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0. Introduction

The spreading models of a Banach space X usually have a simpler and better
structure, both individually and collectively, than the class of subspaces of X.
Sometimes knowledge of the spreading models can be used to deduce subspace
knowledge about X itself (e.g., [AOST, OS1]) but the relationship is still not
completely understood. Spaces with no “nice” subspaces can have very nice
spreading models (e.g., [AD]).

In this paper we further explore the relationship between a space and its
spreading models. In particular, we study the possible partial order structures
of the spreading models of X generated by normalized weakly null sequences. In
§1 we recall what is known and unknown and present some new structural obser-
vations along with the relevant background. In §2 and §3 we construct spaces X
with certain prescribed spreading model structures. In §2 we construct for each
n € N, a space X,, with (SP,(X,),<) order isomorphic to (P(n) \ {0}, <)
where P(n) is the power set of {1,...,n}. In §3 we show that if L is a
countable lattice with a minimum element not containing an infinite strictly
increasing sequence, then there exists a reflexive space X with (SP,(X), <)
order-isomorphic to L. The construction uses some beautiful classical work of
Lindenstrauss and Tzafriri [LT] on Orlicz sequence spaces.

1. Background, questions and observations

We use standard Banach space notation and terminology as in [LT].

Let X be a separable infinite-dimensional Banach space. A normalized basic
sequence (x;) C X generates a spreading model (Z;) if for some ¢,, | 0 for all
n € Nand (a;)} C [-1,1],

n n n
(Lt en) D) || < || aime, | < (1 +20)|| D aids
i=1 i=1 i=1
for al n < k1 < -+- < k,. (&) is a basic sequence which is 1-spreading

and suppression-1 unconditional if (z;) is weakly null. Every normalized basic
sequence has a subsequence which generates a spreading model (see [BL] for
these and more elementary facts about spreading models).

We let [(Z;)] denote the equivalence class of all spreading models of X which
are equivalent (see below) to (Z;). SP,(X) denotes the set of all such [(Z;)]
where we restrict ourselves only to spreading models generated by weakly null
sequences. If SP,(X) = 0 then X is a Schur space, so every normalized spread-
ing model of X is equivalent to the unit vector basis of ¢; by Rosenthal’s ¢4
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theorem [R].
If [(2:)],[(9:)] € SPuw(X) we write [(Z;)] < [(9:)] if for some C < oo, (¥;)
C-dominates (Z;), i.e., for all (a;) CR

H Zaifﬁi < CH Z a;yi

(Z;) and (g;) are equivalent if each dominates the other. (SP,(X),<) is a

partially ordered set.

Occasionally we will consider a specific (Z;) and shall abuse notation by writ-
ing “let (Z;) € SP,(X).” coo denotes the linear space of finitely supported real
sequences.

Fact 1.1 (JAOST]): (SP,(X),<)is asemi-lattice, i.e., each pair of elements
of SP,(X) admit a least upper bound. Moreover, if (Z;), (§;) € SP,(X) there
exists (%;) € SP,(X) which is 2-equivalent to the subsymmetric norm on cyo

lall = | Yo e | v | 3 aisi

FacT 1.2 ([AOST]): Every countable subset of (SP,(X), <) admits an upper
bound. Moreover, if ()2, € SP,(X) for n € N and (C,,)22; C (1,00) with

o2 Ot < 1, then there exists (%) € SP,(X) which C,-dominates (%) for

n=1"~n

each n € N. In addition for (a;) € coo
[Sas|<a(Xer
n=1
We shall designate this (Z;) by the notation (%;) = (> C,;12"), which in fact
is motivated by the proof in [AOST] (the precise quantification as given above
is noted in [S2]).

given by

Fact 1.3 ([S2]): If SP,(X) admits an infinite strictly increasing sequence,
then SP,(X) is uncountable. In fact, there exist [(§%)] € SPy(X) for a < wyq
so that [(§2)] < [(77)] if < B < wi.

i
Our next result is motivated by the proof of Fact 1.3.

THEOREM 1.4: Let I be an infinite set and let ()32, € SP,(X) for o € I.
For A C I define a subsymmetric norm on coo by Ra(a;) = sup,c4 || D a:iZd .
If for every non-empty finite F' C I, R; is not equivalent to Rp, then SP,(X)
admits an infinite strictly increasing sequence.
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Proof: We may assume I = N. We shall construct a strictly increasing sequence
(g)22, for n € N. We let

= (Z 2_”21”) (see Fact 1.2)
n=1

where (2)5, is a reordering of (Z™)52; selected as follows. Let €, | 0 and for

each n € N, 22" is chosen so that for some (a})32, € coo,

n\ 00 nz2n
Ri(ay)iZ, =1, H E gz
4

and Ry, (a})?2, < €,272" where

I, ={m e N:3™ =z for some j < 2n — 1}.

z™ for n odd is selected arbitrarily so as to exhaust the collection (Z°)sen.
For n € N we have (see Fact 1.2)

n~1
H E ArYe
14

<2R; (a})3, +2-272"

E aL z2n

m>2n
< 2€n2—2n +9. 9—2n +2 Z 9—m
m>2n
= (26, +4)27%".
Furthermore,
Hzaeye >22 ‘Zae~2n 227’7,

Thus we obtain that (27) < (g}) for all n € N and (g}) < R;. Moreover, we
can iterate the argument beginning anew with the collection {(yZ FU{(EM) 102,
which satisfies the same hypothesis as {(Z7)}5° ;, to obtain g2, and so on. |

Fact 1.5: SP,(X) can be hereditarily uncountable [AOST], i.e., SP,(Y)

(X) is
countable, then by a diagonal argument one can find Xy C X with SP,(Xy) =
SP,(Y) for all Y C Xy. It may be that then |SP,(Xo)| = 1 but this remains

open.

is uncountable for all infinite-dimensional subspaces Y of X. If SP,

We also have the
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PROBLEM 1.6: If X is reflexive and SP,(X) is countable; must some (Z;) €
SP,(X) be equivalent to the unit vector basis of ¢y or £, for some 1 < p < co?

