INTEGRATED FORM OF CONTINUOUS NEWTON’S
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To Jerry Goldstein

ABSTRACT. An integrated form of continuous Newton’s method is defined.
Under rather minimal conditions the method is shown to lead to a zero of
the given function. The result is applied to recover a recent Nash-Moser
type inverse function theorem.

1. INTRODUCTION
Many problems in PDE may be expressed as a problem of finding u so that
Fu) =0 (1)

where F' is a function from a Banach space H to a Banach space K. A prospective
method for solving (1) is called here Integrated Continuous Newton’s Method:
Given zp € H, find a continuous function z : [0, 00) — H such that

2(0) = 20, (F(2))(t) = —F(2(t)), t 0. (2)

If Fis C', F'(z)" exists for 2 € H and z is differentiable, then (2) takes the
form

2(0) = 20, 2'(t) = —F'(2(t)) "' F(2(t)), t > 0. (3)
If we interpret invertibility in the set theoretic sense
Fl(w)'y = {we H: F(a)w=y}
then a substitute for (3) takes the form
2(0) = 29, 2'(t) € —F'(2(t))

what may be called a differential inclusion.

—1

F(z(t), t =0, (4)

However, even in the case of ordinary complex polynomials [5], (2) may have
meaning where neither (3),(4) does. Accordingly we concentrate on (2).

We attempt some perspective on PDE and the present work. Denote [0, 1]2
by Q, H= H'2(Q), K = L3(Q) and define F so that

F(u) = uy, u € H,
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where u; indicates the derivative of w in its first argument. Given g € K, we
have the problem of finding v € H such that

F(u) = g. (5)
Some reflection yields that this problem has no solution if g lacks a certain
amount of smoothness in its second argument. It is this lack of proper inverses
that makes discrete Newton’s method difficult (see [3]). Earlier related work on
continuous Newton’s method is found in [4]

Recent papers [1],[2],[6] have used continuous methods to overcome loss of
derivative problems which seem unavoidable in conventional Newton’s method.
The present note seeks to relate this line of development to (2).

2. STATEMENT OF MAIN RESULT

Suppose that each of H, J, K is a Banach space with H compactly embedded
in J. By this we mean that the points of H form a dense linear subspace of J,
llz|lzz > ||z|ls, © € H, and that every bounded sequence in H has a convergent
subsequence in J to an element of H. If x € H,s > 0, then

Bs(z) = {y€ H :|ly —z|ln < s}
and
bs(x) = {ye H: ||y —z||lg < s}

Fix v € H, r > 0. Suppose that F is a function with range in K so that the
domain of F contains B,.(v). Suppose also that F' is continuous as a function on
J into K.

Theorem 1. Suppose that for each x € b.(v) there is h € B,(0) so that
F'(z)h = —F(v). (6)
Then there is a function z : [0,00) — H, continuous as a function into J so that
2(0) = v, (F(2))'(t) = —F(2(t)), t > 0.
Moreover,

u = J— lim z(¢) exists and F(u) = 0.

t—o0

The derivative in (6) is defined simply as
1
F'(z)h = t1ir51+ E(F(x +th) — F(z)).
No Fréchet differentiability is assumed.
An argument is based on the following:
Lemma 1. Under the hypothesis of Theorem 1, suppose that
t € (0,1), y € byr(v), s € (0,1 —1].
Then if € > 0, there is w € By, (y) so that
[F(w) = F(y) + sFv)[x < es.
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3. PROOFS
Proof. [Lemma 1] Suppose 0 <t < 1, y € by (v),€ > 0. Pick h € B,(0) so that
Flyh = —F(v).
There is § € (0,1 — t] such that if 0 < s < ¢, then
|F(y -+ sh) — F(y) + sF ()l < se.

Note that y + sh € B, (y). Denote by M,  the collection of all 6 € (0,1 — ¢]
such that if 0 < s < ¢ then there is w € By, (y) so that

[F(w) = F(y) + sF(0)[x < se.

Clearly My, is connected. The lemma follows if it can be shown that M, .
contains 1 — .

Denote sup M, . by ¢g. Denote by {wi}72, a sequence in H and {qx}7, an
increasing sequence of positive numbers convergent to ¢ such that

Wi € Brg, (y) and | F(wg) — F(y) + e F(v) ||k < qre. k=1,2,....

Choose an increasing sequence of positive integers {k;}5°; so that

{wki}?il
converges in || - || to some w € H. Note that w € By, (y) and
[F(w) — F(y) + aF(v)[[x < ge. (7)

Hence ¢ € My .. If ¢ =1 —t the argument is finished.
Suppose then that ¢ < 1 —t. Define hg € B,-(0) so that
F'(w)hg = —F(v)

Denote by d a positive number so that d < 1 — (t + ¢) and so that if 0 < s <d
then

|F(w+ shy) — F(w)+ sFv)||lxk < se. (8)

Note that for such a choice of s, w + sho € Bg4s)(y). Combining (7), (8), if
0 < s <d, then

[F(w + sho) = F(y) + (s + O F(v)[[x < (s +q)e.

