DRINFELD HECKE ALGEBRAS FOR
SYMMETRIC GROUPS IN POSITIVE CHARACTERISTIC

N. KRAWZIK AND A.V. SHEPLER

ABSTRACT. We investigate deformations of skew group algebras arising from the action
of the symmetric group on polynomial rings over fields of arbitrary characteristic. Over
the real or complex numbers, Lusztig’s graded affine Hecke algebra and analogs are all
isomorphic to Drinfeld Hecke algebras, which include the symplectic reflection algebras
and rational Cherednik algebras. Over fields of prime characteristic, new deformations
arise that capture both a disruption of the group action and also a disruption of the
commutativity relations defining the polynomial ring. We classify deformations for the
symmetric group acting via its natural (reducible) reflection representation.

1. INTRODUCTION

Deformations of skew group algebras constructed from finite groups acting on polyno-
mial rings are used in representation theory, combinatorics, and the study of orbifolds.
These deformations include graded affine Hecke algebras, Drinfeld Hecke algebras, ratio-
nal Cherednik algebras, and symplectic reflection algebras. The skew group algebra S#G
arising from a group G acting on an algebra S by automorphisms is the natural semidirect
product algebra S x G.

Lusztig [17, 18] defined deformations of skew group algebras S#G for a Weyl group G act-
ing on its reflection representation V' = R" and its associated polynomial ring S = S(V) =
Rv1,...,v,] in his investigations of the representation theory of groups of Lie type. His
algebras alter the relations g - s = g(s) - g capturing the group action but preserve the com-
mutativity relation v;v; = v;v; defining the polynomial ring S. These algebras are known
as graded affine Hecke algebras. Around the same time, Drinfeld [10] more broadly consid-
ered an arbitrary subgroup G of GL,(C). He defined a deformation of S#G, sometimes
called the Drinfeld Hecke algebra, by instead altering the commutation relation v;v; = v;v;
defining the polynomial ring S (now defined over C) but leaving the group action relation
alone. Drinfeld’s type of deformation was rediscovered by Etingof and Ginzburg [11] in the
study of orbifolds as symplectic reflection algebras when the acting group G is symplectic,
which include rational Cherednik algebras as a special case. Collectively, we call all these
deformations Drinfeld Hecke algebras.

Over C, every deformation modeled on Lusztig’s graded affine Hecke algebra is isomorphic
to a deformation modeled on Drinfeld’s Hecke algebra (see [19]). This result holds for any
finite group G in the nonmodular setting, i.e., when the characteristic of the underlying field
[F is coprime to the group order |G| (see [21]), and in the present work we extend this result
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to algebras that deform both Lusztig and Drinfeld type relations. The theorem fails in the
modular setting, when char(F) divides |G|, and new types of deformations arise. We begin
here a concrete study of these mixed deformations using PBW conditions from [21].

We consider the symmetric group &,, acting by permutations of basis elements on a vector
space V = F" over a field F. We include the case when char(F) divides the order of &,,. We
deform the natural semi-direct product algebra S x &,, for S = S(V) = Flvy,...,vy,], the
polynomial ring, by introducing relations that disturb both the action of &,, on V' and the
commutativity of the polynomial ring S. We classify the deformations arising in this way.

Recently, authors have considered the representation theory of similar deformations
over fields of positive characteristic defined by relations of Drinfeld type. For example,
Bezrukavnikov, Finkelberg, and Ginzburg [4], Devadas and Sun [9], Devadas and Sam [§],
Cai and Kalinov [6], and Lian [16] all consider the Weyl group of type A,,_1 (the irreducible
reflection action of the symmetric group &,,) acting on V & V* to give rational Cherednik
algebras. Bellamy and Martino [3] as well as Gordon [13] investigate the action of the
symmetric group &, in the nonmodular setting, when char(F) and |&,,| are coprime. For
related algebras built on the action of the special linear group, general linear group, and
cyclic groups, see Balagovi¢ and Chen [1, 2] and Latour [14]. In contrast, the algebras
classified here are defined by relations of both Lusztig and Drinfeld type.

