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ABSTRACT. We prove that the center of the algebra of differential operators invariant
under the action of the Jacobi group over a complex quadratic field is generated by two
cubic Casimir operators, which we compute explicitly. In the spirit of Borel, we consider
Jacobi forms over complex quadratic fields that are also eigenfunctions of these Casimir
operators, a new approach in the complex case. Theta functions and Eisenstein series
provide standard examples. In addition, we introduce an analog of Kohnen’s plus space
for modular forms of half-integral weight over K = Q(¢), and provide a lift from it to
the space of Jacobi forms over K = Q(¢).

1. INTRODUCTION

In 1985, Eichler and Zagier [7] systematically developed a theory of (holomorphic)
Jacobi forms. That theory has since grown enormously, establishing deep connections
to different types of automorphic forms (for example, see Skoruppa and Zagier [23] and
Skoruppa [22]) and many other areas of mathematics and physics, such as the theory of
Heegner points (see Gross, Kohnen, and Zagier [10]), the theory of elliptic genera (see
Zagier [24]), string theory (for example, see Cardy [5]), and more recently, mock theta
functions (see Zwegers [26]).

The classical Jacobi forms in [7] are holomorphic functions. More generally, the Maass-
Jacobi forms over the rationals in Berndt and Schmidt [1] and Pitale [17] are eigenfunc-
tions of differential operators invariant under the action of the real Jacobi group. Auto-
morphic forms over complex quadratic fields are clearly not holomorphic functions, and so
one needs an analyticity condition to take the place of the Cauchy-Riemann differential
equations. Skogman [20] and Richter and Skogman [19] use Jacobi theta functions to
construct prototypes of Jacobi forms over complex quadratic fields and arbitrary number
fields, respectively, but they do not discuss any analyticity condition for Jacobi forms. In
[4] we give such a condition and suggest a definition of Jacobi forms over complex qua-
dratic fields. More precisely, we consider Jacobi forms over complex quadratic fields that
are also eigenfunctions of a second order differential operator invariant under the action
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of the complex Jacobi group. In addition, we present explicit examples showing that the
space of such forms is nonempty. Nevertheless, the definition in [4] has drawbacks. For
one thing, all examples of such Jacobi forms constructed there have eigenvalue zero. In
addition, it seems that the approach in [4] does not give any connections to other types
of automorphic forms. This is somewhat unsatisfactory, since a theory of Jacobi forms
should yield a fruitful interplay between different types of automorphic forms.

In this paper we suggest a new approach to Jacobi forms that is in the spirit of Borel’s
notion of an automorphic form for a reductive group [2]. The center of the universal
enveloping algebra of the complex Jacobi group is generated by two conjugate linear
elements and two conjugate cubic elements, which we call the Casimir elements. The
linear elements act on Jacobi forms by scalars, and the operators by which the Casimir
elements act generate the center of the algebra of invariant differential operators. We
consider (see Definition 2) Jacobi forms over complex quadratic fields that are eigenfunc-
tions of the cubic Casimir operators. The Eisenstein series in [4] and special cases of the
theta functions in [20] and [19] are concrete examples, and in contrast to [4], the space
of Jacobi forms here yields a truly continuous spectrum. Furthermore, we introduce an
analog of Kohnen’s plus space for modular forms of half-integral weight over K = Q(i).
We proceed as in Kohnen [14] to construct a lift from said analog to the space of Jacobi
forms over K = Q(i), which gives rise to new examples of Jacobi forms over K = Q(4).
Our work may be viewed as the first step toward a rigorous theory of Jacobi forms over
complex quadratic fields. It will be interesting to see if such Jacobi forms find important
applications in the same way that classical Jacobi forms do.

This paper is organized as follows. We begin Section 2 with the definition of the Jacobi
group of any subdomain of C, and the | n,-slash action of the complex Jacobi group. We
then state the main result of Section 6, the description of the center of the algebra of
| m-invariant operators, and use it to define Jacobi forms over complex quadratic fields.

Section 3 is the heart of the number theoretic part of the paper. It begins with the
determination of the transformation laws of Jacobi theta functions. These theta functions
are important tools in the proof of the main result of the section, which constructs new
examples of Jacobi forms over K = Q(i) by lifting modular forms of half-integral weight
(in the analog over K = Q(i) of Kohnen’s plus space) via a theta decomposition.

Sections 4-6 comprise the Lie theoretic part of the paper. In Section 4 we compute the
generators and relations of the algebra of invariant differential operators on any homoge-
neous G-vector bundle in terms of G’s universal enveloping algebra, G being an arbitrary
Lie group. The case that the stabilizer subgroup is connected and acts reductively on g
was treated by Helgason [11], and in fact this case is sufficient for Sections 5 and 6. We
have included Section 4 for completeness and in order to give a slight generalization of
Helgason’s results.

The |i m-slash action of the real Jacobi group was introduced in [7], and generators
for its algebra of invariant differential operators were computed in [1]. In Section 5 we
apply [11] to compute the relations in this algebra. We find that its center is the image
of the center of the universal enveloping algebra of the Jacobi group, and is generated by
a single cubic operator. This operator was used in [1] (page 82) to define Maass-Jacobi
forms over the rationals, and such forms were studied in [17].
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In Section 6 we apply [11] to the | n,-slash action of the complex Jacobi group. Here
the center of the algebra of | n,-invariant operators is a polynomial algebra on two cubic
operators, and it is again the image of the center of the universal enveloping algebra.

2. JACOBI FORMS AND THE JACOBI GROUP

2.1. The Jacobi group. We follow the notation of [1], [4], and [7]. For any subdomain
D of C, the centerless Jacobi group of D is

G’ (D) = SLy(D) x D2

We write elements of D? as row vectors X and define the group law of éJ(D) via the
right action of SLa(D): (M, X)(M',X') := (MM', XM + X').
Let D?%D be the Heisenberg group of D, with group law
(X, 8)(X', &) = (X + X', det () + K+ K).
The Jacobi group of D is G’ (D) := SLy(D) x (D?xD), with group law
(M, X, k) (M, X", &) == (MM, XM' + X', det (*)) + & + &').
Note that Z7(D) := {I} x {0} x D is the center of G’ (D), and the projection (M, X, x) +
(M, X) defines an isomorphism from G”(D)/Z”(D) to GJ(D). It will be useful to define
subgroups K”(D) of G’(D) and FJ(D) of GJ(D) by
K’(D) := (SUsNSLy(D)) x {0} x D, K’ (D) := (SUsNSLy(D)) x {0}.
Write Q for the ring of quaternions and Hy for the quaternionic upper half space:
Q = {u+vk|u,v €C, k*=—-1,ak=ka, Va e C},
Ho = {z+yk € Q|reC,ycR}.
We denote elements of Hg by 7 = x + yk and elements of Q by z = u + vk. Define
7z :=u — vk, Z = u + vk, N(2) =2z = |u]® + |v]?
(the usual quaternion norm). Also, set
|lu+ vk|c = u + v, lu+ vk|s = u+ v, Tr[z] == ||z|lc + ||zl -

The following lemma is elementary; a conceptual proof may be found in [4]. For the
rest of Section 2, set

(1) Mi=(39), Xi=0uw).
LEMMA 2.1. There is a transitive action of SLa(C) on Hg defined by

Mot :=(ar+B8)(yr+6)" = (7 +0) (ra + B),

under which the stabilizer of k is SUs.
There is a transitive action of G’(C) on Hg x Q defined by

(2) (M, X,k)o(r,2):= (Mo, (77 +8) " (TA+ u+ 2)),
under which the stabilizer of (k,0) is K’ (C). Division by Z”’(C) yields a transitive action
of GJ(C) on Hg X Q, such that the stabilizer of (k,0) is XJ((C).
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We now define the |y ,,-slash action of G’(C) on C*(Hg x Q). Define a function
a:G’(C) x (Hg x Q) — C by

(3) a((M,X,K),(7,2)) ==k 4+ A+ 2Xz + ATA — (2 4+ A7 + p)(y7 + ) y(z 4+ TN+ p).
For k € C, I € N, and m € C!, define ay,,, : G’/ (C) x (Hg x Q) — C* by
akm((M, X, k), (T, z)) = N_k(’yT—i—(S) exp{27riTR[tma((M, X, k), (T, z))m}}

PROPOSITION 2.2. For all k € C and m € C!, the following equation defines a slash
action |m of G’(C) on functions f: Hg x Q — C:

(4) (f]k.m(M, X, K))(T, z) = Oék,m((M, X, k), (T, z)) f((M, X, kK)o (T, z))

Multiplication by y~=* is an intertwining map from lkm 10 |ktkm:

(y_k,f) ‘k—l—k’,m(M’ Xv /i) - y_k, (f) |k,m(M’ Xa ’i)'

This proposition amounts to the fact that ay ., is a cocycle with respect to the action
of G’(C) on Hg x Q, such that aygs m/akm is the coboundary oy
It is proven in Section 5.3 of [4].

We now state the main results of the Lie-theoretic part of the paper: the description
of the center of the algebra of differential operators on Hg x Q invariant with respect to
the action |, of G’(C), and the description of the action of the center of the universal
enveloping algebra of G7(C) under | ,,. The two are the same and motivate the definition
of Jacobi forms given in Section 2.2.