If so, this would be a case where one would have a stronger theorem than
Krivine’s [K]. Not every reflexive space has a spreading model isomorphic to
¢o or some £, ([0S2], [AOST]). In the non-reflexive case it is possible to have
|SP,(X)| = 1 yet the unique spreading model is not ¢g or any ¢,. This is the
case for certain Lorentz sequence spaces d,,1 (see §2).

Problem 1.6 was raised and partially solved in the case |SP,(X)| = 1 in
[AOST]. We give some further partial results below.

Remark 1.7: Assume that SP,(X) is countable or, more generally, does
not admit an infinite strictly increasing sequence. For [(Z;)] € SP,(X) and

(ai) € coo, define
Zazyl 1 [( 1)]}

By Theorem 1.4 R is equivalent to (#;). Thus for each (§;) € [(Z;)] there exists
C < o0 so that (g;) C-dominates every (%;) € [(Z;)]. Also, by [S2], there exists
p = p(Z;) € [1,00], so that for every 1 < ¢ < p there exists Cy < oo, so that for
all (a;) C R,

R(ai) = Ry, (a —SUP{

1/q

(Z |ai|p)1/1’ < R(a;) < C’J<Z |ai|q>

p(Z;) is the infimum of the “Krivine p’s” for (#;) (see [S2]). It is mistakenly
stated in [S2] that in this case, p(Z;) is the only Krivine p. However, this is not
yet clear.

Remark 1.8: Let SP,(X) be stabilized hereditarily for X. Then for all (z;) €
SP,(X) there exist Xg C X and C' < oo such that: for all Y C X there exists
(7:) € SP,(Y) which is C-equivalent to (&;).

The proof is elementary. Assume it is not true, and use a diagonal argument
to get a contradiction.

THEOREM 1.9: Suppose that SP,,(X) is countable and that SP,,(Y*) is count-
able for all infinite-dimensional subspaces Y of X. Then every (€;) € SP,(X)
is equivalent to the unit vector basis of ¢y or £, for some 1 < p < oo.

Proof: Let (e;) be a normalized weakly null sequence in X generating the
spreading model (€;). By passing to a subsequence and renorming we may
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assume that (e;) is bimonotone basic and Schreier-unconditional, i.e., for some
en | 0and all F € Sy and (a;) € coo,

E Qi€

i€EF

(1.1) > aie;

(see [O1]). Here F € Sy (first Schreier class) if |F| < min F.
We may assume that no subsequence of (e;) is equivalent to the unit vector

>~ 1 + EmmF

)

basis of ¢y. Thus by passing to a further subsequence we may assume that
(fi), the sequence of biorthogonal functions to (e;), is weakly null in [(e;)]* [O2,
Cor. 4.4]. From (1.1) it is easy see that (f;) is normalized and has spreading
model (f;) which is 1-equivalent to (€*), the biorthogonal functionals to (&) in
[(é))]*. By Krivine’s theorem [K] it suffices to prove that, for some D < oo,
every spreading model (Z;) of an identically distributed block basis (z;) of (e;)
with ||z;]| — 1, is D-equivalent to (&;). Note that (z;) is weakly null and (Z;) is
equivalent to an identically distributed normalized block basis of (é;) and hence
o (é;). Since SP,(X) is countable, by Theorem 1.4 there exists C; < oo (which
depends only on (é;)) such that

(1.2) Hza i > aié;

We may choose an identically distributed block basis (g;) of (f;) with supp(g;) C

< ) € coo)-

supp(z;), |lgill — 1, and g;(x;) — 1. Note that (g;) has spreading model (g;)
which is 1-equivalent to an identically distributed block basis of (f;). Also (g;)
is weakly null and since SP,,(Y*), where Y = [(e;)], is countable we have, again
by Theorem 1.4, that there exists Co < oo (which depends only on (f;)) such

that
H Z a;gi Z azfz

Let h; be the restriction of g; to [(z;)]. Since (z;) is bimonotone and Schreier

< G ) € coo)-

unconditional (by passing to a subsequence if necessary), we have, as above,
that (h;) has a spreading model (h;) in [(z;)]* which is 1-equivalent to (&), the
biorthogonal functionals to (#;). Thus for (a;) € coo,

[Ene] [ < o

< Cy

Zaiﬁ .

By duality,

(13) o

((ai) S COO).
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Thus by (1.2) and (1.3), (Z;) is D = C;Ca-equivalent to (&;). |

THEOREM 1.10: Let X be reflexive with |SP,(X)| = |SP,(X*)| = 1. Assume
also that the element of SP,,(X™) is equivalent to the biorthogonal functionals
of the element (Z;) in SP,(X). Then (Z;) is equivalent to the unit vector basis
of ¢g or £, for some 1 < p < oo.

Proof: First we note that if Xg is any infinite-dimensional subspace of X, then
X satisfies the same hypothesis as X. Indeed, the only question here is the
uniqueness of the spreading models in Xg. Let (f;) be a normalized spreading
model for X generated by (f;). Then (f;) is the image under the quotient
map of a seminormalized weakly null sequence in X* and this yields that (Z})
dominates ( fZ) A similar argument applied to the sequence biorthogonal to (f;)
shows that (f;) dominates (Z*). The result now follows from Theorem 1.9. |

The proof of Theorem 1.9 contains the following result.

