SYSTEMS FORMED BY TRANSLATES OF ONE ELEMENT IN L,(R)
E. ODELL", B. SARI, TH. SCHLUMPRECHT* AND B. ZHENG*

ABSTRACT. Let 1 < p < oo, f € Lp(R) and A C R. We consider the closed subspace of
Ly(R), X,(f,A), generated by the set of translations fixy of f by A € A. If p =1 and
{fo») + A € A} is a bounded minimal system in L;(R), we prove that Xi(f,A) embeds
almost isometrically into £1. If {f(») : A € A} is an unconditional basic sequence in L,(R),
then {f() : A € A} is equivalent to the unit vector basis of £, for 1 <p <2 and X,(f,A)
embeds into £, if 2 < p < 4. If p > 4, there exists f € L,(R) and A C Z so that
{f») : A € A} is unconditional basic and L,(R) embeds isomorphically into X, (f, A).

1. INTRODUCTION

Let f: R — R and A € R. We denote by f(,) the translation of f A-units to the right for
A > 0 (and |A|-units to the left for A < 0). Precisely,

foy@) = fx =) for zeR.

IffeLly(R),1 <p<ooand A CR,welet X,(f,A)equal [{f(5): A € A}], where [] denotes
the closed linear span in L,(R). Our main focus shall be on the nature of such subspaces

given that {f(y) : A € A} has some additional structure and A is uniformly discrete, i.e.,
inf{ A =N AN eA N#£XN}>0.

The “additional structure” takes several forms: { Tyt AE A} is a bounded minimal system,
or is unconditional basic or can be ordered to be a (Schauder) basis or a (Schauder) frame
for X;,(f,A). It is worth mentioning that it is known that if {f) : A € A} is a bounded
minimal system, in particular, if it can be ordered to be basic, then A must be uniformly
discrete. This is easy (Proposition 1.8 below).

The nature of Xj,(f,A) and {f(,) : A € A} have been studied in a number of papers,
mainly using techniques of harmonic analysis. Our techniques will be, largely, from the
geometry of Banach spaces. We recall seven theorems, beginning with Wiener’s famous

Tauberian theorem.

Theorem 1.1. [Wi]. For f € Ly(R), Xo(f,R) = Ly(R) if and only if f(t) # 0 a.e. For
feLi(R), Xi(f,R) = Li(R) if and only if f(t) # 0 for all t € R.
* Research partially supported by the National Science Foundation.
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Theorem 1.2. [AO, Theorem 2.1]. Let 2 < p < co. There exists f € L,(R), all of whose
derivatives exist and are in Lo(R) (i.e., f € H>*(R)) so that X,,(f,Z) = L,(R). Moreover,
f can be chosen to satisfy, in addition, any one of the following conditions.

(1) Xp(f,No) = Lp(R).

(2) (fn))nez is orthogonal in La(R).

(3) (fn))nez is a bounded minimal system.

Theorem 1.3. [AO]. Let 1 < p <2 and let ' C Ly(R) be a finite set. Then [{f): f € F,
ne )] £ L(R).

Theorem 1.4. [ER, Corollary 2.11]. Let 1 <p < o0, 0# f € Lp(R). Then {f»): A € R}

is linearly independent.

Theorem 1.5. [Ol]. Let A = {\y}nez € R so that ANZ = and lim, o [Ny — 1| = 0.
Then there exists f € La(R) so that Xa(f,A) = La(R).

Theorem 1.6. [OZ, Theorem 2|. There is no unconditional basis of translates of f, {f.\ :
A€ A}, with XQ(f, A) = LQ(R)

So the space X,(f,A), A uniformly discrete, can equal L,(R), for p > 2 at least. For

p = 1 the situation is different as pointed out to us by J. Bruna.
Theorem 1.7. Let f € Li(R) and let A C R be uniformly discrete. Then X (f,A) # L1(R).

This seems to be a folk theorem and we were unable to find a reference. It follows from
Theorem 1.1 and Lemma 3.3 below.

For 1 < p < oo it remains an open problem whether there exists A C R and f € L,(R)
so that, in some order, {f(y) : A € A} is a basis for L,(R).

In section 2 we prove that if f € L1(R) and {f) : A € A} is a bounded minimal system
for X1(f,A), then X;(f, A) embeds almost isometrically into ;. The same conclusion holds
if A is uniformly discrete and {f(,) : A € A} can be ordered to be a (Schauder) frame for
X1(f,A).

In Corollary 2.10 we show that for 1 < p < 2, if (f(y))aea is an unconditional basic
sequence then (f(y))aea is equivalent to the unit vector basis of £,. For 2 < p < 4 we show
(Theorem 2.11) that if (f(x))aea is unconditional basic then X, (f, A) embeds isomorphically
into £, but (Proposition 2.15) (f(1))xea need not be equivalent to the unit vector basis of

¢,. For 4 < p < oo we give an example (Theorem 2.14) of an unconditional basic sequence
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(foy)aea so that X;,(f, A) contains an isomorph of L,[0,1] (which, of course, is isometric
to L,(R)).

Among further results in section 2, we also consider the translation problem for the
translation invariant space L,(R) N L2(R), 2 < p < oo, and show (Proposition 2.18) that if
(f(\))aea is unconditional basic then it is equivalent to the unit vector basis of /5.

In the beginning of section 3, we revisit the problem for integer translates of f € L,y(R).
We also prove that if f € Li(R) with f(t) # 0 for all ¢, then X;(f,Z) embeds into £,
(Proposition 3.4). We also consider discrete versions of our problem for ¢,(Z, X') in Propo-
sitions 3.5, 3.7 and Corollary 3.12. Fourier analysis plays a role in some of these results.

In section 4, we recall some additional known results from the literature and list some
remaining open problems.

We use standard Banach space notation as may be found in [LT] or [JL]. Background
material on bases, unconditional bases and such can be found there. For the benefit of those
less familiar with these notions we recall some definitions and facts. A biorthogonal system is
a sequence (7,7} )52; € X x X* where x](x;) = d(; ;). A biorthogonal system (z;, })2; C
X x X* is fundamental (or complete) if [(z;)ien] = X and bounded if sup; ||z;| ||z}]| < oo.

(2:)2, € X is a minimal system if there exists (z7)22; € X™* so that (x;,x})°, is a
biorthogonal system. This is equivalent to x; ¢ [x; : j # ] for all i € N. ()2, is a
bounded minimal system if, in addition, (z;,z})?, is a bounded biorthogonal system. This
is equivalent to inf; dist(x;, [z : j # i]) > 0. (2;)72; € X is a (Schauder) basis for X if for
all x € X there exists a unique sequence of scalars (a;)°; so that x = ) .2, a;z;. This is
equivalent to saying that all z; # 0, [(x;)] = X and for some K < oo, all m < n in N and
all (a;)} CR, [ >0 axil| < K| Y1 a;zi||. The smallest such K is the basis constant of
(x;). A basis (x;)°, for X is a fundamental bounded minimal system for X. In this case
every € X can be written uniquely as z = Y2, x¥(z)z;. The z}’s are a basic sequence in
X*, ie., form a basis for [(z])] € X* and are a basis for X* if X is reflexive. (x;)2; is an
unconditional basis for X if for all x € X there exists a unique sequence of scalars (a;)72,
so that = Y2, a;x; and the convergence is unconditional, i.e., z =Y 2, Qr(i)Tx (i) for all

permutations 7 of N. This is equivalent to all x;’s # 0, [(z;)i;en] = X and

(o]
sup{” E €;4;T;
i=1

Here Bx denotes the closed unit ball of X. This number is called the unconditional basis

:ZaixieBX and ¢; = +1 for all i}<oo.
i=1

constant of (z;)5°,. The biorthogonal functionals then form an unconditional basic sequence

in X*.
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A block basis (y;)52, of a basic sequence (z;)72, is a non-zero sequence given by
n;
Y = Z ajr; for some sequence ng < njg <mng < ---
j=n;—1+1

in Ny and scalars (a;)°2; € R. A block basis is a basic sequence, which is unconditional

1
basic if the z;’s are unc]ondltlonal basic. A sequence (z;) is semi-normalized if 0 < inf ||x;|| <
sup; ||z || < oo.