We will see in Section 6 that if we regard G/(C) as a complex group, then the center
of its universal enveloping algebra is a polynomial ring on two generators, one linear and
one cubic. It follows that if we forget its complex structure and regard it as a real group,
the center of its universal enveloping algebra is a polynomial ring on four generators, two
conjugate linear elements and two conjugate cubic elements. Under the real action | .,
the cubic elements act by third order differential operators which we denote by CE . and

; see Section 4.2.

k,m>
the linear elements act by scalars. Thus C,:Ctm generate the | n,,-action of the universal
enveloping algebra of G’ (C).

We will define C,jm in terms of the following operators:

Z,j,m = —2mi'mm,
e:,m = —Oy,
Bf, = 0.
(5) HyY, = —(220; +ydy + udy + vy + k),
f,:m = —(20y + yOy) + 4mi'm(mu + imv),
Byl = —aHl, — (%0 +y?05) + y(uds — v0g)

+27i Y(mu + imw) (mu + imw).

In order to define C;_, , write B for any of Z, e, E, H, f, I and let
(6) B, =B}

kyjim*
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Remark. It is useful to note that B, ~and hence also C;, may be obtained from B,jm
and C,jm by replacing «, u, v, k, and m by their conjugates.

DEFINITION 1. The Casmir operators of the action |, are

+ e + + o+ + + o+
Com = %<(fk,m>2Ek,m — (ek,m)2 — (Hy 2 femCom

,m

(7)
F(HE  + Dy + 2 2 + AP B Zi )

THEOREM 2.3. The third order differential operators C,fm on Hg x Q are invariant with
respect to the action |im of G7(C). They generate a polynomial algebra in two variables
which is both the center of the algebra of all | m-invariant differential operators and the
image of the center of the universal enveloping algebra of G”(C) under |-

The operators Ckim are the conjugates of Coi’m by y k-

Ciom (™ 1(7,2)) =y C5 1 (7, 2).
We now discuss the following slash action of SLy(C) on Ho:
(FIeM)(7) = NTE (37 +8)f(M o 7)

(see (1)). It is easy to check directly that this is an action for all k& € C, and that
multiplication by y’k, is an intertwining map from |; to |xix. This also follows from
Proposition 2.2 and the observation that |, is the restriction of |5 ¢ to an action of SLy(C)
on functions constant in z.

Define a second order operator Ay on Hg by

Ay, = y*(40,05 + 35) + (2k — 1)y0y.

Note that Ag is the usual Laplace-Beltrami operator, which is well-known to generate the

algebra of |g-invariant differential operators, and Ay, + k? — 2k is its conjugate by y~*:

(8) Ar(y™*F) =y (Do(f) + (2k — k) f).

It follows that Ay generates the algebra of |g-invariant operators.
Clearly restriction to functions constant in z defines an algebra map from |, g-invariant

operators to |g-invariant operators. Since efo and f,;to annihilate functions constant in z

and Zki0 = 0, this algebra map sends Cffo to 0. We remark that it sends the operators
Do and Do in (4) of [4] to Ay and b, respectively. (Let us take this opportunity
to correct an error in Proposition 5.7 of [4]: the first displayed equation should read
Dy, =1DO0y, . (Qr/4) + 2k — k*.)

2.2. Jacobi forms. Fix a complex quadratic field K with discriminant dx. Algebraic
and complex conjugation are identical on K and are denoted by a +— @. Let 0x be the
different of K and let Of be the ring of integers of K. The discrete Jacobi group T (K)
over K is the centerless Jacobi group of Og:

I'(K) =G’ (Ok) = SLy(Ok) x O%.
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PROPOSITION 2.4. The restriction to G?(Ok) of the action |im defined in Proposi-
tion 2.2 factors through to an action of the quotient TV (K) if and only if 'mm € D;(l. In
particular, this holds for K = Q(i) if and only if 2'mm € Zi].

Writing z* for (z +TA + ), the resulting action of T (K) is given by

o UG 0n)en = () ] 0)

X N(y7 +6)7* eXp{QTFi Tr [tm(—;*(’YT +0) Ty 2+ ATA+ 2>\z)m] }

PRrOOF: This proposition is a sharpening of Lemma 5.6 of [4]. Equation (4) defines an
action of ' (K) if and only if ay , is 1 on Z7(Of ), which in turn occurs if and only if the
factor exp{2miTr['mmk]} of ay,p, arising from the summand « in (3) is 1 for all k € Ok.
In this case (4) reduces to (9) because the summand Ap in (3) also contributes nothing.

Since Tr['mmOk] C Z if and only if ‘mm € Dl_{l = dl_(l/ 20 K, the result follows. O

The definition of a (non-holomorphic) automorphic form requires an analyticity con-
dition to take the place of the Cauchy-Riemann differential equations for holomorphic
functions. On reductive groups one usually uses the action of the center of the universal
enveloping algebra to give such a condition (see Borel [2]). The Jacobi group is not re-
ductive, but nevertheless, in light of Theorem 2.3, the following definition of Jacobi forms
fits into this framework. Moreover, it suggests a fruitful theory.

DEFINITION 2. Let k be in N, and let m be an element of C! such that 'mm € Dl}l as
in Proposition 2.4. A real-analytic function f :Hg x Q — C is a Jacobi form over K of
weight k, index vector m, and eigenvalues X, A\~ € C if

(i) (f]kmA) (1,2) = f(1,2) for all A € FJ(K).
(ii) C;mf =\Tf and Com =21
(iii) f is of moderate growth.
We denote the vector space of such Jacobi forms by Jy ., x+ x—- In addition, we say that
¢ € Jpmat - 18 a cusp form if
(10) ¢(7,2) = O(exp{—by} exp{2n|v|*/y}) as y — oo for some b > 0,
which is analogous to the characterization of the Jacobi cusp forms in Skoruppa [21].
Explicit examples are given by the Eisenstein series in [4]. For example, if m € R/,

‘mm € N, and s € C such that Re(s) > 4, then the Eisenstein series (with & = 0 and
s—s—3in [4])

(11) Em,S(Ta Z) = Z (ys |0,m A) (7_7 Z) € JO,m,)\+,)\_
AET L (K)\I (K)
with AT = 2fmm(s — 1)(s — 2), A= = 2%mm(s — 1)(s — 2), and where I'/ (K) =

{[((1) 7),(0,n)] | n,n € Ok}. Furthermore, for weights k = 1/2 and k = 1, the theta
functions in [20] and [19] yield concrete examples of Jacobi forms on a subgroup of I'/ (K).
It would be interesting to classify all theta functions which satisfy Definition 2.

Remark. At the end of the proof of Theorem 3.2 we explicitly state the moderate
growth of Jacobi theta functions and of Jacobi forms that appear as lifts of modular
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forms of half-integral weight. Unfortunately, we cannot give such a growth condition for
the Eisenstein series in (11), since we have not been able to completely determine its
Fourier expansion (see also Section 3.2 of [4]).

3. LIFTING OF MODULAR FORMS TO JACOBI FORMS

In this section we provide new examples of Jacobi forms over K = Q(i) by lifting
modular forms of half-integral weight over K = Q(7). Our construction is of the same
flavor as the method of Kohnen [14] (see also Section 4 of Pitale [17]). It is likely that our
results can be extended to other complex quadratic fields, but for simplicity we restrict
to the case that K = Q(i), Ox = Z[i] is the ring of integers of K, and dx = 27Z[i] is the
different of K.

3.1. Jacobi theta functions. Let y € R, where R is a complete system of representa-
tives for the set of cosets $Z[i]/Z[i]. The theta function

0,(T,2) := Z exp{mi Tr[(w + p)7(w + 1) + 2(w + p)z]}
wWELZ[i]
is a crucial building block in our construction of Jacobi forms in Section 3.3. First we
determine the transformation law of 6, under translation and inversion.

THEOREM 3.1. For every n € Z[i] we have
(12) Ou,(T+n,2) =exp {Trz' Tr [nuZ] } 0 (7,2).

Moreover, we have

(18) O (—r,772) = SN exp {mi T [57742)} 3 exp {2 T o} 6 (7, 2).

veER
Proor: Equation (12) follows immediately from the definition of 6,,. We apply Eich-
ler’s “embedding trick” to prove (13). Consider the following Jacobi theta function of
higher degree:

(14) Ou(Z, W) := > exp {2mi ((L+ M)Z(L+ M) +2"L+ M)W)},
Lez?
with M € R, where R is a complete system of representatives for the set of cosets %ZQ /72,

and where Z and W are variables in Hy (Siegel upper half plane of degree 2) and C?,
respectively. Recall that

On(—2Z7Y, Z7tw)

1
(15) = det (—iZ)% exp{2mi'WZ'W} > exp{—4mi'NM} ON(Z, W),

NeR

where det (—iZ)% is positive if Z = Y for positive definite Y € R(>2) (see [6] for a simple
proof of (15) that does not require Poisson summation). ‘
Now we will regard 6,(7,z) as a special case of O (Z,W). Set Q := (17%). If

T:x+yk€HQ,z€Q,and,uER,thenZ::%tQ(miy)QGHQ,W::%tQ(HZHC)€

iy T 12 1lz
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C?, and M = Q! (ﬁ> = (Re“> € R. Furthermore, if w runs through Z[i], then

B Im g
L:=071(2) = (Fe¥) runs through Z? and we find that
(16) 0,(1,2) =On(Z,W).