THEOREM 1.11: Let (e;) be a normalized basis for a reflexive space X which is
C-Schreier unconditional for some C' < 0, i.e.,

Z a;€e; S CH Z a;€;
F

and (a;) CR. If |SP,(X)| = |SP,(X*)| = 1, then the unique spreading model
of X is equivalent to the unit vector basis of ¢y or £, for some 1 < p < oo.

for all F € S

Remark 1.12: If SP,(X) is countably infinite then SP,,(X) contains

{(#)Z1 :n e N}

3

with either (') > (2}) for all n < m or (Z}) and (Z") mutually incomparable
for all n # m. Indeed Ramsey’s theorem yields a subsequence of any sequence
of spreading models satisfying either one of the two possibilities above or a
sequence that is strictly increasing. The latter is ruled out by Fact 1.3. Both
possibilities can occur for reflexive spaces. As noted elsewhere [AOST] (see
also Theorem 3.7 below), it is easy to check that every spreading model of
(>-®Lp,)p, is equivalent to some £, if py < po < ---. In §3 we shall show the

second (mutually incomparable) possibility.

The uncountable case is less clear.
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PRrROBLEM 1.13: IfSP,(X) is uncountable must there exist {(Z9)32, :a < w1} C
S P, (X) which is either strictly increasing w.r.t. a, strictly decreasing or consists

of mutually incomparable elements?

If there is a counterexample, say, X to this question, then by Fact 1.3, SP,,(X)
cannot contain an infinite increasing sequence. However, we do not know the

answer to this generalized version of Problem 1.13.

PROBLEM 1.14: Let L be an uncountable semi-lattice which admits no infinite
strictly increasing sequence. Must L admit a family (24 )a<w, With either

(i) Yo # B, zo and xg are incomparable or

(i) Yo < B < w1, xq > x87

We are indebted to S. Todorcevic for the following remarks concerning prob-
lems 1.13 and 1.14. First, the lattice version of Problem 1.13 has a negative
answer. Indeed, one may take C to be an uncountable linear ordering whose
cartesian square C? (ordered by (z1,y1) < (72,92) if 21 < 22 and y; < y2) can
be covered by countably many chains [T1]. Then C? is an uncountable lattice
with no uncountable chains nor with increasing or decreasing copies of w;.

Second, let P be the set of all non-decreasing maps on N. We let f < g if
f(n) < g(n) for all n and f <* g if for some m, f(n) < g(n) for all n > m.
(P, <) is a lattice. Let A be any subset of P that forms a well-ordered and
unbounded chain of some regular order type 6 (6 = w; if (CH) holds) relative
to <*. Then it follows from Theorem 1.1 of [T2] that A has no uncountable
antichains of cardinality @ under <. Thus, assuming (CH), if we let [A] be the
lattice generated by A (under <), then [4] is well-founded, it has no uncountable
antichains, and obviously it contains no copies of ws.

Our work in the next two sections suggests the following.

PROBLEM 1.15: Let L be a countable semi-lattice not admitting an infinite
strictly increasing sequence. Does there exist an X (possibly even reflexive)
with (SP,(X), <) order-isomorphic to L?

2. Spreading model sets without a minimum element

In this section we shall construct some families of Banach spaces whose spreading
model sets do not have a minimum element in the domination ordering. The
Banach spaces in question are finite direct sums of certain Lorentz sequence
spaces d(w, p).
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The construction depends on the existence of an arbitrary number of incom-
parable submultiplicative functions. We begin with a technical definition to
facilitate the discussion.

Definition 2.1: Let 2 < ng < oo and let S be a real-valued function defined
on [1,ng]. We shall say that S is submultiplicative on [1, ng] (or on [1,00) if
ng = oo) if S satisfies the following conditions:

(a) S is piecewise-linear, continuous, strictly increasing and concave.

(b) S(x)=a for 1 <z <2.

(¢) S(zy) < S(z)S(y) for all x,y such that 1 < x,y,zy < ng.

LEMMA 2.2: Suppose that 2 < ng < oo and that S is submultiplicative on
[1,n0]. Then there exists €9 > 0 such that for all 0 < € < g¢ the extension S. of
S to the interval [1,n3] defined by

S.(x) = S(x) for1 <z <ng
T S(no) +e(w —ng) forng <ax <nd

is submultiplicative on [1,n3].

Proof: Since S is continuous, piecewise-linear, and strictly increasing on [1, ng],
there exists ¢ > 0 such that

(2.1) S(x)>8S(x—h)+ch (1<z—h<z<ng).
Define S on [1,72] as follows:
S(x) == inf{S(a)S(b): & = ab,1 < a,b < ngy}.

Since S is continuous and strictly increasing on [1,ng] it follows that S is con-
tinuous and strictly increasing on [1,ng]. Moreover, conditions (b) and (c)
of Definition 2.1 imply that S(z) = S(x) for all z € [1,n9]. Suppose that
T := ng + h satisfies ng < z < n%. By compactness there exist a,, b, such that
S’(x) = S(ay)S(bs), = azby, and 1 < a, < b, < ng. Then,

S(ng) = S(ng) < S(az)S(be — h/as)

(since ng = ay(by — h/ag) and S is submultiplicative on [1, ng))

< S(a) (502 - &) (o (2.1)
= S(ng +h) — %h

< 8(no +h) — (¢/no)h,
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(since S(az) > 1 and a; < ng). So
S(ng) + (¢/no)h < S(ng + h).

Hence, provided € < ¢/ng, we have S.(z) < S(z) for 1 < < n3. To verify
submultiplicativity of S. on the interval [1,nZ] it remains to check that

Se(zy) < Se(2)S:(y)
for all 1 < z < n, and ng < y < n? such that zy < n3. Since S.(zy) =
Se(y) + e(zy — y), we require

5.(9) + <lo — 1)y
s e
©2) =1y < (5:) ~ DSH)

First consider the case z > 2. Then S-(z) —1 > 1 and since (z — 1)y < zy < n?
it follows that (2.2) will be satisfied provided n3e < S(ng). On the other hand,
if 1 < < 2, then by condition (b) of Definition2.1, (2.2) reduces to ey < S.(y),
which will again be satisfied provided n2e < S(ng). This proves the lemma for

. /¢ S(no)
€0 = min (—, 5 )
no no
By an obvious repeated application of Lemma 2.2 one obtains the following
result.