A Schauder frame for a Banach space X is a sequence (z;, f;) € X x X* such that for all
re X, x=> 77, filx)z;. Of course every basis for X is a frame for X and just as in the basis
case, the uniform boundedness principle yields sup{|| >} fi(z)zi|| : n € N, z € Sx} < 0
(called the frame constant) where Sx = {x € X : ||z|| = 1} is the unit sphere of X. More
on frames can be found in [CHL] and [CDOSZ]. Schauder frames should not be confused
with Hilbert frames which are much more restrictive. Note that for frames, (x;, f;) is not
assumed to be a biorthogonal sequence.

In our situation, where we are concerned with (f;)$2; being a sequence of uniformly
discrete translations of some f € L,(R), we do not know of an example where (f;) is a
frame but is not basic. However, many of our results would hold only given the property of
Proposition 2.1 below and so we have stated them in terms of frames.

Some background material on L, spaces which we shall use can be found in [AOd] and in
the basic concepts chapter of [JL]. In particular we shall use that a normalized unconditional
basic sequence (f;) in Ly(R) satisfies for constants A, and B,, depending on p and the

unconditional basis constant of (f;),

(1.1) For 1 < p <2, for all (a;) CR,

o (5) " <1,

(1.2) For 2 < p < o0, (a;) C R,

1/p
A;1<Z |az-|p) <| Zalf@

=1

<B <Z |a,]p>1/p .

<B <Z mﬁ)m

If (f;) is unconditional basic in L,[0,1], 1 < p < oo then for some C), depending on p
and the unconditional basis constant of (f;), for all (a;) C R,

(1.3) (Square function inequality)

o0 1, , , /2 1/p
|2, (/0 (Ezju fi<t>\> dt) |
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Here we use “A < B’ to denote A < CB and B < CA.
The Haar basis (hy)S2

o° | is a basis for L;[0,1]. This sequence is given by
(hn)nz1 = (Xoaps Xo,1721 — Xuy2.1), Xo,1/4) — Xaya 172,

X1/2,3/4) — X3/a,1) Xo,1/8] — X[1/8,1/4) - - -)
The same system is an unconditional basis for L,[0,1], 1 < p < oco. Usually below, we
will let (hy,)22, refer to the normalized Haar basis, i.e., (hy/[|hn|p)oe,. We can get an
unconditional basis for L,(R) from this by copying (hy,)32; onto each interval [k, k + 1],
k € Z. In this case we will have functions (hy k)nen, ez and we will presume they are
linearly ordered so as to be compatible with the Haar basis ordering on each [k, k + 1], i.e.,
if the functions are ordered as ()52, and if x; = hy g, Tj = Ay With ¢ < j, then n < m.
This ordering yields that if (g;)52; is a block basis of the Haar basis, then (gi|j,m))i2; is
also a block basis of the Haar basis (well, some g;’s could be 0 here) for all integers n < m.
The Rademacher sequence ()72 is given by (r,)0%, = (h1, ha, ha+ha, hs+---+hs, .. .),
where the h,,’s refer to the non-normalized Haar functions. It is equivalent to the unit vector

basis of 2 in all Ly[0,1] spaces, 1 < p < oo, i.e.,

00 00 1/2
Kp 2
a;T; ~ ‘CLZ|
i—1 p i=1

One reason for taking A to be uniformly discrete in our considerations is, as mentioned

above, given by the easy

Proposition 1.8. [OZ, Theorem 1]. Let 1 < p < oo and let (f;,9:);2, be a bounded
biorthogonal system in L,(R) so that for some f € Ly(R) and (\;)7° C R, fi = f(z,) for all
i. Then A = (\)$° is uniformly discrete.

Proof. If not, there exist subsequences (i,,) and (jn,) of N so that limy,, oo [Ai,, — Aj,,| =0
and \;,, # Aj,, for all m. Then

”g H > <gim7fim_fjm> _ 1
im || Z -
[ fime = fimllp [ fim = Fimllp
and the latter is unbounded in m, a contradiction. ]

2. MAIN RESULTS

We begin with the elementary but very useful

Proposition 2.1. Let A C R be uniformly discrete, 1 < p < oo, and f € Ly(R). Then for
all intervals I = [a,b], Y ycp Hfo\)|1||§ < 0.
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Proof. Choose €9 > 0 so that |A — X| > gg for all A\, \ € A with A # N. For ¢ € Z, set

Iy =la+ (£ — 1)eg,a + leg]. Then for ¢ € Z,
a+leg—A

Sl W—Z/w— P dt = Z/ FOP < |11

AeA AeA xe Jat(E=1)eo— )‘
since the intervals of integration are disjoint for A € A. Thus
] b
S Ul s 3 X lolaly < |

AEA {=1 XeA

|-

We note a simple consequence of Proposition 2.1. We remark that in [AO, Theorem 4.1],
it is proved that if 1 < p < oo and f € L,(R) N L1(R) then X,(f,Z) # Ly(R).

Proposition 2.2. Let 1 < p < oo, f € Ly(R) N L1(R), and let (f;);, be a sequence of
uniformly discrete translates of f. Then (f;)2, is not a fundamental bounded minimal
system for Ly(R). Furthermore, there is no sequence (g;)2; € Lq(R) (1/p+1/q¢ = 1) so
that (fi, gi):2, is a frame for L,(R).

