Math 6170 — Class Notes

Math 6170 Fall 01

PROBLEM 1
Problem. Find all continuous functions, f: R — R, with the property that f(z +y) = f(z) + f(y).

Background. Some hints for Problem 1 are:

e f(0) = f(0)£(0), so f(0) =0 or f(0) = 1. If f(0) = 0 it’s easy to show that f(z) =0 for all z,
so assume f(0) = 1.

o f(2z) = f(x)f(x), so f(2x) > 0, s0 f(z) > 0 for all .

e f is continuous, so f: f(r) dr exists for all real numbers s and t. Consider f(x) flt f(r)dr...

Solution. [Ioana] Set f(1) = b. Then f(1)" = f(n), so f(m/n)" = f(m) = b™ for all integers m and
n. Thus, f(m/n) = b™/™ for all rational numbers, m/n. Since the rationals are dense in the reals and
f is continuous, it follows that f(z) = b® for all .

Comments. Suppose f is as in the problem and f(1) = f'(0) = b. Define T: [0,00) — L(R) by
T(t) = £ where £,: R — R by £,(z) = ax. Then using the terminology to be introduced in Problem
11, T is a semigroup on R and Dr is the set of all z in R for which limy_,(1/t)(e® — 1)z exists. But
lim;_,0(1/t)(e’ — 1)z = bx for every z in R, so in this example, D7 = R and Ar(z) = bx for z in R,
that is, Ay = £, = ff:(o).

PROBLEM 2

Problem. Find all continuous functions, T: [0,00) — M2(R), with the property that T(z + y) =
T(x)T(y).

Background: Quick Review of some Banach Space Theory. Suppose X is denote a normed linear
space (either real or complex) and |-| is a norm on X. Recall that |-| is subadditive: |z + y| < |z| + |y|
for z and y in X; multiplicative: |az| = |a||z| for z in X and a scalar, a; and positive definite: |z| > 0,
and |z| = 0 if and only if z = 0 for z in X.

The norm on X defines a metric on X and hence a topology on X. With this topology, the vector space
operations on X are continuous.

Definition 2.1. A subset, A, of X is bounded if for every neighborhood, U of 0, A C tU for all sufficiently
large ¢t in R.

Proposition 2.2. Suppose X is a normed linear space.

(a) There is a neighborhood basis of 0 in X consisting of convex sets, so X is locally convex.
(b) There is a neighborhood basis of 0 in X consisting of bounded sets, so X is locally bounded.
(¢) There is a countable neighborhood basis of 0 in X, so X is first countable.



Proof. These are all clear from the definitions. d

Theorem 2.3. X is locally compact if and only if X is finite dimensional.

Proof. This follows from Theorems 1.21 and 1.22 in [Rud73]. O
Definition 2.4. Suppose Y is a topological vector space and {y,} is a sequence in Y.

e The sequence {y,} converges to y if every neighborhood of y contains all but finitely many of
the y,,’s. (This definition makes sense in any topological space.)
e The sequence {y,} is a Cauchy sequence if for every neighborhood, U of 0, there is an N so that
Ym — Yn are in U for all m,n > N.
Definition 2.5. Suppose X and Y are topological vector spaces. A linear transformation, 7: X — Y
is bounded if T carries bounded sets to bounded sets, that is, if A is a bounded subset of X, then T'(A4)
is a bounded subset of Y.
Theorem 2.6. The following are equivalent for a linear transformation, T: X — Y, when X is a
normed linear space and Y is a topological vector space:

(a) T is bounded,

(b) T is continuous,

(c) if {zn} is a sequence that converges to 0 in X, then {Tz,} is a bounded subset of Y, and
(d) if {zn} is a sequence that converges to 0 in X, the {Tx,} converges to 0 inY.

Proof. This is Theorem 1.32 in [Rud73]. O

Example 2.7. Consider the Banach space C([0, 1]) of continuous functions on [0, 1] with the sup-norm.
The functions on [0, 1] that are differentiable form a subspace, say D([0,1]). With the subspace topology,
differentiation is a map from D([0, 1]) to C([0, 1]) that’s linear, but not continuous.

Notation 2.8. If X is a normed linear space and Y is a topological vector space, then L(X,Y) will
denote the set of all continuous linear transformations from X to Y. The special cases when Y = X and
Y =R will be denoted by L(X) and X* respectively.

It’s easy to see that if Th and T» are in L(X,Y") and « is a scalar, then T} + T and o7 are in L(X,Y),
so L(X,Y) is a subspace of the vector space of all linear transformations from X to Y.

Definition 2.9. Suppose X and Y are normed linear spaces and T is in L(X,Y). Then T is bounded
so the image of the unit ball in X is a bounded subset of Y. Define

IT| =sup{|Tz| |z € X,|z| <1} =inf{ M | |Tz| < M |z|,Vz € X }.
Proposition 2.10. If X is a normed linear space and A and B are in L(X), then |AB| < |A||B].
Proof. By definition, for z in X, |ABz| < |A||Bx| < |A||B||z| so |AB| < |A]||B]. O

Theorem 2.11. Suppose X and Y are normed linear spaces. Then |-| is a norm on L(X,Y) and if Y
is a Banach space, so is (L(X,Y),|-]).

Proof. This is Theorem 4.1 in [Rud73]. O




Solution. [henry, Ioana]
Claim 2.12. [Henry] (T'(¢) — I) [J T(r) dr = (T(s) = I) [y T(r) dr

Proof. Under the change of variable u = t + r the integral fos (t + 7) dr becomes ft r)dr and
similarly fg T(s+r)dr = f:+s T(r)dr. Also,

(T(t)—I)/OST(r)dr:/OST(t+T)dr—/OST(T)dr:/ts+tT(r)dr—/08T(r)dr

(T(s)—I)/OtT(r)dr:/OtT(s+r)dr—/OsT(r)dr:/s+tT(r)dr—/OsT(r)dr.

The difference between these last two equations is,
t+s s t+s t
/ T(r)dr — / T(r) dr — / T(r) dr + / T(r)dr =0
t 0 s 0

Claim 2.13. [Henry] If t is sufficiently small, then fo r)dr is invertible in Mz (R).

and

Proof. Define V(t fo r)dr for t > 0. Then for t > 0, V is continuously differentiable at ¢ and
V'(t) =T(t) by the contlnulty of T. Using again that T is continuous, taking the limit as ¢ decreases to
0 it follows that V' is differentiable from the right at 0 and V'(0) = T'(0) = I. Thus lim;_o+ +(V (t) —
V(0)) = I and so lim¢ o4 + f(f T(r)dr = I. The determinant function from M,(R) to R is continuous,
so the invertible matrices form an open subset of My (R). Therefore, if ¢ is sufficiently close to zero, then
1 fo r) dr is invertible and hence fo r) dr is invertible. O

Claim 2.14. [Henry] The function T has o right derivative at 0 and
T'(0) = (/OST(T) dr) N (T(s) - 1)
for all sufficiently small s.
Proof. Notice that [ T(r)dr and T (t) — I commute since T'(r +t) = T(t +r). Therefore, it follows from

Claim 2.12 that s ;
( / () dr) (T(t) = T) = (T(s) — T) / () dr,
0 0

so it follows from Claim 2.13 that for sufficiently small s’s we have
-1

(2.15) T)— 1= ( /0 ") dr) (T(s) = I ( /0 T dr) .
Now multiply by % and take the limit as ¢ decreases to 0 to get
Jlim (T (1) ~ T(0)) = ( /0 "T(r) dr) S Tw-n (th& : /0 1) dr)

- ( /0 () dr) (T - Dv0)

-1

= (/OST(T) dr) (T(s) = 1I).



This proves the claim. a

Now set A =T'(0) = (J; T(r)dr) ~H(T(s) = I) (for sufficiently small s). Then Equation 2.15 becomes
Tt) -1 = Af(;t T(r)dr and so T(t) = I + Afot T(r)dr. It follows that T is differentiable and that
T'(t) = AT(t). It will be shown in Remark 8.1 that for every X in M3(R), the initial value problem:

IVP: M5 (R) G: [0,00) = M>(R), G(0) = X, and G'(t) = AG(t)

has a unique solution, so since T(0) = I and T'(t) = AT(t) for ¢ in [0,00), it follows that T" may be
characterized as the unique solution to IVP:M>(R) with T'(0) = I.

Claim 2.16. If |-| denotes the 1-norm on R?*, A is in M2(R), and a;; is the (i,j)-entry of A, then
lai ;| < [A].

Proof. If e; is the j'" standard basis vector of R? for j = 1,2, then |e;| =1 and so
laij| < lasgl = |Ae;| < |A]lej| = Al
i
O

Claim 2.17. [loana] Suppose B is a matriz in My(R). Then the series > e (1/k!)B* converges in
M>(R).

Proof. Tt will be shown in the comments after Problem 3 that the product topology on M (R) is the
same as the topology induced by the operator norm, so it’s enough to show that the series converges
in the product topology on M(R). Therefore, it’s enough to show that the (i, j)-entry of Y, (1/k!)B*
converges for every 1 <i<nand 1 <j <n.

Fixiand jwithl <i<mand1<j<nandlet bg’kj) denote the (i, j)-entry of B* for k > 0. Then using
b k)‘ < |B*| < |BJ*, so bg,jk)‘ /k! < |B|* Jk!. Therefore,

Claim 2.16 and Proposition 2.10 we have |b; ;

the series Y
S |B|* /k! converges. O

bg’ jk)| /k! converges by the Comparison Test for series of real numbers since the series

Denote the sum Y o°(1/k!)B* by e®.

Recall that we've set A = T'(0) and define E: [0,00) — M»(R) by E(t) = e!4. We'll show that E is
differentiable and E'(t) = AE(t). Since E(0) = I it will then follow from the uniqueness statement in
Remark 8.1 that 7 = E, so T'(t) = et/ for t in [0, 00).

Fix a > 0 and let ag,kj) denote the (i, j)-entry of A for k > 0. Then as in the proof of Claim 2.17, for t
ag’kj)/k!‘ < t*|A/* k! < oF |A]F /K, so the series 3, tkagf;)/k! converges uniformly
on [0,a). Therefore, the series >, t* A¥/k! converges uniformly on [0,a] and so we can compute its
derivative as the sum Y, ktF=1A¥ /k! = AetA. Thus, E'(t) = AE(t) for t > 0 as claimed.

in [0, ], we have tk




PROBLEM 3

Problem. Suppose T': [0,00) = M3(R). Write T(t) = liég 2221 where a, b, ¢, and d, are real-valued

functions. Show that a, b, ¢, and d are all continuous if and only if T is continuous when Ms(R) is
given the topology determined by the operator norm that’s induced by the 2-norm on R?.

x z z
Y Y

Yy
this is the 2-norm on R2.

in R?, define

SNCET

2

= |z|+|y|, this is the 1-norm on R? and
Yl

Background. For [
1

Solution. [Deana]

Assume first that T is continuous at ¢ with respect to the 2-norm topology on M>(R) and fix € > 0.
Choose d so that |T'(t) —T'(s)| < € whenever |t —s| < § and s is in [0,00). Recall that T'(z) is defined

1
by |T(z)| = inf{ M | |T(z)v| < M |v|Vv € R? }. Thus, taking v = l()] it follows that

b,

la(t) —a(s) b(t) - b(s)] H
= 1, it follows that la(t) —af(s))

0
1
0f|, c(t) — c(s)

the left hand side of the last equality is \/(a(t) — a(s))? + (c(t) — c(s))?. Then

la(t) — a(s)| < V/(a(t) — a(s)? + (c(t) — c(5))* <¥,

and so a is continuous at t.

<e€
2

< €. By definition,
2

for s in [0,00) with |t — s| < §. Since

0
The same argument shows that ¢ is continuous at ¢, and an analogous argument with w = [1] replacing
1 .
v=1, shows that b and d are continuous at t.
Claim 3.1. There are constants, ¢1 and ¢z in R so that ¢ [v], < |v|; < eo|v|, for every v in R2.

Proof. The first inequality is valid with ¢; = 1 by the triangle inequality. We’ll show that ¢; = v/3 works
for the second inequality. This is clear if z = y = 0.

If (a,b) # (0,0) and |a| < |b|, then % = % < |“{b| < 1. Tt follows that QZLT!LZ < 2 and so
1+ 2% < 3. therefore, 22 + y? + 2|zy| < 3(22 + y2), and it follows that (|z| + |y|)* < 3(22 + ¢2).
This implies the result. d

It follows from the claim that |z| + |y| < v/3y/22 + y2 for all real numbers z and y.

Now, suppose a, b, ¢, and d are continuous at ¢ and € > 0 is given. Choose § > 0 so that |a(t) — a(s)| <
€/2, |b(t) — b(s)| < €/2, |c(t) — c(s)| < €/2, and |d(t) — d(s)| < €/2 whenever s is in [0, 00) and |t — 5| < 6.



Then as above

in R?,

Now for any [x
Y

(T(s) - T(9) “’”] - (T(s)—T(t))< e 0)
yll, 0 ¥/,
< | -T®) ’0“'] +|(T() - T(®) 2]
= o] [(T(s) =T@) ||| + 1ol |(T(s) — @) ﬂ
< (e + lol) 5
§6\/§/\/§.

This shows that |T'(t) — T'(s)| < €v/3/+/2 whenever |t — s| < § and hence that T is continuous at t.

Comments. A solution to Problem 3 follows trivially from the apparently more general fact that
the product topology on M, (R) is the same as the operator topology on My (R) induced by either the
1-norm or the 2-norm on R2. Tt follows from Claim 3.1 that the two operator topologies coincide and the
first argument above essentially shows that all three topologies coincide. We’ll show that the product
topology and the operator topology induce by the 1-norm on R? are equal.

For a matrix, A, in M>(R) and € > 0, let B.(A) denote the open e-ball around A in the operator topology

b
induced by the 1-norm on R?. Suppose A = “ d is in M>(R), fix € > 0, and consider B.(A4). If
¢

x=|" Y0isin B.(A), then |A — X| < e. Applying A — X to the standard basis vectors of R?, which
z w

[ |

Now suppose (a1, az2), (b1,b2), (c1,¢2), and (di,ds) are four open intervals in R and let R denote the set

have 1-norm equal 1, gives that < € and <e€sola—z|<elc—z|<e |b—y| <e

and |d —w| < e.

ofall X = |¥ Y| with the property that z is in (a1,a2), y is in (b1,b2), 2z is in (¢1,¢2), and w is in
z w



in R, set

(d1,d2), so R is a basic open set in the product topology. Fix A = P4
r s

€= min{ |p—a1|,|p—a2\,\q—b1|,|q— b2|,|7° —Cl|,|7' _C2|a|s_d1|a|3_d2| }a

isin B¢(A), then it was shown in the last paragraph that |a — x| < €,

and consider B.(4). If X = vy
z w

lc—z| <€ |[b—y| <e€, and |d — w| < e. Therefore, X is in R. Since X was arbitrary, B.(4) C R and

it follows that R is open in the norm topology on M>(R). Therefore, the norm topology contains the
product topology.

b
Conversely, suppose A = @ d inis M>(R) and € > 0. We’ll show that A is contained in an open subset
c

in the product topology that’s totally contained in B.(A). Let R be the open subset in the product

topology consisting of all matrices, X = y] , with the property that |a — z| < €/2, |b—y| < €/2,
z w
|c — z| < €/2, and |d — w| < €/2. For such an X,
T
(4-X) H < Irf(la ==+ [b—yl) + [sl(lc — 2| + |d — w|)

<e(lr[+[sl)/2

|

So X isin B.(A). It follows that R is contained in B.(A) and hence that the two topologies on M5 (R)
are equal.