LEMMA 2.3: Suppose that ng > 2 and that S is submultiplicative on [1,ny].

Then, given € > 0 and Ny > nyg, there exists a submultiplicative extension of S
to [1, Ng| such that S(Ny) < S(ng) + €.

LEMMA 2.4: Suppose that S is submultiplicative on [1,ng], where ng > 2,
and that S(ng) = K > 2. Then there exist Ng > no and a submultiplicative
extension of S to [1, No| such that S(Ny) > 3K/2.

Proof: Let n; = ng. By Lemma 2.2 we may and shall assume that S has

been extended to be submultiplicative on [1,n1]. By a second application of
Lemma 2.2 there exists € > 0 such that

S.(x) = S(x) forl<z<mn
T S(n) +e(w—ny) forng <a < n?
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is submultiplicative on [1,2n4] (or even [1,n3] although we will only use sub-
multiplicativity on [1,2n4]). If S.(2n1) > 3K/2 then we are done. So we may
assume that S.(2n1) < 3K /2, which implies (since S¢(ny) > K) that

(2.3) nie < K/2.

Choose Ny > 2ny such that S.(Np) = 3K/2. We shall show that S is sub-
multiplicative on [1, Ng]. Suppose that 1 < z < y < zy < Ny. Since S:(x)
is submultiplicative on [1,2n;] we may assume that xy > 2n;. Since n; = nj,
it follows that y > ng, so Sc(y) > K. First consider the case x > 2. Then
Se(x) > 2, s0

Se(zy) < Se(No) < 2K < 5:(x)Se(y)-

On the other hand, if 1 < z < 2, then by condition (b) of Definition 2.1
Sc(x) = x, so the submultiplicativity condition becomes

Se(y) + el — Dy < Se(ay) < Se(2)S:(y) = ©5:(y),

ie., ey < Sc(y). This is satisfied if ng < y < K/e since Se(y) > Se(no) = K.
But

Se(K/e)=Sc(m)+e(K/e—n)>K+K-nme>K+K—-K/2
— 3K/2 = 5.(No),

where the last inequality follows from (2.3). Thus, K/ > Ny, which proves
that S. is submultiplicative on [1, Ny] as desired. |

By a repeated application of Lemma 2.4 one obtains the following result.

LEMMA 2.5: Suppose that ng > 2 and that S is submultiplicative on [1,ny].
Then, given M > 0, there exist Ny > ng and a submultiplicative extension of S
to [1, Ng| such that S(Ny) > M.

Next we construct an infinite collection of mutually incomparable submulti-
plicative functions. This will be used to construct spreading model diagrams in
Theorems 2.9 and 2.10 below. (In fact, the existence of arbitrarily large finite
sets of incomparable submultiplicative functions would suffice for the applica-
tions.)

PROPOSITION 2.6: There exists a sequence (S;)32, of submultiplicative func-
tions on [1,00) such that for every non-empty finite set A C N and for every
j €N\ A, we have

Sj(n)

2.4 sup ——m—————— =&
( ) nzrl) maX;ec A Sz (n)



398 S. J. DILWORTH, E. ODELL AND B. SARI Isr. J. Math.

Proof: 'We shall define (S;)$2, on [1, 00) by defining their values inductively on
an increasing sequence of initial segments [1,ng]. Let us describe the inductive
step. Suppose that (S;) have been defined to be submultiplicative on some
initial segment [1, ng] in such a way that the collection of restrictions of (5;) to
[1,n0] is a finite collection of functions on [1,n¢]. Now fix a finite set A C N
and a positive integer N. By applying Lemma 2.3 to S; (i € A) on [1,ng], and
applying Lemma 2.5 to S; (i € N\ A) on [1,ng] (which is a finite collection
by assumption), there exist Ny > ng and submultiplicative extensions of .S; to
[1, No] such that
ax S;(n)

n€lno,No) Max;e 4 S;(n)
for all 7 € N\ A. At the end of the inductive step we have defined (.S;) to be
submultiplicative on [1, Ng]. Moreover, the new collection of initial segments of

>N

(Si)$2, on [1, Ng] thus obtained will be finite. Now one simply enumerates (in
any manner) the countable collection of possible choices for A and N to carry
out the inductive definition. |

Let 1 < p < oo and let w = (w(n))S2; be a non-increasing sequence of positive
weights such that w(1) =1, w(n) — 0 asn — oo, and >~ ; w(n) = co. Recall
that the Lorentz sequence space d(w, p) is the Banach space with Schauder basis
(en) whose norm is defined by

o0

n=1

(iawn)) "

where (@))%, is the non-increasing rearrangement of any scalar sequence
(lan])22; which converges to zero. Note that

oo o] e 1/p
> " anen > " anen (E Ianlp) :
n=1 n=1 n=1

The corresponding fundamental function (S(n))S2, is defined by

w,p

<

w,p

p
n

>

i=1

p n

S(n) =

w,p i=1

It is known that d(w,p) contains subspaces that are almost isometric to £, and
is reflexive if and only if 1 < p < co.

The weight w is said to be submultiplicative if there exists a constant C'
such that S(mn) < CS(m)S(n) for all m,n € N. We require the following
theorem due to Altshuler, Casazza and Lin.
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Fact 2.7 ([ACL]): Suppose that w is submultiplicative. Then every normal-
ized block basis in d(w,p) has a subsequence which is equivalent to the unit
vector basis of £, or to the unit vector basis of d(w, p).

