
1 Complexity of reals inω-models of set theory

In [MS70] D. Martin and R. Solovay show that ifℵL[r]
1 = ℵ1 and MAℵ1 holds, then every uncountable set

of reals is co-analytic. Thus by a ccc forcing overL, a model of set theory is obtained which satisfies

R ∩ L is uncountable, co-analytic, andRL 6= R

H. Friedman asked in [Fri75, problem 86] whether it is consistent to have

R ∩ L is uncountable, analytic, andRL 6= R

In [VW98] B. Velickovič and H. Woodin investigate this question of of Friedman. THEOREM 4 of [VW98]
answers Friedman’s question negatively by showing that ifM is an inner model of set theory withRM

analytic, then

(∗) eitherℵM
1 is countable orRM = R

Increasing the absoluteness betweenV and M admits a corresponding increase the complexity ofRM .
For example, (∗) holds with “RM is analytic” replaced by “RM is Σ∼

1
2” assuming “∀x ∈ R x] exists” (see

THEOREM 5 [VW98]). Assuming thatthere aren Woodin cardinals with a measurable cardinal above, (∗)
holds when “RM is Σ∼

1
n+2” (see THEOREM 6 [VW98]). These results can be viewed as instances of a single

result once a definition has been made.

DEFINITION 1.0.1. A set of realsA ∗-absoluteif for eachP there is aP-nameȦP such that wheneverP1

andP2 are posets withG1 ⊆ P1 generic overV andG2 ⊆ P2 generic overV[G1], then〈
HC,∈, A

〉V[G1] ≺Σ1

〈
HC,∈, A

〉V[G1][G2]

whereAV[G] df= ȦP[G] wheneverG ⊆ P is generic overV. a

NOTATION. Forκ a regular cardinal there is a variant of∗-absoluteness which I will denote∗κ-absoluteness
which restrict toP of size at mostκ. Similarly define∗<κ-absoluteness. a

THEOREM 1.0.2. Let M be an inner model of set theory withA = RM and suppose thatA is ∗ℵ1-absolute,
then eitherℵM

1 is countable orRM = R. a

Proof. The proof of this is a good warm up for the proof of ❑

The following is useful in aplications of this theorem.

DEFINITION 1.0.3. A ⊆ R is universally Baire(UB) if for every posetP there are treesT andT ∗ such that

A = p[T ] = R \ p[T ∗]

V P |= p[T ] = R \ p[T ∗] a

REMARK . As with ∗-absoluteness there are the restricted notions ofκ-universally Baire(UBκ) and<κ-
universally Baire(UB<κ) for κ a regular cardinal. a
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LEMMA 1.0.4. If A ⊆ R is UB (resp. UBκ or UB<κ), thenA is ∗-absolute (resp.∗κ-absolute or∗<κ-
absolute). a

Proof. For each regular cardinalκ chooseTκ andT ∗
κ trees such that

A = p[Tκ] = R \ p[T ∗
κ ]

and

V Col(ω,κ) |= p[Tκ] = R \ p[T ∗
κ ]

ForP ∈H(κ+) set
ȦP

df= {〈p, σ〉 : σ ⊆ P× ω<ω & p 
 σ ∈ p[Tκ]}

To see that this is well defined it suffices to show that if ❑

THEOREM 4 of [VW98] follows from THEOREM 1.0.2 and the following classical theorem of Schoen-
field.

THEOREM. (Schoenfield)Σ∼
1
1 sets are universally Baire. a

THEOREM 5 of [VW98] follows from THEOREM 1.0.2 and the following theorem of D. Martin.

THEOREM 1.0.5. Suppose for allx in H(κ+), x] exists. ThenΣ∼
1
2 is κ-universally Baire. a

Finally THEOREM 6 of [VW98] follows from THEOREM 1.0.2 and the following theorem due to D. Martin,
J. Steel, and H. Woodin.

THEOREM 1.0.6. Suppose there aren Woodin cardinalsδ1 < · · · < δn and a measurable cardinal above.
ThenΣ∼

2
n+2 is <δ1-universally Baire.