Proof. Assume (f;,g;) were in fact such a frame. ||f;||, = || f|l, for all ¢ and thus (g;)5°; is

w*-null and hence bounded in L,(R). Let K = sup, ||gi||q- Choose ng € N with

[e.o]

1
Z Il filjo,ll < 1K

j=no+1
Choose h : R — R so that |h| = x| and [(h,g:)| < m for i < ng (h could be
a Rademacher function). Thus ||, = ||h|i = 1. Also h = > 2 (h,g)fi, the series

converging in L,(R), and so
oo

hlo,1) = Z<hagi>fi‘[0,1} :
i=1
the series converging in L1[0, 1]. Then

L= Al < D (gl filjoylh

i=1
no [e.e]
<Y g+ D Ngillgll filo,lh
i=1 i=ng+1
1 1
< f 18w lgille e =5

a contradiction.
The argument is similar if we assume that (f;, g;);2; is a fundamental bounded biorthog-

onal system for L,(R). Then, for the same h, ng and for ¢ > 0 arbitrary, we can choose
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f=>aifi with ||h — f[l, <e. Thus ||f| — hll1 < e and

no
(2.1) 1—c < |floyl <Dl oyl + > lal lfilplh -
=1

i=no+1

For ¢ < ng,
1

jail = las(HI < lou(F =W +las(W)] < Ke o e

For i > ng, |a;| < K(1 +¢). Hence by (2.1)

n

1
1—e< Ke+ ——— + E K(1+¢)|lfi
e <mno ( € 4n0||f||1> I1f 11 (I + )l filjo,ylh

i=ng+1

1 1 3
K -4+ <1
< ng 5HfH1+4+4( +s)<4< €,

a contradiction, if ¢ < 1/4. O

For p = 1 we have a stronger result as a consequence of our next theorem (Corollary 2.4).

Definition. Let 1 <p < oo, 1/p+1/q=1.
a) Let (fi,9i) € Lp(R) x Lyg(R) be a frame for a subspace X of L,(R). We say (fi, g:)
satisfies (x) if
() for all & > 0 and all bounded intervals I C R, there exists n € N so that for all
m>nand f € X,

oo

H Z <f’gi>fi’IHp <e|lfllp -

i=m-+1
b) A semi-normalized bounded minimal system (f;)7°; in L,(R) satisfies (sx) if

(xx) for all & > 0 and bounded intervals I C R there exists n € N so that for all
n<m<mp <mgand f=37"a;f; with [[fll, =1, |22 aifilrll <e.

Theorem 2.3. Let (fi,9:)i2, be a frame or a semi-normalized bounded fundamental min-
imal system for a subspace X of Ly(R), 1 < p < oo, satisfying (x) or (xx), respectively.

Then X embeds almost isometrically into £,.

X embeds almost isometrically into ¢, means that for all ¢ > 0 there exits T': X — £,
with (14 ¢)7™! < ||Tf|| < 1+¢ for all f € Sx. The proof of Theorem 2.3 will yield, for all
e > 0, a partition IT = (D)%%, of R into intervals so that for all f € Sy,

If —Enflly, <e.

Ep is the conditional expectation projection

fHSi(/DSf)m%s)'
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Of course, in L, (%) is 1-equivalent to the unit vector basis of £,.

From Proposition 2.1 and Theorem 2.3 we obtain

Corollary 2.4. If (fi,gi) is a frame or a fundamental bounded minimal system for a sub-
space X of L1(R) where the f;’s are uniformly discrete translates of some f € L1(R), then

X embeds almost isometrically into 1.

Proof of Theorem 2.3. We first consider the frame case and let C' be the frame constant.
Thus for all f € X and n € N,

<Clfllp -
p

|20
=1

Let ¢ > 0. We inductively choose increasing sequences (my) and (ng) in N to obtain,

where I, = [—my, my],

(2.2) for fe X, and n>ny, H Z (9i, f) filn,_, <52 £y
i=n+1

(2.3) for fespan{fi:i<np}, |[flrplly < 527'“”pr :

We do this by setting Iy = (), letting ny be arbitrary and choose m; to satisfy (2.3) for
k = 1. Then choose ny to satisfy (2.2) using (%) and continue in this manner. We let
A = I \ I, for k € N.

Choose a partition 7, of Ay into intervals, k > 1, so that for all f € span{f; : i < ngi1},

(24) - 3 255 | f@aal <21,

Let f € X with || f||, = 1. Then, with ng =0,

- 29 _Hz< gl,f>f@-\13)+§j< > <9wf>fi|ﬂ%\fs>Hp

s=1 t=ng—1+1

i=ns—1+1

IN

Z Z gu f’l‘[s

s=11=ns_1+1

< Z Z (9i, ) filnr,_s

s=1i=ns_1+1

20, by (23)

+ 2Ce +2¢, by (2.2)

where welet I_1 =1y =0

N HZ Z g“ fZ‘AsUAS 1

s=1 1=ns_1+1

+2Cs + 2¢
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where we let Ag =0

0 Ns+1
B HZXAS > g H)fi| +2Ce+2e
s=1 7::'!7,5,1—‘,-1 p

(2.5) < (i 3 \ /D ni: (g, F) f: () dx}p)l/p+4ce+2e by (2.4) .

s=1 Déemng =ns_1+1
Now by (2.2) for s € N,

00 P 1/p 00
(2:6) (Z | / > i P fi() dal ) <| 3 thn| et
Dems Di:ns+1+1 i=ngi1+1 b
If s > 1 then by (2.3),
sl P\ /P
(2.7 (Z | Swnswal’) " <o,
Der, YD i=1

From (2.5), (2.6) and (2.7) we obtain that

== (% | smal)

De U Ts
s=1

s( > ‘/Df(:c)da;‘p>l/p+805=1+scs.

DEU Ts

s=1

Thus T : X — £,(Use; ms) given by f— ([, f(2) dx)pe|y>= , x, is the desired embedding.
The proof in the case that (f;)°; is a bounded fundamental minimal system for X C

L,(R) is nearly identical. We let K = sup; ||g;||q and in the construction replace (2.2)-(2.4)
by

I/p > 0
+ Z g2~ () Z 275 e + 6Ce
s=1 5=2

m
(2.2) Forallnk<n§m§mandf:z:aifiESX,
1
m
H D aifiln || <27 (using (xx)).
i=n P
Nk
(2.3) Forall f=> a;f; with |a;| <K fori <ng, ||flryg,llp <e27%.
i=1
Nk+1
(2.47) For all f = Z a; f; with |a;| < K for i < ngq,
i=1

- 3, 285 e,

The proof then proceeds as in the frame case for f € span(f;), f = Zle aifi, | fll,=1. 0O
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Remark 2.5. Let X C L,(R) be as in Theorem 2.3 with 1 < p < oco. Then there is a
shorter proof that yields X — £,. In fact in the bounded minimal system case, one can

replace (*x*) by the weaker
(* % %) For all € > 0 and bounded intervals I C R there exists n € N so that if
f € span(f;)i>n with || f|[, = 1, then [|f|/]l, <e.
Indeed by [KP], [J] and [JOJ, it suffices to prove that if (z,) is a normalized weakly
null sequence in X then some subsequence is 2-equivalent to the unit vector basis of /.

Then, from (%) or (* * %), it is easy to find (z,,) and intervals I; C Iy C --- so that

|Zn, | 1\1,_, [lp > 1 — 5 for all 4 and deduce the result.

We will say that a frame (f;, g:)72, for X satisfies a lower {4-estimate if for some K < oo
and all z € X,

= K] .