The above theorem has the following immediate corollary.

COROLLARY 2.8: Suppose that w is submultiplicative. Then every spreading
model of d(w, 1) generated by a weakly null sequence is equivalent to the unit
vector basis of d(w,1). For 1 < p < oo, every spreading model of d(w,p)
generated by a weakly null sequence is equivalent to the unit vector basis of £,
or to the unit vector basis of d(w, p).

Note that to each submultiplicative function S defined on [1, c0) corresponds a
submultiplicative weight sequence w(n) := S(n)—S(n—1) where S(0) = 0 (with
constant C' = 1) whose fundamental function is (S(n))52 . Let w; (1 < i < 00)
be the weight sequences corresponding to the submultiplicative functions .5;
constructed in Proposition 2.6. Note that lim, .o w;(n) = 0and ) w;(n) = oo
for each 1.

Now we come to the main results of this section. For n € N, let P(n) denote
the power set of {1,...,n} partially ordered by inclusion.

THEOREM 2.9: For each n € N, let X,(1) := (3, ®d(w;,1))s. Then
SP, (X, (1)) is order-isomorphic to P(n) \ {0}.

Proof:  Let (f;)52; be a normalized spreading model for X, (1) generated by
a weakly null sequence. Then there exists a non-empty A C {1,...,n} and

normalized spreading models (f7)32, of d(w;,1) (i € A), generated by weakly

null sequences in d(w;, 1), such that
> ajf
j=1
Thus, by the first part of Corollary 2.8,

Z a;fj Z aje;
j=1 j=1

Conversely, the right-hand side of (2.5) defines a normalized spreading model
SP(A) for every non-empty A C {1,...,n}. Note that

D 1
j=1

~ max
i€A

oo
> aif;
j=1

~ max

(2:5) i€A

wi,l

~ rgleag(Si(m) (m € N).
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Thus, by (2.4) of Proposition 2.6, we have
ACB<& SP(A) < SP(B)

for all nonempty A, B C {1,...,n}. |
In the reflexive case (1 < p < 0o) we have to add an extra node on the top.

THEOREM 2.10: Let 1 < p < oo and, for each n € N, let

Xa(p) = (3 @d(wi,p)) .
Then SP, (X, (p)) is order-isomorphic to (P(n) U {{1,...,n+ 1}})\ {0}.

Proof:  The proof is essentially the same as before. However, from the second
part of Corollary 2.8, we obtain an extra spreading model equivalent to the unit
vector basis of £, which dominates every other spreading model. This spreading
model corresponds to {1,...,n + 1} under the order-isomorphism. ]

3. Countable lattices with a minimum element

Recall that a lattice is a partially ordered set in which any two elements have
both a least upper bound and a greatest lower bound. The following theorem
is the main result of this section.

THEOREM 3.1: Let L be a countable lattice with a minimum element not con-
taining an infinite increasing sequence. Then there exists a reflexive space X,
such that SP,(X}) is order-isomorphic to L.

Remark 3.2: Recall that (SP,(X), <) is always a semi-lattice, i.e., every two
elements have a least upper bound (Fact 1.1), and that when countable it does
not contain any infinite increasing sequences (Fact 1.3). It is easy to see that
such a semi-lattice with a minimum element is automatically a lattice. Thus,
Theorem 3.1 characterizes the possible poset structure of (SP,(X), <) when
SP,(X) is countable and has a minimum element.

The space X, will be an £, direct-sum of suitably constructed Orlicz sequence
spaces. The proof of the theorem will be given at the end of the section. First we
recall some preliminary facts about Orlicz spaces. All the unexplained terms and
facts can be found in Chapter 4 of [LT], with which our notation is consistent.
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An Orlicz function M is a real-valued continuous non-decreasing and convex
function defined on [0, 1] such that M(0) = 0 and M(1) = 1. For a given
M, the Orlicz sequence space f); is the space of all sequences of scalars
z = (a1, as,...) such that > > M(|a,|/p) < oo for some p > 0, equipped with
the norm -

Joll = int {p>0: 3 ar(a /o) < 1}
n=1
We assume that M satisfies the Aj-condition at zero (i.e., that there exists
C > 0 such that M(2t) < CM(t) for all 0 < ¢ < 1/2). Then the unit vectors
form a normalized symmetric basis for £,;. If N also satisfies the As-condition
at zero, then M and N are equivalent if there exists a constant C' > 0 such
that (1/C)N(t) < M(t) < CN(t) for all 0 <t < 1.

If C > 1and M and N are two Orlicz functions such that N () < CM () for all
0 <t <1, then the unit vector basis of £3; C-dominates that of . Conversely,
if M and N satisfy the Ag-condition at zero and the unit vector basis of £y,
dominates that of ¢5 then there exists C' > 1 such that N(t) < CM(t) for all
0<t<1.

If M satisfies the As-condition at zero then an Orlicz sequence space {p is
isomorphic to a subspace of ¢;; if and only if IV is equivalent to some function
in Cp1, where Cyy 1 is the norm-closed convex hull in C[0, 1] of the set

)

(3.1) By = {JZ(X))

0< AL 1}.
See [LT, Lemma 4.a.6, Remark (p. 141) and Theorem 4.a.8] for this result.

As noted in [S1], this is easily generalized to the spreading models of £y;:
(z;) is a spreading model generated by a normalized block sequence (z;) in
¢y if and only if (£;) is equivalent to the unit vector basis of ¢ for some
N € Cp,1. Moreover, it follows from the proofs of [LT, Theorem 4.a.8] and [S1,
Proposition 2.2] that if M satisfies Ag-condition and N € C)py := ﬂ0<A Chua
(see [LT, Lemma 4.a.6]), then one gets the equivalence isometrically.