Example 1.1. Let F be a field of characteristic p > 0, p # 2, and let G = &,, act on
V =F" by permuting basis vectors vi,...,vy for n > 2. Using Theorem 3.2 below, one may
show that the F-algebra generated by v in V and the group algebra FG with relations

ViV — VU = Z (ijk)—(jik) inFG and gv;— g(vi)g = (9(i) —i)g in FG
k#i,j

is a PBW deformation of Flv,va, ...,v,] ¥ G.

Outline. We review Drinfeld Hecke algebras in Section 2 and PBW conditions in Sec-
tion 3. In Section 4, we show that every Drinfeld Hecke algebra in the nonmodular setting
is isomorphic to one in which the skew group relation is not deformed. We turn to the mod-
ular setting for the rest of the article and consider the symmetric group in its permutation
representation. We examine PBW conditions in Sections 5 and 6. We classify the Drinfeld
Hecke algebras in Section 7 and give these algebras explicitly for dimensions n = 1,2, 3 in
Section 8. We conclude by investigating the case of an invariant parameter in Section 9.

Notation. Throughout, we fix a field F of characteristic p > 0, p # 2, and unadorned
tensor symbols denote the tensor product over F: ® = ®@p. We assume all F-algebras are
associative with unity 1y which is identified with the group identity 15 in any group algebra
FG.

2. DRINFELD HECKE ALGEBRAS

We consider a finite group G C GL(V) acting linearly on a finite-dimensional vector
space V = F” over the field F. We may extend the action to one by automorphisms on the
symmetric algebra S(V) = Flvy,...,v,] for an F-basis vi,...,v, of V and on the tensor
algebra T'(V) = Ty(V) (i.e., the free associative F-algebra generated by vy,...,v,). We
write the action of G on any F-algebra A with left superscripts, a — Ya for g in G, a in A,
to avoid confusion with the product g a in any algebra containing FG and A.
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Skew group algebra. Recall that the skew group algebra R#G = R x G of a group G
acting by automorphisms on an F-algebra R (e.g., S(V') or T'(V)) is the F-algebra generated
by R and FG with relations gr = 9r g for r in R, g in G. This natural semi-direct product
algebra is also called the smash product or crossed product algebra.

Relations given in terms of parameter functions. We consider an algebra generated
by v in V and g in G with relations given in terms of two parameter functions A and
k. The parameter \ measures the failure of group elements to merely act when they are
interchanged with a vector v in V', and k measures the failure of vectors in V to commute.

Let H) x be the associative F-algebra generated by v in V' together with the group algebra
FG with additional relations

(2.1) vw—wv = k(v,w) and gv— g = A(g,v) for vyweV, geqG
for a choice of linear parameter functions A and k, with s alternating,
k: VeV ->FG MNMFGRV —FG.

For ease with notation, we write x(v, w) for k(v ® w) and A(g,v) for A(g ® v) throughout.
Thus H) . is a quotient of the free F-algebra generated by G and the basis vy,...,v, of V:

J_C)\,H :]F<Ulv"'7vnvg g€ G>/(gh’_gG h)
vw — wu — K(v, w),

gv — g — Ng,v) :v,w eV, g,h € Q).

Note that Hp g = S(V)#G, which is isomorphic to S(V) ® FG as an F-vector space.

PBW property. Recall that a filtered algebra satisfies the PBW property with respect
to a set of generating relations when its homogeneous version coincides with its associated
graded algebra. We filter the algebra J, , by degree after assigning degree 1 to each v in
V' and degree 0 to each g in G. The homogeneous version of H, , is then the skew group
algebra S(V)#G, while the associated graded algebra gr 3, , is a quotient of S(V)#G (e.g.,
see Li [15, Theorem 3.2] or Braverman and Gaitsgory [5]). Thus we say H , exhibits the
Poincaré-Birkhoff-Witt (PBW) property when

gr g{)\,n = S(V)#G

as graded algebras. We call K, a Drinfeld Hecke algebra in this case. Note that every
Drinfeld Hecke algebra has F-vector space basis {v'vi? ---ving : i, € N,g € G} for any
F-vector space basis v1,...,v, of V.

