
Background and terminology

Throughout assume thatM
]
1 exists and letM1 be the result of iterating the last extender ofM

]
1 OR many

times.

External System

Fix a realt0 ∈ R such thatM]
1 ∈ L[t0]. Let κ0 be the least inaccessible ofL[t0] and takeG0 generic over

L[t0] for the Levy collapse of everything belowκ0 to ω and finally setR0 = R ∩ L[t0, G0].

REMARK . “least inaccesible” could be replace by “2nd inaccessible”, “ωth inaccesible”, “least Mahlo”, etc.;
essentially any definable cardinal would suffice. a

LEMMA . HODL[t0,G0] = HODL(R0)

Proof. ❑

The goal is to calculate HODL(R0) as a “fine structural model”, albeit, in a slightly different hierarchy than
the usual hierarchy of Mitchell-Steel mice [MS94b]. From the point of view ofV it is not hard to say what
the final calculation is. Call a premouseM goodprovided

• There is an ordinalδM < κ0 = ω
L(R0)
1 such thatM |= “δM is Woodin” andM = L[M |δM ].

• For allλ < δM , L[M |λ] |=“λ is not Woodin”.

A good mouseis just a countably iterable good premouse. (In general the only difference between mouse
and premouse is that a mouse issufficiently iterableiterable and in our setting countable iterability suffices.)
The modelL(R0) can recognize it’s good premice, but it can not recognize it’s good mice, in particular, in
L(R0) no good premouse is countably iterable. This is stronger than sayingL(R0) can not determine which
good premouse isM1, it says precisely that inL(R0) there are no good mice.

LEMMA 0.0.1. In L(R0) there are no good countably iterable good premice.

Proof. SupposeM is a countably iterable good premouse inL(R0), thenL(R0) |= ∀r ∈ R (r] exists). This
is nonsense ast]0 could not possibly belong toL(R0). ❑

Good mice naturally form a directed system. IfM is good andN is a non-dropping countable iterate
of M , thenN is good and moreover by the Dodd-Jensen Lemma the mapπM,N depends only onM and
N and not on the particular iteration leading fromM to N . This gives rise to a natural directed system
De = 〈De, <e〉 with index setDe = {M : M is a good mouse} andM <e N in caseN is a non-dropping
iterate ofM . ForM <e N let πM,N be the corresponding iteration map. Using Dodd-Jensen again get that

M <e N <e R ⇒ πM,R = πN,R ◦ πM,N
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in other words the iteration maps commute so the direct limitM∗ = dir lim De exists. Moreover, ifM1 =
M0 <e M1 <e M3 · · · is chosen cofinal inDe, thenM∗ is just the limit of theMi’s which is wellfounded
sinceM1 is iterable.

It turns out that HODL(R0) = M∗[B∗] whereB∗ is a collection of branches through certain iteration
trees onM∗. Thus HODL(R0) is a fine structural mouse together with a fragment of an iteration strategy on
that mouse. This is the starting point for a new hierarchy of mice.

The point of the following sequence of definitions and lemata is simply to defineB∗. Call a limit length
iteration treeT on a good mousemaximal if L(M(T)) |= “δ(T) is Woodin”. A treeT is short if for all limit
λ < lh(T), T �λ is non-maximal. For non-maximal limit lengthT defineQ(T) to be the least initial segment
of L(M(T)) so that definably overQ(T) there is a witness to the fact thatδ(T) is not Woodin inL(M(T)).
For the following definition I will used a modified notion of initial segment of a premouse. ForM andN
premice setM Ew N if eitherM = N |o(M) or M = N‖o(M). With this notionM |β Cw M‖β whenever
M‖β is active.

LEMMA 0.0.2. Let T be non-maximal, then there is at most one cofinal wellfounded branchb throughT

such thatQ(T) Ew MT
b . Moreover, ifb is such a branch, thenb ∈ L(M,T).