=€/2

Y

PROBLEM 4

Problem. Suppose yo: R — R is continuous and y;: R — R is defined by y;(t) =1+ fot yi—1(r) dr for
i > 1. Show that the sequence {y,} converges uniformly on any finite interval. If y is the limit, show
that y is the unique function with the property y(t) =1+ foty(r) dr for all t.

Solution. [Henry for existence, Ahmed for uniqueness.] It follows from the Fundamental Theorem of
Calculus, the assumption that yg is continuous, and recursion, that y,, is continuously differentiable and
Yh, =Yn—1 forn > 1.

Set fr = Yyn — Yn_1 for n > 1. Then f,(t) = f(f(yn_l —Yn_2) = fot fn_1 for n > 1. Fix t in R. Since
f1 is continuous there is an M so that |fi(x)| < M for all 2 between 0 and t. Then |fy(z)| = | [ f1| <
|f5 [f1l| € M |z| for z between 0 and . Assume that |fn(z)| < M || /(n —1)!. Then

@) = ‘ / "

Therefore, |f,(z)| < M |z|* " /(n —1)! for n > 2 and z between 0 and ¢.

< ‘/w(M [r|"™" J(n = 1)) dr| = M |z|™ /n.
0

Now let s, = fi +-- -+ fn be the n'® partial sum of the sequence {f,}. Notice that s, = y, — yo. We'll
show that the sequence of s,’s converges uniformly on the interval with endpoints 0 and ¢ and it will
then follow that the y,’s converge uniformly on interval with endpoints 0 and ¢.



To show that the sequence of s,’s converges uniformly, it’s enough to show that it’s a uniformly Cauchy
sequence. That is, given € > 0 there is an N so that |s,(z) — s;m(x)| < € for all m,n > N and for all
between 0 and ¢. So fix € > 0. The series ) t"/n! converges absolutely by the Ratio Test, so there is an
N so that Y32 . t/i! < e whenn > N. But then if m >n > N and z is between 0 and ¢ we have

IA
3

M: I

| fi(@)]

1

|sn(7) = sm ()]

M|z~ /@i —1)!

IA

%

g
+

(e}

<M Y faf G- )

i=N+1

<M Y /-

i=N+1
< Me.

It follows that {s,} is uniformly Cauchy on the interval with endpoints 0 and ¢ and hence converges
uniformly on the interval with endpoints 0 and ¢. Therefore, the series converges uniformly on any finite
interval.

Define y = lim,,_, c y- Now

t
(4.1) Yn(t) = 1+/0 Yn—1

for n > 1 by definition and the y,,’s converge uniformly to y on the interval with endpoints 0 and ¢, so
applying lim,_, . to both sides of equation (4.1) gives

n—oo n—oo

¢ ¢ ¢
(4.2) y(t) =14 lim Yn—1 =1 +/ lim y, 1 =1 —|—/ y.
0 0 0

It remains to show that y is the unique function satisfying equation (4.2). So suppose g also satisfies
g(t) =1+ f; g- Then y — g is continuous on the interval with endpoints 0 and ¢. Say |y(z) — g(z)| < M
for z in the interval with endpoints 0 and ¢. Then

xz T
o) = o6a)l = | [“v-s | [ -l <2lal.
0 0
Assume that |f(z) — g(z)| < M|z|™/n! for z in the interval with endpoints 0 and ¢. Then

r T T
/ y—g / Iy—gl‘s‘/ M|r|™/ntdr
0 0 0

It follows that |f(z) — g(z)| < M|z|™/n! for all z and for all n > 1. Therefore y(z) = g(z) for all z and
soy=g.

ly(z) — g(z)| = < = Mlz|"t"/(n + 1)..

PROBLEM 5

Problem. For s > 0, define T(s): [0,00) — [0,00) by (T'(s))(z) = y(s) where y is the unique solution
to the initial value problem IVP. Show that T'(s +t) = T(s)T(t) for s and t in [0, 00).



Background. Consider the initial value problem:
VP y:[0,00) = R, y(0)==x, and y =—y?
where z > 0.

To see that this initial value problem has a unique solution, suppose that y is a solution. Then —y'/y?
is constantly one, so f(f —y'/y? = t. But f(f —y'/y? = (1/y(t)) — (1/y(0)), so y(t) = z/(1 + tz) for t and
z in [0,00). Since this formula for y defines a function that is easily seen to be a solution to the initial
value problem IVP, it must be the unique solution.

Solution. [Ioana] Fix ¢, s, and z in [0, 00). By definition, if y is the unique solution to the initial value
problem: y: R = R, y(0) = z and y' = —y2, then T'(s)(z) = y(s) and T(t + s)(x) = y(t + s).

Define f by f(r) = y(r + s). Then clearly f(0) = y(s) and f'(r) = y'(r +s) = —y(r + s5)? = —f(r)%
Therefore, f is the unique solution to IVP with f(0) = y(s), and so T(¢t)(y(s)) = f(t). But f(t) =
y(t +s) = T(t + s)(x) and T(t)(y(s)) = T(¢)(T(s)(x)), so T(t + s)(z) = T()(T(s)(x))-

Comments.

Remark 5.1. An example of an initial value problem without a unique solution is y: R — R, y(0) =0,
and y'(t) = y(t)?/3. For a > 0, define y,(t) = 0 for t < a and y,(t) = (t — a)®/27 for t > a. Then y, is a
solution for every a > 0. Similarly, if b < 0 and a > 0, define y, 5(t) = (t — b)3/27 for t < b, ya,s(t) =0
for b <t <a, and y,(t) = (t — a)®/27 for t > a. Then y, ; is a solution for all a and b.

Remark 5.2. Consider the heat equation with “c=1:"

BVP:HE u:[0,00) % [0,1] = R, u(t,0) =u(t,1) =0 for all ¢, u(0, -) = h, and u(t, z) = Uy (t, )
for all ¢ in (0, 00) and all z in (0,1).

Assume that X is a space of functions on [0,1] with the properties: 1) for every h in X, there is a

unique u satisfying the initial value problem BVP:HE; 2) if u”* denotes the solution to BVP:HE with

initial condition h, then u"(¢, -) is in X for ¢ in [0, 00); and 3) X is a subspace of the vector space of all

functions on [0, 1]. Tt can be shown that it’s possible to take X = L?([0, 1]).

For t in [0,00), define £;: [0,00) — [0,00) by li(s) = t + s and define ¢;: [0,1] — [0,00) x [0,1] by

1t(z) = (t,z). Notice that for s and ¢ in [0, 00) we have (£; x id) 0 1y = 154¢.

Define T': [0,00) — Map(X, X) by T(t)h = u* o (¢; x id) = u”(¢, -). The argument in the solution to

Problem 5 shows that T defines a “semigroup” on X (in the extended sense, as defined in Problem

11) as follows.

Claim 5.3. u7®)" = 4P o (£, x id).

Proof. For s is in [0,00) and h in X, define i [0,00) x [0,1] — R by @(t,z) = u"(s + t,z), so with the
preceding notation, i = u® o (£, x id).
We need to show that @ satisfies BVP:HE with the initial condition T'(s)h. Since the derivative of t — s+t

with respect to ¢ is 1 (this fact is the crucial ingredient, the rest is elementary and formal) it follows
from the chain rule that @;(t,z) = u(s + t,z), (¢, 2) = ug(s + t,2), and Gy, (¢, ) = ugz(s + t,2),
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so 4 satisfies the differential equation. Clearly @(¢,0) = @(¢,1) = 0 for all . Finally, by definition,
@(0,z) = ul(s,z) = T(s)h(x). O
To complete the argument that T is a semigroup, suppose h is in X. Then
T()T(s)h =T(t) (T(s)h)

— Tk,
=ulo (£, xid) o
=ul o,y
=T(s+t)h.

PROBLEM 6
Problem. If P and Q are two inner products for a normed linear space (X,|-|), then P = Q.

Background. Recall that an inner product for a normed linear space, (X,|-|), is a bilinear function
P: X x X — R with the property that P(z,z) = |:1:|2 for every z in X.

Solution. [Ahmed] By definition, P(z,z) = |x|2 = Q(z,x) for all z in X. Thus, for z and y in X,
P(z,z) +2P(z,y) + P(y,y) = P(z + y,z + y)
= |z +y/’
=Q+y,z+y)
= Qz,2) +2Q(z,y) + Qy,y)-

The result now follows using the fact that P(z,z) = |z|”> = Q(z, z).
PROBLEM 7

Problem. Supposea, b, ¢, d, v, and s are real numbers. Show there exists a unique pair of differentiable
functions, u,v: [0,00) = R with the properties

u'(t)| o b| |u(t) w(0)| _|r
(71 L/(t)] - l d] [vw] o lv«»] - H

for all t in [0, 00).

Background. Set A = @ Z , Y = u]’ and X = |"|. Then the problem is equivalent to showing
v

that the initial value problem

IVP:R? Y:[0,00) = R?, Y(0) = X, and Y'(t) = AY (t), for all ¢ in [0, 00)

has a unique solution.




11

Solution. [loana] In this argument, |-| will denote the 1-norm on R? and also the induced operator
norm on M>(R).

Define Yy: [0,00) — R? by Yy(t) = X for all ¢, and for n > 1, define Y,,: [0,00) — R? by Y, (t) =
X-|—f0t AY,_1. Also, define F,, =Y, — Y, 1 forn > 1, s0 F,(t) = fot AV, 1(s) = Y,_2(s)) dsforn > 2.
Claim 7.2. IfG: [0,00) — R? is continuous, then |AG(t)| < |A||G(t)| and ‘fg AG(s) ds‘ < f(f |AG(s)| ds
for all t in [0, 00).

Proof. Tt follows from the definition of |A| that |AG(¢t)| < |A||G(t)|. Suppose G(t) = lf Eg . Then
g
/tAG(s)ds _|[foa +bo
0 fo Cf + dg
¢ ¢
= / af+bg‘+ / cf+dg‘
0 0

t t
s/|w+wm+/|ﬁ+mﬂ
0 0

- /0 "|AG(s)| ds.
)

(See also Theorem 16.3 and Proposition 16.9.

Now fix a > 0 and suppose ¢t is in [0,a]. Then Y;(t) = X + f; AX = X +tAX and so
|Fi(t)] = | X +tAX — X| = [tAX]| < t|A]|X].
Thus,

t

1 t2
R0 < [ AR ds < [ 1411411 sds = 5147 1),

Inductively, assume |F,,(t)| < (|X|t™|A|™) /n!. Then

t t n 1
| X |s™|A] vt
F, < [ |A||F. <[ A =
| Hw_ﬁ|u<m%_l|| B ]

A" X

Since t < a, it follows that |F, ()| < |X||A|" a™/n! for n > 1. Therefore, the series 3 |F,,(t)| converges
and so the series ) F}, converges uniformly on [0, a] by the Weierstrass M-test. Let F' denote the sum
of the series, so F(t) = Y oo | Fy(t).

Now Y, (t) = Yo(T) + X1, Fi(t), and so the sequence {Y,,} converges uniformly on [0,a] to Yy + F =
X + F. Define Y = X + F, so the Y,,’s converge uniformly to Y.

Claim 7.3. Y'(t) = AY (¢)

Proof. Using that the Y,,’s converge uniformly to Y on any interval [0, a] we have

Y(t) = lim Y,(1)

t
= lim <X+/ AY, _1(s) ds)
n—oo 0

t
=X+ [ Alim Y, 1(s)ds

0 n—oo
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t
:X+/ AY (s) ds.
0

Now it follows from the Fundamental Theorem of Calculus that Y'(t) = AY (¢) for ¢ in [0, 00). O

Clearly Y,,(0) = X for all n, so Y(0) = X and hence it follows from Claim 7.3 that Y is a solution to
the matrix initial value problem.

To show that Y is the unique solution, suppose G is any solution. Then, using the Fundamental theorem
of Calculus, we have

¢ ¢
Git)=X +/ AG(s)ds and Y(t)=X +/ AY (s) ds.
0 0
Fix a > 0 and let M =sup{|Y(t) — G(t)| | t € [0,a] }. Then for ¢ in [0, o],

V(1) — G(t)| = / A(Y (5) - G(s)) ds

t
< [ 1Ay ) - (o) ds
0
< |A| Mt
Assume [V (t) — G(t)| < M |A|" t"/n!. Then

t

Y () -G@)| = (Y (s) = G(s)) ds

< [ |AlY(s) —G(s)| ds

“Jo
t tn
g/ A M |A]" = ds
0 n-
tn—‘,—l

_ n+1
= M4 (n+ 1)

Therefore, |Y (t) — G(t)| < M |A|"t"/n! for all n > 1 and so Y (t) = G(¢) for ¢ in [0,a]. Since a was
arbitrary, Y = G.

Comments. The preceding argument will be generalized in Problem 13 to show that if X is a Banach
space, [a, b] is a closed interval, g: [a,b] = X is continuous, and A: [a,b] — L(X, X) is continuous, then
there is a unique y: [a,b] = X so that y'(t) = A(t)y(¢t) + g(¢) for all ¢ in [a, b].

PROBLEM 8

Problem. If T: [0,00) = M2(R) satisfies T(0) = I and there is a matriz, A, in M>(R) so that T'(t) =
AT (t) for all t, show that T'(s +1t) =T (s)T(t) for all s and t in [0, 00).
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Background.
Remark 8.1. Suppose A and X are in M>(R) and consider the initial value problem:

IVP:M5(R) G: [0,00) = M>(R), G(0) = X, and G'(t) = AG(t) for t in [0, 00).
Write G(t) = [Gl(t) Gg(t)] and X = [Xl X2]. Then G(0) = [Gl(O) Gz(O)] and

AG(t) = [AGl(t) AG2(t)] = [G’l(t) G;(t)].

Thus, the given initial value problem is equivalent to the two initial value problems: G;: [0,00) — R?,
G;(0) = X;, Gi(t) = AG;(t) for ¢t in [0, 00), for ¢ = 1, 2. It was shown in Problem 7 that these last two
initial value problems have unique solutions, and so IVP:M>(R) has a unique solution.

Solution. [Ioana] With the notation of the problem, fix s and define F': [0,00) — M>(R) by F(t) =
T(t+s)—T(t)T(s). Then clearly F(0) = 0 and using the assumption on T we have

F'@t)=T'(t+s)—T'(#)T(s) = AT(t + s) — AT (t)T(s) = AF(t).

Therefore, F satisfies IVP:M,(R) with X = 0. But G(t) = 0 also satisfies IVP:M»(R) with X = 0, so
by uniqueness, F' = G and hence F(t) = 0 for all ¢. It follows that T'(t + s) = T'(¢)T'(s) for all ¢t and s.