00 1/q 00
(Llatlr) " < x| S ot
=1 =1

A Hilbert frame, by definition, satisfies lower (and upper) f2-estimates.
If (z4)$°, is a fundamental bounded minimal system for X we say that (z;)32, satisfies a
lower /,-estimate if for some K and all scalars (a;)7

n

<Z |ai|q> v < KH iaifﬁi
i=1

i=1

Proposition 2.6. Let 1 <p<oo, 1/p+1/q=1.

a) Assume 1 < p < 2 and let (f;)2, be a sequence of uniformly discrete translations of
f € Ly(R). Let either (fi,9i)72; C Lp(R) x Ly(R) be a frame or (f;)52, be a fundamental
bounded minimal system for X C Ly(R). If (f;)2, admits a lower {4-estimate, then X
embeds almost isometrically into £,.

b) Let (fi,9i)52, be a frame for L,(R), where (f;)2, is a sequence of uniformly discrete

translations of f € Ly(R). Then for all bounded measurable sets B of positive measure,

Yoy llgilBll] = oo

Remark 2.7. The hypothesis in a) would be vacuous for p > 2 since some subsequence of

(fi) is equivalent to the unit vector basis of £,.

Proof. First let (fi, gi):2, be a frame for X C L,(R) as in a). Assume for all f € X,

00 1/q
(Z |gi<f>|q> < K|/, -
=1
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For any bounded interval I CR, f € X and n € N,

| igxf)fi\]\)p < f} G

1/p

00 1/q , o0
<(Swwr) (XIsll)
o0 1/p
< wIal( S ALl)

From Proposition 2.1 we obtain that () holds and so Theorem 2.3 applies.
Similarly, if (f;) is a fundamental bounded minimal system for X and f = ZT a; f; with

| fll, = 1, we have

|3, < Sosas)”

and so, again, we have (x*) and apply Theorem 2.3.
b) Assume that for some B of positive measure Y .o, ||lgi|s||] < co. Let h € Lo(B),
|h| = 1. So h =>"2,(h, gi) fi| B, the series converging in Li(B). Thus

m(B) = Al <Y [k gnlllfilli + > 1 gils)l 1 filslh

i=1 i=n+1

n 00 1/q ; 0 1/p
§Z<h,gz>|||fi\|1+< > ||gi|BH‘f> ( > ||fi|B||§’>

i=1 1=n+1 1=n+1

Then, as in the proof of Proposition 2.2, we can choose n so that the second term does not
exceed m(B)/4, and given this n, choose h to make the first term also less than m(B)/4.
Thus m(B) < im(B), a contradiction. O

Part a) of Proposition 2.6 yields a quantitative improvement of Theorem 1.6. If { f(y) : A € A}
is unconditional basic in Lo(R), then given £ > 0 there is a partition IT of R so that for all
g€ X2(f7 A)a

lg — Engll2 < ellgll2 -

Remark 2.8. a) Let f = X[g1) — X1,9) € L1(R). The sequence (f(,))nez is basic when
ordered as (f(y, f1), f(=1)» f(2)s f(=2),---)- It is not unconditional since

2n
H > fa
i=—2n

= (2n+2)V/P .
p

Hp

=2 bt || 3 fe
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For 1 < p < 00, (f(n))nez is not a frame nor a minimal system in L,(R). The latter follows

easily from the fact that

lim Hf(o —l—Z f(k +f )H =0.

n—oo

b) (due to S.J. Dilworth) Let 1 < p < oo and let

J=X13/2, 172 + 2X[_1/2,1/2) T X[1/2,3/2] -

For n € N set
—k+1
9n = f""z —_— (f(k) +f(,k)) .
Then for z > 0
—ficny (@) + foy(x) — fy(@) = =1+2-1=0 ifz €0, ]
foy@—fay(@)+ 52 fio) () = 1—2+"—‘1:—% if v € [3,3]
n—k+1 n—
(_1)kT ) (@) +( 1)kt f(k+1 (z)
gn(z) = +(—1)k+2n 1f k+2) ( )=0 ifx e [k—l—%,k-i—%]
for some 1<k<n—2
(-1 Ef(n 1)(1‘) +(-1) Ef(n)(x) =0 ifz e [n—§,n+§]
1 1 .
\(‘Dnﬁf(n)(x) = (—1)71; ifzx e [n—l—%,njt%] .

Thus ||gn|l, = 4'/?/n, hence fo) € {fw) = k € Z\ {0}}] and so (f())kez is not a minimal
system in L,(R). Furthermore,

1/2 B 1 sinz

X —zxt —
~1/2,1/2 (% TW/l/? dt or @

It follows that
A 1 sinz

N V2r X

[2 + cos ]

so f(z) # 0 a.e..

c) (due to D. Freeman) It is well known that if (f;)$°; is a normalized sequence in L; (R)
with || f;|,]| > A > 3 for all i and some sequence of pairwise disjoint measurable sets I; C R,

then (f;)72, is equivalent to the unit vector basis of /1. Indeed

| Z%’fi”l > || Zaifihiul - Z |as| || filr\z: |1
> /\ZW’ - (1= )\)Z!ai! =(2A - 1)2\%\ :
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Thus if {f(y) : A € A} is a sequence of uniformly discrete translations of 0 # f € L1(R),
then it can be split into a finite number of subsequences, each equivalent to the unit vector
basis of £;.

d) By Theorem 1.4, if 1 < p < oo and f € Ly(R), f # 0 then {fy) : A € R} is
linearly independent (see also Theorem 4.2 below). However one can find f € L;(R) so that

{fmn) : n € Z} is not w-linearly independent in its natural order [R].
We next turn to the case where (f;) is unconditional basic in L,. We first recall

Proposition 2.9. [JO, Lemma 2]. Let 1 < p < 2. Let (f;) € Ly(R) be seminormalized
and unconditional basic. Assume that for some § > 0 there exists a sequence of disjoint
measurable sets (B;):2, with | fi|B,|lp = 0, for all i. Then (f;):2, is equivalent to the unit

vector basis of 4.

Corollary 2.10. Let (f;)2, be an unconditional basic sequence in L,(R), 1 < p < 2.
Assume the f;’s are all translates of some fized f € Ly,(R). Then (f;)52, is equivalent to

the unit vector basis of £p.

Proof. Let f; = fy,) for i € N. Let p = %inf{|)\i —Ajl :i# 5} > 0. Let I be an interval of
length p with ||f|7]|, = > 0. If B; = I + \; for i € N then the B;’s are pairwise disjoint
and || fi| ;|| = || f|z|| = 0 for all 7. Proposition 2.9 yields the result. O

As we shall see the situation is more complicated for p > 2, and especially so for p > 4.

Theorem 2.11. Let 2 < p < 4 and let (f;) € L,(R) be an unconditional basis for
X C Ly(R). Assume the f;’s are all translates of some fized f € Ly,(R). Then X em-

beds isomorphically into £,,.

Lemma 2.12. Let p # 2 and let X be a subspace of L,(R) not containing an isomorph of

ly. Then there exists ¢ > 0 so that || f|| = || fl—c.qllp is an equivalent norm on X.

Proof. If the lemma is false then we can find (f;)72; € Sx and (my);2; € N so that
I felcmpmelll = 1= 27271 and || fos1|j—mymy) | < 27271 for all k € N. It follows casily
that (fk)3Z is equivalent to (f&|[—my my]\[~ms_y,mi_1)) k1 Which, being seminormalized and

disjointly supported, is equivalent to the unit vector basis of /,,. O

We shall also use

Proposition 2.13. [JO]. Let X be a subspace of L,(R), 2 < p < 0o, which does not contain

an isomorph of £. Then X embeds isomorphically into £,.
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In fact by [KW], X must then embed almost isometrically into £,,.