Proof. Suppose thatb andc are two distinct cofinal wellfounded branches such thatQ(T) Ew MT
b ∩MT

c .
Clearly,Q(T) /∈ MT

b ∩MT
c so without loss of generality assumeQ(T) /∈ MT

b . Their are two possibilities,
eitherQ(T) = MT

b or MT
b is active andQ(T) = MT−

b , whereN− is justN less its top extender whenever
N is an active premouse. In either caseb drops (since otherwiseQ(T) ∈MT

b ).

Suppose first thatQ(T) = MT
b . In this caseMT

b Ew MT
c by assumption and the standard argument

shows thatMT
b 6= MT

c so MT
b Cw MT

c . MT
b /∈ MT

c sinceMT
c |= “δ(T) is a cardinal”. It must be

thatMT
c = MT−

b , but this too yields a contradiction sinceult(MT
b , E

MT
b

top )“δ(T) is a cardinal” yetMT
b C

ult(MT
b , E

MT
b

top ) andMT
b trivially codes a collapse ofδ(T) sinceb drops.

The other case is thatQ(T) = MT−
b . As above

, thenMT
c would see thatcard(δ(T)) < δ(T) which contradicts, the fact thatMT

c |= “δ(τ) is a cardinal”.
InSoMT

c = MT
b andb andc both drop, but this yields the standard contradiction.

Supposeb is a/the cofinal wellfounded branch throughT with Q(T) E MT
b . If MT

b is set sized, i.e.b
drops, then by absoluteness such a branchbg can be found inL(M,T)[g] for g collapsingcard(MT

b ) to ℵ0.
The above argument shows thatbg = b for all g hencebg ∈ L(M,T) as desired. So assume thatb does not
drop, then for allγ there are generic branchesc such thatγ ∈ wfp(MT

c ). In particular takeγ = o(Q(T)).
Supposec andc′ are distinct generic cofinalγ-wellfounded branches withQ(T) ∈ wfp(MT

c ) ∩ wfp(MT
c′ ).

As above we get a contradiction sinceδ(T) is Woodin with respect to allA ⊆ δ(T) common to bothMT
c

andMT
c′ , butQ(T) provides a counter example. So we have that for all genericγ-wellfounded cofinal non-

dropping branches are the same hence they are all actually wellfounded and hence they are justb andb is in
L(M,T) as desired. ❑

For T a non-maximal tree on good premouseM if there is a cofinal wellfounded branchb throughT

such thatQ(T) E MT
b , then call this branchb the true branch of T and denote it bybT. Call a short

iteration treeT on a good premouseM good if T is according to thetrue (partial) iteration strategy
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ΓM on M , i.e., for limit λ < lh(T), [0, λ]T = bT�λ. Call a limit length treeT suitable if T is short and
{α : [0, α]T does not drop} is cofinallh(T).

LEMMA 0.0.3. Let T be a suitable tree on goodM , thenT is according to the true strategy onM .

Proof. We need only showQ(T) E MT
λ for all limit λ < lh(T). Let ν = lh(ET

λ ) andλ′ > λ so that[0, λ′]T

does not drop. ThenQ(T � λ) ∈H(ν)MT
λ′ ⊆ H(ν)MT

λ . ❑

If T arrises in a successful comparison of goodM with a second goodN andlh(T) = θ + 1 whereθ
is a limit ordinal, thenT � θ is suitable and hence according toΓM . If T � θ is non-maximal, then clearly
Q(T �θ) C MT

θ so actuallyT is according toΓM . If T �θ is maximal, then of courseT is no longer according
to ΓM asQ(T � θ) does not exist.

The notion of true strategy exends to maximal trees via the following lemma. The point here is that for
non-maximal suitable treesT, if bT exists, thenbT ∈L(R0), whereas for maximal trees, this is definately not
the case.

LEMMA 0.0.4. Suppose thatT is a maximal tree on goodM , then there is at most one cofinal wellfounded
branchbT (in V or any extension ofV ).