We will use the following method of representing Orlicz functions by sequences
of zeros and ones, introduced by Lindenstrauss and Tzafriri [LT, p. 161].

Fix0<7<1land 1 <7 < p < oo. For every sequence of zeros and ones,
n = (n(n))sz, (e n(n) € {0,1} for all n), let M, be the piecewise linear

n=1

function defined on [0, 1] satisfying M,(0) =0, M, (1) =1, and

M

W(Tk) _ 7_7'k+(p—7') 22:1 7/(")7 k = 17 2, e
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LEMMA 3.3: FixO0<7<landl <r <p<oo. If p—r is sufficiently small,
then, for all n, M, is an Orlicz function satisfying the As-condition at zero.

Proof: To show that M, is convex it suffices to check that the slope of the
chord joining (771, M, (7"*1)) to (7", M, (7™)) is a decreasing function of n,
ie.

M

(3.2) W(TH) - MW(T"+1) < Mn(Tn_l) - MW(T").

n 7—n+1 — Tnfl —n

Using the fact that M, (1) = 77 M, (%) if n(k + 1) = 0 and M, (7**1) =
M, (%) if n(k + 1) = 1, (3.2) simplifies to the following pair of conditions:

(3.3) M1 -7P)<1—7" and PTH1-7")<1-7P

Both conditions are clearly satisfied if p — r is sufficiently small. (Note that the
first condition is not satisfied, however, if r is very close to 1.) The Ag-condition
is easily checked. |

Henceforth, we shall always assume that 7, p and r satisfy the conclusion of
Lemma 3.3.

ProproSITION 3.4: Suppose that 1 < p < 2. Then there exists C < oo such
that for each sequence 1 of zeros and ones, {57, C-embeds into L1[0, 1].

Proof: Observe that the inequalities in (3.3) are reversed if 0 < r < p < 1. This
implies that M,,(\/E) is equivalent to a concave function if p < 2. By a result of
Bretagnolle and Dacuhna-Castelle [BD] £, embeds isomorphically into L;[0, 1].
To see that there exists a uniform embedding constant, observe that there exists
a ‘universal’ sequence p = (p(n))22; such that every sequence of zeros and ones,
7, is a pointwise limit of the collection {(p(n + k)22 ,: k € N} of left shifts of p:
indeed, let p be the concatenation of all possible finite sequences of zeros and
ones. It follows that Eas, =y Enm,a € Cu, (see (3.1)) contains M, for
every 7, and hence that £y, is isometric to a spreading model of £y, for every
n. Finally, since £5;, C-embeds into L;[0, 1] for some C' < oo, it follows that
{p1, C-embeds into L1[0, 1] for every 7. |

We will be interested only in a simple class of such spaces as described in the
following.

LEMMA 3.5: Let 1 <r <p< oo, and 0 < 7 < 1. Let (nr) C N satisfy n; = 1
and niy+1 —ny T oo, and put

N 0 ifi= Nk
pli) = { 1 otherwise.
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Let M := M, be the corresponding Orlicz function. Then {j; satisfies the
following:
(a) Every spreading model is 7~?P-dominated by the unit vector basis of £y;.
(b) Every spreading model is equivalent either to the unit vector basis of £ys
or to the unit vector basis of {,,.
(c) Every spreading model that is equivalent to the unit vector basis of ¢,, is
actually T—°P-equivalent to the unit vector basis of ¢,.
(d) £as is reflexive.

Proof: Observe that

n k+n
> pli)y< > p(i) forall kyneN.
i=1 i=k+1

Therefore, for all A = 7% and t = 7, we have
r(k+n)+(p—r ktn 50
M(Xt) T (k+n)+(p—r) Y127 p(4) _ Ter(pfr)zfjgﬂp(i)

M()\) - 7rk+(p—7) S iy p(d)
< ) i, p() — M(t)

A simple calculation now yields, that

M(M)

(3.4) MO

< TP M(t),

forall 0 < A\t < 1.
Now let N € Cp,1. Then, by the definition of Cis1, IV is the limit in the
uniform norm of a sequence of convex combinations (F},) of the form

M(\it)
Fn = Z Q; )
icA, M(Ai)

for some finite A,, C N, 0 < A; < 1, and positive (a;) with >, , a; = 1.
Thus (3.4) implies that for all N € Cpr 1,

(3.5) N@t) <7 M) forall0<t<1,

which proves (a). To see that N is equivalent either to M or to t*, we distinguish
between two cases corresponding to the manner in which the sequence (F},)
converges to V.

For the first case, suppose that there exist ng € N, A > 0 and § > 0 such that

Z 0%25

Xi>N €A,

for all n > ny,
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It follows that
N(t) > dM(Xt), forallt >0,

which, along with (3.5), implies that N is equivalent to M.
For the second case, we suppose that for all ng € N, A > 0 and § > 0, there

Z a; < 6.

Ai>Ni€A,

exists n > ng such that

Fix ¢t = 7™. Since ng4+1 — ng T oo, it follows that every m consecutive terms of
p which begin sufficiently far along the sequence can contain at most one zero
term. This implies that if A = 7% is sufficiently small then

L, M)
(3.6) <30

< 77PtP.