This places d +q € M, ., contradicting the proposition that ¢ = sup M, .. Thus
the assumption that ¢ < 1 — ¢ is false and the argument is finished. O

Proof. [Theorem 1] Denote by {p*)}2° | a sequence of partitions of [0, 1] so that
pF*t1) is a refinement of p*), k' =1,2,..., and so that the mesh of p(¥) — 0 as
k — oo. Suppose that k is a positive integer and that

) _ 0,40

o bpg -

p
ko0

Denote by zj, a continuous function on [0, 1] which is linear on each of [t;_;,¢;

t=1,...,nk, and so that z;(0) = v,

lz2e(tf) = 2l < (8 —ti_y)r,
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and
1F(2(t7)) = Far () + () P F@))e < (6 = ) /k,
i =1,...,n, k = 1,2,.... Summing the above inequalities from i = 1 to
i = j < ny and using the triangle inequality we see that
1P (2 () = Fo) + t P F)|le < 7k < 1/ 9)

(The preceding lemma permits this construction.)

Note that {2z}, is uniformly bounded relative to || - ||z and equicontinuous
(actually uniformly lipschitz with constant r). Hence there is an increasing
sequence {k;}32; of positive integers so that

{ij };)il
converges uniformly using ||-|| s to a J continuous H— valued function z on [0, 1].
Since F is continuous as a function on J, {F(2x,;)}32; converges uniformly to
F(z) on [0,1].

Suppose now that s € [0,1]. Then s is a sequential limit of a sequence {sz}32,
where s, € p®®), k=1,2,.... Using (9) it follows that

F(z(s)) = (1 —s)F(v). (10)
Hence
(F(2))(s) = —F(v), s €[0,1]. (11)

It is clear that F'(z(1)) = 0. Conclusions (10), (11) are at least as significant as
the stated conclusion to the theorem.

To reach our final conclusion, define « : [0,00) — [0,1) by
alt) = 1 —exp(—t), t >0.
Define w : [0,00 — H by
w(t) = z(a(t)), t>0
and note that
(F(w)'(t) = (F(2)()' () = (F(2))(a)d(t) =
—exp(—t)F(v) = —F(w(t)), t>0
Flu(t)) = F(:(a(t) = (1—a()F(v) = exp(~1)F(v).
As noted above, F(2(1)) = 0 so it follows that
u=J- tlirglo w(t) = z(1),
and so

F(u) = 0.



INTEGRATED FORM OF CONTINUOUS NEWTON’S METHOD 5

4. APPLICATION TO A NASH-MOSER INVERSE FUNCTION THEOREM
The above theorem can be used to recover an inverse function theorem in [6]:

Theorem 2. Suppose H, J, K are as in Theorem 1, r, M > 0 and G is a function
with domain B.(0) so that G(0) = 0 and G is continuous as a function on J.
Suppose furthermore that g € K and if y € b,.(0), there is h € By(0) so that

G'(yh = g.
Then there is A > 0 so that
G(u) = Mg for some u € B,(0).
Proof. Pick A > 0 so that AM < r. Take v = 0 in Theorem 1. Define F' on
B,.(0) so that
F(z) = G(z) — A\g, = € B;(0).
Suppose x € b,(0). Then there is hy € Bas(0) so that
G'(z)ho = g
and so with h = Ahg,
G'(z)h = Mg,
ie.,
F'(z)h = G'(x)h = A\g = —F(0), h € B,(0).
Applying Theorem 1 we get the existence of u € B,.(0) so that F(u) =0, i.e.,
G(u) = Ag.

REFERENCES

[1] A. Castro and J.W. Neuberger A Local Inversion Principle of the Nash-Moser Type and
Applications to Symmetric Positive Systems, STAM J. Math. Anal. 33 (2001), 989-993.

[2] A. Castro and J.W. Neuberger An Inverse Function Theorem via Continuous Newton’s
Method, Nonlinear Analysis 47 (2001), 3223-3229.

(3] J. Moser A Rapidly Convergent Iteration Method and Nonlinear Differential Equations,
Ann. Scuola Normal Sup. Pisa 20 (1966), 265-315.

[4] J.W. Neuberger Sobolev Gradients and Differential Equations, Springer Lecture Notes in
Mathematics 1670 (1997).

[5] J.W. Neuberger Continuous Newton’s Method for Polynomials, Math. Intelligencer 21
(1999), 18-23.

[6] J.W. Neuberger A Nash-Moser Theorem with Near-minimal Hypothesis, Int. J. Pure
Appl. Math. (to appear).

DEPARTMENT OF MATHEMATICS
UNIVERSITY OF NORTH TEXAS
DENTON, TX 76203

E-mail address: jwn@unt.edu