Proof. Suppose thatb andc are two cofinal wellfounded branches.

FINISH ❑

Let κ∗ be the least inaccessible ofM∗ aboveδ∗ = δM∗
and let

U = {T ∈M∗|κ∗ : T is a good tree onM∗}
B = {bT : T ∈ U}

THEOREM 0.0.5. (Woodin) HODL(R0) = HODL[t0,G0] = M∗[B]

The proof thatM∗ ⊆ HODL(R0) requires internalizing the directed system and will be dealt with in the
next section. We shall now work on showing HODL(R0) ⊆ M∗[B]. To begin with we reduce the calculation
to showing HODL(R0) ∩ P(Θ0) ⊆ M∗[B].

LEMMA 0.0.6. HODL(R0) = L[S0] for someS0 ⊆ Θ0 = ω
L[t0,G0]
2

Proof. This is essentially Vopenka. LetB = {〈A0, A1, . . . , An−1〉 : Ai ⊆ R0 is ODL(R0)}. Set ~A ≤ ~B if
lh( ~A) ≥ lh( ~B) and for alli < lh( ~B), Ai ⊆ Bi. View B as a poset in HODL(R0) (I’ll finish this later - the
point is HODL(R0) = L[B, τ ] whereτ is the name for a real in HODL(R0)[Ġ].) ❑

Because of this lemma all we must do to show HODL(R0) ⊆ M∗[B] is calculateS0 in M∗[B]. The first
step is to prove “part” of the desired result, this corresponds to Steel’s work on HODL(R) under ADL(R) in
[Ste95].

LEMMA 0.0.7. With everything as above

1. HODL(R0)|δ∗ = M∗|δ∗
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2. δ∗ = Θ0

Proof. For (1.) we must show that for eacha ⊆ γ < δ∗ such thata∈HODL(R0), thena∈M∗. Suppose this
fails, then in HODL(R0) we may look for a minimal hence definable without parametersa ⊆ γ < δ∗. This
is becauseM∗ is definable without parameters in HODL(R0). (This will also be showed in the next section.)
Fix φ so that forα < δ∗

ξ ∈ a ⇔ L(R0) |= φ(ξ)

Fix M ∈De such thatt0 is generic forBM (Woodin’s free extender algebra as defined inM ) and such that
ξ ∈ rng(πM,M∗).

FINISH

So we have
ξ ∈ a ⇔ M |= “ Col(ω, <κM ) 
 L(Ṙ) |= φ

(
πM,M∗(ξ̄)

)
”

hence asπM∗,M∗∗(ξ) = πM∗,M∗∗ ◦ πM,M∗(ξ̄)

ξ ∈ a ⇔ M∗ |= “ Col(ω, <κ∗) 
 L(Ṙ) |= φ
(
π̇M∗,Ṁ∗∗(ξ)

)
”

So the issue is to show thatπM∗,M∗∗ � δ∗ ∈M∗. For this it suffices to show thatπM∗,M∗∗ � δ∗ is in L(RG)
whereG ⊆ Col(ω, <κ∗) generic overM∗ and moreover, thatπM∗,M∗∗ � δ∗ is independent any particularG.

For (2.) first notice that ifΘ0 < δ∗, thenS0∈M so HODL(R0) ⊆ M∗ which we know is false. Suppose,
then thatδ∗ < Θ0 ❑

Internal Directed System

For each goodM ands ∈OR<ω define

γM,s = sup{α < δM : α is definable inM | sup s + ω from the parameters}

XM,s = Σ1- HullM | sup s+ω(γs ∪ s)

CLAIM . XM,s ∩ δM = γM,s

Proof. Supposeα is Σ1 definable inM | sup s + ω from ~β ∈ γ<ω
M,s ands. Let ξ < γM,s beΣ1 definable in

M | sup s + ω from s with ~β ∈ ξ<ω. Fix n < ω such thatξ is Σ1 definable froms in M | sup s + n andα is
Σ1 definable overM | sup s + n from ~β ands. Define