We set some notation and recall some things before proving the theorem. We let (h;)
denote the normalized Haar basis for Ly[0, 1] regarded, canonically, as a subspace of L,(R).
As mentioned in the introduction, for i € N and n € Z we let h; ,,)(-) = hi((-) — n). Thus,
(h(i,n))ieN, nez is an unconditional basis for L,(R).

G. Schechtman [S] made the very useful observation that if (f;)$°; and (g¢;)°, are semi-

normalized unconditional basic sequences in L,(R), 1 < p < oo, with

(2.8) SN =gl [, < o0
=1

then(f;)°, is equivalent to (g;)5°,. This follows from (1.3). In particular, if (f;)32, is
seminormalized unconditional basic in L,(R) then, by first approximating each (f;)?2; by a
simple dyadic function and then using the above consequence of (1.3), there exists a block

basis (:)72; of (h(n))ien,nez satisfying (2.8) and thus being equivalent to (f;)2;.

Proof of Theorem 2.11. By Proposition 2.13, it suffices to prove that X does not contain
an isomorph of f3. By our above remarks we can choose a block basis (g:)52; of (h(;n))

which satisfies (2.8). In particular (g;)$°, is equivalent to (f;)72; and we maintain

(2.9) Z llgi|1]|5 < oo for all bounded intervals I.
i=1

Thus we need only show that [(g;)°,] does not contain an isomorph of ¢5. If this is false,
then there exists a normalized block basis (g;):2; of (g;)5°, which is equivalent to the unit
vector basis of £5. Set X = [(5;)22;]. By Lemma 2.12 there exists M € N and 1 < C < oo
so that for all g € X, I = [-M, M],

(2.10) 131l = ¢ lglly -

Since (g;){2; is a block basis of (h(;,)) then so is the normalized and unconditional

sequence (gi|r/]lgilrllp)2,. This yields lower ¢, and upper /5 estimates for this sequence

and (g;) (see (1.2)). From this and (2.10) we obtain for some constant D < oo and for all
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(a;) CR,and g =Y 2 aigi € X,

00 1/p 00
D_1<Z|ai‘p> < D_1/2HZaigi
i=1 i=1 b

o0 o0
| 1
(2.11) < H > aigi|IHp:H > _ aillgilll, g,z’ H
i=1 i=1

gl rllp e

o0 1/2
< D(Z \aﬂzugirfu,%)
=1

By (2.9) there exists ng € N with

0 1/p
(2.12) (Z ugz»\fu;;) < (20D

i=ng
Let g be an element of Sx which has the property that if we expand it in terms of the
gi’s, i.e., if we write it as g = > .-, a;g; then a; = 0 for j < ny. From (2.10) and (2.11),

[e.9]

1/2
C™ < gty < D( > a%ngmnz) < D)) Znalley e 1l )32, e

1=ng

1/2

(applying Hoélder’s inequality for p/2 and p/p — 2)

— Dll(a)Z e, (Z lgililE )

i=ng

) o0 1/p
<D ||g1|rp< 3 ||gi|z||5)

1=ng

(by (2.11) and since p < 4, p =L > p)
< (20)7 by (2.12),
which is a contradiction. O

When p > 4 the possible structure is more complicated.

Theorem 2.14. Let 4 < p < oo. There exists f € Ly(R) and A C Z so that (f(x))ren s

an unconditional basic sequence with X,(f, A) containing an isomorph of L,(R).

Proof. We identify, in the canonical way, L,(R) with (;c, Lp[0,1])s,. Since L0, 1] is iso-
metrically isomorphic to Ly([0,1]?), we need only produce f = (f;)icz € (B;cz Lp[0,1]%)e,
and A C N so that setting for A € A f(n) = (fi—a)iez, then X,,(f, A) contains an isomorph

of Lp[0,1] and (f(x))area is unconditional.
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Letting, as before, (hy)>2; be the normalized Haar basis for L,[0,1] and (r,)22,; the
Rademacher functions on [0, 1] we have, for some constants C, and D,, (see (1.3)), for all

(ai) C R,

00 1/2 00 00 1/2
(2.13) <Z|ai]2) < HZar < Cp<Z|ai|2)
i1 i=1 P i=1

and

Dy
~Y
p

00 00 1/2
. 5 e

Since p > 4 we can choose (¢;)2; C (0,1) so that

[e.9]
(2.15) d =1
i=1
and there exists a partition (J,)52; of N into finite intervals with

(2.16) Z 5? =1 forall neN.
J€JIn

We are ready to define f = (f;)iez € (B;cz Lpl0,1]%)¢,. Set for i € Z,

gihp@r;, if i=3 with jeJ, for some neN

(2.17) fi =

0, otherwise.

where h,, ® r; is placed on the i*" copy of [0, 1]?. Note that

FE =33 llgghn@rlz =3 e =1.

neN jeJy, neNjeJy,

Let A = {-3/ : j € N} and so our translated sequence is (f(=3/))72;. For ease of notation
below we shall write f(_s;y, f shifted 37 units left, as f(*3j), and f(fgj) = (fi(_sj))iez where
fl-(_gj) denotes f(=3) restricted to the it [0,1]2.
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Now fé_?’j) =cejhy, ®71; ifj € J,, and so for (a;) C R,

HZano "

o]
neNjeJ,

/ / ‘Zz%e] s)rj( t)‘pdtds

neN jeJy,

(2.18) < / DDA ‘ ds , by (2.13)

neNjeJ,
| Z (T a)u
JjE€JIn

p/2
p/2

neN

o} HZ<ZG2€2)”hn '

neN e P

, by (2.14).

Now for j € N, fg(_3j) £ iff ¢ =3F -3 forsome k € N. If ¢ £ 0 and ¢ = 3¥ —37 = 3+ — 37
for k,k,j,7 € N then k = k' and j = j’. Thus the functions (f(~3));cy are disjointly
supported except on the 0 copy of [0, 1]2. Also

el

(40
ez

From this and (2.18) we obtain for some K, for all (a;) C R,
N /2
(2.19) | S e £ ( 3 a;gg) N S
jeN b neN Njedn P jen

Thus (f (_33'))90:1 is unconditional and we shall next construct a block basis (b)), of
(f3)ee 321 which is equivalent to (hy, )52 ;.
For n € N set

p
1_6]7

O

J€JIn
From (2.19), for (¢,) CR

I3 ea]
n=1

Hzcn IS 3)
n=1 JjE€JIn
/2
cn<25j> hn —I—Zz |cn|p5
n=1 JjE€In n=1jeJ,

_ chnhn Q%E?) .
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Thus, using this and (1.2), the lower £, estimate of (h,)32;, we see that (b(™)2, is equiv-
alent to (hy)5° O

n=1"

We next note that under certain additional assumptions we cannot have the situation of

Theorem 2.14.

Proposition 2.15. Let 4 < p < oo and let (f;)32, be an unconditional basis for X C Ly(R)
where the f;’s are all translations of some fized f € L,(R). If either

a) f € La(R) or
2p
b) ZnEZ ”f|[n—1,n]”£72 <00

then X embeds isomorphically into .

