" in Lemma 3.1.
It is straightforward to show, by induction on n, that ead f, is well-de ned and

satises, forany 2 f0,...,m" 1g,
2 fn@®) = T"(fo(m"t ) if t2[i/m", i+ 1)/m"].

Clearly, f f,g is e ectiv ely uniformly cortinuous. We however confront with a
dicult y here in shawing sequetiial computability of f f,g. Calculation from a
real ¢ of the integer i in (2) is not e ectiv e. This makesit impossibleto chooseT;"
e ectiv ely for calculation of f, (¢).

Take any computable sequencef¢cg with ¢ 2 [0,1]. There exists a double
sequenceof rational numbers f g such that 7 ! # eectively in k and [ as
I 1. To overcomethe dicult y and to shaw that f f,(¢k)g is a computable
double sequenceof points, we shall investigate the triple sequenceof the points

f fn(na)g.
We have, for any i 2 f0,...,m" 1g,

3) fa(ma) = T (fo(m"na 4))  if mg 2 [i/m", (i + 1)/m"].

In this case, calculation of i from n, &k and [ in (3) is e ective since the rela-
tion in Q is e ective. More precisely we can construct a recursive function that
computes: from n, k and [ by using a recursive function that correspondsto the
relation in Q. Hencef f,(7)g is a computable triple sequenceof points.

Now we are ready to shov computability of f f,(tk)g. Sincery ! tk e ectively
in kand/as!! 1 andf f,gis e ectively uniformly cortinuous, we obtain that
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fn(ma) ' fa(ik) eectivelyin n, kandl as!! 1 . We concludethat f f,(tk)g
is a computable double sequenceof points sinceit is a list of a computable and
e ectiv ely corvergert triple sequenceof points. O

Lemma 4.2. LetTp,...,Tm 1:R9! RY be contractions that satisfy

T1(Fix(To)) = To(FiX(Tm 1)),-.., and Tm 1(FiX(10)) = Tm 2(FiX(Tm 1)),
and f fng curves with fn :[0,1]! RY such that

faaa @) = Ti(fa(mt  3) ift2[i/m,(i+ 1)/m] withi2 fO,...,m 1g.
If all of Ti ’s are computable, T fng is effectively uniformly convergent asn! 1 .
Proof. Let « be a computable real with 0 < o < 1 such that
8i8x,y kTi(z) Ti(y)k kz yk
We will show, by induction on n, that for any n 2 N,
t zs[léa]kfn ) fara (O)k a” t Zs[lga]kfo(t) Ji@®)k.

The induction baseis clear. The remaining is the induction step.
Suppose

sup Kfn(t)  faea (k" sup kfo(t)  fi(t)k
t2[0;1] t2[0;1]

and evaluate Kfn+1 (t)  fas2 (D)K. If £ 2 [i/m, (i + 1)/m], then

Kfns1 (1) faso (k= KL (fa(mt  4)  Ti(fasa (mt  0))k
akfao(mt 1) fasr(mt 9K
a sup]kfn(t) Jn+1 (D)K.

t2[0;1

Thus
sup Kfns1 (1) fasz )k o™ sup kfo(t)  fu(t)k.
2[0;1] t2[0;1]

t
We have computed the induction step.
This implies that f f, g convergesuniformly to a cortinuousfunction asn! 1 .
Using f for the limit, we have

X
kfn(t) (DK Kfc(®)  fisr (DK
k=n

C supkfi(t)  fo(Hk.
@ t210;1]

Choosing a computable real such that 3 sup, . kf1(t)  fo(t)k, we have

an
supk/n(t) SOk
t2[0;1] @
Therefore, f f,g is e ectiv ely uniformly corvergert asn! 1 . O

As an immediate consequencedf Lemmas4.1 and 4.2, we obtain the following.
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Theorem 4.1. LetTy,...,Tm 1:RY! RY be computable contractions that satisfy
T1(Fix (Tp)) = To(FiX(Tm 1)),.-., and Tm 1(FiX(T0)) = Tm 2(Fix(Tm 1)).
Then there exist a computable curve f:[0,1]! RY such that
f(0.1]) = To(f([0, 1N [ [ Tm 2(f([0,1]).

Example 4.1. A Koch curve which is a self-similar set on R? with respect to
cortractions Ty and T3 de ned by

_ 1/ 1/(2 3)
To(w) = 1/(2&3) 12 ©

p_-
_ 1/ 1/(2° 3) 1
(=) = 1/(22p 3 12 1/(2&3) ’

is a computable curve.

5. CONCLUSION

A nite set of contractions on a Euclidean space construct a self-similar set.
If all of the contractions are computable, then the self-similar set with respect to
them is a recursive compact set. If the contractions additionally satisfy Hata's
curve condition, then the self-similar curve with respect to the contractions is a
computable curve.
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