Comments. Combining the results in Problems 7 and 8, it follows that for a function, T': [0, 00) —
M>(R), with T'(0) = I, the following statements are equivalent:

e T is continuous and T'(s + t) = T'(s)T'(¢) for all s and ¢ in [0, 00).
o T is differentiable and there is a matrix, A4, in M>(R) so that T'(¢t) = AT(t) for all ¢ in [0, 00).
e T is smooth and there is a matrix, A, in M(R) so that T'(t) = AT(¢) for all ¢ in [0, 00).

If T satisfies the conditions in the first statement, then T is differentiable and the matrix “A” in the
second statement is 7"(0).

If T satisfies any of the conditions above, then T'(t) = e!4 where A = T'(0) and so T can be extended
to a smooth function on all of R.

It follows (using the comment after Problem 3, the definitions in Problem 11, and some linear algebra)
that if T' is a continuous, linear semigroup on R?, then T'(t)z = e!4z for all z in R?, where A = T"(0).
Moreover, it’s easy to see that (with the notation of Problem 11) D7 = R? and the generator of T is
the linear transformation 77(0), that is A7z = T'(0)z for z in R?.

Also, there is a canonical bijection between semigroups on R? and initial value problems IVP:M,(R)
with the fixed initial condition G(0) = I. If T is a semigroup on R?, then T is the unique solution to
IVP:M>(R) with initial condition G(0) = I and with A = T'(0). Conversely, if T is the solution to
IVP:M>(R) with initial condition G(0) = I, then T is in fact a semigroup and T(0) = A.

PROBLEM 9

Problem. Show that £2 is closed under addition.
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Background. Recall £ denote the set of all sequences, {x,,} = (zo,Z1,T2,...) in RY with the property
that the series > z2 converges. Sequences are added and multiplied by scalars pointwise, and |{z,}| =
V2ou o x2. Then £2 is complete and an inner product space, so it’s a Hilbert space.

Equivalently, ¢* is the set of all functions, z: N — R with the property that ), z(n)? converges.
Functions are added and multiplied by scalars pointwise.

Solution. [Deana]
Claim 9.1. Suppose s and t are in [0,00). Then st < s2/2 + t2/2.

Proof. Consider the line whose equation is y = z in the plane and the rectangle in the first quadrant
with one side [0, s] on the z-axis and an adjacent side [0,¢] on the y-axis. Then the area of the rectangle
is st and is at most [, = dx + fot ydy = s?/2 + t2/2. Notice that equality holds if and only if s =¢. O

Now let {z,,} and {y,} be in £2. Then by Claim 9.1,
T Un
lenyn| < 27 + 7;
n n
and so ), Tny, converges absolutely and hence

Z|xn+yn|2 = mez +2|znyal + yi
n n
§in+22<%+%) +) vk
n n n
=2> @, +2) ui
n n

The result follows by taking square roots of both sides and using that va +b < /a + Vb for positive
real numbers a and b.

Comments. Notice that the argument shows that [{z,} + {yn}| < V2(|[{zrn}| + [{yn}|). However, it’s
not hard to show that |-| is a norm on £? (see Problem 10), so in fact [{zn} + {yn}| < {Zn}| + {yn}|-

PROBLEM 10

Problem. Show that £? is an inner product space.

Background. Recall that (X,(-, -)) is an inner product space if (-, -) is bilinear: {azx + y,z) =
olz,z) + (y,2); {-,-) is symmetric: (x,y) = (y,xz); and (-, -) is positive definite: (x,z) > 0, and
(z,z) = 0 if and only if x = 0.

It’s not too hard to show that the Cauchy-Schwarz inequality is true in any inner product space. It
follows easily that if (X, (-, -)) is an inner product space and |-| is defined by |z| = \/{z, z), then || is
a norm on X.
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Solution. [Deana] It was shown in the solution to Problem 9 that if {z,} and {y,} are in ¢2, then
> TnYn converges absolutely. Define

{zn}t {yn}) = Tnyn and [{zn}] = V{zn}, {za}) = D27

It follows immediately from standard properties of absolutely convergent infinite series of real numbers
that (-, -) is symmetric and bilinear. Also ({z,},{z,}) =3, 22 = [{zn}|”. Therefore, (-, -) is positive
definite and it follows from the remark above that £2 is an inner product space.

PROBLEM 11

Problem. Fort in [0,00), define T(t): 2 — €% by T(t){z,} = {e ™x,}. Check that T(t) is linear and
continuous, so T(t) is in L(£3).

(a) Show that T is a linear semigroup on (2.

(b) Compute |T(t) — I| fort > 0.

(¢) Show that T is strongly continuous but not continuous.
(d) Compute Dt and the generator, Ay, of T.

Background.

Definition 11.1. If X is a topological space, a semigroup on X is a function, T: [0,00) — C(X, X),
where C(X, X) denotes the set of continuous functions X — X, with the properties that 7(0) is the
identity mapping and T'(s+t) = T'(s)T'(¢) for all s and ¢ in [0, 00). If X is a topological vector space and
T(t) is linear for every t, so T': [0,00) = L(X), then T is a linear semigroup on X. If for each z in X
the trajectory, t — T(t)z defines a continuous function from [0, 00) to X, then T is strongly continuous.

The conditions that X be a toploogical space and that the image of T is a subset of C(X,X) can
be relaxed. A more general definition of a “semigroup of transformations on X” would be just that
T is a representation of the monoid [0,00) in the category of sets. In other words, X is a set and
T: [0,00) = Map(X, X) is a homomorphism of monoids, where the monoid structure on Map(X, X) is
the categorical one given by composition.

The examples above and below will all be semigroups in the sense of Definition 11.1:

e Problem 1: Tj: [0,00) — M1 (R) by Ty(¢)(s) = e’is.
e Problem 2, 7, 8: T4: [0,00) = M2(R) by Ta(t)(z) =
e Problem 5: T': [0,00) — C([0,0),[0,00)) by T(t)(x) T

e Problem 5: T: [0,00) — C(X, X) by T(t)(h) = u”(t,-).

e Problem 11: T': [0,00) = L(¢?) by T(t){z,} = {e "=z,}.

e Problem 12: T': [0,00) — L(CB([0,00))) by T'(t) = £} where £;: [0,00) — [0, 00) by £;(z) =
t + . Notice that this is a special case of the construction in the example in Problem 18 with
X =[0,00) and T'(t) = ¢;.

e Problem 12: T': [0,00) — L(UCB([0,0))) by T'(t) = £} where £, : [0,00) — [0, 00) by £ (z) =
t+ .

e Problem 18: If T: [0,00) — C(X, X) is a semigroup on a complete metric space, X. Then
S:[0,00) = L(CB(X)) by S(t) = T(t)* is a linear semigroup.
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Notation 11.2. Suppose X is a topological space and T is a semigroup on X. For z in X, the trajectory
of z will be denoted by g, s0 g5 : [0,00) = X by g,(t) = T'(¢)x.

Definition 11.3. If X is a normed linear space space and T is a semigroup on X, define Dy = {z €
X | limy0(1/%) (T'(t) — I) z exists }. In other words, z is in Dy if and only if there is a y in X with the
property that for every € > 0, there is a § > 0 so that |(1/¢) (T'(t) — I) z — y| < € whenever 0 < ¢t < 4.
Define Ar: Dr — X by Arz = limy_,0(1/t) (T'(¢t) — I) z. The function, Ar, is called the generator of
T.

Remark 11.4. There are variants of this definition, see Remark 11.13.

Solution. [Deana, Ioana] To show that T is a semigroup on ¢2, notice first that clearly T(0){z,} = {z,}
and so T'(0) is the identity transformation. Now fix s and ¢ in [0, 00). Then

TO)T (s)({zn}) = T#)({e™ " zn})
— {e—nt —nsxn}
— {6 t+s)$ }
=T(t+s)({zn})-

Therefore, T is a semigroup on £2. Since the vector space operations on £2 are pointwise it follows
trivially that T'(¢) is a linear transformation for ¢ in [0, 00).

Remark 11.5. To complete the argument that T is a linear semigroup on £2 it remains to show that
T(t) is in fact defined, that is, T'(t)({z,}) is in £2, and that T'(t) is continuous for ¢ in [0, 00).

The fact that T(¢)({,}) is in £2 when {z,,} is in £ follows from the fact that 3" (e "z,)’ <Y, 2
since 0 < e=™ < 1 for n > 0. To show that T'(¢) is continuous, it’s enough to show |T'(t)| = 1. We just
saw that

T fzn}l = {e™en}| =) (e7™a <Zw {zn}|

n
so |T(t)] < 1. However, if 2o = 1 and z, = 0 for n > 0, then |{a:n}| =1 and T(t){zn} = {zn}, so
T ()| = 1.

This completes the argument for part (a).

For part (b), we’ll show that |T( y—I|=1fort > 0. Sofixt>0. Thene ™ <1 forall n >0, so
le™x,| < |zn| and e72"gz2 < 22 for all n > 0. Now

(T (@) = D{zn}* = [T {zn} — {zn}]”
- Z (e "z, — xn)2
_ Z —nt
< Zwi

n
= Hza}|-
It follows that |T'(t) — I| < 1.
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To show that |[T'(t) — I| > 1 it’s enough to show that |T'(t) — I| > 1 — e for all € > 0. So fix € > 0. It’s
enough to find {z,} in 2 with |(T(t) — I){z,}| > (1 — €){z,}. Choose N so that e~V* < ¢ and define
Tn, = 6N,n (kronecker delta) for n > 0. Then Y, 22 =1 and so {z,} is in £* and |{z,}| = 1. Now

() = D{za}f* = (1= )" > (1= = (1 - * {za}*.

Taking square roots of both ends of the chain of inequalities gives the result. This completes the argument
for part (b).

For the first part of part (b), fix # = {z,} in £2 and consider the trajectory g,. We'll show first that g,
is continuous for ¢ > 0 and then that g, is continuous from the right at 0.

Claim 11.6. Ift > 0, then g, is continuous at t.

Proof. Tt follows from the Root Test that if ¢ > 0, then the series )~ e ¥ converges, so we can define
a function, p: (0,00) = R by p(t) = > pe, e *. To show that p is continuous it’s enough to show that
the series ), e7** converges uniformly on any interval [, 00) where € > 0.

So fix € > 0. Recall that the sequence {(Ink)/k} is a decreasing sequence that converges to 0. Choose N
so that € > (2In N)/N, so € > (2Ink)/k for k > N. Now define My =1 for 0 < k < N and My, = 1/k>
for k > N, so the series 3°, M converges. If t > 0, then e ¥ <1,s0e * < M} for 0< k< N.Ift > e
and k > N, then t > (2lnk)/k, so e ¥ < 1/k? = Mj,. Therefore, it follows from the Weierstrass M-test
that the series Y, e~*' converges uniformly on the interval [e, ).

Now fix t > 0 and choose M so that M > :ci for all k. Then for s > 0 we have
_ 2
|92(5) = 92(1)” = [{e ™"z — e i }|
2

= Z |€ T —e .’L‘k|

_ Z”’k —ks _ efkt)2

< MZ —ks _ —kt

- M Ze—ka _ 2e—kse—kt + e—2kt

= M(p(2s) — 2p(s +t) + p(2t)).

Since p is continuous on (0, 00), it follows that p(2s) — 2p(s + t) + p(2t) approaches 0 as s approaches ¢
and hence that g, is continuous at ¢ for ¢t > 0. O

Claim 11.7 (Ioana). g, is continuous at 0.

Proof. Suppose t > 0. Then

19:(8) — 9. (0)[* = [{e ¥tz — zx}|”

= Z |67kt.'13'k — .'Ek|2
k

= in (e_kt - 1)2.
k
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Thus, if we define s(t) = > po 27 (e7H — 1)2 for t > 0, it’s enough to show that s(t) approaches 0 as t
approaches 0.

Fix € > 0. Since {z;} is in £2, we can choose N so that Y o ., z2 < €/2. Then
k=N+1 Tk

o0 9 o
Z zy (e7F —1)" < Z zi < €/2.
k=N+1 k=N+1

For any n,
a1 <Yy g <1-e) 2l
k=0 k=0

Finally, (1 — e_N"’)2 decreases to 0 as t decreases to 0, so there is a § so that (1 — e_Nt)2 < €/(2]z])
whenever ¢ < §. But now, if ¢ < §, then

N oo oo
Y o) Y o) < (- el + Y al<ef2refz=e
k=0

k=N+1 k=N+1

Therefore, lim;_,¢+ s(t) = 0 as desired. O

The second part of (c) follows immediately from (b) since L(¢?) is a metric space and by (b), |T'(t) — I| =
|T'(t) — T(0)] =1 for t > 0 and so does not approach 0 as ¢ approaches 0. Therefore T is not continuous
at 0.

Claim 11.8. [loana] The domain of the generator of T is Dy = {{zn} | >, n’z2 < 0o } and for {z,}
in Dr, Ar{z,} = {—nz,}.

Proof. Suppose z = {x,} is in Dy, so lim;_,o4 (1/8)(T(t)z — z) exists. Set y = lim;_,o4(1/t)(T(t)z — z)

S{e]
—nt

1 e—nt _
= lim —(e ™z, —x,) = z, lim —— = —nx,.
Yn = 0% t( n) = n t=0+  t "

But y is in £%, 80 > yn = >, n®z?% converges. Thus Dy C {{z,} | >, n’z2 < oo} and if ) n?z?
converges, then Ar{z,} = {—nz,}.

To complete the proof, it remains to show that { {z,} | >, n?2% < 0o } C D, so suppose {z,} is in ¢?
and Y, n?z? converges. Define y,, = —nz,, for all n. Then it suffices to show that (1/t)(T'(¢t) — I){zn}
approaches {y,} in £2 as ¢ approaches 0. Set s(t) = |[{yn} — (1/t)(T'(t) — I){z}|?, we need to show that
s(t) approaches 0 as ¢ approaches 0.

For n > 0 and ¢ > 0, apply the Mean Value Theorem to the function h(t) = e™™* on the interval [0, t]
to find ¢, with ¢p¢ in [0,¢] and (1/t)(e ™ — 1) = —ne "*»t. Then

s(t) = {yn} — (1/t)(T(t) — D){an}?
= Z —nz, — (1/t)(e ™z, — wn))2

—Z:c —n— (1/t)(e™™ — 1))
:Zmn —n—{—ne’"c"’i)2
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- Zminz (1-— e’”c"’t)2 .

n
Now fix € > 0 and @ > 0 and suppose t in [0,a]. Since ) n?z? converges, there is an N so that
Y rent1 K2z} < €/2 when n > N. Then

(11.9) Yo @k (e k)’ < Y Kl <e/2.
k=N+1 k=N+1
Set M =%, x3k*. Then,
N N
(1110) Y a2k? (1—e ko)’ < Zxka )’ < (1-e M) S w2k < M (1 eV,
k=0 k=0

Since (1— e’N'f)2 approaches 0 as ¢ approaches 0 we can choose § > 0 so that M (1 — e’Nt)2 < €/2
when 0 < t < 8. Thus, when 0 < t < § we have Y5 _, 22k (1 — e"“c’w)2 < €/2, so using Equations 11.9

and 11.10, we have

N o0
st):Zmik‘2 (1—e"“’“")2+ Z Tik® (1 - _"’c’”) <e€/2+€/2=¢
k=0 k=N+1
Therefore (1/t)(T(t) — I){z,} approaches {y,} in £? as t approaches 0 and so {z,} is in Dr. O

Comments.
Remark 11.11. In general, a continuous semigroup is strongly continuous.