Proof. b) follows easily from the proof of Theorem 2.11. Indeed we can use b) to deduce
the next to last inequality in that proof, rather than using p < 4 as was done there.

a) We assume the contrary so by Proposition 2.13 X contains an isomorph of f5. We
choose I, (g;)52; and (g;)$2, as in the proof of Theorem 2.11 with the additional assumption

that 322, || il = lgil ||, < oo
Hence, using f € La(R),

(2:20) S llalil3 < oo
=1

Now (gi|1){2; is a block basis of (h(; ,,)) which is equivalent to the unit vector basis of /5.
This forces || - ||, and || - ||2 to be equivalent on [(gi|7)72,] € Ly(I) [KP]. (gi)$2; is also a
normalized block basis of (¢;)7°; and so we may write g; = Z;ini,l 41 ¢j9; for some scalars
(¢j), mo <mny <--- and all i € N. Since (g;]1)§2; is also a block basis of (h(; ) and hence

is orthogonal in Ls(I), we have for i € N,

n; g 1/2 N 1/2
o= > cali,=( X Ssbl) " <swlol( X lablg)
; J

Jj=n;—1+1 Jj=n;—1+1 Jj=ni_1+1
and the latter converges to 0 as i — oo by (2.20). Thus ||g;|r||2 — 0 so [|gi|r]|, — 0 which

is a contradiction. O

We next present two more examples. The first is an easy example of a translation sequence
in Ly, (2 < p) which is unconditional but not equivalent to the ¢, basis and so Theorem 2.11
cannot be improved to get (f;) equivalent to the unit vector basis of ¢,. The second is a

translation sequence (f;) in Ly, p > 4, which is basic but not unconditional.
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Example 2.16. Let 2 < p < oo. There exists f € Ly(R) so that (f(,))pZ;, the sequence
of translations of f by n € N, is unconditional basic but not equivalent to the unit vector
basis of /.

Of course we already know this for p > 4 by Theorem 2.14. Let (7, )necz be an enumeration
of the Rademacher functions on [0, 1] extended trivially to functions defined on all of R.
We define 7,(-) = rp((-) =n), forn € Z, and let f =3 ﬁ, where we regard ﬁ =1
Note that [|f||} = 1 +230° ,n P2 < oo, since p > 2. For (a;) € coo, g = > aifi and
x € [k, k+ 1], k € Z, we observe

o@) =3 afla— i) = Z’H .
=1 =1

Thus, for some ¢, > 0

> a2 p/2
lolg = Mol (S0 )

keZ keZ *i=1

which shows that (f(;));2; is unconditional. Moreover, if we let a; =1, fori = 1,...,m € N

for m € N we obtain

m » m m 1 p/2 /2
. p
H;f(’) pch;<;’m—7;‘> > ¢, m(logm)P/= .

Thus (f(;)) is not equivalent to the unit vector basis of £,. O

Example 2.17. Let p > 4. There exists f € Ly(R) and A C Z so that {f,) : A € A} is
basic in some order, but not unconditional.

As in Theorem 2.14 we identify L,(R) with (©,ezL[0,1]),, and we write f as (f; :€ Z)
with f; € Ly(0,1), for i € Z, and, as in Theorem 2.14, we write ) instead of foy-

For j € Nlet a; = j~'/4 and ap = 1. Let (r;) be the Rademacher sequence on [0, 1]. We
define f = (fi)iez by

; aj_17j — ajp17j41 if i = 3 for some j € N,
i pr—

0 otherwise.
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Since p > 4, (a;) € £, and, thus, f € (®nezLp0,1])p. We let A = {3/ : j € N}. For

(bj)j—1 C R we compute (by = 0)

Z bjféigj) = Z bj [
j=1 J=1

n

= biaj-1rj — ajarj41)
j=1

= Z (bjaj—1 —bj—1aj)rj — bpans1rnit -
We deduce that

n
37 .
H Zajfé )H = |lr1 — anant1rnsillp — 1 if n—o00, and
— P

| S 1)y p )
j=1

n
i+1
= Hrl + E (1) 12a;_1a;r; + anan+1rn+1H
; P

n 1/2 "1 1/2
() (5

We can now apply the same arguments as in the proof of Theorem 2.14 and obtain

, 1/p
[Sur | ~ [ e v ()
From this expression it follows that (f(~3") )52 is basic.
Indeed

H En:bjf(_gj)
j=1

Let the right hand expression be equal to 1 with

n

Z(bjaj_l — bj_laj)z + (bnan+1)2 =1.
j=1

p

n 1/2 n 1/p
, ~ <Z(bjaj1 - bjflaj)2 + (bnan+1)2> N <Z |bj|p> :
j=1

J=1

Then if (bpan+1)? < 1/2, for any extension (b;)™;, m > n, the right hand expression is at
least 1/v/2. If (bpan,1)? > 1/2 then b, > 1/2'/4 and so (DY |b;[P)1/P > 27 1/4,

Finally (f(- 3])) °, is not unconditional since

I3t

while

-
j=1
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The translation problem can, of course, be considered in other rearrangement invariant
function spaces on R. We end this section with a simple result in the space Ly(R) N La(R)
for 2 < p < co. The norm is given by || f|| = || fll, V || f]|2 and the space is isomorphic to
L,(R) (see e.g., [JMST] for more on this space).

Proposition 2.18. Let 2 < p < oo and let (f;)2, be an unconditional basis for X C
L,(R) N La(R) consisting of translations of some fized f € L,(R) N La(R). Then (f;)2, is

equivalent to the unit vector basis of {o.

Proof. As before, by first carefully approximating in both ||- ||, and || |2 each f; by a simple
dyadic function f; and then choosing a block basis (g;)$2, of (P(iny) with g = | fi| for all
i, we obtain: (g;)72, is equivalent to (f;)?2; in L,(R) N La(RR).

Now (g;)$2, is unconditional and semi-normalized in L,(R)NLy(R) which is isomorphic to
L,. Hence by (1.2), (g;) admits an upper ¢o-estimate. Furthermore (g;)52; is unconditional
and semi-normalized in Ly(R) and thus also admits a lower {3-estimate in || - |2 and so in
Ly(R) N La(R). O

3. DISCRETE VERSIONS OF THE PROBLEM

It remains open if L,(R), 1 < p < oo, admits a basis of translations of some fixed
f € Ly(R) (see section 4 for more open problems). The examples in section 3 were all

integer translations and this leads to a natural

Question 3.1. Let 1 < p < co. Is there a set A = {\, :n € N} CZ and an f € L,(R) so
that that (f(x,):n € N) is a basis for L,(R)?

The answer is no for 1 < p < 2 (and of course for p = 1 by Theorem 1.7) by Theorem 1.3.
We also deduce this as a Corollary to Proposition 3.7 below. The answer is also no for
A =7 by [AO].

Proposition 3.2. [AO]. Let 1 < p < oco. There is no A > 0 and f € L,(R) so that
{fon) : n € Z} can be ordered to be a basis for L,(R).

Proof. We will prove a more general result below (see Proposition 3.7 and Corollary 3.12).
O

We can do a bit better in L; for certain spaces Xi(f,(An)nez). By Theorem 1.1,
X1(f,R) = Ly (R) forces f(t) # 0 for all ¢.



