Background and terminology

Throughout assume thMﬁ exists and lef\(; be the result of iterating the last extendeﬂ\diﬁ OR many
times.

External System

Fix a realty € R such thaﬂw‘{ € L[to]. Let ko be the least inaccessible bfty] and takeG, generic over
L[to] for the Levy collapse of everything belavy to w and finally selRy = R N L[tg, Go.

REMARK. “least inaccesible” could be replace by'“2naccessible”, & inaccesible”, “least Mahlo”, etc.;
essentially any definable cardinal would suffice. =

LEMMA. HOD"!t:Gol — Hop(®o)
Proof. .

The goal is to calculate HOB*) as a “fine structural model”, albeit, in a slightly different hierarchy than
the usual hierarchy of Mitchell-Steel mice [MS94b]. From the point of view df is not hard to say what
the final calculation is. Call a premousé good provided

« There is an ordinai™ < ry = wi®) such that/ |= “5M is Woodin” andM = L[M|5™).

* Forall\ < M, L[M|\] &\ is not Woodin”.

A good mousseis just a countably iterable good premouse. (In general the only difference between mouse
and premouse is that a mouseidficiently iterabldterable and in our setting countable iterability suffices.)
The modelL(Ry) can recognize it's good premice, but it can not recognize it's good mice, in particular, in
L(Ro) no good premouse is countably iterable. This is stronger than shyRg) can not determine which

good premouse id(y, it says precisely that ib(IRy) there are no good mice.

LEMMA 0.0.1. In L(Ry) there are no good countably iterable good premice.

Proof. Supposé\/ is a countably iterable good premousdiifR), thenL(Ry) = Vr € R (rf existg. This
is nonsense at% could not possibly belong th(Ry). O

Good mice naturally form a directed system.Mf is good andV is a non-dropping countable iterate
of M, thenN is good and moreover by the Dodd-Jensen Lemma thermar depends only od/ and
N and not on the particular iteration leading frabi to V. This gives rise to a natural directed system
De = (D*, <°) with index setD® = { M : M is a good mous¢ andM <¢ N in caseN is a non-dropping
iterate of M. ForM <°¢ N letwys n be the corresponding iteration map. Using Dodd-Jensen again get that

M <®*N <°*R=Tyr=TNROTMN



in other words the iteration maps commute so the direct vfiit= dir lim D¢ exists. Moreover, itVM; =
My < My <¢ Ms--- is chosen cofinal iD¢, thenM* is just the limit of the);’s which is wellfounded
sinceM; is iterable.

It turns out that HOB®o) = A/*[B*] where B* is a collection of branches through certain iteration
trees onM*. Thus HOD'®) is a fine structural mouse together with a fragment of an iteration strategy on
that mouse. This is the starting point for a new hierarchy of mice.

The point of the following sequence of definitions and lemata is simply to d&fineCall a limit length
iteration treeJ” on a good mousmaximal if L(M (7)) = “6(7T) is Woodin”. A treeT is short if for all limit
A < 1h(7T), T1 Xis non-maximal. For non-maximal limit lengfhdefineQ(T) to be the least initial segment
of L(M (7)) so that definably ove®(T) there is a witness to the fact th&tT") is not Woodin inL(M (7).
For the following definition | will used a modified notion of initial segment of a premouse. MF@and N
premice sefi/ < N if either M = N|o(M) or M = N||o(M). With this notionM |3 <™ M || whenever
M]3 is active.

LEMMA 0.0.2. Let T be non-maximal, then there is at most one cofinal wellfounded bramticfoughT
such tha®(T) <* M;. Moreover, ifb is such a branch, thene L(M, 7).

Proof. Suppose thal andc are two distinct cofinal wellfounded branches such @) <* M N M7,
Clearly,Q(T) ¢ M N M7 so without loss of generality assur@éT) ¢ M;]. Their are two possibilities,
eitherQ(T) = M, or M is active and)(T) = M,;]~, whereN~ is just N less its top extender whenever
N is an active premouse. In either casgrops (since otherwisg(T) € M).