As in [18] (see also [4]),
(r,2) = (=771, 772) € Hg x Q corresponds to

(Z,W)— (U (-2 U,UZ'W) € Hy x C?,
where U := (§ ). In particular,
(17 (- )=y (U (-2 HYUUuz"'W) =0y (-Z271,Z7'W).
Finally, we have

NV = det(-iz)'/?,

Tr [2r712] = 2'WZz7'w,
exp{2miTr [vp]} = exp{-2miTr[vp]} = exp{—4ni 'N(UM)},

with N := (Rev) € R, so (13) follows from (15) and (17). O
3.2. Modular forms of half-integral weight. Elstrodt, Grunewald, and Mennicke
[8] give a good overview of automorphic functions over complex quadratic fields K. We
extend their notion of an automorphic form and we consider modular forms of half-integral
weight over K = Q(i), and in particular, we introduce an analog of Kohnen’s [14] plus
space. Kojima [15] also discusses modular forms of half-integral weight over complex

quadratic fields, but our point of view is quite different.
Set I' := SLo(Z[i]) and Tg (N) := {(5 %) € T' |y € NZ[i]}. The theta function

(18) 0(r) := Z exp{mi TrwTw]}

wEZi
is a modular form of weight 1/2 on T'g (4). More precisely, if M = (; 3) € T'g(4), then
(19) O(MoT)=j(M,1)(r)

where j(M, 1) := x(M)N (y7 + 6)'/2 is the theta-multiplier. Here x(M) is an eighth root
of unity, which can be determined explicitly in some important special cases (see Section
4 of [18]): If N'(6) = p is an odd rational prime, then

(20) ((55)) = (H42)

is the Legendre symbol.
Remark: The results in [18] show that 6(27) satisfies (19) for all (3 5) € I'o (8). If, in
addition, N'(6) = p is a rational prime, then

(21) x((55) = (*57),

which then easily implies (20).
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We would like to address a small error in our paper [4], resulting from a mistake in [13].
We apply Proposition 4.6 of [13] to simplify (20), but unfortunately that Proposition in
[13] is not quite correct as stated. Also note a typographical error: The obvious factor
of 2 in the theta multiplier of 6y(27, z) (using the notation of Section 3.1) was left off in
(14) of [4] (see (20) and (21) above).

DEFINITION 3. A real-analytic function h : Hg — C is a modular form on T'y(4) of
weight k — % (k € N) and eigenvalue A € C if
(i) h(MorT)=j(M,7)>* " h(r) for all M € T'y(4).
(ii) Ak_% h=MAh .
(iii) h is of polynomial growth at the cusps of T'y(4).
We denote the vector space of such modular forms of half-integral weight by Mk_%’A(él).

If h € Mk_%)\(ll), then h(1 +n) = h(r) for all n € Z[i] and hence h has a Fourier
expansion of the form

(22) h(r) = Z ay(w) exp{mi Tg[wz] }.
WEZLi]
Let M :ﬁ L ,(4) denote the subspace of M, _ 1 1(4), whose elements have Fourier expan-
sions of the form

h(r) = Z ay(w) exp{mi Tg[wz]}.
wEZi)
w=0,£1,2¢ (mod 4)

Then M l;t 1 ,(4) is an analog of Kohnen’s [14] plus space, and in contrast to [14] and [17]
the plus sp2ace condition here does not depend on k.

Remark: The coefficients a,(w) in (22) can be described explicitly. Choose s € C such
that A = s* — (k — %)2 Using (ii) and (iii) of Definition 3 and the properties of the usual
Bessel function Ky, one can show as in [8] (pages 105-106) that the right hand side of
(22) can be written as

(23) c(y) + y%*k Z a(w)K,(27|wly) exp{mi Tr[wz]},
weZ[i\{0}

where the coefficients a(w) € C are independent of y and

c(y) = aoy? 4 oy F 5 4 cod(s)y? F log(y),

. ] 0 ifts#0,
with ag, by, co € C, and §(s) := { 1 ifs—o.
3.3. The lift. We are now in a position to state the main result of this Section, which
gives a lift from M1 | L (4) to J; AN with A=A+ k% —k + 1.
_57 b 2’ Y
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THEOREM 3.2. Let h =3 ay(w) exp{mi Trwz]} € M (4) and write

k—l A
hr) = Y )
ve{0,£1,2:}
= > hy(4r)
HER
with ‘
i
W) (1) = Z ay (4w +v) exp{ 1 Tr[(4w + V)ac]}
WEZ[i]
and
ho := b hy = h<*1>,h% = hW, and hivi = b3,
2
Then for p € R we have
(24) hy (T4 1) = exp {—m' Tr [an] } hu(T)
for every n € Z[i] and also
(25) B (—71) = %Nmk-l/? S exp {2mi T [val} hu (7).
vER
We have
(26) =) (1), (7, 2) € i1 an
HER

with A=A+ k2 —k+1.

Proor: Equation (24) follows directly from the definition of the h,.
We turn to the proof of (25). It is not hard to see that we can write

(27) W) (r) = 116 3 exp{—TTR[ny]}h<TIn>.

n (mod 4)

To determine the behavior of this function under inversion, we split the sum over n into
two groups:

S1 = {m +ing; M1 =no (mod 2), ny,no (mod 4)},
Sy :={ni+ing; n1=14ny (mod2), ni,ny (mod 4)}.

Clearly
) (—(4n)™Y) = gua (1) + gua(7),

Goa(r) = i6 Z; exp {—TTR[W]} h <111 ()t n)> ,

Gra(T) = 1% exp {—TTR[W]} h <i ((—47)‘1 + n)) :

where
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We first consider g, 1(7). Write

o <_T41 = Y e {_TTR[W]} h (i(f 4 n))
(28) % EZ:M ay () exp {?TR [:L‘w]} 3 exp {TTR n(w — u)]} .

w=0,+1,2i (mod 4)

The sum over n on the right hand side of (28) equals

> e {Tmine-vif+ ¥ en{Tmienr1-w-n)

(20) n (mod 2) n (mod 2)
- (1+eo{ SR -iw-n}) = Q)GXP{TTR 20w -1}

where the sum over n on the right hand side of (29) vanishes unless w = v (mod 2). If
w = v (mod 2), then the plus space condition forces the first factor on the right hand
side of (29) to be 0 unless w = v (mod 4). Hence

7! 1
I R ¥ (D)
ar (=T ) = 3H00),

and thus
(30) LA (7)) = gua(r).
We next consider g, 2(7). Clearly
So ={1,3,4,3i,1 4+ 2i,i + 2,2 + 3i,3 + 2i}.
Observing that h is invariant under translations, one can check that

Gv2(T) = % Z exp {—T’TR [ny]} h (Mn ) (7‘ — Z)) )

neSs
where the matrices M,, are defined as follows:

M= (1Y), My = (§1), M= (3%), Msi = (% 5),

Mo = (Hfi 1—121‘)7 Miyo = (2? 22’)7 May3i = (223i 2—332')7 M3yo; = (3Z2i 3—32z‘>'

If M, = (‘é g) is from the list above, then the transformation law of A implies that

h(M, o 7) = enN(cr + d)* 2 h(7)
with

€n 1=

1 ifne{1,3,,3i,1+2i,3+2i}
1 ifne{i+2,2+3i} '
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Writing v = 11 + ive and n = n1 + ing, we find that

gu,Q(T)
_ N'En)
16
boxp {Zh} (74 §) +exp {~2iua} b - 1)
+exp {Z (—vy + 2uv9) } h (T 4+ ZFL) —exp { (=201 + 10) } (T + 52)

[eXp{ Gvbh(r—5) tep (b h(r+3)

—exp{%(—2y1 — 1/2)} h (T + %) + exp {%(Vl + 21/2)} h (T + 232“1)]

/\/’k_% 47
_ (47) 3

T exp{%(—ul—nl)}—kexp{%(ul—knl)}

ne{0,£1,2¢}
+exp {2 (vy —na)} +exp {Z(—va + n2)}
+exp {%(—yl + 2vy —ny — 2n2)} — exp {%(—21/1 +ve — 2n1 —ng)}

—exp { I (=211 — vy — 2nq + n2) } + exp { 2 (11 + 22 + g — 2n2) } ] h(™) (47),

where the last equation follows after inserting the Fourier expansion of h(7).
Specifically,

go2(T) = W (h(O) (47) + hO(47) + KD (4r) + h®) (47) )
ga(r) = /\/’ki (47) (h(o)(47) ~ W7+ RY(dr) — 2D (4r )
g-12(r) = Nk—i (47) (h(o) (47) + RO (47) — AV (4r) — B (47 )
g2i2(T) '/vk_i(éh) (h(O) (47) — RO (47) — BV (A7) + 22D (47 )

and using (30) together with the substitution 7 — 7 gives (25).
Now we will show that ¢ defined by (26) satisfies

(31) (6h24) (7:2) = (7.2

for all A € TY(K). For A= [(}), (A, p)] this follows directly from the definition of 6,,.
Equations (1 ) (13), (24), and (25) imply that (31) holds for A = [( 7),(0,0)] and
A=[(9Y7"),(0,0)]. Recall that the matrices ( ) for all n € Z[i] and (1 ') generate
SLy(Z]i ]) Hence (31) holds for all A € T/(K).
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Note that A, 1 h = Ah implies that A, 1 h, = Ahy,. A lengthy but straightforward
computation (usmg Mathematica) reveals that

Cki; (Puby) =y " C()iL (v huby) = (%hu +y R A <yk_%hu)) O
V3 V3
= (S + A1 () + (k= 3)%hy) 6,

—~
=

=\+k —k+1Dh0,.
Finally, ¢ is also of moderate growth. More precisely,
2
exp { 27T|y} |exp {mi Tr[(w + p)7(w + 1) + 2(w + p)z]}| = exp{—2mya}

with
0= (Jo+4 - 'z‘) + 2 (16w + ol + Re((+ ) ) 20

Hence 0,(7,z) = O(exp{27|v|?/y}) as y — oo and ¢(7,2) = O(y" exp{2n|v*/y}) for
some N > 0 as y — oo. We conclude that ¢ € Jk%AA with A = X+ k% — k + 1. d
) 27 ]

Remarks.