ξ̄ = sup{η : η is definable from parameters< ξ in M | sup s + n}

SinceδM is regular inM , ξ̄ < δM moreover̄ξ is Σ1 definable froms in M | sup s + ω so ξ̄ < γM,s. Clearly
α < ξ̄ by choice ofξ andn, henceα < γM,s as desired. ❑

Suppose thatM is a good mouse and thatT is a maximal suitable tree onM with a cofinal branch in
V that fixes a finite sequence of ordinalss. An easy absoluteness argument shows that ifg is generic over
L(M,T) for collapsing all ordinals ins, δM , andlh(T), then inL(M,T) there is a cofinal non-dropping
branchb such thatb is s-wellfounded (s ⊆ wfp(MT

b )) andb fixess.
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DEFINITION 0.0.8. A s-wellfounded non-dropping cofinal branch through a maximal suitable treeT on
goodM will simply be called ans-goodbranch ofT.

LEMMA 0.0.9. Let T be a maximal suitable tree on goodM and supposeb andc ares-good branches ofT.
Then the embeddingsiTb andiTc agree onXM,s.

Proof. Let b andc be as in the statement of the theorem and letMT = L(M(T)) as usual. Fix a generic
g so thatb and c are in L(M,T)[g]. Let ξ be the largest point in common with both branches and let
κ = min{crit(iTξ,b), crit(i

T
ξ,c)}. The standard “zipper” argument shows thatδ(T)∩rng(iTξ,b)∩rng(iTξ,c) = κ.

SinceXMT
b

,s ⊆ rng(iTξ,b) andXMT
c ,s ⊆ rng(iTξ,c)

γMT ,s ⊆ δ(T) ∩ rng(iTξ,b) ∩ rng(iTξ,c) ⊆ κ

Thus
iTb � γMT

ξ
,s = iTc � γMT

ξ
,s = id �γMT

ξ
,s

which implies
iTξ,b � XMT

ξ
,s = iTξ,c � XMT

ξ
,s

and soiTb � XM,s = iTc � XM,s as claimed. ❑

As an imediate corollary notice that ifM ∈ L(R0) is good and iterable (inV ) via its unique iteration
strategyΓM andT ∈ L(R0) is a tree onM according toΓM , thenL(R0) sees thatT is according toΓM,0.
Moreover,L(R0) knows thatMT = L(M(T)) is the final model ofT, i.e.,MT = MT

bT
wherebT = ΓM (T),

but the branchbT need not be inL(R0) (and in general can not be). The preceeding lemma says even though
L(R0) fails to seebT it succeeds in seeingiTbT

� XM,s for all s fixed by iTbT
. The next lemma states thatbT

can be reconstructed from the fixed points ofiTbT
. The construction is local and gives

L(M,T)[bT] = L(M,T)[Γ]

whereΓ is any sufficiently rich collection of fixed points ofiTbT
.

Let T be a maximal suitable tree on a suitable premouseM . Suppose thatΓ is a class of ordinals such
that for alls ∈ Γ<ω there is ans-good branch throughT. Define

bT
s =

⋂{
c : c is ans-good branch throughT

}
and

ξT
s = sup bT

s , i.e.,bT
s = [0, ξT

s ]T sincebs is closed

also set
bT =

⋃
s∈Γ<ω

bT
s and ξT = sup

s∈Γ<ω

ξT
s

Notice that fors, s′ ∈ Γ<ω, s ⊆ s′ impliesbT
s ⊆ bT

s′ andξT
s ≤ ξT

s′ ≤ ξT.

LEMMA 0.0.10. bT is a cofinal wellfounded branch throughT and hencebT = bT is the true branch ofT by
Lemma??.
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Proof. This will follow by showing thatM(T �ξT) is aΣ1
2-Woodin, i.e.,L(M(T �ξT)) |=“δ(T) is Woodin”.