Suppose first tha®(T) = M. In this caseM;] <¥ M7 by assumption and the standard argument
shows thatM] # M7 so M <v M. M] ¢ MJ sinceM] | “§(7)isacardinal”. It must be
7T
that M = M;’~, but this too yields a contradiction sinag (M, Efg{)b )“0(T) is a cardinal” yetM; <
ult(M7, Eé\)f)g) andM;] trivially codes a collapse af(T) sinceb drops.

The other case is th&(T) = M;] . As above

, thenM 7 would see thatard (6(T)) < §(T) which contradicts, the factthat? |= “5(7) is a cardinal”.
InSoMJ = M’ andb andc both drop, but this yields the standard contradiction.

Supposeé is althe cofinal wellfounded branch throu@twith Q(T) < M. If M} is set sized, i.eb
drops, then by absoluteness such a bragatan be found if.(M, T)[g] for g collapsingcard (M) to X.
The above argument shows tlégt= b for all g henceb, € L(M, T) as desired. So assume thatoes not
drop, then for ally there are generic branchesuch thaty € wfp(M7). In particular takey = o(Q(7)).
Suppose: and¢’ are distinct generic cofingl-wellfounded branches witQ(T) € wip(MJ) N wip(MY).
As above we get a contradiction sing€T) is Woodin with respect to all C §(T) common to both\/
and M7, butQ(T) provides a counter example. So we have that for all geneviellfounded cofinal non-
dropping branches are the same hence they are all actually wellfounded and hence they aredjuist in
L(M,7T) as desired. O

For T a non-maximal tree on good premoukgif there is a cofinal wellfounded branéhthroughT
such thatQ(T) < M/, then call this brancl the true branch of T and denote it by»s. Call a short
iteration treeT on a good premous&/ goodif T is according to thdrue (partial) iteration strategy



Tar on M, i.e., for limit A < 1h(T), [0,\]” = by;y. Call a limit length treeJ suitable if T is short and
{a:]0,a]” does not dropis cofinallh(T).

LEMMA 0.0.3. Let T be a suitable tree on godd, thenT is according to the true strategy au.

Proof. We need only show(T) <1 M7 for all limit A < 1h(7). Letr = 1h(EY) and\’ >  so that]0, ']
does not drop. TheR(T | \) € H(v)MX C H(v)MS . 0

If T arrises in a successful comparison of gdddwith a second goo&v and1lh(7J) = 6 + 1 whered
is a limit ordinal, therT" | 8 is suitable and hence accordingltg,;. If 7 | 8 is non-maximal, then clearly
Q(T16) <« My so actuallyT is according td . If 716 is maximal, then of coursg&is no longer according
toT'y, asQ(J | #) does not exist.

The notion of true strategy exends to maximal trees via the following lemma. The point here is that for
non-maximal suitable treég if by exists, therby € L(Ry), whereas for maximal trees, this is definately not
the case.

LEmMMA 0.0.4. Suppose thdl is a maximal tree on goodl/, then there is at most one cofinal wellfounded
branchbs (in V' or any extension of).

Proof. Suppose that andc are two cofinal wellfounded branches.

FINISH g

Let x* be the least inaccessible bf * aboved* = ¢ and let
U={TeM*|xk*:Tisagood tree old/*}
B={bs:TeU}
THEOREMO0.0.5. (Woodin) HOD(®o) — HOD -Gl — A7+ (B

The proof thatM* C HOD (o) requires internalizing the directed system and will be dealt with in the
next section. We shall now work on showing H&B) C A7*[B]. To begin with we reduce the calculation
to showing HOD®0) 0 P(0,) € M*[B].

LEMMA 0.0.6. HOD () = L[S, ] for someS, C Oy = wr!"0:C0]
Proof. This is essentially Vopenka. L& = {(Ag, A1,...,A,_1): A; C Ry is OD*F0)}, Setd < B if

Ih(A) > 1h(B) and for alli < 1h(B), 4; C B;. View B as a poset in HOB®) (1'll finish this later - the
point is HOD*®) = LB, 7] wherer is the name for a real in HOB*)[G].) 0

Because of this lemma all we must do to show HO® C Ar*[B] is calculateS, in M*[B]. The first

step is to prove “part” of the desired result, this corresponds to Steel's work orffoonder AD*® in
[Ste95].