(1) A half-integral weight cusp form over K = Q(7) has a Fourier expansion as in (23)
with constant coefficient ¢(y) = 0. Therefore if h € M’:_ 1,(4) is a cusp form,
20

then h is of exponential decay in y and one finds that ¢ in (26) satisfies the Jacobi
cusp form condition (10). Hence the lift in (26) preserves cuspidality.

(2) The Jacobi theta functions of higher degree ©)/(Z, W) in (14) are linearly inde-
pendent as functions of W for fixed Z (see Lemma 3.1 of Ziegler [25]). Equation
(16) implies that the functions z — 6, (,2) (u = 0, 3, 5, 1) are linearly inde-
pendent for every 7 € Hg, and thus the lift in (26) is injective.

(3) It would be interesting to explore a Hecke theory for Jacobi forms over complex
quadratic fields, which would allow one to investigate if the lift in (26) sends Hecke
eigenforms to Hecke eigenforms.

(4) The real-analytic Jacobi forms in [17] can essentially all be obtained from half-
integral weight Maass forms (see the Remark after Theorem 4.6 in [17]). We thank
Ralf Schmidt for pointing out that an analogous statement should also hold in

our setting here.

We end this Section with an explicit example of Theorem 3.2. We have § € M 50(4).
We find that (1) = 0(iTi) = > cg hu(47) with hy(7) := 6, (i7i,0). Note that iTi =
—z + yk € Hg, hy(7) = hy(iti) for p =0 and p = 1, and h%(T) = h%(wz) Then hy,
satisfies (24) and (25) with £ =1 and A%hu = 0. Hence

(32) > 0,(i7i,0)0, (7, 2) € J; 4 g

7%7 )
HER

alw
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4. ALGEBRAS OF INVARIANT DIFFERENTIAL OPERATORS

We now turn to the Lie-theoretic part of the paper, the purpose of which is to prove
Theorem 2.3. Fix throughout this section a real Lie group G, a closed subgroup K, and
a representation m of K on a complex vector space V. The G-vector bundle G x i V over
G/K is the set of equivalence classes [g,v] := {(gk™!,7(k)v) € G x V : k € K}, with
G-action ¢'[g,v] := [¢'g,v] and projection [g,v] — gK. We will write C$,(G xx V) for
the space of smooth sections of this bundle, and A for the canonical action of G on it:

(A(9)(9))(zK) := gs(g 'z K).

DEFINITION 4. Let D(G x g V') be the algebra of G-invariant differential operators on
G XK V.

In this section we give a Lie algebraic description of D(G x g V). This generalizes a
result of Helgason [11] giving such a description in the case that K is connected and the
inclusion ¢ C g is K-split. The generalization is not major, but to our knowledge it has
not appeared previously. In fact, Helgason’s result suffices for the purposes of the present
paper, but the general result is of independent interest.

Given any real Lie group H, let hg be its real Lie algebra, and let h be the complexi-
fication ho ®r C of hy. Given any representation o of H on a complex vector space W,
write W) and Wo®) for the H- and b-invariant vectors in W, respectively. When o is
clear from the context, we write simply W# and WY, Write S™(W) for the n'® symmetric
power of W, also an H-module, and S(W) for the symmetric algebra @, , S"(W). Let
degree : S(W) — S(W) be the endomorphism which acts on S"(W) by n.

Let $4(h) be the universal enveloping algebra of h, with degree filtration U"(h). Let 3(h)
denote its center, which is of course 4(h)Y. The transpose antiautomorphism © — 67 of
U(h) is (X1 Xp)T = (=1)"X,,--- X1. It preserves 3(h).

Let Sym : S(h) — U(h) be the symmetrizer map, a filtration-preserving H-equivalence
carrying X - - - X, to % > ves, Xv() - Xy(n)- Note that Sym(Q)7 = (—1)desree(®) Sym(Q).
Also, Sym restricts to a linear bijection from S(h)Y to 3(h).

We will always use A, p, and ad for the left, right, and adjoint actions, respectively, in
any context. Thus we have these three actions of H on C*°(H), and of h and therefore
also of 4(h) on both C*°(H) and (h). In addition, we have the action ad of H on L(h).
All of these actions are compatible in the usual sense, and the adjoint action on L(h)
preserves its degree filtration. It is useful to note that for f € C°°(H) and O € 4U(h),

(33) (0(©)f)(e) = (MOT)f) (e).

Similarly, if (o, W) is any representation of H, we denote by \,, p,, and ad, the
corresponding left, right, and adjoint actions of H, b, and () on End(W).
Returning to the representation (7,V) of K C G on V, let us define

Er = i(g) @ End(V),
I, = &{Yol+lan(Y):Y et}
(34) Ay = {P €& :I,PC Lr},
DW — (gw/z-ﬂ)(ad(@adﬂ)([() _ (AW/IW)(ad(gadW)(K/KE).
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Some explanation is necessary. First, £, is an associative algebra possessing three natural
K-actions, namely A® A, p® pr, and ad ® ad,. Second, Z; is the left ideal (p® pr)(€)(Ex)
of &:. Third, Ay is a subalgebra of &; within which Z, is a two-sided ideal, so A /Z is
an associative algebra. Fourth, ad ® ad, preserves both A, and Z, and acts by algebra
automorphisms. Therefore there is a quotient action ad ® ad, of K on &;/Z; which
preserves A, /Z, and acts on it by automorphisms. Thus D, is an associative algebra.
All four spaces inherit a filtration from (g).

Check that A, is the pull-back of the (ad ® ad,)(¢)-invariants of £ /Zr, i.e., Az/Z; is
(Ex/T:)%. In particular, the identity component K, of K acts trivially on A, /Z;, so we
may regard ad ® ad, as an action of the discrete group K /K, on it. This gives the second
form of D,. Note that if K is connected, then D, = (£,/Z:)% = A /L.

For future reference, observe that for P € £, and © € $(¢),

(35) P-(0®1) =P (1@7(O©")) modulo Z,.

The main result of this section is that D(G xx V) and D, are isomorphic algebras.
In order to give the isomorphism explicitly we need a few remarks. Observe that the
actions A® 1 of G and p® 7 of K on C*°(G) ® V commute. Hence A ® 1 is a G-action

on (COO(G) ® V) (p®7r)(K), the space of K-invariant V-valued smooth functions on G. In
concrete terms, the invariance condition is 7 (k) f(gk) = f(g) for all g € G and k € K.
Henceforth we will use the following well-known G-identification:

sec

a function f on the right corresponds to the section s¢(gK) := [g, f(g)]-

Let us write (3 for the defining action of the associative algebra End(V') on V', and pX
for the outer tensor product action of £; on C*°(G) ® V built from p and 3. Note that
the restriction of pX 3 to Z, annihilates CS5.(G x g V'), so pX (3 factors through to a map

pRB:E/Iy — Hom|[CE.(G xx V),C®(G) @ V].

sec

THEOREM 4.1. The restriction of pX® G to D, is an algebra isomorphism from Dy to
D(G x g V') which carries the $A(g)-filtration on Dy to the order filtration.

PROOF: given P ¢ &, write P for its image in &, /Z,. First, we claim that if P € Dy,
then p X G(P) maps C.(G x i V') into itself. This is a consequence of the following fact:

sec

for any © € $i(g), T' € End(V), and k € K,
(pem)(k)o(pRB)O®T) = (pX B)((ad @ adx)(k)(© @ T)) o (p @ m)(k).

Clearly p X 3 bijects &, to the space of left G-invariant differential operators on the
G-bundle G x V over G. It follows that p X 3 carries D to D(G xx V). Since p X 3 is
an algebra homomorphism, p X §|p, is one also.

It remains to prove that p X 3 bijects D, to D(G xx V). In order to prove injectivity,
let m be any subspace of g complementary to €. It follows from the Poincaré-Birkhoff-
Witt theorem that the subspace Sym(S(m)) @ End(V) of &; is complementary to Z,. An
argument using coordinates near e shows that if P is a non-zero element of Sym(S(m)) ®
End(V), then p X B(P) is non-zero. This proves that p X 3 is injective on &;/Z;.
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To prove surjectivity, suppose that D is any element of D(G x g V). Let us write eval,
for the map which carries any function on G to its value at e, and D, for eval, oD. Clearly
D is determined by D,, so it will suffice to find P € D, such that pX 3(P). = D.. Note
that D, is K-invariant in the natural sense.

Again using coordinates at e, extend D, to a V-valued differential operator § on
C*(G) ® V supported at e. By the first sentence of the second paragraph of the proof,
there is an element P of &, such that (pX 3)(P). = J, and in particular, p X 3(P). = D,.
Now use the third paragraph of the proof to verify that P +— pX 3(P), is a K-injection
from &;/Z; to the space of differential operators on G X i V supported at eX. Together

with the K-invariance of D,, this yields P € (& /T, )21 ®adx(K)
Finally, check that A is the pull-back to &, of (& /Zﬂad@ad’f(é). Therefore D, is in
fact (& /T,)*4®2dx(K) The filtration-preserving statement is clear. O

It is interesting to observe that D, is closely related to the step algebra defined by
Mickelsson [16]. Indeed, for G a complex reductive group, H a connected complex reduc-
tive subgroup of GG, K the unipotent radical of a Borel subgroup of H, and V trivial, D,
is precisely the step algebra of the pair (G, H).