Remark 11.12. We'll see in Problem 17 that Dy is dense in X when X is a Banach space. It’s also
true that Dy = X if and only if T is continuous.

Remark 11.13. Suppose Y is a Banach space, T is a semigroup on Y, and X is a T-stable subspace of Y,
so T'(t)X C X for all ¢ in [0, 00). Then T restricts to s semigroup on X, say T : [0, 00) = C(X, X). If X is
not closed in Y, then it’s possible that given z in X, the limit lim,_,o+ (1/¢)(T1(t) — I )z defines element in
Y that’s not in X. In this case, one could define Dy, = {z € X | lim;—,o(1/t) (T'(t) — I) z exists in Y }.
In other words, z is in D7, if and only if there is a y in Y with the property that for every e > 0, there is
a d >0 so that |(1/t) (T'(¢) — I) z — y| < € whenever 0 < t < 4. In this case, A7, would be the function
from Dr,, a subset of X, to Y defined by Ap,z = lim;_,o(1/t) (T'(t) — I) z.

PROBLEM 12

Problem. Define T': [0,00) — L(CB([0,00))) by (T'(t)(f))(z ) f(t+z). In other words, ifl;: [0,00) —
[0, 00) is translation by t (I(x) =t + & for t > 0) then T'(t) =1 (that is, T(t)(f) = fl;).

(a) Show that T is a linear semigroup on CB([0,0)).

(b) Compute |T'(t) — I| fort > 0.

) Show that T is not strongly continuous but that the “restriction” of T to UCB([0, 00)) is strongly
continuous.

(d) Compute Dy and the generator, Ar, of the restriction of T to UCB([0, 0)).

Suppose f is in CB([0,00)) and {t,} is a sequence in [0,00) converging to t. Show that the

sequence {T'(t,)f} is B-convergent to T(t)f.

—
o

/_\
)
~—
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(f) Consider the restriction of T to UCB([0,00)). For A > 0, compute (I — AAr)™! when Arf = f'
(find a “nice” form of the answer). Show that Ar is closed, densely defined, and linear. Show
also that for A\ > 0, (I — NAr)~! exists, has domain all of UCB(]0,0)), is non-ezpansive (that
is, |(I - /\AT)’1| < 1), and that for f in UCB([0,00)), limp_ oo (I — 2A7) 1z = T(\)z.

Background. Recall that if X is a complete metric space. Then CB(X) is the vector space of all
continuous, bounded, real-valued functions on X. For f in CB(X), |f| = sup{ f(z) | z € X }. With this
norm, CB(X) is a Banach space. The subset of CB(X) consisting of uniformly continuous functions is
a closed, and hence complete, subspace denoted by UCB(X).

In particular, CB([0, 00)) and UCB([0, c0)) are Banach spaces.

Definition 12.1. A sequence of functions, {f,}, in CB(X) is said to be S-convergent if it’s bounded
(that is, there is an M so that |f,| < M for all n) and it converges uniformly on compact sets (that is,
if K is a compact subset of X and € > 0, there is an N so that n > N implies |f,(z) — f(z)| < € for all
z in K).

Definition 12.2. If T is a linear semi-group on a normed linear space, then T is non-expansive or a
contraction semigroup if |T(t)| <1 for all ¢ in [0, 00).

Remark 12.3. For part (f), notice that (I — AA)~1f = g is equivalent to f = g — A\g' and this ODE
has a unique bounded solution.

Solution. [loana] It’s obvious that T'(0) = I. For ¢t > 0 define 4;: [0,00) — [0,00) by £(z) =t + = so
T(t)f = fl;.. Now
T)T(s)(f) =TT (s)(f))
=T(t)(fLs)
= flst
= flsts
=T(s+t)(f).

Therefore, T'(s + t) = T(s)T'(t) for s and ¢ in [0, 00). It follows from the continuity of composition that
T(t) is continuous for all ¢ in [0, 00). Finally, T(#)(f +9) = (f + 9)bsr = fli + gty = T(t)f + T(t)g and
T(t)(af) = afty = aT(t)(f), so T is a linear semigroup on CB([0,00)). This proves part (a).

Claim 12.4. |T(t) — I| =2 fort > 0.

Proof.
[T (t) = I| = sup{|T(¢)f — f| | f € CB([0,00)), [/ <1}
= sup sup [T(¢) f(z) — f(z)|
[fI<12>0
= sup sup|f(t + z) — f(z)|
[fI<12>0
<2

Therefore |T'(t) — I| < 2. To show that |T'(t) — I| = 2 it suffices to show that for e > 0 there is an f in
CB([0,0)) with |f|<1and |T@)f - f| >2—c¢.
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So, fix t > 0 and € > 0. Choose a and § with |a| <1, |3| <1, and |a — | > 2 —€. Define f: [0,00) = R
by: 1) on the interval [0,¢/2], f is the line joining (0, «) and (¢/2, 8); and 2) for x > t/2, f(z) = 8. Then
1] <1 and sup, s |f(t +2) — f(@)| = a— ] > 2 —c.

Alternately [Deana] it’s easy to check that if f(z) = cos(wz/t), then |f| = 1 and |T'(¢)f — f| = 2, so
Tt f - fl=2. O

This completes the proof of part (b).

[Ioana] To show that the restriction of T' to UCB([0, 00)) is strongly continuous, notice first that if f is
uniformly continuous, then so is T'(¢) f for fixed ¢, so T'(t) maps UCB([0, c0)) to itself and so T' restricts
to a semigroup on UCB([0, 00)).

Now fix t > 0 and f in UCB([0, c0)) and consider g: [0,00) — UCB([0,0)) by g(t) = T'(t)f. We need
to show that g is continuous. Since L(UCB([0, c0))) is a normed linear space (it’s a Banach space), it’s

enough to show that if {¢,} is a sequence in [0, 00) that converges to ¢, then lim,_, |g(t,) — g(t)| = 0.
Notice that

=Tt f -T@®)]]
sup T (tn) f(2) = T(t)f ()]

sup|f(tn +2) — f(t + 7)|.
z>0

lg(tn) — g(t)

Now suppose € > 0 is given. Since f is uniformly continuous, we can choose § so that |f(z2) — f(z1)| < €
whenever |3 — z1| < 4. Since the t,’s converge to ¢, we can choose an N so that |t, — t| < § whenever
n > N. But then if n > N, |(t, +2z) — (t+2)| = [tn — t| < I, s0 |f(tn +2) — f(t + z)| < €. Tt follows
that |g(tn) — g(t)| < € and so lim,,_, o |g(tn) — g(t)| = 0. This proves the second statement in (c).

For part (d), let T; denote the restriction of T' to UCB([0, 00)). We need to describe the domain, Dy, of
the generator, Ar,, and find a formula for Ar,. We’ll show that Dr, consists precisly of those functions
in UCB([0,0)) that are differentiable and whose derivatives are uniformly continuous and bounded.
Let B denote this set, so B is the set of functions in UCB([0, 00)) that are differentiable and whose
derivatives are uniformly continuous and bounded.

For f: [0,00) = R and z in [0, 00), define the right derivative of f at x by f.(z) = lim;_,o+(f(t +z) —
f(z))/t if the limit exists. If f](z) exists for all z in [0,00), then z — f/(z) defines a function from
[0,00) to R.

Proposition 12.5 (Henry). Assume that if f is in C([0,00)), fi(x) exists for all x, and f] is continuous,
then fl = f'. Then Dy, = B and A, (f) = f' for f in UCB([0, 0)).

Proof. By definition, if f is in UCB([0, 00)), then f is in Dy, if and only if lim;_,o+ (T1(¢)f — f) exists.
Recall that “exists” means that there is a function, g, in UCB([0, 00)), so that for every e > 0, there is
0 > 0 so that [(1/t)(Th(t) — I)f — g| < € whenever 0 <t < §. But

|(L/O(Ta(t) = D) f — g = sup{ [(1/)(f (¢ + 2) = f(2)) — g(2)| | z € [0, 00), }

Therefore, given zg in [0,00), the limit lim; o+ (1/¢)(f(t + zo) — f(zo)) exists and is equal g(zg). It
follows that Dy, C B and that Ar, (f) = f. for f in Dr,.
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It remains to show that B C Dr,. So suppose f and f,. are both in UCB([0, 00)). Then by assumption, f
is differentiable and f' = f] is uniformly continuous and bounded. We’ll show that lim; ,o+(1/¢)(T1(t) —

nf=r.
Suppose € > 0. We need to find § > 0 so that
[(1/t)(T(t)—I)f — f'| <€ whenever 0<t<§.

Since the norm on UCB([0, 00)) is the sup-norm, the left hand side of the first inequality is

sup{|(1/¢)(f(z +¢) = f(2)) = f'(2)| | z €[0,00) }.
Since f' is uniformly continuous, there is a § so that |f'(y) — f'(z)| < € whenever |y — z| < 4.
Fix t with 0 < t < § and suppose z s in [0, 00). Since f is continuously differentiable, by the Mean Value

Theorem applied to the restriction of f to [z,z + t], we can choose a number depending on z and t, say
Cz,t, SO that (1/t)(f(z +t) — f(x)) = f'(cs,t). Then for any z in [0, 00) we have
z+t)— flx
TeX02T@ i) = If(er) - F@)] <

since |cpr — 2| < |(z +t) —z| <t < 4. It follows that [(1/t)(T(¢t) —I)f — f'| < € whenever 0 < t < 4.
Therefore, lim;_,o+(1/t)(T(t) — I)f = f' and so f is in Dr,. O

To complete the description of the generator of 77, we need to show that the assumption in the preceding
proposition holds. That is, if f] exists and is continuous, then f is differentiable and f' = f.
Proposition 12.6 (Ioana). Suppose f is in C([0,00)). If fl(z) exists for all x in [0,00) and the
restriction of fl to any closed interval is bounded, then the restriction of f to any closed interval, say
[a,b], is Lipschitz, with Lipschitz constant at most 1 + M where M = sup{ f;(z) | = € [a,b] }.

Proof. Fix a closed interval, [a,b] and set M = sup{ f.(z) | z € [a,b] } and M' =1+ M. To show that
the restriction of f to [a,b] is Lipschitz with Lipschitz constant at most M’, it’s enough to show that
|f(y) — f(x)] < M'|y — 2| for all 2 and y in [a,b] with a <z <y <b.

Suppose z is in [a,b). Then f}(z) exists, so there is a d, > 0 so that

‘%ﬁ(m)—ﬂ(x)‘gl whenever z <y <z +d,.
Then
‘ ) ~ () _‘f(y):f(“’) @)+ ) S‘M—ﬂ(w) @) < M,
y— y—x y—z
so |[f(y) — f(z)] < M'|y — z| for y in (x,x + 0;]. Define

Ey ={y € (z,b]| |f(2) = f(x)| < M' |2 — z|,Vz € [z,9] }.
Ifz <y<z+d,,then yisin E,, so E, is non-empty. To complete the proof, it’s enough to show that
E, = (z,b] for every z in [a,b).
Set by = lubE,. Then |f(z) — f(z)| < M'|z — z| for all z with £ < z < by. Therefore,
lim |f(2) — f(z)| < lim M'|z—z|.
z—by

Z—}O

Since f is continuous it follows that |f(bo) — f(z)| < M'|bo — z|, and then that b is in E,, so E, =
(SL", bo] .
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To get a contradiction, just suppose that by < b. As above, there is a dy > 0 so that |f(y) — f(bo)| <
M' |y — bo| for y in (by, by + dp]. We may assume that by + dg < b. Now consider y = b + (1/2)dp. If 2
is in (z, bo], then |f(2) — f(z)| < M'|z — z| since by is in E,. If z is in (b, y], then

e |f(z) = f(
o |f(2) — f(bo)| < M'|z — bo| since z is in (b, by + &), and
o |f(z) = f(by)| < M'|z — byl since by is in E,.

) < |f(z) — f(bo)| + |f(bo) — f(z)| by the triangle inequality,

8

Thus, |f(2) — f(z)] < M'|z — x| when z is in (bg,y] since |z — bg| + |x — bg| = |z — z|. Therefore,
|f(z) — f(z)] < M'|z—=z| for all z in [z,y], so so y is in E,. This contradicts the assumption that
lubE, = by < b, and so it must be the case that lubE, = b and hence E, = (z,b] as desired. O

Proposition 12.7 (Ioana). Suppose f is in C([0,00)), that fl(x) exists for very x in [0,00), and that
f1 is continuous. Then f is differentiable and f' = f.

Proof. Tt suffices to show that

o f@ = £

a—c™ a—=c¢

= fl(¢) for ¢ in (0, 00).

Fix ¢ in (0,00) and € > 0. Since f, is continuous, we can choose a § > 0 so that |f.(y) — fl(c)| < €/3
whenever |y — ¢| < 4. Fix a in (c — d,¢).

By Proposition 12.6, the restriction of f to [a, ¢] is Lipschitz, so we can choose an M so that | f(y) — f(z)| <
M |y — z| for all z and y in [a, c].

If z is in [a,c), then as in the proof of Proposition 12.6 we can choose §, > 0 so that

fy) = (=)

= - fi@)

<€/3 whenever z <y <z+J,.

It follows that the collection of subintervals,

[$y|‘fy - f(@)

— X

— fr(x)

<e€/3}, ofa,c]

is a Vitali cover of [a, c].

Set n = ¢€/(3(f1(c) + M)), so (fL(c) + M)n = €/3. It follows from the Vitali Lemma that there is a finite
collection of disjoint subintervals, { [z;,¥;] | 1 <i < n}, of [a, c], so that the complement of UL, [z;,y;] in
[a, ¢] has Lebesgue measure less than n(c—a) and [((f(yi) — f(z:))/(yi — i) — fr(zi)| < eforl <i<m.
Thus, if we set yo = a and z,41 = ¢, then E 1 Ti—Yic1 =1 —a+ 2y o(Ti—Yic1) +c—yn < n(c—a).

Now consider |((f(c) — f(a))/(c — a)) — f.(c)|- We have

f(e) = fla) ‘z,lf%) F@s) + X0 F(@s) — flyior)

c—a c—a

- f;(C)‘
(12.8)

o w0 = fwimn) |

cC—a

< nylc:i(xl) —f,ln(C) +
i=1
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The second term in the last sum is bounded as follows, using the Lipschitz property and that Z:‘Jrll T;—

yi—1 < nlc —a):

Tilfxz_ (yi-1)

n+1
‘zi_ﬁ (@) — f(yi1)

c—a c—a
(12.9) n+1$._y.
<M 1 i—1
< Mn.

Next, consider the first summand in the last line of Equation 12.8:

= o L) (nm) s

7

)i £ fle) - 1)
=1

i=1 a
SO
(12.10)

The first term in the last sum is bounded as follows, using that |((f(y:) — f(z:))/(yi — z:)) — fl(z:)| <
e/3for 1 <i<mandthat >  y;—z; <c—a

=~ [ f(y:) = f(xi) ' Yi — T " F(ys) = f(x) , Yi — T
;(W—ﬁ(%)) c—a Si=21 W_fr(wi) —a
12.11 W
o < e/3;_y;_zz

<e€/3.