LEMMA 0.0.7. With everything as above

1. HODM®o) |5+ = pr*|5*



2. 0" =0

Proof. For (1.) we must show that for eaehC v < ¢* such thau € HOD"®) thena € M*. Suppose this
fails, then in HOD ®0) we may look for a minimal hence definable without parameiets~y < §*. This

is becausé/* is definable without parameters in HOB). (This will also be showed in the next section.)
Fix ¢ so that fora < 0*

{€a s L(Ro) = ¢(¢)
Fix M € D¢ such that, is generic foB™ (Woodin’s free extender algebra as definedin and such that
§ € rng(mas,nmr+)-

FINISH

So we have ) B
f€as M E“Col(w,<ky) IFL(R) = ¢(marn(€))”

hence asryr ar+= (&) = Tar« pe= © Tar, pr= (5)
§eas M =" Col(w, <k") IF L(R) | ¢ (e ypee (§))”

So the issue is to show thafi;« s+ [ 6* € M*. For this it suffices to show thaty« p++ [ 6% isin L(Rg)
whereG C Col(w, <k*) generic oveM * and moreover, thaty;- a7« [ §* is independent any particuléf.

For (2.) first notice that iB, < 0*, thenS, € M so HODF®o) C A7* which we know is false. Suppose,
then thath* < ©, O

Internal Directed System

For each good/ ands € OR<* define

Yar.s = sup{a < 6 : o is definable inM | sup s + w from the parametes}
Xns = 31- HullM!sup ST (v, U s)

CLAIM. Xy NOM =4

Proof. Supposev is ¥, definable inM | sup s + w from ﬁe Yars ands. Leté < yar,s beX; definable in

M| sup s + w from s with € £<¥. Fix n < w such that is ©; definable froms in M]|sup s+ n anda is
Y, definable ovedM | sup s + n from 8 ands. Define

¢ = sup{n : n is definable from parameters £ in M|sups+n}

Sinced™ is regular inM, £ < 6" moreover is ¥, definable froms in M| sup s +w s0& < yu,s. Clearly
a < & by choice of¢ andn, hencen < v, as desired. O

Suppose thad/ is a good mouse and thatis a maximal suitable tree al/ with a cofinal branch in
V that fixes a finite sequence of ordinalsAn easy absoluteness argument shows thatsfgeneric over
L(M,T) for collapsing all ordinals irs, 6™, and1h(T), then inL(M, T) there is a cofinal non-dropping
branchb such thab is s-wellfounded (s C wfp(M;))) andb fixess.

4



DEFINITION 0.0.8. A s-wellfounded non-dropping cofinal branch through a maximal suitableTren
good M will simply be called ans-goodbranch ofT.

LEMMA 0.0.9. Let T be a maximal suitable tree on godd and supposé andc ares-good branches df.
Then the embeddingg andi? agree onX .

Proof. Let b andc be as in the statement of the theorem andiet = L(M (7)) as usual. Fix a generic

g so thatb andc are inL(M,T)[g]. Let & be the largest point in common with both branches and let
% = min{crit(¢} ), crit (i .) }. The standard “zipper” argument shows the) Nrng (i ,) rng (i ) = .
SinceXMbT,s - rng(igb) andX s, C rng(igc)