4.1. Centers. Assume in this section that K is connected. Regarding $4(g) as the subal-
gebra i(g) ® 1 of &, its center 3(g) is clearly also the center of &;. In particular, 3(g) is
contained in £X and so the canonical map © + © + Z, is a homomorphism from 3(g)
to the center Z(D;) of the algebra D,. In general this homomorphism is neither surjec-
tive nor injective; for example, there are exactly four noncompact irreducible symmetric
spaces for which it is not surjective [12]. In the case of the scalar slash actions of the real
and complex Jacobi groups, we shall see that it is surjective but not injective.

Let us note that one can use (33) to prove that for any © € 3(g), the left action A\(O)
of © on C(G xx V) is precisely (p X 3)(07 +I,). (For the details, check that both are
invariant differential operators and that they are equal at €.)

4.2. Cocycles and slash actions. In this section we make the connection between G-
bundles and slash actions. Given z € G, denote the coset x K by T. For any vector space
V', a V-valued 1-cocycle of G on G/K is a smooth function o : G x (G/K) — GL(V)

satisfying the cocycle equation
a(gh, ) = a(h,T)a(g, h7).
The slash action |, of G on C*°(G/K) ® V associated to « is the right action

Flalgl(@) := alg, T) f(g7).
The corresponding left action A\, is Ao (9)(f) := flalg™!]. We write D, (G/K) for the
algebra of differential operators on C*°(G/K) ® V invariant under |4.

Define m, : K — GL(V) by 7a(k) := a(k,€)~'. By the cocycle equation, it is a
representation of K, and so we have the G-bundle G x g V. Let us note a misprint in
Lemma 4.6 of [4]: x4(k) should be defined to be a(k,eK)~!.

Now check that 7,(Z,v) := [z, a(z,€)v] is a well-defined smooth map from (G/K) x V/
to G xx V, with inverse 7, [z,v] = (T, a(x,e) 'v). Use the same symbol 7, for the

bijection from C*°(G/K) ®O‘é/ to C5e.(G x i V') defined by 74 (f)(z) := a(x,€) f(Z) (recall

sec
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that we regard CS5.(G X V) as a subspace of C*°(G) ® V). We leave the proof of the

sec
following lemma to the reader.

LEMMA 4.2. The map 7, : (G/K) xV — G xg V is a topological trivialization of
GxgV. The map 74 : C*(G/K)RV — CX.(G Xk V) is an equivalence from the action
Ao 0f G to the canonical action \. This equivalence is an order 0 differential operator, and
so it induces an order-preserving algebra isomorphism Ty, from Do(G/K) to D(G xg V),

defined by To(D) := 7o 0 Do, L.

Define R, to be the filtration-preserving algebra isomorphism T, ! o (p X B) from Dy
to Do (G/K). Given f in C*°(G/K)® V and an element P of &, whose image P modulo
Zr is in Dy, unwinding the definitions yields

(36) (Ra(P)f)(@) = a(z,©) " (p R B)(P)|,_ {y — aly.©) (@) }-

For completeness we briefly discuss cohomology. Fix vector spaces V and V' of the same
dimension, and let a and o’ be V- and V'-valued 1-cocycles of G on G/K, respectively.
They are said to be cohomologous if there exists a smooth function b from G/K to the
set of invertible maps from V to V', the coboundary, such that

o/(g,7) = b(T)a(g, T)b(gT) .
In this case, one checks that f +— bf intertwines the G-actions |, and |4.

LEMMA 4.3. Two cocycles o and o are cohomologous if and only if 7o and 7y are
equivalent representations of K. If G/K is simply connected, then given any representa-
tion w of K there exists a cocycle a such that wo, = 7.

Proor: If b : G/K — Hom(V,V') is a coboundary from « to o/, then b(€) is an
equivalence from 7, to 7, . Conversely, if B: V — V' is an equivalence from 7, to 7y,
one checks that b(Z) := o/(z,€) "' Ba(x,€) is a well-defined coboundary.

If G/K is simply connected, then 7 : K — GL(V) extends to a smooth map A : G —
GL(V) such that A(gk) = A(g)m(k) forallg € G and k € K, and a(g,T) := A(x)A(gx)~?
is a well-defined cocycle with 7, = 7. O

4.3. The reductive case. Throughout this section we assume that there exists a K-
splitting € ® m of g. In this case we have the K-injection

Sym®1: S(m) @ End(V) — &;.

The image of this map is a K-invariant complement of Z; in &;. This leads to the following
proposition, which is proven in [11]. It corresponds to Corollary 4.3 of [4].

PROPOSITION 4.4. Suppose that € ® m is a K-splitting of g. Then under the K-action
ad ®ad, I,f( 1s a two-sided ideal in the algebra 575, and Dy is naturally isomorphic to
EKJTK  Moreover, the following map is a filtration-preserving linear bijection (but in
general not an algebra isomorphism except at the graded level):

8+ (S(m) @ End(V))™ = Dy,  6:(9) := (Sym @1)(R) + L.
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Suppose that 7 is a scalar cocycle. In (21) of [4] we gave a linear bijection IDO, from
S(m)¥ to D, (G/K):

(37) (IDO,(Q)f) @) := 7y~ (z, )\, (Sym(D))|._ {7 — 7(=.9) f(a7) }-
LEMMA 4.5. In the setting of (37), IDO,(Q) = (—1)desree@ R (Sym(Q2)).

PROOF: Both sides are invariant differential operators, so it suffices to prove them
equal at €. Here End(V) = C, so pX 3 is just p. Check that for f € C*°(G/K)® V,

(DO, f) (@) = Ay(Sym(Q)[;_ {7~ @)},

(R, (Sym(Q))f](e) = p(Sym(Q))|,_.{v+— (.o f@)}

Consider the two right sides. Replacing Sym({2) by an element g of G in the first gives
v(g1,€)f(g~1), and doing so in the second gives v(g,€)f(g). The lemma now follows
from the same reasoning that gives (33). O

In light of Lemma 4.5, we may extend (37) to define a filtration-preserving linear
isomorphism for arbitrary cocycles as follows:

(38) DO, : (S(m) © End(V))* = Da(G/K), IDOL(Q) := (—1)4e R, o5, ().
It is an algebra isomorphism at the graded level.

Suppose that v : K — C is a scalar cocycle and « is a V-valued cocycle. Then o
is a second V-valued cocycle and the two actions ad,, and ad, , of K on End(V) are

identical, so IDO,, and IDO,,, have the same domain. In this case, (36) gives the following
lemma.

LEMMA 4.6. In the above setting, IDO4(Q2) and IDO,(R2) have the same symbol for
all © in (S(m) ® End(V))".

5. INVARIANT OPERATORS IN THE REAL CASE

The real Jacobi group G’ (R) := SLa(R) x (R?xR) is obtained by taking D to be R in
Section 2.1. Recall its center Z7(R) and subgroup K7 (R):

ZIR) ={I} x {0} xR,  K’(R):=80,xZ7(R).
Let H denote the complex upper half plane. The formulas in Lemma 2.1 define a

transitive action of G/(R) on H x C such that stabilizer of (7,0) is K’(R). For k € Z
and m € C, there is a well-known right action \]}fm of G/(R) on C®(H x C) [7]. Let
us denote the algebra of |Hl§7m-invariant differential operators by ]D)]}f’m. In this section we
apply Section 4 to obtain generators and relations for ID)]}fym. This requires only Helgason’s
results [11], as Proposition 4.4 applies.

The algebra ]D)H,f m is not directly related to the number theoretic part of this paper,
but we have two reasons for including it. First, many of the results we obtain en route
are useful in the complex case. Second, although generators and relations for the graded
commutative symbol algebra of ]D)]}f,m were obtained in [1], to our knowledge the relations

in ]D)]}f,m itself have not yet appeared. We will use them to prove that the center of ]D)]}f,m
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R
k,m>

is precisely the action of 3(g”(R)) under | and that it is generated by a single cubic

operator, the action of the “cubic Casimir element” of G’(R). This element is called C
on page 38 of [1], and its action is called C¥™ in [17].

Let us remark that | differs from the complex right action |, defined in Section 2.1
not only in that £ must be integral, but also in that varying k does not produce equivalent
actions. Indeed, in the complex case the family { |, : m € C} classifies all scalar right
actions such that the action of the center of the group is bounded, while in the real case
{ \I,Sm :k € Z, m € R} does so; see Lemma 4.3.

We will not need the explicit formula for ]]}f ms only the associated characters of K.
However, we give it for reference. Define a® : G’ (R) x (H x C) — C by

a® (M, X, k), (1,2)) == K+ A+ 20z + N7 — y(z + A7 + p)?(y7 +6)
(see (1)). For k € Z and m € C, define aﬂlf?m :G'(R) x (H x C) — C* by
a]}im((M, X, k), (T, z)) = (T + 5)7]“ exp{Qﬂ'imaR((M, X, k), (T, z)) }

As in the complex case (see Proposition 2.2), a]}im is a cocycle of the action of G”(R) on
H x C [7]. The associated slash action of G“(R) on C*®°(H x C) is

(f\k,m(M,X, F\I))(T, z) = a]}im((M,X, K), (T, z)) f((M, X, k) o (T, z))

5.1. The real Jacobi Lie algebra. Recall from Section 4 that the Lie algebra g’ (R)
of G’(R) is defined to be the complexification of the real Lie algebra gJ(R). In order to
proceed it is necessary to reproduce some data from Section 5.2 of [4]:

(39) g/ (R) = {(M,X,r) : M € 51,C,X € C*,k € C},

with Lie bracket

(40) (M, X, k), (M, X", )] = ([M,M'], XM' — X'M, 2det (,))
and exponential map

(41) exp(M, X, k) = (M, X (e"jw—f) k).