Next, consider the second summand on the right-hand side of Equation 12.10:

n n+1
Ei:l Yi —Ti + Ez 1 ZTi —Yi-1

—f1(0) ~ &
< gﬂ(wi)y; LGk ﬂ(g%
(12.12) < g |fr(zi) — fl(c)] % +171(0)] W
< gZy Z 1@
o
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Finally, combining Equations 12.8, 12.9, 12.10, 12.11, and 12.12 we have
fle) = f(a)

=[O S g+ g+ @I+ My

= 2 () + M)

I

BERE

=e.
Therefore,

w — fl(¢)| <€ wheneverc—d<a<ce,

so lim, .- (f(a) — f(¢))/(a —¢) = fi(c) for every ¢ in [0, 00). O

[Deana)] For part (e), suppose {t,} converges to ¢t and f is in CB([0,0)). We need to show that the
sequence {T'(t,)f} is uniformly bounded and that it converges on compact subsets of [0, 00). Since f is
bounded and T'(s) f(z) = f(s+ z), it’s clear that the sequence {T'(t,)f} is uniformly bounded. Suppose
K is a compact subset of [0,00) and fix € > 0. Say K C [0, M;]. Since the sequence, {t,} converges,
it’s bounded, so there is an M> with ¢, < M, for all n. Set M3 = M; + M>. Since f is continuous,
it’s uniformly continuous on the compact set [0, M3]. Choose § > 0 so that if  and y are in [0, M3]
and |z —y| < 4, then |f(z) — f(y)| < e. Finally, choose N so that |t, —t| < § when n > N. Notice
that if y is in K, then y — ¢t and y — t,, are in [0, M3] for all n. Therefore, for n > N and y in K,
|y +1tn) = (¥ +8)| = [tn —t] < 0 and so [T(tx)f(y) —T)f (W) = [fly+1tn) — f(y +1)| <e. Thus,
{T(tn)f} converges uniformly to T'(¢)f in K. This proves part (e).

For part (f), recall that the generator of the restriction of T' to UCB([0, 00)) is defined by Af = f’ when
f and f' are in UCB([0, 00)).
Claim 12.13 (JWN). If f is in UCB([0,00)) and A > 0, then

(T = A" F)(t) = % /Ooo e~/ f(s + ) ds

for t in [0, 00).

Proof. Notice that since f is bounded, the integral converges. Suppose (I — MA)~!f = g. Then (I —
AA)g = f and so g — A\¢' = f and hence g is a solution to the first order, inhomogeneous differential
equation g’ — % g= —% f. An integrating factor for this equation is e~*/* and it follows that

g(t) = et/* (C - ;/Ote_s/’\f(s) ds)

for some constant, C. Since e/* approaches infinity as ¢ approaches oo, in order for g to be bounded it
must be the case that

1 oS}
lim (C - %/ e /2 f(s) ds) =0, s0C = %/ e "X f(s) ds.
0

t—o0 0

Therefore,

1 [ I
g(t) = et/’\x e "/ f(s)ds —et/’\x/ e~/ f(s)ds
0 0
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1 o0
= et/)‘x/ e ** f(s)ds
t

= l/ et~/ f(s)ds
ALy

= %/ e /2 f(s +1t)ds.

0

Comments.

Remark 12.14. In general, if Ay is the generator of a strongly continuous semigroup, then I + aAr is
not continuous for small « in R. However, if T is linear, then there is a § > 0 so that if 0 < a < §, then
(I — aA7)~ ! is continuous and globally defined, even though A7 may only be densely defined.
Remark 12.15. Notice that if f; and f, are functions in CB(][0, c0)) and there is a real number, A, so
that fi(t) = fa(t) for t > A, then gy, (t) = g5, (t) for t > A, so the trajectories gy, and gy, are eventually
equal. In particular, it’s possible for distinct trajectories to intersect, so for a general semigroup of
transformations, unlike the case of a group of transformations, the trajectories don’t partition the space.
Remark 12.16. There’s a much shorter proof of Proposition 12.7 that avoids the use of the Vitali
Lemma, and instead uses the following theorem characterizing absolutely continuous functions on an
interval.

Theorem 12.17. Suppose f: [a,b] = R. Then f is absolutely continuous if and only if f' exists almost
everywhere (with respect to Lebesgue measure) on (a,b), f' is in L'((a,b)), and

flz) — fla) = / ' for all z in [a,b).
Proof. This is Theorem 7.29 on p. 118 in [WZ77]. O

So assume that f: [0,00) — Ris continuous, that f/(z) exists for all z in [0, 00), and that f; is continuous.
We'll show that f] satisfies the conclusion of the Mean Value Theorem.

So fix a closed interval, [a,b]. Since f; is continuous, it satisfies the hypothesis of the “Integral Mean
Value Theorem,” so there is a c¢ in [a, b] so that fab fl = (b—a)fl(c). By Proposition 12.6 the restriction
of f to [a,b] satisfies a Lipschitz condition and hence is absolutely continuous. It follows from Theorem
12.17 that f’ exists almost everywhere on [a,b]. Clearly f' = f. when f’ exists and so f: fl= f: 1.
Again using Theorem 12.17 we have fab f'" = f(b) — f(a). Therefore, we’ve found a ¢ in [a,b] so that
f0) = f(a) = (b—a)f(c).
The proof of Proposition 12.7 can now be completed as follows. Fix ¢ in [0,00) and € > 0. Choose > 0
so that |f.(y) — fi(c)| < € whenever |y — ¢| < 6. Then if a is in (¢ — §,c), there is a number depending
on a, say Y, in [a,c] so that f(c¢) — f(a) = (¢ — a) f.(y,). But then

fla) — f(o)

a—c¢

— Q)| =1f1{ya) = fr{0)| < €

since |y, —¢| < la —¢| < 4.
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PROBLEM 13

Problem. Suppose X is a Banach space, x is in X, [a, b] is a closed interval, c is in [a,b], g: [a,b] = X
is continuous, and A: [a,b] = L(X) is continuous. Show that the initial value problem

IVP:B y: [a,b] = X, y(c) =z, and y'(t) = A(t)y(t) + g(¢t) for all t

has a unique solution.

Background. Notice first that the problem is a general existence and uniqueness theorem for linear
systems of (possible infinitely many) ordinary differential equations. As long as the “coefficients” of the
system (the function A) are continuous as a function of ¢ in [a,b], and the inhomogeneous terms (the
function g) are continuous as a function of ¢ in [a, b], then given any possible initial condition (a number,
¢, in [a,b] and an element, z, in X), the system has a unique solution satisfying the initial condition and
this solution is defined on the entire interval [a, b].

A very special case is when X = M, (R), then in terms of coordinates, the initial value problem IVP:B
is equivalent to the system

!

Y = a1,1(t)y1 +---+ al,n(t)yn + gl(t)

!

Yo = a21()y1 + -+ + az2n(t)yn + g2(1)

Yp = an,l(t)yl + -+ an,n(t)yn + g(t)

with initial conditions
yi(c) =z1, yalc) =x2, ..., yn(c) =2p,

where y;, a; j, 9;, and z; are the coordinates of y, A, g, and x respectively.

Since every solution to 3y’ = Ay + g satisfies some initial condition, it follows that if y, denotes the
solution with y(c) = z, then z — y, defines a bijection betwee X and the solution set of the equation
y' = Ay + g. The inverse function is defined by y — y(c). If ¢ = 0, then these maps are vectorspace
isomorphisms.

Definition 13.1. Suppose X is a Banach space and f: [a,b] — X is a function. If ¢ is in (a,b) and
the limit, limp—,0(1/h) (f(t + h) — f(t)), exists, then the limit is denoted by f'(¢) and f is said to be
differentiable at t. Say f is differentiable at a if the limit lim,_,o+(1/h) (f(a + h) — f(a)) exists and f
is differentiable at b if the limit lim,_,o- (1/h) (f(b+ h) — f(b)) exists. If f is differentiable at ¢ for all ¢
in [a,b], then say f is differentiable.

Proposition 13.2. [Properties of the derivative.]

(a) If f:[a,b] = X is a constant function, then f is differentiable and f'(t) =0 for all t in [a,b).

(b) (Differentiation is linear.) If f and g are differentiable and r is in R, then rf + g is also
differentiable and (rf +g) =rf' +¢'.

(¢) (Product Rule) Suppose Y is a Banach space and A: [a,b] — L(X,Y) and f: [a,b] = X are
differentiable. The Af, defined by (Af)(t) = A(t)f(t) is differentiable map from [0,00) to Y,
and (Af) = Af' + A'f.
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Proof. Parts (a), (b), and (c) follow from the definition using the standard arguments from Calculus.
Part (d) follows using the standard argument (subtract and add A(¢) f(t + h) in the difference quotient)
and the trivial fact that composition distributes over addition (that is, function spaces are always modules
for spaces of operators). O

Two definitions of the integral of a function f: [a,b] = X when X is a Banach space will be given in
the background for Problem 16.

Proposition 13.3. Suppose f: [a,b] = X is a continuous function, c is in [a,b], and F': [a,b] = X is
defined by F(t) = fct f(r)dr. Then F is differentiable and F'(t) = f(t) for t in [a,b].

Proof. This argument is taken from [Rud76]. Suppose € > 0. Since f is continuous, we can choose § > 0
so that |f(t) — f(s)] < e when |t — s| < §. Notice that for s; < sz in [a, ], (1/(s2—51)) f:f f@)dr = f(t).
Therefore, using either Theorem 16.3 or Proposition 16.9, if s1 < ¢t < s2 and s2 — 51 < § we have

! /Sl”ﬂr)dr—f(t)‘ e GROL

82 — 81 82 — 81 Jg

= [0 - s ar

89 — 81 51
<e.

It follows that |(1/h) (ft+h fr)ydr — fct fir) dr) - f(t)‘ approaches 0 as h approaches 0, so F'(t) =

[

£(2). O

Proposition 13.4. If f and g are differentiable functions from [a,b] to X and f'(t) = ¢'(t) for all t,
then there is an x in X so that g(t) = f(t) + x for all t.

Proof. Differentiation is linear and so (f —g)’ is a constant function. Now apply Proposition 13.2(a). O

Proposition 13.5. If {f,} is a sequence of continuous functions from [a,b] to X that converges uni-
formly to a function, f, then the sequence {fab fn} converges in X to fab f.

Proof. Consider first the measure-theoretic definition of integration. If (Q), 1) is a measure space where
Q is a compact, Hausdorff space, p is a Borel measure, and u(Q) < oo, then it’s straightforward to show
that for X in X* the \f,’s converge uniformly to A\f (since A is continuous, given € > 0, choose § > 0
so that |[A(z) — My)| < € when |z — y| < §, then choose N so that |f,(¢t) — f(t)] < dforn >N ...). It
follows that the sequence, { fQ fndu}, converges to fQ fdu.

Now consider the case of an interval, [a, b], and the Calculus definition of integration. Fix € > 0. Choose
d > 0 so that fab =" - t,;l)f(t;f‘)‘ < €/3 for all partitions, (to,...,tm) of [a,b] with t;—t; 1 < 4§
and for all choices of ¢} in [t;,t;—1] for 1 < i < m. Choose N so that |f(t) — fr(t)| < €/(3(b— a)) for
n > N. Then for n > N, a partition, (to,...,tm) of [a,b] with ¢; —t;_1 < §, and any choice of ¢} in
[ti,ti—1] for 1 < i < m, we have

b m b m m
[ =St <| [ 1= - t0se)| + |3 600 - 6
<3tl-a3p—,
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2e
< —.
-3
For fixed n with n > N we have ‘fab F =20 (6 — tio1) fa(tF)| < 2€/3 for every partition, (to,...,tm)
of [a,b] with t; — t;_1 < § and every choice of ¢} in [t;,t;—1] for 1 < i < m, so fabf - f: fnl < € for
n > N. It follows that the f: fn’s converge to fab f. O

Remark 13.6. Notice that if a series, ) xn, in X is absolutely convergent, that is, the series of real
numbers, Y |z,| converges, then it follows from the triangle inequality that the partial sums of the
series ), =, form a Cauchy sequence in X and hence converge. Therefore, a series in X that converges
absolutely must converge.

Also, if the series ), z,, is absolutely convergent, then |y 7o zx| < Y ir, |zk| for all n and so |}, 2| <
Proposition 13.7. If {f,} is a sequence of continuous functions from [a,b] to X and there is a sequence
of real numbers, {rn}, so that | fn(t)| <1y for allt in [a,b], and so that the series ), rn converges, then
the series ), fn converges uniformly on [a,b].

Proof. Since |f,(t)] < ry for all ¢ in [a,b] and the series ) 7, converges, it follows from the preceding
remark that the series ) frn(t) converges, so the series ) f, converges pointwise to a function, say
s: [a,b] =& X.

Suppose € > 0. Choose N so that |ZZ’;H+1 rk| < efor n > N. Then if n > N we have

n oo o0 oo
s(t) — ka(t) = Z fe(t)] < Z |f(®)] < Z Ire| <€
k=0 k=n+1 k=n+1 k=n+1
for all t in [a,b], so }_, fn converges uniformly to s. O

Solution. The argument will be modeled on the argument in Problem 7, with some modifications to
take into account the different domain and the slightly different initial condition.

So, define yo: [a,b] = X by yo(t) = z for all ¢t and for n > 1 define y,: [a,b] = X and f,: [a,b] = X by
¢ ¢
in(®) =2+ [ (A~ g dr =2+ [ (Ayas +9) and fo =y =y

Notice that f, = yo + 22:1 fr for n > 1 and that f,(t) = fct A(r)fn—1(r)dr for n > 2.

Since A and g are continuous, we can choose M4 and M, so that |A(t)| < M4 and |g(t)| < M, for all ¢
in [a,b]. Then using Theorem 16.3 or Proposition 16.9 we have,

A0)] = Ay0+g‘

t
/ [Ayo + gl‘
Cc

t
/ (Mg |z| + M) dr

= (Ma |z + M) [t = ¢|.

IA

IA
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Similarly,

201= | [ Caf,

IA

t
[ AR dr

t
< / (Ma(Ma |2 + M,) |r — f) dr

1
= Ma(My |z| +Mg)§ |t—C|2.

Assume that |f,(t)] < M3~ '(Ma || + My) 4 [t — ¢|”. Then

t
Fara (9] = / A,

< / AW | fa(r)] dr

1
< / (MAMZI(MA || + MQ)E Ir — c|"> dr
. !

1
= ME(MA |$| -+ Mg)m |t — C|n+1 .

It follows that |f,(t)| < M3~ (Ma|z| + My)L |t — ¢|" for n > 2. Therefore |f,(t)| < M3~ (M |z| +
M,y)%(b—a)" for n > 2. Hence, it follows from Proposition 13.7 that the series > -, f, converges
uniformly on [a, b] to a function f: [a,b] — X. Since y, = yo + >_p_; [k, it follows that the sequence of
yn’s converges uniformly on [a, b] to a function y: [a,b] = X.