Tam,s © O(T) Nng(ig,) Nmg(if ) C K

Thus

T T .
% r’)/]\lg7s =1 FryMg,s =id r,YMg,s

which implies
T T
lep rXMg,S =l TXM'I,S

and soij | Xy =2 | X @s claimed. O

As an imediate corollary notice that ¥/ € L(R,) is good and iterable (if¥") via its unique iteration
strategyl'y; andT € L(RRy) is a tree onlM/ according td",,, thenL(R,) sees thaf is according td5s,o.
Moreover,L(Ro) knows that\/” = L(M (7)) is the final model ofT, i.e., M7 = M;’ whereby = T'/(7),
but the branclys need not be if.(Ry) (and in general can not be). The preceeding lemma says even though
L(RRy) fails to seebs it succeeds in seeinzﬁtr I X, for all s fixed byz’gj. The next lemma states thiat

can be reconstructed from the fixed pointg,fgf. The construction is local and gives

whereT is any sufficiently rich collection of fixed points 03;
Let T be a maximal suitable tree on a suitable premauseSuppose thal is a class of ordinals such
that for alls € I'<“ there is ans-good branch througfi. Define

bl = ﬂ{c . cis ans-good branch througfi }

and

¢7 =supbd?,ie,bl =10,£7]7 sinceb, is closed
also set
o' = (J o] and ¢7 = sup ¢

seD<w sel'<w

Notice that fors, s’ € T<, s C s’ impliesb? C b7, and¢? < ¢7 < ¢7.

LEMMA 0.0.10. b7 is a cofinal wellfounded branch throughand hencé” = b5 is the true branch df by
Lemma??.



Proof. This will follow by showing thatM (T [ ¢7) is aXi-Woodin, i.e. . L(M (T £7)) =*6(T) is Woodin”.

As usual setM” = L(M(7)) to be thetrue final model of 7. Notice that wheneveb is s-good, then
T T -

A = AM7 and XM = XM” | There are now a couple of cases to consider.

CAse 1. There is some € I'<% such that alls-good generic branches agree (and hence agreebwits
well).

In this case there is nothing to dolas< L(M, 7) by a simple forcing argument.
CASE 2. For alls € I'<¢ there are distinct-good branches.

For eachs € T'<% set
p? = inf{crit(i] ) : bis as-good}

and notice that O ¢ implies x? > 7. Letb andc be two s-good branches. We may assume that
&7 = sup(bNc). Asin LEMMA [0.0.47,cr = yayr s < pd andiy | Xppr er + Xppr g7 — Xppo , and
Zg rXM7,§;f : XMT’&;T — X]u?75 agree. wa

O

Appendix A

The purpose of this appendix is to give proofs of some ofthadardresults mentioned. First | will establish
some notation. For this discussion a premouse may be fine structural, coarse, or various sort of Doddages
satisfying some coherence condition. Just to review a bit, coarse premice are defined in[MS94a] as follows:

DEFINITION. M = (M, €,6M) is acoarse premouséf M is a model of ZC + X,-Collection+ ¥,,-
Collection for relationR C a x M with a € M|5*” where M |a = VM and ZC is “ZFC— Collection”.

Recall that acoarse iteration treeT of lengthé on coarsél/ is a structure
T=(T,(Eqy,vo:a+1<0))
satisfying
1. T C 0 x0isatree orderond, i.e., foreveryw + 1 < 0, there is an immediat€-predicessor denoted
T(« + 1) and for every limith < 6, [0, \]r = {5 : BT A} is cofinal inA.

2. E, is an extender from the/,,-sequence, wherkly = M, M1 = ult(Mp(a41), Eo), and ford a
limit, M, = dir liInnE[O,/\]T M,,.

3. Foralla+1< g+1<6,1h(E,) >1h(Es) andrv, < vg andr, + 1 < lh(E,). (Normality)

4. Fora+ 1< 0, T(a + 1) is the minimaly < « such thatrit(E,,) < v,. (Non-overlapping)

All iteration treesT will be assumed to be normal and non-overlapping.

A coarse premous#/ is goodif



1. M = L(M|sM) | “6M is Woodin”
2. Foralla < 6™, L(M|a) | “ais not Woodin”

A goodcoarse iteration tree on a coarse moii$as just a normal non-overlapping short iteration tree on
M.