As usual setMT = L(M(T)) to be thetrue final model ofT. Notice that wheneverb is s-good, then

γ
MT

b
s = γMT

s andX
MT

b
s = XMT

s . There are now a couple of cases to consider.

CASE 1. There is somes ∈ Γ<ω such that alls-good generic branches agree (and hence agree withbT as
well).

In this case there is nothing to do asbT ∈ L(M,T) by a simple forcing argument.

CASE 2. For alls ∈ Γ<ω there are distincts-good branches.

For eachs ∈ Γ<ω set
µT

s = inf{crit(iTb ) : b is as-good}

and notice thats ⊇ t implies µT
s ≥ µT

t . Let b and c be two s-good branches. We may assume that
ξT
s = sup(b ∩ c). As in LEMMA 0.0.4γM,ξT

s
= γMT ,s ≤ µT

s andiTb � XMT ,ξT
s

: XMT ,ξT
s
→ XMT ,s and

iTc � XMT ,ξT
s

: XMT ,ξT
s
→ XMT ,s agree. wa

❑

Appendix A

The purpose of this appendix is to give proofs of some of thestandardresults mentioned. First I will establish
some notation. For this discussion a premouse may be fine structural, coarse, or various sort of Doddages
satisfying some coherence condition. Just to review a bit, coarse premice are defined in [MS94a] as follows:

DEFINITION. M = 〈M,∈, δM 〉 is a coarse premouseif M is a model of “ZC + Σ2-Collection+ Σω-
Collection for relationR ⊆ a×M with a ∈M |δM ” whereM |α = V M

α and ZC is “ZFC− Collection”.

Recall that acoarse iteration treeT of lengthθ on coarseM is a structure

T = 〈T, 〈Eα, να : α + 1 < θ〉〉

satisfying

1. T ⊆ θ× θ is atree order onθ, i.e., for everyα+1 < θ, there is an immediateT -predicessor denoted
T (α + 1) and for every limitλ < θ, [0, λ]T = {β : βTλ} is cofinal inλ.

2. Eα is an extender from theMα-sequence, whereM0 = M , Mα+1 = ult(MT (α+1), Eα), and forλ a
limit, Mλ = dir limη∈[0,λ]T Mη.

3. For allα + 1 < β + 1 < θ, lh(Eα) > lh(Eβ) andνα ≤ νβ andνα + 1 < lh(Eα). (Normality)

4. Forα + 1 < θ, T (α + 1) is the minimalγ ≤ α such thatcrit(Eα) ≤ να. (Non-overlapping)

All iteration treesT will be assumed to be normal and non-overlapping.

A coarse premouseM is good if
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1. M = L(M |δM ) |= “δM is Woodin”

2. For allα < δM , L(M |α) |= “α is not Woodin”

A goodcoarse iteration tree on a coarse mouseM is just a normal non-overlapping short iteration tree on
M .

LEMMA 0.0.11. Let M be a good premouse (fine or coarse) containing all of the ordinals. LetT be a good
iteration tree onM . If lh(T) = θ + 1 is a successor ordinal, thenT can be freely extended to a good tree of
lengthθ + 2 . Otherwiselh(T) = θ is a limit ordinal and either

1. T has a unique cofinal branchbT such thatT ⊕ bT is good, moreover,bT ∈ L(M,T)

or else

2. T is maximal, i.e.L(M(T)) |= “δ(T) is Woodin”, in which caseT may fail to have a cofinal well-
founded branchb such thatT⊕ b is good, however, there arearbitrarily good cofinal branches generic
overL(M,T), i.e. for anyα there is aL(M,T)-generic cofinal branchb with α ∈ wfp(MT

b ). More-
over, if there is a cofinal wellfounded branch (anywhere), then it is unique, so again denote it bybT.
If bT exists and in addition〈M,T〉] exists, thenbT ∈ L(〈M,T〉]). a

This lemma essentially follows from the following three lemmas which in turn are consequences of Theo-
rem 4.4 and Theorem 2.2 [MS94a] together with an absoluteness argument.