Now fix § > 0 and 0 < t < 1. It follows easily from (3.6) that there exists A > 0
such that for all A < A

M)
. 2ppp <« 2N o =3y
(3.7) TP < o S TPt

By assumption there exists n € N such that

(3.8) |F,(t) — N(t)] <6 and > ai<d
Xi>Xi€A,
Now (3.7) gives

M\t M)
Fo(t) = Z a; M(()\i)) + Z a; ( ) < TP S,
Ai<Ni€A,

A similar calculation yields
Fo(t) > (1 = 6)7%PtP — 6.
Since |N(t) — F,(t)] < d and 6 > 0 is arbitrary, we get
TPt < N(t) < 773PLP,

This proves (¢) and also completes the proof of (b). Finally, (b) and [LT,
Lemma 4.a.6] imply that ¢; is not isomorphic to a subspace of £;;, which in
turn implies by [LT, Proposition 4.a.4] that £, is reflexive, which proves (d).
|

We will also make use of the following general fact.
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LEMMA 3.6: Let X = (3272, ©Xj),, where 1 < p < oo and each X is an
infinite-dimensional Banach space with SP,,(X;) # 0 for all j, and let (%;) €
SP,(X) be a spreading model generated by a normalized weakly null sequence
in X. Then there exist non-negative (c;)52, with ZJ 0 ¢; = 1 and normalized

spreading models (#]); € SP,,(X;) such that for all scalars (a;)

o0 P
o — P ) D
H E a; Zil| = [ g ¢, g a;T; || + ¢ E |ai|P}
i j=1 i i

Proof: Suppose that the normalized weakly null sequence (y;) generates the

1/p

spreading model (Z;). Write y; = (yf)j’;l, where y/ € X for each j. By a
diagonalization argument, (y;) has a subsequence (x;) such that

; 1
(3.9) lim [[of]| =¢; and  sup|l|z]] — ¢ <
i—00 i>j 2J
and (c; ~127)% | generates a normalized spreading model (#7); € SP,(X;). Note
that (3.9) implies that ¢ = lim;_o ||2; — Pi(2;)] exists, where P;(z;) =
(z},2?,...,21,0,0,0,...). One now checks that the spreading model (Z;) gen-

erated by (z;) is given by the stated formula. (Note also that Z;io = 1 since
(z;) is normalized.) |

Before proving Theorem 3.1 we give an application of Lemma 3.6.

THEOREM 3.7: Let X be an infinite-dimensional Banach space such that
SP,(X) is a countable chain. Then there exists a countable ordinal o such
that SP,(X) is order-isomorphic to o with the reverse order. Conversely, if
« > 1 is a countable ordinal then there exists a reflexive Banach space X such
that SP,(X) is order-isomorphic to o with the reverse order.

Proof: For the first part, by Fact 1.3 SP,,(X) does not admit an infinite strictly
increasing sequence. Thus the reverse order on SP,(X) is a well-ordering and
hence is order-isomorphic to a countable ordinal. For the converse, let 3 — pg
(6 < @) be an increasing order-isomorphism from « onto a subset of 2, 3] such
that po = 2, and set X := (3 5_,, ®lp,)2. Using the well-foundedness of o and
the monotonicity property of the ¢, norms (i.e., that || - || < || - ||, f p < q),
it follows easily from Lemma 3.6 that every normalized spreading model of X
is equivalent to the unit vector basis of £,, for some 3 < a; so SP,(X) is
order-isomorphic to o with the reverse order. |

We now proceed to the
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Proof of Theorem 3.1: For convenience we shall assume that L is countably

infinite. (When L is finite only minor notational changes are needed.) The

space Xy will be of the form X; = (Z;io @l M].) for suitably constructed
P

Orlicz sequence space £y,’s, with M; := M, for certain sequences p; of zeros
and ones (for the same 7,7 and p). The ‘patterns’ of the p,’s will be of the form
) 0 ifieo(y
pi(i) = { 1 otheerwi(s]e).
for some fast increasing sequence o(j) C N, with 1 € o(j). For simplicity, for
every j we will take o(j) to be a subset of M = {1,2,2223 ...} which will

ensure that the hypothesis of Lemma 3.5 is satisfied.

The patterns of the p;’s (equivalently, the o;’s) will be developed inductively
on finite intervals of N according to a two-step procedure which we call (e, A)-
domination.

Let A C N and € > 0. Suppose that for some N € N, the p;’s have already
been defined on the initial segment [1, N] so that

N N
(3.10) > pili) =" pk(i), forall j,keN.
i=1 i=1

The (e, A)-domination procedure extends the definition of the p;’s to an intial
segment [1, N7] for some N7 > N. Let us first dispose of some trivial cases. If
A=90orif A=N then set Ny =N +1 and p;(N1) =1 for all j.

Now suppose that both A and N\ A are non-empty. The first step of the
procedure is carried out as follows. Choose a sufficiently large (just how large is
specified below) integer m > N. For all k € N\ A place 0’s on the coordinates
from [N +1,m]NM of the pi’s (while the rest of the coordinates of the interval
are filled with 1’s), and for all j € A place 1’s on all the coordinates from
[N + 1,m] of the p;’s, where m is chosen so that

m m

Z p;(i) — Z pi (i)

is sufficiently large to ensure that

M, (7™)

—L~ <¢e forallje A ke N\ A
Mﬂk(Tm)

For the second step we choose a sufficiently large integer N1 > m (just how
large is specified below), with N; € M, and ‘rebalance’ all of the p;’s on the
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interval [m 4 1, N;]. This is achieved by placing 0’s on the coordinates from
[m + 1, N;] N M for all the p;’s (j € A) and by placing 1’s on the coordinates
from [m + 1, N;] for all the py’s (k € N\ A), where N; is chosen so that (3.10)
is satisfied with N replaced by N;. At the end of this second step the M;’s are
equal again, i.e.

M;(tN) = My (™) for all j, k € N.

We now pass to the main construction. Let L = {eqg, e1,ea,..., } be the given
countable lattice, where e is the minimum element. Consider L = {éy, é,...},
where €, = {i € N:¢e; <e;} forall j € N. Put po =(1,1,1,...).

We begin by setting p;(1) = 0 for all j € N, which ensures that the p;’s satisfy
Lemma 3.5. Now, for every j € N and every e =27% k' =1,2,..., we carry out
an (e, A)-domination procedure for A = ;. After enumerating the collection of
all such pairs (e, A), which is countable, we carry out all the (g, A)-dominations
in the order specified by this enumeration.