LEmMA 0.0.11. Let M be a good premouse (fine or coarse) containing all of the ordinalsI’ beta good
iteration tree on\/. If Ih(7) = 6 + 1 is a successor ordinal, th@ncan be freely extended to a good tree of
length® + 2 . Otherwisdh(T) = @ is a limit ordinal and either

1. 7 has a unique cofinal branél such thatl' @ b+ is good, moreovehs € L(M, T)
or else

2. Tis maximal, i.e.L(M (7)) = “0(T) is Woodin”, in which cas€l’ may fail to have a cofinal well-
founded branci such thatl' @ b is good, however, there aagbitrarily good cofinal branches generic
overL(M,T), i.e. for anya there is aL(M, T)-generic cofinal branchwith a € wip(M;7). More-
over, if there is a cofinal wellfounded branch (anywhere), then it is unique, so again denote-it by
If by exists and in additionM/, T)* exists, therby € L((M, T)#). 8

This lemma essentially follows from the following three lemmas which in turn are consequences of Theo-
rem 4.4 and Theorem 2.2 [MS94a] together with an absoluteness argument.

LEMMA 0.0.12. Let M = L(M|6™) be a premousé, an iteration tree of limit length oi/, anda € OR.
Then for all sufficiently large, M ©°!(“:9) contains a maximal branch througtwith o € wip(M]).

Proof. Fix T and M and work inL(M, T). Letd be a regular cardinal greater tha |6 |, o, andlh(7)
such thatM/|0 is a premouse. Let be Col(w, ) generic. SefV = M0 and suppose that with viewed
as a tree onV there is noa wellfounded branch. IiL(M, T7)[G] the statementthere is a countable tree
on N with noa wellfounded maximal brantfis a X33 (r) statement fo any realcoding N anda, thus this
statement is absolute i [G]. So fixp € Col(w, §) and a nam@" so that

M = p I “T is a countable tree o with no ¢ wellfounded maximal branch”

Now work entirely inA/. Fix A a regular cardinal oM bigger thard with M|\ <x, M for somen large
enouph so that

M|\ |= p IF “Tis a countable tree oN with no & wellfounded maximal branch”

Let {N,f,p,0} C X < M|Awith |X|" = wandletr : M ~ X < M|\ be the uncollapse embedding
and letN = n~![N]. LetG € M be M-generic forCol(w,§) with p € G. ThenT be the countable tree
in M on N determined by and7—*[J]. Sincer | N : N — N, Theorem 4.4[MS94a] yields a maximal
wellfounded brancth throughT. The branchb exists inM so by absoluteness there is awellfounded
branch in)M [G]. This contradicts the fact that

M E=pl- “T is a countable tree o with no & wellfounded maximal branch”



We have that the assumptiothére is noa wellfounded maximal branch throughas viewed as a tree on
N"is false inL(M, T7)[G]. So letb be ana wellfounded maximal branch throughwhen viewed as a tree
on N. All that is left is to show thab induces a maximak wellfounded maximal branch whéhis viewed
as atree onM, Let M = L(M|5™) be a premousé] an iteration tree of limit length on/, anda € OR.
Then for all sufficiently largé, M ©°!(«-?) contains a maximal branch througtwith o € wip(MT).but this
is trivial as Ny <1 M. O

A similar argument also using Theorem 4.4 [MS94a] shows:

LEMMA 0.0.13. Let M = L(M|5™) be a premouse ariibe an iteration tree of successor length 1 on
M. Then forE an extender fronj\/.l;f such thatF is appropriate for extending to a~ + 2 length tree on
M, one of the following occur:

1. ult(M;le, E) is wellfounded, wherM3j1 is the unique model to whick' should be applied.

2. For all o, for all sufficiently larged, MC°(«-?) contains a maximal branch throughwith o €
wip(M). =
The “Moreover” part of (2.) in Lemma 0.0.[L1 requires the following preliminary lemma.
LEMMA 0.0.14. Suppose thal is a maximal good tree on a good premougeand that is a wellfounded

cofinal branch, theh is non-dropping (iff and M are fine structural) andlis the unique.

Proof. First suppose that/ andT are fine structural antlis a cofinal branch such that whenevdy’ || is
acive, thenVsJ |¢ is $3-full, then trivially M;] < L(M (7)) and sob can’t have dropped.

Suppose that there are two cofinal brandhasdc, then letl' = {«a : i] (o) = i) (o) = a}. O
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