The standard basis {H, E, F, Z,e, f} of g/(R) is defined by

w TN o) = ()

Z = (0,(0,0), 1), e = (0,(0,1),0), f = (0,(1,0),0).
The standard basis is not compatible with K7 (R), so we define the “tilde” basis:
(43) H = i(F-E), E = YH+i(F+E), F = }H-i(F+E),
Z = 1iz, e = 1(f+ie), fo= L(f—ie).

Observe that while the standard basis is both a real basis of gf (R) and a complex basis
of g/(R), the tilde basis is only the latter. The brackets in the tilde basis are identical to
those in the standard basis: in other words, 7(B) = Bfor B € {H,E,F,Z,e, f} defines
an automorphism of g7 (R). In fact, writing ¢ for exp{ri/4} and T for the order 6 element
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% ( CCS Cgl ) of SUs, 7 is conjugation by (7,0, 0) followed by the SLe-automorphism of the

Heisenberg algebra which multiplies e and f by ¢/v/2 and Z by i/2.
There is a unique K7 (R)-splitting €¢/(R) © m”’(R) of g/ (R):

t/(R) = Span(c{ﬁ, Z}, m’(R) := SpanC{E,F, é, f}

We will need the following easy lemma. A proof may be found in [1].

J ~. o~ .~
LEMMA 5.1. The commutative algebra S(mJ(R))K ® has basis {E"EF'Fe'e fif : 2ip+
te = 2ip +i5}. It is generated by FE, fé, Fé2, and fQE The relation ideal for these
generators is generated by (FE)(fé)? = (F&?)(f%E).

There is a “Cartan automorphism” 6 of g/ (R), defined as follows: it negates H, ex-
changes £/ and —F), fixes Z, and sends e to f to —e. Note that it is of order 4. The tilde
Cartan automorphism 6 := 7080 o 7! will be a useful tool.

DEFINITION 5. Let C' be the following element ofil(g‘](]R)):
C:=f*E—Fe*— (H+2)fe+ (H+1)(H+2)Z +4FEZ.

PROPOSITION 5.2. 3(g’(R)) is the polynomial algebra C[Z,C]. We have CT = —C,
0(C)=C, and 7(C) = 5C.

PROOF: In this proof we write g for g/(R). Since Sym : S(g)® — 3(g) is a linear
bijection, we must compute S(g)®. First we compute S(g)%2C.

Up to equivalence, slsC has a unique irreducible n + 1-dimensional representation L,
for all n > 0. The following formulas are classical:

Sn(Ll) = L, Sn(LQ) = Lop ® Lopn—4® "'@LQRBSQ(n)7

(44)
Ln ® Lm = Ln+m S Ln+m—2 DD L\n—m\a

where = denotes sloC-equivalence and Ress denotes the residue modulo 2.

Under its subalgebra slbC, g is equivalent to Lo ® L1 @ Lo: the copy of Ly is CZ, the
copy of Ly is Span{e, f}, and the copy of Ly is slrC itself. By (44), both S?(Ly) and
Ly ® S?(Ly) contain slyC-invariants, unique up to a scalar. They are

(45) Py:=4FE + H?,  P3:= f°E — Fe* — H fe.

A consideration of Lg-, Li-, and Lo-degrees shows that the sloC-invariants Z, P», and
Py in the commutative algebra S(g) are algebraically independent. Now S(Ly @ L) =
@D, ; S'(L1) ® S'(L2), and by (44), the (1,7)™ summand on the right has no invariants

unless 2j — i = 4n for some n € N, when it has up to a scalar one. Since P}'Py ~2" is such
an invariant, we find that S(L; ® L2)%2C = C[P, P3]. This leads easily to the fact that
S(g)%2C is the polynomial algebra C[Z, Py, P3).

Since sloC and e generate g, S(g)? is the set of ad(e)-invariants in C[Z, Py, P3]. Direct
computation shows that ad(e)(P3) = —Z ad(e)(P2) # 0. Since {Z, Py, P3 + P»Z} is an
algebraic basis of C[Z, Py, P3], we find that S(g)? is C[Z, Ps + P,Z]. To finish, verify
Sym(P3 + PQZ) =C—-12Z, H(PQ) = T(PQ) = P,, and 9(P3) = —2iT(P3> = P;. ]
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5.2. The algebra ]D)ﬂ,fym. By definition, ]D)ﬂlf’m isDyr (G7(R)/K”(R)). We maintain this
pattern of abbreviation: write )\]}f’m for the left action corresponding to ]H,f’m, wlﬂim for the
character Tk of K7(R) associated to it by Section 4.2, and 5,§m, IEm, and ng for the
corresponding spaces defined by (34). Similarly, we have the filtration-preserving algebra

isomorphism R],Sm : DSm — D]}im from (36), and the linear bijections from Section 4.3:

J
55771 : S(mJ(R))E ®) _, DEW IDOIE,m — RIISm o 5};le o (_1)deg1‘ee.

Here El]ﬁm is simply il(g‘] (R)), and the reader may check that Wsm maps H to —k and
Z to mm, so Z,]}fm is the left ideal generated by H — k and Z + mm.

We now define several elements de(R, k,m) (we usually write simply de) of ng:

0 = Opp(fE), Or = 0pm(FE), 6&p:=0pn(f°E), 0ci=0f,(FE%),
Op =0 + Oe, 0c 1= 0f — 0 — 4mmo; — ko

Note that the automorphism 6 of g’ (R) induces an algebra isomorphism 6y, ,, from Dﬁm
to Dﬂfk m- This isomorphism is

0+ =0z, Or v 0r, 5f A _5f7 Op > —0p,  Oc > Oc.

THEOREM 5.3. The algebra Dﬁm has basis {537(5?5225@0 Ciry iy, dc € Njip = 0,1} and
center C[o.]. In it, C +I,]§m = —2i(6. — mm(k?® + 2)). It has relations [5.,6:] = &,

2z, 0p] = + 4mmo. + 16m"m~0, + 4dmmko, + T M
(62, 6] 202 + dmmd. + 167*m38, + dwmks, + Vr2m?,
75 0p = — 70y — b — c — anm T z+77rm)
(67, )] 46,6, — 26 — k. — drmks. — k*5, + Zrmk
0 = (e +4mmd, + kd.)? + 46,62 + 48,0,

+23—07rm50 + %ﬂzmQ& — %ﬂmkﬁz + %47r2m2.

PROOF: The first sentence was proven in [1], and it follows from Lemma 5.1 and the
fact that (ﬁm is an algebra isomorphism at the graded level. For the relations, we compute
in ng as prescribed by [11]: using the relations of L[(gJ(]R)), move all H’s and Z’s to
the right and then replace them with & and —mm, respectively. Deduce the following
equations in Dﬁm:

fe = 6,—mm, éf = 6.+mm,

FE = ¢ — 1k, EF = 6.+ 1k,
f’E = 5f+5zf%7rm, fEf = 5f+%7rm, Ef2 = 5ff5zf%7rm,
Fé? = 56—5Z+%7rm, éke = 56—%7Tm, 2F = 5e+6z+%7rm.

In fact, it is only necessary to verify half of these equations; the other half then follow by
applying 0y, and negating k. Using them, we compute [§,,8,] = [fé, FE] = f2E+Fé? =
dp. Similar computations (again using 6, ,,, to halve the work) yield

[0,67] = 62 + dmméy + 2r2m?, [02,8¢) = 62 — dmmé, + S77m?,
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which proves the [0,, §] relation. Next, prove the [d,, ] relation by verifying
[07,07) = =200, — & — kdf + %ka, [0r,0c] = =200, — Op + kde + %ﬂmk.

For the 67 relation, set L = 62 — (8, + 4mmd, + kd.)?. Check L = 2(5¢6. + 0.6¢). Use
b b f f
5y = fEf — 27m and 6. = '€ + 2mm to obtain

L=2(fEféFé+ éFefEf) + Sam(fEf — éFé) — Bnm?.
Now set S = fEféFe. Commute éF to get S = (fEf)(fé) + fEF fé. Commute fE
in the second summand and the éf where appropriate to arrive at
S =6y(8, — mm) + (6, + $k) (8. — 7m) (0. — 3wm) — 2wm(S. — Zwm).

Note that eFefEf is ékvm(ff?féﬁé) with k negated. Using these facts to simplify L gives
the relation.
The formula for the image of C follows easily from our collection of equations, and it

shows that . is indeed central. In order to prove that it generates Z (Dfm), suppose first
that € is an element of Dfm of order n which commutes with J,. In light of the basis of
DEW it has a unique expression as . 0% (a; + 6b;), where a; and b; are in C[d, &)

Note that the symbols of the relations in Theorem 5.3 are independent of k and m, as
forced by Lemma 4.6. Writing = for equality at the symbol level,

(04,07 = 0, [02,0] = 25?, [07,0p] = —4679,, 513 = (52 + 45753.
Since symbols commute, this leads to the following equation at the (n 4 1)-symbol level:

0=1[0 €] = 6L((i + 1)02big1 + 2(2i + 1)82b; + (i + 1)dpais1).