22 E. ODELL, B. SARI, TH. SCHLUMPRECHT AND B. ZHENG
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Lemma 3.3. Let f € L1(R) with f(t) # 0 for all t, and let A = {\,, : n € N} be uniformly

discrete. Then { f(x,)}nen is a non-fundamental minimal system in L1(R).

Proof. We use the fact that for a uniformly discrete A, there exists a > 0 so that (e"*!),cx
is not complete in C[—a,a]. As pointed out to us by J. Bruna, this follows from Beurling-
Malliavin radius of completeness formula (cf. [Ko, section IX D]) and the fact that the
uniformly discrete sequences have finite Beurling-Malliavin density. For convenience of the
reader, we present a proof. We recall the definition of Beurling-Malliavin density Dpys. For
A C (0,00) and D > 0, a family of disjoint intervals (ax, bg), 0 < a1 < by < ... <a <b, <
... /oo is called substantial for D if

na(ak, br) b — ak\2
————=>D, k=1,2,... =
bk _ a/k > ) ) ) ) g ( bk ) w?
where ny(ag, bx) is the number points of A in the interval (ax,bg). Then the density is
defined by

Dppr(A) = sup{D > 0 : there exists a substantial family for D}.

For a general A, put Dpp(A) = max{Dpp (A1), Dpp (A7)} where At = ANRT, A~ =
(—A)NRT. Beurling-Malliavin radius of completeness theorem asserts that {e"»f : \,, € A}
is complete in C[—a,a] if and only if 7Dpp(A) > a.

Now suppose that A is uniformly discrete and let 6 = inf{|A—X|: A, N € A, X # X'} > 0.
Since na(ag,by)/(by — ar) < 2/§ for all by > ax > 0, no D > 2/§ can be substantial for
A, and therefore Dpy(A) < 2/5. Thus, by Beurling-Malliavin theorem, (i), <y is not
complete in C[—b, b] for b > 2/4.

To see the minimality of { f()\n)}, suppose to the contrary that for some ng, fi, €
[(rngno] 0 Li(R). Then fr, (1) = F(theat € [(F(t)e ™ )ing] in ColR). Now
f(t) # 0 for all t, so e~#not € [{e~ ™t : £ ng}] € C[=b,b] for all b > 0. Thus (e7 ™) tng
is complete in C[—b,b] (cf. [Yo, Theorem 8, p. 129]). This contradicts the fact when
b > a. Similarly, observe that {f(,,)} cannot be fundamental in L;(R), indeed otherwise
(e=Pnt), cny would be complete in C[—b, b] for all b > 0. O

Note that the assumption f(£) # 0 for all ¢ is not frivolous due to Remark 2.8b).

Proposition 3.4. Let f € Li(R) with f(t) # 0 for allt and let A > 0. Then X1(f, (An)nez)

embeds almost isometrically into ¢1.
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Proof. By Corollary 2.4 it suffices to show that (f(x,))nez is @ bounded minimal system. By
Lemma 3.3 it is a minimal system. Let g(f) = 1, g(f(xn)) = 0 for n € Z\ {0}, g € Loo(R).
Then (f(xn), 9(rn))nez is a bounded minimal system. O

Proposition 3.2 generalizes to £,-sums of a separable infinite dimensional Banach space
X. Define £,(X) = ,(Z,X) = (B,cp, X)¢,- For F'= (fn:n € Z) € lp(X) and k € Z, let
F®) be F shifted right k times. Precisely, F*) = (f,_1)nez-

Proposition 3.5. Let X be a separable infinite dimensional Banach space, 1 < p < oo.
There does not exist F € £y(Z,X) so that {F%) . k € Z} is a basis for £,(Z,X) in some

order.

Proof. Let 1/p +1/q = 1 and assume for some F that (F(™))%, is a basis for £,(Z, X)

where (n;)°, is a reordering of Z. Let (G;)ien C ¢4(Z, X™*) be the biorthogonal functionals

to (F("l)) . Choose ip with n;, = 0 and set G, = G = (gn)nez, with g, € X* for n € N.
For n,m € Z,

(FU,G™) =N " fomms Gem) = > _Frtm—nr gr) = (F"™,Gig) = 6(mm) -
kez keZ

Again, from the uniqueness of the biorthogonal functionals to a basis (for £,(Z, X)), we
see that G; = G() for all 4 € N.
Choose j € N with

Since X is infinite dimensional, there exists © € Sy with g_p,(z) = 0 for all 4 < j. Set
H = (d(on)r : n € Z) € £p(Z, X). Then

H= z:gj[7 Gy pni) — Z (H, Gy i)
i=1 i=j+1
Hence,
L=l = 1) = | 2 GO FE | = 3 (g, fon)
i=j+1 i=j+1
1/p 1
< 3 lanll-nd <061 D 1) <3
1=j+1 i=j+1
a contradiction. O

Problem 3.6. Let 2 < p < oo and let X be a Banach space with dim X > 2. Does there
exist F € £,(Z,X) and ()\; : i € N) C Z so that (F*))2, is a basis for £,(Z, X)? What if
dimX =2 orif X =/,7
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We do not ask the question for p < 2 because of the following proposition which gener-

alizes Proposition 3.5 in that case.

Proposition 3.7. Let 1 < p < 2 and let X be a Banach space with dim(X) > 2. Let
F=(fi:i€Z)€ly(Z,X). Then [{F" :nc Z}] # (,(Z,X).

Corollary 3.8. [AO]. Let 1 <p <2, f € Ly(R) and A > 0. Then [fnn) : 1 € Z}] is a
proper subspace of Lp(R). In particular, no subsequence of {f(xn) : n € Z} can be ordered
to form a basis for Ly(R).

Proof. We let F' denote the Fourier transform on L; (R)+ La(R) into the space of measurable
functions on R. F' is a bounded linear operator, restricted to L;(R) (into Cp(R)) and
when restricted to Lo(R) (into Lo(R)). By the Riesz-Thorin interpolation theorem, F' is
also bounded as a linear operator from L,(R) into Ly(R) (1/p + 1/q = 1). Now since
Li(R) N La(R) € Ly(R), F(Ly(R)) is dense in Ly(R). For f € Ly(R) and s € R we have
F(fs) = e #OF(f). Indeed for f € Li(R) and t € R,

F(f)(t) = j% / e f(a — s)da

_ L > efi(qus)t w) dr = efis
== [ e = ()

For a general f € Ly(R) the result follows by the standard density argument.

Let f € Ly(R) and A € R. If [{f(,) : n € Z}] = Ly(R) then [{e™OF(f) : n € Z}] =
L,(R). This implies that F(f) # 0 a.e. and that [{¢"*() : n € Z}] = L,(|F(f)|? dz). This
in turn implies that all elements g of L,(|F(f)|?dx) are A-periodic (g(z) — g(z + X) =0

a.e.), a contradiction. O

Remark 3.9. For 2 < p < oo it is shown in [AO] (Theorem 1.2 above) that there exists
f € Ly(R) so that [(f™)nez] = Lp(R).

