Lesson 20: A Non-Standard Exploration of the Polar Coordinate System

It is assumed that you have had previous experience with the Polar Coordinate System.  Your instructor may, however, wish to perform a quick review/refresher of the basics of the system at this point.  The standard introduction to the Polar system usually involves a detailing of how one locates points in this system and then a jump to looking at classic polar relations involving trigonometric functions such as the Polar roses, cardiods, lemniscates, and circles.  One then explores how to convert from Polar system to the Rectangular and back.

The Exploration of this section explores the Polar system in a completely different manner that does not depend upon conversions or trigonometric functions.  Rather, this Exploration uses comparison as the key tool for understanding the Polar system in relation to the Rectangular system.  This is accomplished by looking at “similar” functions in each system.  Estimation and comparison (or commonality) arguments are mostly used to lead to understanding of the objectives of the exploration.  

Keep in mind that the understanding of two basic concepts is needed to conduct the Exploration of this section.  The first concept needed is a very basic understanding of vectors only in that one needs only to think of a vector as a directed line segment which is a line segment to which a direction has been assigned. The second is an understanding of what a radian is.  Recall that a radian is defined as an angle such that when its vertex is placed at the center of a circle its sides intersect an arc whose length is equal to the radius.  Thus there are 
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 radians along the circumference of a given circle.

	Exploration 20.1: Graphing “Cartesian Functions” in Polar Coordinates

Doppler radar used on television to report weather conditions; radar screens used by air traffic controllers to monitor aircraft traffic at an airport; flight plans filed by private aircraft to indicate paths taken as they move from one point to another; sonar positioning techniques employed in submarines; distances and compass bearings for directions used by campers in wilderness areas – these are but a few examples of the occurrence of vectors and polar coordinates in everyday life.  
In this exploration we will use vectors to graph familiar equations in Cartesian coordinates and compare those to the equivalent graph in polar coordinates.  We will use “( ,  )” for Cartesian coordinates and “
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[image: image3.wmf]” for polar coordinates.  In Cartesian coordinates, a vector will represent the directed line segment from the point 
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 while in polar coordinates, a vector will represent the directed line segment from the pole 
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.  In the examples and exercises the domain of the functions will be limited to the set of nonnegative real numbers.  We will explore both linear and quadratic expressions.  

Exploration: 

Linear Expressions

1. (Example for your consideration) We begin with a constant function y = c, where c >0.  
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Figure 1a


 In this example, the vectors in Cartesian coordinates easily translate to vectors of 
fixed length bound at the origin with the tip of the vector lying on a circle of 
radius c.
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Figure 1b

2. One should have little difficulty in graphing 
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, and can use this to interpret what should take place with the graph of 
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.  Use the ‘vector approach’ of the previous example as a guide to do this.
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Quadratic Expressions:  

We next consider polar quadratic functions of the form: 
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3. Use the same ‘vector approach’ to graph 
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 and the corresponding polar graph 
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on the grids provided below (you may have to adjust your scale on each axis).  The vertex of the parabolic graph is at 
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 with axis of symmetry at 
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.  For the polar graph, consider three rays corresponding to the values of 
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4. Consider a quadratic that has only one positive real root, 
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and the corresponding polar curve, 
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.   When constructing the polar graph there is one important ray to consider, the ray 
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 rad.  Use the same ‘vector approach’ to explore the connection between these graphs in the two systems.
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5. Next consider the quadratic, 
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 which has no real roots and is positive for all values of x.  Perform the same systems exploration using the Cartesian and polar grids below.  
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Extension:

6. Use what you learned previously about Rectangular-Polar graphing connections and the Cartesian graph provided in Figure 2 to create a ‘polar version’ of the graph for 
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Figure 2
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Historical Note:


While ancient Greek mathematicians such as Archimedes made references to functions of chord length that depended upon angles measured, it was a Persian geographer, Abu Rayhan Biruni (circa 1000) who is credited with developing an early foundation for a polar coordinate system.  The polar coordinate system as known and used today, however, is credited as having been developed by Issac Newton circa 1671, and further refined and used by Jacob Bernoulli circa 1691.  
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