DEFINITION 1.0.7. Let ≺ be a linear order on a set, also denoted by≺, with cofinality a limit ordinal.
T ⊆≺<ω is≺-superperfectif for all s ∈ T , there isi ≥ lh(s) such that∣∣{t(i) : t ∈ T & t ⊇ s}

∣∣ is cofinal in ≺ a

If T is≺-superperfect ands ∈ T , let s+ be the shortestt ∈ T suth thatt ⊇ s andt is asplitting node of
T , i.e.,

∣∣{t(i) : t ∈ T & t ⊇ s}
∣∣ is cofinal in ≺.

THEOREM 1.0.8. Suppose thatT is ≺-superperfect andD = {Di : i ∈ ω} is a set of dense subsets ofT .
Then for anya ⊆ ω, there areD generic branchesb0, b1, andb2 such thata is “continuously” coded by
〈b0, b1, b2,≺〉.

REMARK . The use of three generic branches is optimal in a sense to be described below. a

Proof. The decoding is simple enough. Inductively definenj
i for j < ω andi < 3 as follows:

n0
i = lh(〈〉+) for i = 0, 1, 2

nj+1
i = inf{n : b2(n

j
2) ≺ bi(n)} for i = 0, 1

nj+1
2 = inf{n : b2(n) ≺ b1(n

j+1
0 )}
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and

a = {j : b0(n
j
0) ≺ b1(n

j
1)}

The construction of an appropriate triple〈b0, b1, b2〉 is a simple matter. Prior to thejth round of the
construction there will be

bj
i ∈Dl for all l < j

nj
i = lh(bj

i

+
)

Sj
i = {t(m) : t ∈ T & t ⊇ bj

i & m < nj
i }

where initially

b0
i = 〈〉

n0
i = lh(〈〉+)

S0
i = {t(m) : t ∈ T & m < n0

i }

For definiteness supposej ∈ a. (If j /∈ a just reverse the construction ofbj+1
0 andbj+1

1 in what follows.)

• Pickbj+1
0 ∈Dj with bj+1

0 % bj
0

+
. Letnj+1

0 = lh(bj
0

+
) and letSj+1

0 = {t(m):t ∈ T & t ⊇ bj
0 & m < nj+1

0 }.
By definitionSj+1

0 is bounded on≺.

• Pick b1
1 ∈D0 with lh(b1

1) % {}+ andb1
1(n

0
1) � b1

0(n
0
0). This can be done as{t(n0

1) : t ∈ T } is cofinal
in ≺. As above, setn1

1 = lh(b1
1
+) and setS1

1 = {t(m) : t ∈ T & t ⊇ b1
1 & m < n1

1}. Again,S1
1 is

bounded on≺.

• Pickb1
2∈D0 with b1

2(n
0
2) boundingS1

0∪S1
1 . Setn1

2 = lh(b1
2
+) and setS1

2 = {t(m):t ∈ T & t ⊇ b1
2 & m < n1

2}.

❑

THEOREM 1.0.9. Let κ be a measurable cardinal,G ⊆ Col(ω, <κ), and supposeR ⊆ RG is ODV[G](RG ∪
V ) and satisfies (∗) “some mild closure conditions”. Then either

• card(ωR
1 ) = ℵV [G]

0 , or

• R = RV [G]

Proof. Fix r0 ∈ RG, a0 ∈ V , and aΣ1 formulaθ(v0, v1, v2) such that

R(x) ↔V[G]|α0 |= θ(x, r0, a0)

↔V[r0][x] |= “ 
Col(ω,<κ) V[Ġ]|α̌0 |= θ(x̌, ř0, ǎ0)”

Let α1 � κ, α0 be large enough thatVα1 |= ZF− and

R(x) ↔ V[r0][x]|α1 |= “ 
Col(ω,<κ) V[Ġ] |= θ(x̌, ř0, ǎ0)”

❑
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Let S be a set of of ordinals codingVα1 andθ′ express “
Col(ω,<κ) V[Ġ] |= θ(x̌, ř0, ǎ0)”, then

R(x) ↔ L[S, r0, x] |= θ∗(x, r0, a0)
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