The resulting sequences pg, p1, p2, - - - have the following properties.

(i) M,, is equivalent to the function ¢7.

(ii) For all 4, j € NU {0}, there exists a constant C' < oo such that

i

M, (t) <CM,,(t) forall0<t<1

if and only if e; < e; in (L, <). Moreover, if there exists such a C then we can
choose C' = 1.
(iii) For every non-empty finite set F C NU {0}
rjnea};(Mp]. =M, , whereej, = Xrej.
J

m

T

Proof of (iii): To derive a contradiction, assume that there exists ¢
such that maxjer M), (t) < My, (t). Because of the ‘rebalancing’ step in the
domination procedure, it follows that m belongs to an interval of N where an
(e, A)-domination takes place for some A such that F' C A and jo € N\ A. There
exists £ € N such that A = e;. Then e; < e, for all j € F. Since L is a lattice
it follows that e, < ey, and hence jy € A, which is the desired contradiction.

(iv) Let B be a non-empty subset of NU {0} Then there exists a finite subset
F of B such that

maXMp]. = maprj.
jEB jEF

Proof of (iv): Suppose not. Then there exists (ji);>; C B such that for all
neN

max M, < max M, .
1<k<n Tk 1<k<n+1 Tk
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This, however, implies by (iii) and (ii) that

\/ €, < \/ ej., for each n.

1<k<n 1<j<n+1

But this contradicts our assumption that there are no increasing infinite se-
quences in L.
Now consider
o0
X = (ZEMM,) ;
§=0 P

where M; = M,,, j € NU{0}. By (d) of Lemma 3.5 each £y, is reflexive
and hence X, is also reflexive. It follows from property (ii) that the collection

57

of spreading models generated by the unit vector bases of each £y, is order-
isomorphic to L. Therefore it remains to show that every spreading model of
X, is equivalent to the unit vector basis (bz)Z of £, for some j € NU {0}.

Let (Z%) be a normalized spreading model of X7. Then, for all (a;) € coo, we
have by Lemma 3.6

(3.11) H Zaifci Za@j

K2

P 1/p
+c82|ai|p} |

= [zj:(;g

where (50{)1 is a normalized spreading model of /5, and (cj)J‘?’;O belongs to the
non-negative unit sphere of £,,.

Let B be the collection of all j € N such that ¢; # 0 and such that (z); is
equivalent to (b));. If j ¢ B then either ¢; = 0 or, by Lemma 3.5, (&), is 7~ -
equivalent to the unit vector basis of £,. Thus, if B = (), then (3.11) implies that
(#%) is equivalent to the unit vector basis of £, and hence to (bY);. So suppose
that B # (); then, by Lemma 3.5, each (#/); (j € B) is 7~ 2P-dominated by (b?);.
By properties (iii) and (iv) above there exist a finite set F' C B and jo € N such
that

max M, =maxM, =M, .
jeB Pj jeF Pi Pio

Hence there exists 0 < K < oo such that

Hzmi {T—%ch S ait!

jEB

[wp ) cg>H Sai

jeB

IN

P 1/p
Ky |ai|p]

P 1/p
FEY |ai|p] ,

IN
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which implies that (Z;); < (b°). On the other hand, there exists ¢ > 0 such

that
a;T;i|| > c a; @ a;b’!
[ o]z [ o Sas S
i JEF f

(since (77); is equivalent to (b7); for each j € F)

p}l/p

> cmax
JEF

C .
> b
~ card F H zl: @i0;
Thus, (Z;); is equivalent to (bf")i. .

Remark 3.8: For each 1 < p < oo, the above construction yields the unit
vector basis of ¢, as the minimum element of SP, (X ). If we allow X, to be
non-reflexive we can obtain ¢y as the minimum element. However, this requires
a rather different construction. Using results of Casazza and Lin [CL], it is
possible to construct a cg-sum of duals of certain Lorentz sequence spaces for
which ¢g is the minimum element of SP,(Xr). We omit the details of this

result.

Remark 3.9: Let p be the universal sequence used in the proof of Proposi-
tion 3.4. It follows from the proof of Theorem 3.1 that SP,(¢ys,) contains a
subset that is order-isomorphic to any given countable poset P. (Note also that
there is a universal countable poset.) By Proposition 3.4, {3, is isomorphic to
a reflexive subspace of L1[0, 1] when p < 2.

COROLLARY 3.10: For every finite lattice L there exists a reflexive space X,

such that SP,(Xy) is order-isomorphic to L.

COROLLARY 3.11: Let L be a finite lattice (resp. countable lattice with a min-
imum element and without any infinite increasing sequence). Then there exists
a reflexive (resp. non-reflexive) subspace Yy, of L1]0,1] such that SP,(Yy) is
order-isomorphic to L.

Proof: Using the notation of Theorem 3.1, let

Y = (ZEMM,) .
=0 1

By Proposition 3.4, if p < 2 then for some C' < oo each £, C-embeds into
L1]0,1], and hence Y7, is isomorphic to a subspace of L1]0,1]. Moreover, Y7,
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is reflexive if and only if L is finite. The proof of Theorem 3.1 shows that
SP,(Yr) is order-isomorphic to L. (Note that if L is infinite then Y7, also has
an ¢; spreading model that is not generated by a weakly null sequence.) |

Added in proof. Recently, P. Dodos has shown that for a separable space
X if SP,(X) is uncountable, then it contains an antichain of the size of the
continuum. This answers Problem 1.13.

Moreover, D. Leung and W. K. Tang have informed us that they have an-
swered Problem 1.15 affirmatively in non-reflexive case, using a Lorentz space
construction similar to the one developed in Section 2.
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