Em, this yields € = ag, and so induction on n shows that the

commutant of ¢, is C[d,,d.]. A similar computation shows that the commutant of d, in
C[0, 6] is C[d.], completing the proof. O

Again using the basis of D

5.3. Remarks. On page 38 of [1] an operator C' is introduced; we shall call it Cpg. It is
a Casimir operator in the sense that it acts by scalars on those irreducible representations
of G’(R) on which Z acts by a non-zero scalar. It is used in [1] to define Maass-Jacobi
forms of G/(R), and the investigation of such forms carried out in [17] inspired the
present article. Here we relate Cgg to our Casimir element C'. We shall state several
results without proof: they can all be verified by means of straightforward calculation.

The following construction is attributed by [1] to [3]. Write n/(R) for the nilpotent
Heisenberg subalgebra Span{Z,e, f} of g/(R). Let (g’ (R))[Z~'] be the extension of
U(g”(R)) by the fraction field C(Z). Working in this algebra, define

H":= (ef + fe)/AZ = (fe—2)/22,  E“:=&’/4Z,  F":i=—f*/4Z.

LEMMA 5.4. The map A — A" for A € {H,E,F} defines a Lie algebra injection n
from sly to U(g”(R))[ZY]. It commutes with 6, T, and the adjoint action of g’ (R).

For A € sly, set A" := A —n(A). Write sl, for Span{H’, E', F'}.
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LEMMA 5.5. The map A — A’ is a Lie algebra injection from sly to il(gJ(R)). Its
image sl commutes with n’/(R), and so we have the algebra decomposition

U(g” (R))[Z271] = U(sly) @c(z) U(n' (R))[Z 7).

The Casimir element of sly is Cy, := Sym(P) = H? + 2H + 4FE (see (45)). It is
fixed by 6, 7, and the transpose T', and it is classical that 3(sly) = C[Cq,]. The Casimir
elements of 7(sly) and sl are

= (H")? + 2H" + 4F"E",

;1[2 *
By Lemmas 5.4 and 5.5, both are fixed by ¢, 7, and T', and C}, is central in U(g’(R))[Z71].
Therefore by Proposition 5.2, Cg[z € C(Z)[C]. More precisely:

(H')> 4 2H' + 4F'E'.

, p—
sl

LEMMA 5.6. C5 = —32, and C[, =CZ~ ' — 3.

sl — 47

Let us now connect our notation to that of [1], which is also used in [17]. The map
from our standard basis of g/(R) to the one given on page 8 of [1] is

H—H FEF—F F—G Z—R e—Q, f—P
The map from our tilde basis to the one given on page 12 of [1] is
H— 2, EwXy FeX_, Zw— -7, é—Yy fY..

(Their Z is not the same as ours, and their Z; is equal to thgir —iR.)

Their |y, is our |[,§m In particular, we both have )\[,Sm(Z ) = —mm (they sometimes
write p for 27rm). Their heat operators Dy (see pages 33-38 of [1]) are elements of sl
specialized at this value of Z (for m # 0):

D, :=1(E) D_:=7(F) Ay i=T7(H)|z

|Z:—7rm’ |Z:—7rm’ —m”

The operator Cps is 5C’, | ; ie., ¢ _ %. The operator C*™ defined in [17] is

2 sl | Z=—mm> ) 4mm
)\ﬂs,m(%C;b). By Theorem 5.3 and Lemma 5.6, it generates the center of ]D)ﬂ,f’m. Note that

both operators are in the image of 3(g’(R))[Z71].

6. INVARIANT OPERATORS IN THE COMPLEX CASE

Recall from Section 2.1 the complex Jacobi group G7(C) and its actions |k, on
C*®(Hg x Q) given by the cocycles ay,,. Although G7(C) is holomorphic, Hg x Q
is not, and so as discussed in [4] we must forget the complex structure of G’(C) and
regard it as a real group. As such, its real Lie algebra g‘07 (C) is precisely the complex-
ified Lie algebra g’(R) of the real Jacobi group G7(R) given in (39), with bracket and
exponential map given by (40) and (41). This Lie algebra is 12 dimensional over R, with
standard real basis {B,iB: B=H,E,F,Z,e, f} (see (42)).

From Lemma 2.1, G’(C) acts transitively on Hg x Q, and the stabilizer of (k,0) is
K7(C) = SU, xC. TIts real Lie algebra is

€)(C) = Spang{iH,F — E,iF +iE, Z,iZ}.
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There is more than one K7 (C)-invariant splitting of gJ(C). We shall use the following
K7 (C)-invariant complement of ] (C):

m{ (C) = Spang{H,iF —iE,F + E,e,ie, f,if }.

6.1. Real representations of complex groups. At this point we must discuss com-
plexifications. We will need two copies C; and C; of C, with copies 7 and j of V-1,
respectively. All proofs in this section will omitted.

Suppose that Uy is a vector space over C;. Regarded as a real vector space, its com-
plexification is U := Uy ®r C;, a module over the commutative ring C; ®g C;. Define
elements ¢4 := (1 F ji)/2 of this ring, and note

Li =ty gt =0, x4+t =1, w1 ==j11.

LEMMA 6.1. In the above setting, define Uy := 14 (Uy). Then Uy are Cj-subspaces of U,
and U = U, @U_. Regarding Uy as complex over C; and Ux as complex over C;, the maps
t+ : Uy — Uy are complex-linear and conjugate-linear isomorphisms, respectively. If Uy
is an algebra, then U is too, Uy are ideals, and v+ : Uy — Uy are algebra isomorphisms.

If a real form of Uy is specified, the associated i-conjugation u — u on Uy extends to
the Cj-linear endomorphism of U defined by v+ (u) — 1=().

LEMMA 6.2. Suppose that A and B are vector spaces over C; and that By is a real
form of B. If Ly : A — Bg is an R-linear map, then there exists a unique C;-linear map
L : A — B such that Ly = Re(L).

For the rest of this section, fix a complex Lie algebra go over C; and let g := go ®r C;
be its complexification. Since g is the direct sum of its ideals g+ and g_,

(46) U(g) = U(g+) ®c; Wg-), 3(g) = 3(8+) @c; 3(g-)
as algebras, and 1+ extend to complex-linear and conjugate-linear isomorphisms from
U(go) (over C;) to U(g+) (over Cj).

Let V' be a C;-space of real form V{, and suppose that 7 : go — Endc, (V) is an R-linear
representation. Then there are R-linear maps Re(7) and Im(7) from go to Endg(Vp) such
that m = Re(m) 44 Im(7), and we have the conjugate representation 7 := Re(m) —i Im(7),
another R-linear representation of g in Endc, (V).

Now apply Lemma 6.2 to %Re(w) and %Im(ﬂ) with go for A and Endgr(Vp) for By.
This yields C;-linear maps Ry, Ir : go — Endc, (V) such that 7 = 2(Re(Ry) + i Re(Ir)).
Let R, and I, be their conjugates with respect to V. Note that Rz = Ry and Ir = —I,.

Extend 7 to a complex-linear representation of g (over C;) on V' (over C;).

LEMMA 6.3. moty is Ry +il;, and mo1_ 1s Ry + il,, which is T o t4+. They are
C;-linear and C; conjugate-linear representations of go on V', respectively.

6.2. The algebra D,,. In this section we will prove Theorem 2.3. Since gg (C) is a C;-Lie
algebra, we take its complexification to be g (C) ®g C;. Similarly, let ¢/(C) and m’(C)
be the C;-complexifications of £J(C) and mJ(C) (note that the latter are not C;-spaces).

Recall from Proposition 2.2 that conjugation by y~* is an equivalence from |o;, t0 [f -
Therefore it is also an isomorphism from the algebra of | ,,-invariant operators to that of
|, m-invariant operators, and so from now on it suffices to consider only the case k = 0.
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Let use the pattern of abbreviation established in Section 5.2, without the superscript
R or the subscript k. Thus Dy, is the algebra of |g y,-invariant differential operators, and
Am is the left action corresponding to |o,,. We have also the spaces &, Z,, and Dy,
from (34), the filtration-preserving algebra isomorphism R,, : D,, — D, from (36), and
the linear bijections from Section 4.3:

(47) O S(m? ()" ©
Proof of Theorem 2.3. Henceforth we usually write g, €, and m for g”/(C), £¢/(C), and
m’(C), and for € U(g) we set O := 14+(Q). First we prove that C£ := Coi’m are invari-
ant and generate a polynomial algebra which is the image of 3(g) under A,,. Combine
Proposition 5.2 and (46) to obtain:

— Dy, IDO,, = Ry, 00, 0 (—1)deeree,

PROPOSITION 6.4. 3(g7(C)) is the polynomial algebra C[Z,,Z_,Cy,C_].

As a representation of gg, A, is R-linear and acts by C;-linear endomorphisms on
C*(Hg x Q), which has a natural real form: the real-valued functions. Thus we are in
the setting of Lemma 6.3. The values of \,, on {B,iB : B = H,E,F,Z, e, f} are given
on page 153 of [4], except for the formula A, (sZ) = —4wiRe(*mms). They are given
in a form which makes it straightforward to deduce the C;-linear maps Ry, and I, of
Lemma 6.3, giving the following lemma.

LEMMA 6.5. For B € {H,E,F,Z,e, f}, An(By) = B({m (see (5)). The conjugate
representation \p, is Nim, and s0 Ay (B_) = A\im(By) = By, (see (6)).