Claim 13.8. y'(t) = A(t)y(t) for all t in [a,b].
Proof. Since the y,,’s converge uniformly to y, using Proposition 13.5, we have

y(t) = lim <x+/ct(Ayn_1 +g)> :az+/ct(Ay+g).

n—oo

Therefore, it follows from the “Fundamental theorem of Calculus” (Proposition 13.3) that y'(t) =
A(t)y(t) for all ¢ in [a, b]. O
Since y,(c) = z for all n, it follows that y(¢) = ¢ and hence that y is indeed a solution to IVP:B.

To prove that y is the unique solution, suppose that w: [a,b] = X is also a solution.

Claim 13.9. w(t) =z + fct(Aw + g) for all t in [a,b].

Proof. By assumption, w' = Aw + g. It follows from the “Fundamental Theorem of Calculus” (Propo-
sition 13.3) that if wy () = fct (Aw + g), then wi(t) = w'(t) for all ¢t and so w(t) = xo + w1 (t) for some
Zo in X by Proposition 13.4. Since w(c) = z, it follows that o = x and so w(t) =z + fct (Aw+g). O
It follows from the claim that y(t) — w(t) = fct A(r)(y(r) —w(r))dr for t in [a,b]. Set

M = max{ [y(t) - w(t)| | t € [a,5]}.
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Then
t
) -l = | [ A(y—w)\
t
< / MM dr
IMAM|t—C|.

Assume that |y(t) — w(t)] < M3M % |t — c|" for all ¢ in [a,b]. Then

t
ly(t) —w(t)| = / A(r)(y(r) —w(r))dr
< /tMAMZM% |r = c|™ dr
= MXJFIMW |t - C|n+1 .

It follows that |y(t) —w(t)] < MM |t — ¢|™ for all  in [a,b]. Since the right hand side of the previous
inequality approaches 0 as n approaches infinity, it follows that y(t) = w(t) for all ¢ in [a,b] and so
w=y.

PROBLEM 14

Problem. Suppose g: [0,1] = R is a continuous function.

(a) Find oll f:[0,1] = R with —f" =g and f(0) =0= f(1).
(b) Find all real numbers, A, for which there is a non-zero function, f: [0,1] — R satisfying

—f"=Xf and f(0)=0= f(1).

Solution. [Mario] By the Fundamental Theorem of Calculus (twice) there is a function, G, so that
G" = g. Then f(z) = —G(z) + C1z + Cy for some constants Cy and Cs. Using that f(0) = f(1) =0
gives: 0 = —G(0) + C and 0 = —G(1) + C; + Cs. Therefore, C» = G(0) and C; = G(1) — G(0). Thus,
f(z) = G(z) + (G(1) — G(0))z + G(0) where G is arbitrary with G" = g.

If Gy is another function with Gy = g, then f(z) = G1(z) + (G1(1) — G1(0))z + G1(0) and G1(z) =
G(z) + D. Clearly G1(1) — G1(0) = G(1) — G(0) and so G1(z) + (G1(1) — G1(0))z + G1(0) = G(z) +
(G(1) — Gp))x + G(0). It follows that the boundary value problem in (a) has a unique solution.

To prove (b), assume that f(t) = e?*. Then f is a solution if and only if v = ++/—\. There are three
cases: A=0,A>0and A <0.

If A =0, then f(z) = c¢1 + cox for some constants ¢; and ¢a. To satisfy the initial conditions, ¢; = ¢ =0,
so f is identically 0.

If A <0, then f(x) = c;eV~*® + cpeV~*® for some constants ¢; and co. To satisfy the initial conditions,
¢1 = c2 =0, so f is identically 0.

If A > 0, then f(x) = ¢ cos VA +cs sin vV Az for some constants ¢; and ¢y. The initial condition f(0)=0
forces ¢; = 0 and then the initial condition f(1) = 0 forces either ¢; = 0 or sinv/A = 0. If f is not
identically 0, then it must be that v/A = nx for some positive integer, n, and then f (z) = casinnmz.
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Comments.

Remark 14.1. An argument that shows that the preceding argument for part (b) actually produces all
possible solutions is as follows.

Take X = R?, A(t) = A =

0)\ (1)], and g(t) = 0 in Problem 13. Then given z in R?, there is a

unique function, depending on z, say y, : [0,00) = R?, so that y,(0) = z and y’,(t) = Ay, (¢) for all t in
[0,00). Tt follows that the mapping z — ¥, is a bijection between R? and the set of all solutions to the
equation y' = Ay. The inverse mapping is y — y(0) and it’s easy to see that the mappings are in fact
linear transformations.

It’s also straightforward to check, using the differentiation formulas in Proposition 13.2, that for z in
R?, the function whose rule is t — ez is a solution to y' = Ay whose value at ¢t = 0 is = Therefore,
Yy, (t) = et4z for t in [0, 00).

Notice that if y = [yI] satisfies y' = Ay, then ¢} = y2 and y5 = —Ay1, so yi' = —Ay:. It’s easy to check
Y2

that the mapping f — y; = ]]:, defines a bijection between the set of all solutions to the second order

equation f” = —Af and the set of all solutions to y' = Ay.

Combining the arguments in the preceding paragraphs, it follows that if f satisfies f" = —\f, then f(¢)
is the first component of the vector valued function whose rule is €4z for some unique = in R? and that
the correspondence f — x is bijective.

Computing the first component of the vector valued function whose rule is ¢4

iV 0 ] P = L\}X —ilx/X]’ and z = tj, where ¢ is the complex

z is a straightforward

computation. Set D = )
P l 0 —ivA
number “7.” Then

-1
otAy — (tPDPT'

= PetPp~lg
eit\/X 0
0 efit\/x

c1 costVA + (Cz/\/X) sin t\/X] _

Pz

—clx/Xsin t\/X + ¢35 cos t\/X

Therefore, f satisfies f/ = —Af if and only if f(t) = ¢1 cos tv/A + (c2/v/A) sintv/X for some (unique) pair
of real numbers ¢; and cs.

Finally, an argument similar to that given above, shows that if f(t) = ¢; costv/A + (ca/VA) sintv/A
satisfies the boundary conditions f(0) = 0 = f(1), then ¢; = 0 and either ¢ = 0 or A = n2x2 for some
integer n.

It follows that the set of real numbers satisfying the conditions in part (b) of the problem is { n?x? | n €
Z}. I X=n2r2, —f" = Af, and f(0) =0 = f(1), then f(t) = csinnnt for some real number c.
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Remark 14.2 (JWN). The expression f(z) = G(z) + (G(1) — G(0))z + G(0) can be rewritten without
reference to G as follows. First, G can be defined by the formula G(z) = [ [; g(r) drds, Then if h
satisfies h'(s) = 1 for all s, using integration by parts we have

Gls) = /0 W (s) (/Osg(r) dr) ds

— (o) [ orydr| - / " g(s)h(s) ds

s s=0
— - [ (s~ ag(s)as
0
if we take h(s) = s —z. (Since g is continuous, this formula for G also follows immediately using Fubini’s
Theorem.)

Now taking G(z) = — fow(s — x)g(s) ds in the formula for f we get
flz) = /0 (s —x)g(s)ds + x/o (1-29)g(s)ds
= /0 (s —x)g(s)ds + x/o (1—-1s)g(s)ds + w/w (1 -3s)g(s)ds

1

:/w(s—x+x—xs)g(s)ds+/ (x —zs)g(s) ds
0 T
=/0 (s—xs)g(s)ds—l—/w (z — xs)g(s) ds.

Define k: [0,1] x [0,1] = R by

then f(z) = fol k(z,s)g(s)ds.
We can conclude that for g in C([0, 1]), the boundary value problem

(BVP:[0,1]) -y =g, y(0)=0=y()

has a unique solution and that this solution is given by y(z) = fol k(z,s)g(s) ds.
Notice that

e k is continuous,
o k is symmetric: k(z,s) = k(s,x),
e k(x, -) is a solution to the homogeneous boundary value problem: —y" = 0, y(0) = 0 = y(1),
and
o ky(z,s) = {1 -z Osz< S, 50 ks(x,x—) — ks(x,z+) = 1, where ky(x,z—) = lims_,,_ k(z, s)
- s<z<l1
and ky(z,z+) = lim,_, . k(z,s).

It can be shown that these conditions uniquely determine k. The function, k, is a kernel or Green’s
function.
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PROBLEM 15

Problem. Prove Schwarz’s inequality: if H is an inner product space, then (z,y) < |;z:|2 |y|2 for all x
andy in H.

Solution. [Deana] Suppose first that |z| = |y| = 1. Then
e =yl = (@ —y,z —y) = o’ - 2z, y) + |y > 0
so (z,y) < 1. Also,
o+ = (@+y,z+y) = |2 + 2z, 9) +|yI* > 0
so (z,y) > —1. Therefore, 0 < |(z,y)| < 1 = |z||y| and squaring both sides gives the result.
Next suppose that z = 0 or y = 0, then the result is obvious.

Finally, assume that neither x nor y is 0. Then by the first case above, (z/|z|,y/ |y[)? < 1 and this
implies the result.

(z,y)

|z[ |y
angle between z and y. In other words, Scwartz’s inequality can be used to define the notion of the

Comments. Notice that if z # 0 and y # 0, then may be interpreted as cosf where 6 is the

angle between two “vectors” in an arbitrary inner product space.

Notice also that if z and y are random variables, then (z/|z|,y/ |y|) is the correlation between z and y.

Remark 15.1. The preceding argument applies when H is a normed linear space, but in fact, as noted
in the Background for Problem 10, the axioms for an inner product space alone (see the Background
for Problem 10) are enough to prove Schwarz’s inequality, as well as the fact that the “norm” induced
by an inner product is indeed a norm in the sense defined in the Background for Problem 2.

PROBLEM 16

Problem. Suppose X is a Banach space and T is a strongly continuous linear semigroup on X. Recall
that for z in X, g, denotes the trajectory of z, so g, : [0,00) = X. Show that
t

(T(t) - I) / Cge = (T(s) = 1) / 0

for every xz in X and s and t in [0,00).

Background. Recall that the integral f: f, where f:[a,b] - X is a continuous function and X is
a Banach space has two equivalent definitions. We'll give the measure-theoretic one first and then a
Calculus definition.

Suppose @ is a topological space and p is a finite, real-valued, Borel measure on (). For example, p
could be a probability measure on Q). If f: ) — X is continuous, then T f is continuous for all T in X*
and so the mapping 7" — fQ T f du defines a linear transformation from X* to R. Recall that if x is in
X, then z defines an element in X** by evaluation. Precisely, define #: X** — R by &(T) = T'(z). It’s
easy to see that the mapping z — % defines an injective linear transformation from X to X**, this is
the canonical embedding of X in X**.
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Definition 16.1. If the mapping T — [ 0 Tf dp is an element in X** that lies in the image of X under
the canonical embedding of X in X™**, then the mapping is given by evaluation at x for some unique z
in X. This element will be denoted by fQ f du. Thus, if it exists, fQ fdp = x is the unique element in
X with the property that T'(z) = fQ Tfdufor all T in X*.

Notice that if fQ f du exists, then by definition we have T (fQ fdp) = fQ Tfdp.
If f: Q@ — X is continuous, then ¢ — |f(q)| defines a continuous function from @ to R also denoted by
|f|, and so we may consider fQ |f] du.

Proposition 16.2. Suppose ¢,: Q — X is the constant function with c;(q) = = for all ¢ in Q. Then
¢z is integrable and fQ ¢ dp = p(Q)z.

Proof. f T is in X*, then T'¢;(q) = T(x) is a constant function, so fQ Teydu = p(@Q)T(z) =T (u(Q)x),
S0 chz du = T(x). O

Theorem 16.3. If Q is a compact Hausdorff space and X is a Banach space, then fQ fdu exists for
every continuous function f: Q — X. Moreover,

‘/Qfdu‘s/Qlfl dp.

Proof. This follows from Theorems 3.27 and 3.29 in [Rud73], since if X is a Banach space, then X*
separates points by the Corollary to Theorem 3.4 in [Rud73], and the convex hull of f(Q) has compact
closure by Theorem 3.25 in [Rud73], which applies since Banach spaces are Fréchet spaces. d

Claim 16.4. Suppose Q is a compact Hausdorff space, y is a Borel measure on @, and g: [a,b] = X is
a continuous function. If Y is a Banach space and A is in L(X,Y), then A (fQ gdu) = fQ Aogdy.

Proof. Tt follows from Theorem 16.3 and the definitions, that fQ Agdyp is the unique element in Y with
the property that S (fQ Ag du) = fQ SAgdp for all S in Y*. So suppose S is in Y* and consider
S (A (ngdp)). Now SA isin X* so SA (ngdu) = fQ SAg du by the defining property of ngdp.
Therefore, S (A (fQ gdu)) = J, SAgdu for all S in Y*, s0 A (jQ gd,u) = J,Aogdp. O

The second approach to defining fab f is the obvious generalization of the usual Riemann integral of a
real-valued function defined on [a,b]. Define f: [a,b] — X to be integrable if there is an z in X so
that for every e > 0, there is a § > 0 so that if (¢o,...,tn) is a partition of [a,b] with t; —t;_; < §
for 1 <i <mn, then |z — 31 | (t; — t;i—1) f(t])| < € for every choice of (¢}, ...,t%) with ¢ in [t;_1,1;] for
1<i<n.

Proposition 16.5. If f is integrable, then there is at most one x in X with the property that for every

€ >0, there is a 6 > 0 so that if (to,...,tn) is a partition of [a,b] with t; —t;—1 <& for 1 <i < n, then
|z — 30, (8 — tim1) F(E})| < € for every choice of (t3,...,t%) with t} in [ti—1,t;] for 1 <i <n.
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Proof. Suppose x1 and z» satisfy the condition. Fix e > 0 and choose ¢; and d, so that if (to,...,1t,) is
a partition of [a, b] with ¢; — t;—; < min{d1,d2 }, then

n n
2=y (ti—ti)f(t])| < €e/2and |ws =Y (t: —ti 1) f(t])] < /2
i=1 i=1
for every choice of t, ..., ¢; with ¢} in [¢;_1,¢;] for 1 <4 <mn. Then |z; — 22| < €. Since € was arbitrary,
Iy = T2. O

Proposition 16.6. Suppose c,: [a,b] — X is the constant function with c,(t) = = for all t in [a,b].
Then ¢, is integrable and fab ¢y = (b—a)z.

Proof. This follows easily from the fact that "1 | (t; —t;—1)c. (tf) = (b—a)z for all choices of (to, .. ., tn)
and t7, ..., t). a
Proposition 16.7. If f: [a,b] = X and g: [a,b] = X are integrable and r is a real number, then rf+g
is integrable and fab(rf +g)=r f: [+ fabg

Proof. Fix € > 0 and choose d; and - so that if (g, ...,t,) is a partition of [a, b] with ¢; —¢;_; < §; and
(to,-- -, tr,) is a partition of [a, b] with ¢} —¢]_; < d2, then

b n b m
JRED SR [ 9= 3t = timg(s)

i=1
for every choice of s1, ..., s, with s; in [t;—1,%;] for 1 <4 < n and for every choice of s}, ..., s, with
shin [#_q,t] for 1 <i <m.