We will use the Fourier transform on the abelian group Z (see [Ru]) and also assume our
spaces to be defined over the complex field. For = (&;) € ¢1(Z) we let T be the function
Zil-ma] =R, EB() =) &e™.

neZ
It is easy to see that T € C(T') when = € ¢1(Z) (identifying, as usual, the torus T" with
[—7, 7| by identifying 77 and —m). Also the map

o~

(): 4(2)—C(T), T — I
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is a bounded linear operator of norm 1. For any x = (§, : n € Z)

vy 2 s _ .
jal = | a= [ Y G =2 S fef

int
E fne
</ T m,ne’ nez

o~

Thus (-) extends to an isometry from ¢5(Z) to La(T, 5 dz).

Again, by Riesz-Thorin interpolation, the Fourier transform is a bounded linear operator
from £,(Z) into Ly(T) for 1 <p <2,1/p+1/q=1.

Since {Z : x € ¢1(Z)} is dense in Lo(T), it follows that the image under the Fourier
transform of ¢,(Z) is dense in Ly(T).

We also need two lemmas before proving Proposition 3.7. The first is an easy exercise in

real analysis.

Lemma 3.10. Let v < p be two o-finite measures on the measure space (2,%). Then for

1 <p<oo,if DC Ly(v)NLy(n) is dense in L,(p), it is also dense in Ly(v).

Proof. Let p be the Radon-Nikodym density of v with respect to u. For n € N set

An:{weQ: Sp(w)gn}.

1
n
For n € N, it follows that Ly(p|a,) = Lp(v|a,). Also by canonically identifying L,(v|a, )
with a subspace of L,(v), [, ey Lp(¥|4,) is dense in L,(v) and this yields the results. [

Lemma 3.11. Let 1 <p <2 and let x = (&, :n € Z) € L,(Z). Then [(2®™),ez] # £,(Z).

Proof. Recall 2 — (&j—n:jeZ),forneZ. ForneN,teTandz= ({j:j €Z) € l1(Z)
we have
2;)(75) = Z Cj_nez‘jt _ Z Ceei(f+n)t — pints

jez (€7,

—
~

By a density argument, we see that for any x € ¢,(Z) and n € Z, () = 0z,
Assume, to the contrary, that [(z(*™),cz] = £,(Z). Tt then follows that [{e?>"()Z : n €
Z}] = Ly(T) and thus = # 0 a.e. Also that

[{ei2"0) . n e Z}) = L,(T, |7|% dt) .
By Lemma 3.10, this implies that

[{ei2"0) . n e Z}] = Ly(T) .
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Since for any n € Z,

27r<ei2n(.)?X[—7r,0] - X[O,ﬂ]> - /

—T

0o T
ez?ntdt _ / eantdt
0

0, ifn=0

— / (e—i2nt o eiQnt) dt = -
0 —2/ sin(2nt)dt =0, ifn#0,
0

this cannot be true. O

Proof of Proposition 3.7. After projecting X onto E?D we see that we may assume X = 6123.

Let I be the obvious isometry between ¢,(Z, X) and ¢,(Z) denoted

(@5)jez — (Y5)jez
where if Tj = (w(j,l),:t(j,g)) S 427 then

Y2; = TG, Y2+l = T(G2) -
Then for (x;)jez € £p(£3), (™) ,ez = (I(2)*")nez and the result follows from Lemma 3.11.
O

Remark. As noted above by the results of [AO] in section 4 we cannot hope to prove that
given f € L,(R), 2 < p < o0, [(f™)nez] # Lp(R). Nevertheless, by dualizing Proposi-

tion 3.7, we have the following

Corollary 3.12. Let X be a Banach space with dim(X) > 2 and let 2 < p < oo. Let
F = (f)iez € £p(Z,X). Then {F™ : n € Z} is not a basis for £,(Z,X) under any

ordering.

Proof. Assume that F' € (fi)iez € ¢p(Z, X) and that (ns)sen is an ordering of Z so that
(F(s))22 | is a basis for £,(Z, X). Let (G5)2; C £4(Z, X*) be the biorthogonal functionals
of (F())2 . Set G = (gj)jez = G1. We let GU™ = (gj_p,)jez, as usual. For s,t € N and

m € Z we have

(F0, G =37 i Gn) = I Frkninas 95)

JEZ kEZ

1, ifng—mny=m
= <F(TL37TL1§)7 G1> e
0, if ng—ny #n.
As before, we see that Gy = G(s~™). In particular, span{G™ : n € Z} is w*-dense in
£,(X*). Let E be a two dimensional subspace of X and let P be a projection of X onto E.

Let Q : £,(Z,X) — {,(Z, E) be the projection given by Q(H) = (P(h;))icz. It follows that
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span(G™) |0,(2,E))nez is w* dense in £4(Z, E*) and hence norm dense (the latter is reflexive).

This contradicts Proposition 3.7. O

4. RESULTS FROM THE LITERATURE AND OPEN PROBLEMS

We first cite some more known results from the literature.

Theorem 4.1. [DH, Theorem 5.1(b)]. Let g™, g ... g™ e Ly(RY) N L1 (R?) and let
I'i,To,...,T) C RY be countable. Then {g((i)) c1=1,2,...,m, A € I';} cannot be ordered to
be a Schauder basis of La(R?).

Theorem 4.2. ([ER] and [Ro], cf. [H, Theorem 9.18]) If g € L,(R%), g # 0, and 1 <
p < 2L then the functions {g((-) — ax) : k = 1,2,..., N} are linearly independent for any
N € N and any collection (ay)Y_; C R? of distinct points.

If dZle < p < o0, then for N € N there exists 0 # g € Ly(RY) and distinct points
(ap)N_; CR? s0 that {g((") —ag) : k =1,2,..., N} is linearly dependent.

Our last cited result requires some notation. For A C R let £(A) = span{e**() : X € A}.
Let R(A) = sup{p > 0 : E(A) is dense in C[—p, p]}. Recall, A C R is discrete if it has no

accumulation points.

Theorem 4.3. [BOU, Theorem 1|. Let A C R be discrete. There exists f € L1(R) so that
{foy : A € A} = Li(R) if and only if R(A) = cc.

Finally we list some problems that remain open. The main one is

Problem 4.4. Let 1 < p < oo. Does there exist f € L,(R) and A C Rso that {f,): A € A}
can be ordered to be a basis for L,(R)? Can we find f and a uniformly discrete set A so

that {f(\) : A € A} can be ordered to be a frame for L,(R)?

By identifying L,(R) with L,[0,1] we have a more general version of the basis problem
in 4.4.

Problem 4.5. Does there exist a normalized basis (f,)52; for L,[0,1], 1 < p < o0, so that
forall0 <b< 1,

D falpgll? < oo ?

n=1
If 4 < p < 0o can we find such f,,’s which form an unconditional basis for Ly[0, 1]?

Problem 4.6. Let 4 < p < oo. Does there exist f € Ly(R) and A C R so that (f(y))aea is

an unconditional basis for L,(R)?
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We can also raise questions asking for less and here is one such question.

Problem 4.7. Let 1 < p < 4. Does there exist f € L,(R) and a uniformly discrete set
A C R so that [{f(n) : A € A}] € Ly(R) contains an isomorph of f2 and (f(y))aea can be

ordered to be a basic sequence (or a frame)?

Problem 4.8. Let A C R be uniformly discrete and f € Li(R). Does X;(f, A) embed into

07
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