Considering \,,, as a complex-linear representation of g, it is now clear that A\,,(Z1)
are scalars and A, (Cy) = —miC%. In light of Section 4.1, Ci generate A (3(g)). To
prove that they are algebraically independent, verify that their symbols are given by

—7iC = y* (8502 — 0,02 + 9,0u05) + yv(Oudy + 0u5) Dy Cry = Ci.

Suppose that they satisfy a degree d relation. The symbol of this relation is of
the form E;‘i:o ci(CH)44(C;)E, the degree 3d symbol of which is zero. Applying it to
T2 =952 and evaluating at (k,0) shows that ¢; = 0 for all 4, so the relation is
trivial.

It remains to prove that C% generate the center Z(IDy,) of D,,. Since R,, : Dy, — Dy,
is an algebra isomorphism, it suffices to prove that the natural images C'y +Z,, of C4 in

D, generate Z(D,,). We will need a basis of D,,, which we will obtain by constructing
a basis of S(m)* and applying (47). Verify that

E = Spancj{H_,_ —H_, E+ —F_, F+ —E_, Zi},

m = Spancj{H+—|—H_, E++F_, F++E_, €L, fi}
As a t-module, m splits as mo @ my @& m_, where
my = Span{H++H_, B+ F_ | Fy —I—E_}, my = Span{ei, fi}

Recall from Section 5.1 the standard basis {H, E, F'} of sly, and its action on the
module L; = Span{e, f}. It is easy to see that Hy — H_, Ey — F_, and Fy — E_ are a
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standard basis of the copy of sls in €, and that
H -H —H +H, E,-F —-E +F., F,-E —F, +E_
defines a t-equivalence from € to mo. Also,
e—ey, [frfi  e—fo, [ —e

define equivalences from the sla-action on L to the ¢-actions on m4.
A little work with (44) and (45) gives the following lemma. Keeping in mind that in
g, X and iX are independent over C;, define the following elements of S(m):

Q- = AFy+E)EL+F. )+ (Hy+H.)? = (F+E)?+ (iF —iE)* + H?
Q. = 4(frf-+ese) = [P+ (if) 4+ + (i),

Lo = 4(2(Fy + E-)erfo +2(By + F_)fre ) + (Hy + Ho)(f+ - — eqe-)),
Iy = 8((Ey+F- f+ (Fy + B_)ed — (Hy + H-)fyey),

. = 8((FL+E_)f2 —(Ey+F ) — (Hy + H_)f-e_).

LEMMA 6.6. S?(m)* = Span{Q,,Q.}, and S3(m)* = Span{To,I"y,T_}.

This lemma matches Lemma 5.2 of [4]; the invariants Q., Q., Co, C4, and C_ given
there are our -, @Q., I'g, jT'+, and jI'_, respectively. Note that the i-conjugation defined
by the usual real form of gg fixes Q-, @, and I'g and exchanges I'y and I'_.

In Theorem 5.3 of [4] we proved that these five invariants generate S(m)® and have a
relation ideal generated by a single relation. However, only a sketch of the argument was
given; here we shall give a complete proof.

PROPOSITION 6.7. The set {QiTFéoQ:";Ff:Fij Shrydg,ip, im € Nyig = 0,1} is a basis of
S(m)t, and

(48) 241,07 -Q,Q*=0.

PrOOF: To prove (48), write S%7F(m) for the £-submodule S§*(my)S?(m,)S*(m_) of
S(m). By (44), 8*22(m) is t-equivalent to (Ls® L) ® L2 ® Lo, which has a 2-dimensional
space of invariants. Hence F%, ' I, and Q,Q? must be related. Keeping track of only
certain terms (for example the coefficients of e or of H?) gives (48) quickly.

Write B for our proposed basis. In light of (48), proving that S(m)* equals Span B is
equivalent to proving that our five invariants generate it.

Write Hg, Eg, and F for the basis elements H, — H_, £y — F_, and Fy — E_ of the
copy of sly in €, and Hy,, Fn, and Fy, for the basis elements Hy + H_, E, + F_, and
F, + E_ of my. Suppose that P is an invariant of degree r in Ey,. Assume by induction
that invariants of lower E.-degree are in SpanB. We may assume further that P is
homogeneous of degree r + s in my, so the coefficient of El, in P is 7 HETUFip; for
unique p; € Clex, fx].

Considering ad(FE¢)P = 0, one finds that p; = 0 for ¢ < s. Then considering ad(Fy)P =
0 leads to ad(F¢)ps = 0. Thus modulo terms of lower Ey-degree, P = E] Fps, where ps
is a t-lowest weight vector of S(my G m_).
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Using (44), it is not hard to prove that

(49) Smyom.)=CQ.)e P Limi om_,a,b),
a,beN

where L(my @ m_,a,b) is the £-copy of Lqy of highest weight vector e} f° and lowest
weight vector fieb_. By (49), ps € SpanC[Qz]{fieb_ :a+b=r— s} Therefore we can
lower P’s Ey-degree by subtracting an element of Span 3, proving Span B = S(m)*.

To prove that the elements of B are independent, use (44) again to prove that

(50) S(ms) = C[Q] ® ) Lims, ¢

ce2N

where L(mg, ¢) is the -copy of L. of highest weight vector Eﬁ{ % and lowest welight vector

C/ 2 (this is Kostant’s harmonic factorization for sly). For a + b even, let P(a,b) be the
unique invariant in L(mg,a + b) ® L(my & m_,a,b). By (49) and (50), the P(a,b) are
independent over C[Q,, Q.]. Examining the proof of Span B = S(m)* and using (48), one
finds that {P(a+b):a+b<2N} and {TRT TS @i +ip + i < N,ig = 0,1} have the
same span over C[Q, Q] and the same cardinality. The result follows. O

We now prove that Cy + Z,,, generate Z(D,,). Define elements do(C,m) (we usually
write simply de) of D,, as follows:

0, = 0n(Q2), 07 :=0m(Qr), 00:=0n(lo), I+ :=0n(T4), d- :=0p(l-).
By Proposition 6.7, {53*5805?5?(51: D lpy iz, ip, im € N,ig = 0,1} is a basis of Dp,. Using
the following lemma, a calculation at the symbol level exactly analogous to the one at
the end of Section 5.2 gives the result.

LEMMA 6.8. Up to symbols in D,y,,
6+ =160y, 62 =06,02—-0.0_, [0.,0,] =40, [6s,00]= 20>

PROOF: Let us review computation in D,,. Let 7, be the character of K J (C) associ-
ated to |, by Section 4.2. (In fact, 7y, is the character associated to |, for all k, and it
sends Z, to —2mi'mm, Z_ to —2mi ‘mm, and Hg, Ee, and F} to zero, but we shall not need
this.) Here &,, = 4(g) = Sym(S(m)) - 4(¢). Consider a pure product = Sym(Q2my)Q in
this space. By (35), it is congruent to Sym(Qm)ﬂm(Q{). In particular, if Q¢ has non-zero
constant term w, then 2 and Wy, have the same degree and symbol modulo Z,,,.

Since I'+ are cubic in m, the symbols of 4+ modulo Z,, are independent of m and may
be computed by setting all terms in I'x from & to zero, i.e., setting 7L =0, Hy = H_,
E. =F_, and F; = E_. Checking Definition 5 gives the first congruence. The second is
immediate from (48) and the fact that d,, is an algebra isomorphism up to symbol.

For the last two congruences, note that for any © and ©' in $(g), the symbol of
[©, O] depends only on the symbols of © and ©'. It follows that we need only compute
the symbols of [Q., Q] and [Q.,T], treating Q., Q-, and I'y as elements of &,,/Z,,.
Commutators of elements of m which lie in € give zero modulo symbol, so we only keep
commutators of Hy, Ey, and Fiy, with e and fi. Therefore up to symbol, [Q., Q,] must
be of degree (1,1,1) and [@, o] must be of degree (0,2,2). It only remains to compute
the constants of proportionality, for which one need only keep track of one term. O
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6.3. Remarks. We leave the reader with some open problems. First, the irreducible
representations of K7/(C) = SUs x R? are parametrized by (n,m,m’) € N x C x C, where
n + 1 is the dimension. As we mentioned in [4], a study of the invariant differential
operators of the associated vector-valued slash actions would be a natural extension of
both our work and that of Friedberg [9]. Equation (36) would be useful.

Second, the characters of the algebras D,,, and ID)],Ifm may be of interest, as these algebras
must act by scalars on any slash-irreducible subrepfesentation of the space of functions on
which they act. These characters are of course simply the characters of the abelianizations
Dy /[Din, D) and DR /DR DE 1. and it appears to be reasonably easy to compute
all of them. ’ S

Finally, regarding D, as a deformation of Dy yields an unobstructed 2-class in the
Hochschild cohomology of D,,. Similarly, ]D)H,im gives two 2-classes in the cohomology of

]D%%O. It could be amusing to compute these cohomology spaces and decide whether or not
the 2-classes are trivial. Theorem 5.3 would be useful in the real case; one would need
its complex analog for the complex case. The computations might be reduced by using
the C;-linear automorphisms 6 and 7 of go defined in Section 5.1. They both preserve £
and mp, and so they extend to C;-linear automorphisms of g which commute with ¢4 and
preserve £ and m.

Acknowledgments: We thank Ameya Pitale and Ralf Schmidt for interesting discussions
which led to this paper, and the referee for thoughtful comments which improved it.
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