< €/2r and <e/2

Set § = min{ dy,d2 }. Then if (to,...,t,) is a partition of [a,d] and ¢} is in [t;—1,;] for 1 < i < m, then

b b n
P[5 [a= - )06 + 6] < ref2m) + (efr) =

It follows that rf + g is integrable and that f;(rf +g)=r fab f+ fab g O
Proposition 16.8. If f: [a,b] — X is integrable, Y is a Banach space, and A is in L(X,Y), then Af
is integrable and fab Af=A (f[f f) In particular, taking A = R, it follows that f: f= f[a’b] f d\ where
u is Lebesgue measure in [a, b]

Proof. Use that

A (Z(ti - ti—l)f(si)> = (i — ti1)Af(s)

i=1 i=1

whenever (to, . ..,t,) is a partition of [a,b] and ¢} is in [t;—1,¢;] for 1 <i < n O
b b
Lf <

Sketch of proof. For n > 1, set d,, = (b—a)/n and define a step function, f,: [a,b] = X, by fn(a) = f(a)
and f,(t) = f(a+ (k+ 1)d, for t in (a + (k — 1)dn,a + kdy], 1 < k < n. It follows from Propositions
16.6 and 16.7 that each f, is integrable and that fab fo =0 1 dnfla+ (k+ 3)dy).

Proposition 16.9. If f: [a,b] = X is continuous, then f and |f| are integrable and

Now show that the sequence { f; fn} is a Cauchy sequence using the continuity of f and let = denote

the limit. Then show that z satisfies the defining property of f: f,so f is integrable and xz = f: f-
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Since f is continuous, so is | f|, and hence |f] is integrable.
To show that ‘f:f| < fab |f|, use the triangle inequality in X: |Y0 (i —tio1) ()| < it —
ti—1) [f(£)]- o
Proposition 16.10. Suppose f: [a,c] = X is integrable. Then

(a) for b in [a,c], the restrictions of f to [a,b] and [b,c] are integrable and [ f = fab [+ f and

(b) if r1, ra, s+ 711, and s+ 1% are all in [a,c] and r1 < 72, then f:f fol, = f:_r: f (recall that
0: R = R by £,(t) = 5 +1).

Solution. [Ahmed] The argument proceeds exactly as in Claim 2.12, using Propositions 16.7, 16.8, and
16.10.

PROBLEM 17

Problem. Suppose T is a strongly continuous semigroup on a Banach space, X, with generator Ar.

(a) Show that if T is linear, then (1/t) fot 9z s in D for oll x in X and t in [0, 0).
(b) Show that lim;_,o(1/t) fg ge = x for every x in X.

Conclude that if T is linear, then Dr is dense in X.

Solution. [Ioana] We'll prove (b) first. Fix z in X. We’ll show that lim; o ‘ (% f(f gx) — ar‘ =0. So
suppose € > 0. Since T is strongly continuous, g, is continuous, and since g, (0) = z we can choose § > 0
so that if 0 < t < 4, then |g,(t) — z| = |T'(t)z — z| < e. Notice that with the notation of Proposition
16.6 we have ¢ = % f(f ¢z- Therefore, using Propositions 16.7 and 16.9 it follows that

1 t 1 t t
" gz_w:_/gz_/cz
‘t/o ‘t 0 0
1 t
:‘E/O(gz_cz)
1 t
SZ 0|gw_cz|
1 t

_/6
tO

= €.

IN

This proves part (b).

To prove (a), recall first that since T' is linear, we have

@)-1 [ 0= @) -1 /g

for 2 in X by Problem 16. Next, by the discussion in Remark 17.1 we have T'(t)g, — gz = g(7(t)—1)a-
Finally, using (b) for the last equality, it follows that

i (3) (@0-0 (G [[o)) =F 2 Sao-n(fs)
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Il
|
5
|

/ "(T()g0 - g2)
0

1 .. 1 [°
— lim —/ IT(t)-D)z
0

t s—»0t §

= %(T(t) — Dz.

Therefore (1/t) f(f gz is in Dy for all ¢ and z and moreover Ar ((l/t) fg’ gw) =T @) - IDz.

When T is linear, given z in X we have z = lim;_,(1/t) fot g and (1/t) fot ge is in D7 for every t in
[0,00), so z is in the closure of Dr. Therefore, Dr is dense in X.

Comments.

Remark 17.1. If z and y are in X then it’s easy to see that g, + gy = goty. If A: X = X is a
continuous function that centralizes the image of T (that is, AT'(t) = T'(¢)A for all ¢ in [0, 00)), then it’s
easy to see that Ag, = ga, for z in X. In particular, taking A to be multiplication by a real number,
r, we get 7g; = gr, and taking A to be T'(t) we get T'(t)gz = 9r(t)o-

Remark 17.2. A more intuitive, and slightly shorter proof of part (b), using basically the same ideas
is as follows.

Notice that z = g,(0) = (1/t) f(f gz(0)dr for z in X and ¢t > 0. Thus

¢ t
H/O gz (r)dr — 2z < %/0 |92(r) — g2(0)| dr.

_ L t(gm(T) - 9.(0)) dr
i

The assumption that T is strongly continuous means that g, is continuous for all . Given € > 0, choose
6 > 0 so that g(r) — g-(0) < € when ¢t < 4. Then clearly %fot |92(r) — 92(0)| dr < € when t < 4. It

follows that ‘% f(f gu(r) dr — x‘ approaches 0 as t approaches 0.

Remark 17.3. Suppose T is a strongly continuous, linear semigroup. Then part (a) says that for z in
X, even though z itself may not be in Dy, when z is averaged over any interval, (1/t) fot T(r)x dr, the
average is in Dz and

Ar ((1/?5)/0 92 (1) dr) = %(T(t) - Dz = %ﬁz(o)

We'll see later, in Problem 20, that for A > 0, the “average” (1/X) fooo e=%/2g,(r) dr is in Dy for all z
in X and we’ll find a formula for the image under A of this average.

Part (a) says that averaging x using the uniform distribution gives elements in D7 and Problem 20
will show that averaging x using the exponential distribution gives elements in Dr. In general, it can
be shown that averaging x using any “reasonable” distribution gives elements in Dr.

Remark 17.4. As in the previous remark, suppose that T is a strongly continuous, linear semigroup
on a Banach space, X. Then for x in X, the trajetory, ¢,, is continuous, and z is in Dy if and only if

. 1 : 9z (t) — Gz (0)
lim = (T(t)—Ix = lim =———————=
t—1>I(I)1+t( ®) )e t—1>I(I)1+ t—0

exists. In other words, Dy is the set of z in X with the property that g, is right differentiable at 0.

We'll see below that the existence of a right derivative at 0 for g, is enough to guarantee that g, is
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a differentiable on all of [0,00). Therefore, if T is a strongly continuous semigroup, then Dy can be
characterized as the set of all  in X with the property that the trajectory, g,, is differentiable.

We'll need a boundedness property of strongly continuous, linear semigroups.

Proposition 17.5. Suppose that T is a strongly continuous, linear semigroup on a Banach space, X.
Then {|T'(t)| | t € [a,b] } is bounded for every interval, [a,b], contained in [0,00).

Proof. Fix a closed interval [a,b] in [0,00) and set ' = {T'(t) | t € [a,b] }, so T is a subset of L(X). For
z in X, let T, denote the image of the interval [a, b] under the trajectory g,, so 'y = { g(t) | t € [a, ] }.
Since the trajectory g, is continuous and the interval [a,b] is compact, it follows that ', is compact,
and hence bounded. Therefore, by Theorem 2.6 in [Rud73], the set, I, is equicontinuous and hence by
Theorem 2.4 in [Rud73], if E is any bounded subset of X, there is a bounded subset, F', of X so that
T(t)E C F for all T(t) in I'. Take E to be the closed unit ball in X and choose M so that |y| < M
for all y in the corresponding set F. Then if ¢ is in [a,b], we have |T(t)z| < M whenever |z| < 1, so
IT(®) < M. 0

Proposition 17.6. Suppose that T is a strongly continuous, linear semigroup on a Banach space, X .
Then for x in Dr, the trajectory, g., is a differentiable function from [0,00) to X and for t in [0, 00),

92(t) = T () Ar (z).

Proof. (Ahmed). Fix z in Dy. Then lim;_,o+(1/t)(T(t) — Iz = lim;_,o+(1/t)(g.(t) — 9.(0)) exists and
is equal Ar(x), so g, is differentiable from the right at 0 and g.(0) = Ar(z) = T(0)Ar(z). Suppose
t > 0. Then

gzt + h) — g, (t) T+ h)z —T(t)x

hlgg+ h - hli{{)l+ h
L T(h)x —x
B h.lgg"' T® ( h )
. Thzx-—z
=T 1 R m—
®) (hgg+ h )
=T(t)Ar(z).

To complete the proof, it suffices to show that limy,_,g- (1/h)(gz(t + h) — g2 (t)) = T'(t) Ar(z), or equiv-
alently, that (1/h)(gz(t + h) — g(t)) — T (t)Ar(x) approaches 0 as h increases 0.

Consider h’s with —t < h < 0,s0 —h > 0 and t + h > 0. Using Proposition 17.5, we can choose an M
so that |T'(¢t + h)| < M for h in [—¢,0]. Then

gz (t + h) - gz(t) _ T(t)AT(IL‘) _ T(t + h):E - T(t).’lf _ T(t)AT(SL')
h h
= |T(t+h) (”” ~ Tii_h)m ~ Ar(e )) + Tt + h) Az () — T(t) Ar(z)
< |T(t+h) (”_Té_h — Ar(z >‘+|T (t +h)Ar(z) — T(t)Ar(2)|
=|T(t+h) (T(_Ii);f —Ar(x >‘ + |9AT z) (t+h)— gAT(z)(t)|
< |T(t + h)| ‘T(_fi): — Ar(@) |+ [9ar@)(t+h) — gar @) @)]
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T(—h)x —x
% — Ar(x)| + |gAT(z)(t +h) - 9AT(E)(t)|

Since z is in Dr, it follows that ((T'(—h)x —x)/(—h)) — Ar(z) approaches 0 as h increases to 0 and since

<M

T is strongly continuous, g, (,) is continuous, so g, (z)(t + h) — ga,(x)(t) approaches 0 as h increases
to 0. It follows that if = is in D, then g, is differentiable and g, (t) = T'(t)Ar(z). O

PROBLEM 18

Problem. Suppose X is a metric space and T is a semigroup on X. Show that the induced mapping,
S:[0,00) = L(CB(X)), is a linear semigroup on CB(X).

Background.

Definition 18.1. Suppose X is a topological space and T': [0, 00) — C(X, X)) is a semigroup of X. Define
S: [0,00) = C(CB(X),C(X)) by S(t) =T (t)#, so S(t)(f) = fT(t) and (S(t)f)(z) = (f o T(t))(x) for t
in [0, 00), f in CB(X), and z in X.

Recall that since X is complete, CB(X) with the sup-norm is a Banach space, and so L(CB(X)) is a
Banach space with the operator-norm.

Solution. [Deana] By definition, T'(t) is continuous and f is bounded (that is, the image of f is bounded)
and continuous, so f o T'(t) is in CB(X).

Since T'(0) = I, it follows immediately that S(0) = I. Since T is a semigroup,
S(8)(S@(f) = (SONT(s) = FTOT(s) = fT(s + 1) = S(s + 1) (f)-
Therefore S is a semigroup on CB(X).
Finally, the vector space operations on CB(X) are pointwise, so
SO +9) = (f+9)T @) = fT({) + 9T (t) = SE)(f) + St)(9) and S(t)(af) = afT(t) = aS(t)(f)-

Therefore, S is a linear semigroup.

Comments. In general, even if T is strongly continuous, it’s not necessarily the case that S is strongly
continuous in the operator topology on L(CB(X)).

Notice that CB(X) is an R-algebra with pointwise multiplication of functions and that for ¢ in [0, 00), S(¢)
is in fact an algebra homomorphism. It follows that for z in X, the evaluation map 7 ,: CB(X) — R by
ez (f) = (S(t)f)(z) = f(T(t)(z)) is a multiplicative linear functional, hence, when it’s not identically
zero, its kernel is a maximal ideal in CB(X).

PROBLEM 19

Problem. Suppose a, b, a, B, and M are real numbers with a > 0, 8 > 0, and M > 0, and f is a
continuous, real-valued function with domain Q = [a — a,a + o] x [b— B,b + (] with the property that

|f(t,$)_f(t,y)| SM'.’L‘—y' fOT' (t,fb‘) and (tay) in €.
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Show there is a number, d, in (0,a] and a unique real-valued function, y, with domain [a — d,a + d]
satisfying the conditions y(a) = b and y'(t) = f(t,y(t)) for all t in [a — d,a + d].

Background. Notice first that the version of the problem given in Theorem 19.1 below is a general local
existence and uniqueness theorem for arbitrary systems of (possible infinitely many) ordinary differential
equations. As long as the system (the function f) is uniformly Lipschitz as a function of ¢ in [a, b], then
given an initial condition in the domain of f, (a number, ¢, in [a,b] and an element, z, in U), there is
an interval, say J, containing ¢ so that the system has a unique solution satisfying the initial condition
that’s defined on J.

A very special case is when X = M, (R), then in terms of coordinates, the initial value problem is
equivalent to the system

yll = fl(t:ylu- .. ayn)

yl2 = fQ(tvylv' .- ayn)

yln = fn(t7y17"'7yn)

with initial conditions
yi(e) =1, y2(c) =22, ... ynlc) =y,
where y;, fi, and z; are the coordinates of y, f, and x respectively.
The solution might not be defined on the whole interval I. However, a minimum length for the interval
on which the solution is guaranteed to be defined, that depends on the distances from a and x to the

boundary of I and U respectively, and on the maximum value of f on an open set containing (a,z), is
given in the statement of the theorem.

Notice that when f(t,y) = A(t)y + g(¢), then the system is linear and we’ve already proved a global
existence and uniqueness theorem in Problem 13.

Solution. [Henry] The result in the problem follows immediately from the following more general the-
orem in the special case when X = R.

Theorem 19.1. Suppose I is a closed interval with non-empty interior, X is a Banach space, U is an
open subset of X. Fizx a in the interior of I and z in U. Assume that o > 0, f > 0, [a — a,a + @]

is contained in I, and the closed ball about x with radius 3, Bg(x), is contained in U. Suppose that
f: I xU — X is a function satisfying the Lipschitz condition

[f(t,y1) = f(t,y2)| < M |y1 —y2|  for (t,y1) and (t,y2) in I x U,

so f is continuous. Set S = sup{|f(t,y)| | (t,y) € [a — a,a + o] x Ba(z) }, and choose d in (0, a] with
Sd < B.

Then there is a unique function, y: [a — a,a + o] — X, with the properties: 1) y(a) = z and 2)
y'(t) = f(t,y®)) for all t in [a — d,a+ d].
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Proof. Define yo: [a — d,a + d] = X by yo(t) = z and for n > 1 define y,: [a — d,a +d] - X by
Yn(t) =2 + [, F(8:yn1(5)) ds.

Claim 19.2. Ift is in [a — d,a + d] and n > 0, then y,(t) is in Ba(z).