LEMMA 0.0.12. Let M = L(M |δM ) be a premouse,T an iteration tree of limit length onM , andα ∈OR.
Then for all sufficiently largeθ, MCol(ω,θ) contains a maximal branch throughT with α ∈ wfp(MT

b ).

Proof. Fix T andM and work inL(M,T). Let θ be a regular cardinal greater than|M |δM |, α, andlh(T)
such thatM |θ is a premouse. LetG beCol(ω, θ) generic. SetN = M |θ and suppose that withT viewed
as a tree onN there is noα wellfounded branch. InL(M,T)[G] the statement “there is a countable tree
onN with noα wellfounded maximal branch” is a Σ1

2(r) statement fo any realr codingN andα, thus this
statement is absolute toM [G]. So fixp ∈ Col(ω, θ) and a namėT so that

M |= p 
 “ Ṫ is a countable tree oňN with no α̌ wellfounded maximal branch”

Now work entirely inM . Fix λ a regular cardinal ofM bigger thanθ with M |λ ≺Σn M for somen large
enouph so that

M |λ |= p 
 “ Ṫ is a countable tree oňN with no α̌ wellfounded maximal branch”

Let {N, ṫ, p, θ} ⊆ X ≺ M |λ with |X |M = ω and letπ : M̄ ' X ≺ M |λ be the uncollapse embedding
and letN̄ = π−1[N ]. Let Ḡ ∈ M beM̄ -generic forCol(ω, θ̄) with p̄ ∈ Ḡ. ThenT̄ be the countable tree
in M on N̄ determined byḠ andπ−1[Ṫ]. Sinceπ � N̄ : N̄ → N , Theorem 4.4 [MS94a] yields a maximal
wellfounded branchb throughT̄. The branchb exists inM so by absoluteness there is anᾱ wellfounded
branch inM̄ [Ḡ]. This contradicts the fact that

M̄ |= p̄ 
 “ ˙̄T is a countable tree oň̄N with no ˇ̄α wellfounded maximal branch”
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We have that the assumption “there is noα wellfounded maximal branch throughT as viewed as a tree on
N ” is false inL(M,T)[G]. So letb be anα wellfounded maximal branch throughT when viewed as a tree
onN . All that is left is to show thatb induces a maximalα wellfounded maximal branch whenT is viewed
as a tree onM , Let M = L(M |δM ) be a premouse,T an iteration tree of limit length onM , andα ∈ OR.
Then for all sufficiently largeθ, MCol(ω,θ) contains a maximal branch throughT with α∈wfp(MT

b ).but this
is trivial asNT

b C MT
b . ❑

A similar argument also using Theorem 4.4 [MS94a] shows:

LEMMA 0.0.13. Let M = L(M |δM ) be a premouse andT be an iteration tree of successor lengthγ + 1 on
M . Then forE an extender fromMT

γ such thatE is appropriate for extendingT to aγ + 2 length tree on
M , one of the following occur:

1. ult(MT∗
γ+1, E) is wellfounded, whereMT∗

γ+1 is the unique model to whichE should be applied.

2. For all α, for all sufficiently largeθ, MCol(ω,θ) contains a maximal branch throughT with α ∈
wfp(MT

b ). a

The “Moreover” part of (2.) in Lemma 0.0.11 requires the following preliminary lemma.

LEMMA 0.0.14. Suppose thatT is a maximal good tree on a good premouseM and thatb is a wellfounded
cofinal branch, thenb is non-dropping (ifT andM are fine structural) andb is the unique.

Proof. First suppose thatM andT are fine structural andb is a cofinal branch such that wheneverMT
b ‖ξ is

acive, thenMT
b |ξ is Σ1

2-full, then trivially MT
b E L(M(T)) and sob can’t have dropped.

Suppose that there are two cofinal branchesb andc, then letΓ = {α : iTb (α) = iTc (α) = α}. ❑
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