Proof. Use induction on n. The result is clear for n = 0. Assume that y,_:1(t) is in Bg(z) for all ¢

in [a —d,a+d]. Then if s isin [a — d,a + d], (s,yn—1(s)) is in I x Bg(z) and so |f(s,yn-1(s))| < S.
Therefore, for ¢ in [a — d,a + d] we have

t
lyn(t) — 2] = / F(5,ym1(s)) ds

IA

[ 176 vasten ds

S/Sds

=S|a—t
< Sd
<B

Now, for n > 1, define Y,,: [a —d,a+d] - X by Y;, = ¥, — yn_1. Then clearly,
Yi(@®)] = [y2(t) —wo ()| = |y () — x| < B

for t in [a — d,a + d]. Next, using this bound on Y3 and the Lipschitz condition on f, we have
[Y2(t)] = [y2(t) — y1(2)|

t
/ (F(5,1(5)) — F(5,50(s))) ds

<

t
/ 1£(5,51(5)) — £(5,50(s))| ds

t
<M / 1 (3) — yo(s)] ds

- M / 1Yi(s)] ds

< MBt—al.

Assume that [V, (t)] < BM™ 1|t —a|"" /(n — 1)! for t in [a — d,a + d]. Then, using the Lipschitz
condition on f, we have

Yos1(B)] = [yn+1(t) — yn(?)]

t
/ (F(5,9n(5)) = F(5,ynr(5))) ds

<

16,500 = (5,019
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SM| [ |yn(s) —yn-1(s)| ds

n—1
SM/ﬂM s —al"” ds

n—l

_ MBlt—dl"
B n! '

Therefore, |Y,,(t)] < BM™ |t —a|"™" /(n = 1)! for t in [a — d,a + d] and for all n > 1.

Clearly BM™ 1|t —a|" " /(n—1)! < BM™ 1d" ' /(n—1)!. The series 3. M 1d" ! /(n—1)! converges,

so the series > Y,,(t) converges absolutely for all ¢ and the series of functions » Y, converges uniformly

on [a—d, a+d]. Since Zgzl Yn = YN —Yo, the sequence {y, } converges uniformly. Define y = limy,_,00 yn-

If s in [a — d,a + d], then y,,(s) is in Bg(z) for all n and so it follows that y(s) is in Bg(z). Now, using
again the Lipschitz condition on f, we have

f(s,yn—l(S)) — f(s,y(s))] ds

/ [9n_1(5) — y(s)]| ds|.

It follows, using that the y,’s converge uniformly to y, that y(t) = = + f: f(s,y(s))ds for all ¢ in
[a — d,a + d]. Therefore, it follows from the Fundamental Theorem of Calculus (Proposition 13.3) that
y'(t) = f(t,y(t)) for all ¢ in [a — d,a + d]. Since y,(a) = z for all n, it follows that y(a) = = and so y
satisfies the conditions in the statement of the Theorem.

F(5,ynr(s)) ds — / f(s,9(s)) ds| <

<M

To show that y is unique, argue as in Problems 7 and 13, using the Lipschitz condition on f as in the
preceding argument. O

Comments.

Remark 19.3. Take a = b = 0 and define f(t,z) = z>/3. Then f is continuous on all of R?, but the
equation y'(t) = f(t,y(t)) has infinitely many solutions by the calculation in Remark 5.1, so f cannot
satisfy the Lipschitz condition.

PROBLEM 20

Problem. Suppose T is a strongly continuous, linear semigroup on a Banach space X with generator
A=Ar.

(a
(b
(c
(d

Show that Inx is in Dr for all A > 0 and for all x in X.
Show that (I — AA)Ihx = z for all z in X.

Show that I(I — MA)x = z for all x in Dr.

Show that if T is non-ezpansive, then |I| < 1.

o O

Conclude that I, defines a bounded, bijective linear transformation from X to Dr.
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Background.

Definition 20.1. Suppose T is a strongly continuous, linear semigroup on a Banach space, X. For
A > 0 define I,: X - X by

1 [ 1 [
Iz = —/ e~ T(s)zds = —/ e~ g, (s) ds.
Ao Ao

Remark 20.2. Notice that I — AAr is a map from D7 to X. In the problem it will be shown that this
map is a continuous isomorphism between D7 and X with inverse Iy. The map I = (I — AA)~! is the
resolvent of Ar.

Remark 20.3. For part (c), we’ll use the fact that for z in X, the trajectory, g, is differentiable and
that g. = Ag,.

Solution. [Henry and Ioana] [Henry] To prove parts (a) and (b), fix z in X and A > 0. Then the
following statements are equivalent;:

o (I-XA)z =z,
e M)z =Lz — z, and
o AlLx = %I)\x—ix.

We’ll show that the third statement is true.

Fix r > 0 and recall that Az = lim;_,o+(1/t)(T(t) — I)z for z in Dy. Using the change of variable
u =7+ s to get the third equality, we have

% (T(r)=1) Iz = 1 (T(r)=1) % /Ooo e *T(s)zds

r
1 [* 1 o0

= *S/)‘T _ 7.5‘//\T
7“)\/0 e (r+s)xds 7‘)\/0 e (s)zds

1 o0 1 o0
- — 7(577')/’\1" _ 7S/AT
T)\/r e (s)x ds _7“)\/0 e (s)xzds

1 [ 1 [
= — (r=s)/A _ g=s/A\ T _ —s/Ap
T)\/r (e e ) (s)xds 7’)\/0 e (s)x ds

er/A —1

o0 1 T
= / e_s/’\T(s)xds—a/ e=* T (s)z ds

A 0

() (52 [ oo (3) () [ rs

lim (e”/* —=1)/r =1/A and lirgl+/ e *T(s)xds = / e *T(s)x ds = M.
r— r

r—0+ 0

Clearly,

An argument similar to the one given in part (a) of Problem 17 shows that
1 r
lim —/ e T (s)z ds = x.
0

Therefore, it follows that

1 1 1
lim = (T(r) = I) & = e — <.
Jim —(T(r) =) hz = yhe = y2
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This shows that Iyz is in D for all z in X and that AIyz = (1/A) Iy —(1/A)z, and so (I —AA)[\z =z
for all z in X. This completes the argument for parts (a) and (b).
[Ioana] For part (c), fix A > 0 and z in D, so lim_,o4+(1/t) (T'(t) — I) z exists and is equal Az. Then
Iy(I-MA)z =1, (z — \Ax)
1

= —/ e~*/T(s)(z — AAzx) ds
Ao

1 [ —s/A oo —s/A
== e T(s)xds — e T(s)Ax ds
AJo 0
oo
=Lz — / e=*/ T (s) Az ds.
0
To complete the proof of part (c), it suffices to show that

/ e~ T(s)Az ds = —z + Ixx.
0

Since T is a semigroup and addition of real numbers is commutative, we clearly have that AT (s) = T'(s)A
for all s in [0,00). Therefore, T(s)Ax = AT (s)x = Ag,(s) for s in [0,00). By proposition 17.6, the
trajectory, g, is differentiable and g/, = Ag,. Also, the product rule is valid for functions [0, 00) = X
by Proposition 13.2; so the usual integration by parts formula from calculus is valid. Therefore,

/ e*s/’\T(s)Aa:ds:/ e */*Ag, ds
0 0

= [ e o) s

oo 1
— s/ d
. /0 3 e 9z(8) ds

s=

=—z+ 1/ e */AT(s)z ds
AJo

—s/A

=€ 9z(8)

=—xz+ Iz
This completes the argument for part (c).
To prove part (d), suppose T' is non-expansive and A > 0. Using the hypothesis on T, for z in X we

have

1 A
|[Ixz| = X/ e T (s)x ds

0

1 o0
< —/ e */M|T(s)z| ds
Ao

1 oo

<! / e [T(s)] Ja] ds
o

< %/ﬂ e~*/Mds

=lal (¢ ")

= |

Therefore, |Ix| < 1.
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Comments. Notice that it may be the case that I — AA is only densely defined and nowhere continuous,
but for a strongly continuous, linear semigroup it’s always the case(I — AA)~! = I, is globally defined
and continuous.

PROBLEM 21

Problem. Suppose G: [a,b] — R? and Q: [a,b] — L(R?) are continuous and A and B are in L(R?).
Consider the initial value problem:

BVP:R? Y: [a,b] = R?, AY (a)+ BY (b)) =0, and Y' = QY +G.

Show that the equation —y" = g, y(0) = y(1) = 0 in Problem 14(a) is a special case of BVP:R? for a
suitable choice of G, Q, A, and B.

0

1 1 0
00

0

00

dB=
) an 1 0

Solution. [Ahmed] Set G = l 0 ], Q@) = l ] for all t, A = . Then if
-9

1=y, x2=12),and Y =

xl] , the equation —y" = g becomes Y/ = QY + G and y(0) = 0 = y(1) is
T2

0
0

b 0

equivalent to AY (a) + BY (b) = 0. More generally, any matrices A = 40

],andB:

] with
a b|. . .

l ] invertible will work.

c d

PROBLEM 22

Problem. Supose [a,b] is an interval, Q: [a,b] — L(R2) is continuous, and W is in L(R?). Show that
there is a unique M : [a,b] — L(R?) with the properties that M(a) = W and M' = —MQ. Moreover, if
W is invertible, show that M (t) is invertible for all t.

Background. An “integrating factor” for the equation

Y:[a,b] >R, Y -QY =G,
where Q: [a,b] = L(R?) and G: [a,b] — R2, is a function M: [a,b] — L(R?) with the property that
MY'—MQY = (MY)'. If this is the case, then applying M to both sides of Y/ — QY = G gives (MY)' =
MG, so Mt)Y(t) = C + f: MG for some constant vector, C, in R?. Since (MY) = MY' + M'Y, we
need to choose M so that M' = —MQ.

Assuming we can find M with M' = —M @ and with M (¢) invertible for all ¢, it follows that the solutions
to Y/ — QY = G all have the form
¢
(22.1) Y(t)=M@#)~'C+M@t)™" / MG
a

for some C' in R2. The formula (22.1) is called the variation of parameters formula.

Remark 22.2. A hint for the second part of the problem is to define h(t) = det M (t) and find a formula
for h'(t). Then show that either h is identically 0 or that h(t) # 0 for all ¢.
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Solution. [Ahmed, Ioana] The argument in the Background for Problem 8 that the initial value
problem IVP:M>(R) has a unique solution, together with Problem 13, shows that there is a unique
M, with M| = (-tQ)M; and M;(a) = 'W. By taking transposes and noticing the taking transposes
commutes with differentiation, it follows that there is a unique M : [a,b] — L(R?) with M' = —M Q and
M (a) = W. This proves the first statement in the problem.

Comments. Notice that it’s likely that Q(s)Q(t) # Q(t)Q(s) for s and ¢ in [a,b], so the obvious
generalization of the “general solution” in the case of a real-valued function, namely M (t) = Ae™ L Q
may not have the property that M'(t) = —Q(t)M (t). As an example, suppose A and B are in M>(R)
and AB # BA. Define Q: [0,1] — M2(R) by Q(t) = tA+ (1 —t)B. Then fot Q= (1/2)?A - (1/2)B +
(1/2)(1 — t)2B and so e~ Jo @ = ¢~ (/AP A+(1-)*BeB/2 —

PROBLEM 23

Problem. It was shown in Problem 14 that for g in C([0,1]), the boundary value problem:
(BVP:[0,1]) —y" =9, y(0)=0=y(1)
has a unique solution. Therefore, the rule that assigns to a function, g, in C([0,1]) the unique solution to

BVP:{0,1] defines a function, T: C([0,1]) — C([0,1]). Show that T': C([0,1]) — C([0,1]) is a self-adjoint
operator when C([0,1]) is given the inner product it inherits as a subspace of L?([0,1]).

Background. Recall that we saw in the comments after Problem 14 that the unique solution to
BVP:[0,1] is given by z — fol k(z,s)g(s), where the kernel, k, is defined by

s(1—z) 0<s<=z

k:[0,1]x[0,1]] = R by k(w,s)={$(1_s) r<s<l1

Thus, T(g)(z) = fol k(z,s)g(s), for z in [0,1]. It follows immediately that T is a linear transformation
from C([0,1]) to itself. (This fact also follows easily from the definition of T using that differentiation is
linear.)

Recall that L?([0,1]) is an inner product space with inner product

(fr9) = / F(s)g(s) ds,

for f and g in L?([0,1]). The restriction of this bilinear form to C([0, 1]) is an inner product on C([0, 1]),
but C([0, 1]) is not complete with respect to the corresponding norm. In fact, since C([0,1]) is dense in
L2([0,1]), the completion of C(]0,1]) with is L*([0, 1]).

Finally, recall that if (X,(-, -}) is an inner product space and T: X — X is a linear transformation,
then the adjoint or transpose of T is the mapping T*: X — X defined as follows. Given y in X, the
mapping e,: X = R by ey(z) = (Tz,y) is an element in X*, so since (-, -) is non-singular (because it’s
definite), there is a unique element, denoted by Ty, in X so that ey(z) = (x,T*y). Thus, (Tz,y) =
ey(x) = (x,T*y). It’s easy to check that T™ is a linear transformation from X to itself.
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A linear transformation, 7: X — X, is self-adjoint if T =T*.

Solution. Coming soon...?

Comments. The solution to part (b) of Problem 14 is essentially the computation of the eigenvalues
and eigenfunctions (that is, the eigenvectors) of T. If Tg = ag, then by the definition of T' we have
that —(ag)" = g, so g is twice continuously differentiable and —g" = (1/a)g. Therefore, a = 1/n*n?
for some integer, n, which might as well be assumed to be positive, and g(t) = ¢sinnnt for some real
number c.

It follows that the eigenvalues of T are {1/n?7? | n € N} and that the (1/n?m?)-eigenspace of T is the
one dimensional vector space { s. | ¢ € R} where s.: [0,1] = R by s.(t) = csinnat.

PROBLEM 24
Problem. Suppose Q: [a,b] — L(R?) is continuous and A and B are in L(R?). Suppose also that for
every continuous function G: [a,b] — R?, the boundary value problem
BVP:R? Y: [a,b] = R?, AY(a) + BY (b) =0, and Y'(t) = Q(t)Y (t) + G(t) for all t

has a unique solution. Show that there is a function, K : [a,b] x [a,b] — L(R?) with the property that
Y(t) = f: K(t,s)G(s)ds for all t in [a,b].

PROBLEM 25

Problem. Suppose q: [a,b] — R is continuous and A and B are in L(R?). Suppose also that for every
continuous function g: [a,b] = R, the boundary value problem

y(a) y(a)
y'(a) y'(a)
has a unique solution. Show that there is a unique continuous function, k: [a,b] X [a,b] — R with the
property that y(t) = fab k(t,s)g(s)ds for all t in [a,b].

BVP:R y:[a,b] > R, A +B =0, and y"(t) — q@®)y(t) = g(t) for all t

Comments. It can be shown that with the notation of the problem, k is symmetric if and only if
det A = det B.

REFERENCES

[Rud73] W. Rudin, Functional analysis, McGraw-Hill, New York, 1973.

[Rud76] W. Rudin, Principles of mathematical analysis, International Series in Pure and Applied Mathematics,
McGraw-Hill, New York, 1976.

[WZ77] R.L. Wheeden and A. Zygmund, Measure and integral, Pure and Applied Mathematics, Marcel Dekker,
New York, 1977.