This terminology arises from the fact that Lusztig’s graded versions of the affine Hecke
algebras (see [17, 18]) are special cases of the PBW algebras ) ,: Lusztig’s algebras arise
in the case that kK = 0 and G is a finite Coxeter group. (The parameter A\ may be defined
using a simple root system for G and BGG operators). Drinfeld’s algebras [10] arise in the
case that A = 0. Examples when A = 0 include rational Cherednik algebras and symplectic
reflection algebras (see Etingof and Ginzburg [11]).
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3. POINCARE-BIRKHOFF-WITT PROPERTY

In this section, we recall necessary and sufficient conditions on the parameters A and k
from [21] for a filtered quadratic algebra () , to exhibit the PBW property. Again, let
G C GL(V) be a finite group acting on V' = F". Let

A\ FG@V 5F and kg:V®V T

be the coefficient functions for the parameters A and x, i.e., the F-linear maps for which

A(h,v) = Z Ag(h,v)g and k(u,v) = Z kg(u,v)g for g,h € G, u,v €V.
geG geG

Group action on parameters. The group G acts on the space of parameter functions A
and k in the usual way,

—1

(3.1) ("&)(v,w) = "(s(" 0, "w), ("N)(g,v) = MM gh, ")),
using the action of G on FG by conjugation, g : h +— ghg™'.

PBW conditions. The second PBW condition below measures the failure of x to be
G-invariant while the first shows that A is determined by its values on generators of G.

Theorem 3.2 (PBW Conditions). For any finite group G C GL(V'), an algebra 3y 4
exhibits the PBW property if and only if the following five conditions hold for all g, h in G,
u, v, w i V:

Agh,v) = Mg, "v)h + gA(h,v) in FG.

) K’(gu7 gv)g - gH(U, U) = )\(A(Q, U), U) - )\(A(Q, U,), U) in FG.

) Mlg0) (M — ) = My(g,u)("o — 90) in V.

1) RKg(u,v)(w — w) + kg(v, w)(Iu — u) + Kg(w,u)(9v —v) =0 in V.

5) )\(n(u, U),w) + )\(Fo(v,w),u) + /\(Fc(w,u),v) =0 in FG.

—_
~—

2

w

(
(
(
(
(

We will refer to the specific conditions in this theorem, each with universal quantifiers,
as PBW Conditions (1) through (5). Notice that if H , exhibits the PBW property, so
does H,y (2, for any cin F.

We will need two corollaries from [21], the first on x and the second on A. We set
Kerkg = {v € V : kg(v,w) = 0 for all w € V} and say that « is supported on a subset
S C G when kj, = 0 unless h lies in S. Similarly, we say that A(g, *) is supported on S C G
when A (g,v) =0 for all v in V and h not in S. Here, V9 = {v € V : 9v = v} is the fixed
point space.

Corollary 3.3. Let G C GL(V) be a finite group and assume Hy , exhibits the PBW
property. For every g in G, if kg #Z 0, then either

(a) codim V9 =0 (i.e., g acts as the identity on V'), or

(b) codim V9 =1 and ry(vi,v2) =0 for all vi,ve in VI, or

(c) codim V9 =2 with Kerky, = V9.

Recall that a nonidentity element of GL(V') is a reflection if it fixes a hyperplane of V'
pointwise. We see in the above corollary that over fields of positive characteristic, a pa-
rameter « defining an algebra with the PBW property may be supported on reflections in
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addition to the identity 1 and bireflections (elements whose fixed point space has codi-
mension 2) in contrast to the possible support in the nonmodular setting.

Corollary 3.4. Let G C GL(V) be a finite group and say Hy .. exhibits the PBW property.
Then the following statements hold for any g in G.

(1) X(1,%) is identically zero: A(1,v) =0 for allv in V.

Mg, %) determines M(g=1, %) by gA(g~ %, v) = —)\(g,g_lv)gfl.

Mg, *) can be defined recursively: For j > 1, A(g/,v) = Z{;& ¢ Xy, giv) g .

(g, *) is supported on h in G with h™'g either a reflection or the identity on V. If

h~Yg is a reflection, then A\, (g,v) = 0 for all v on the reflecting hyperplane Vvh'e,
(5) If VI #V, M(g,v) = 0 unless g is a reflection and v ¢ V9.

We give an example in which the parameter x : V ® V — FG is not G-invariant.

Example 3.5. Let G = 6,, act on V = F" for n > 3 by permuting basis elements vy, ..., vy,
Le., v; = Jv; = vy for g in G. Fix two scalar parameters m,m’ in F. Define a;; in F for
1<i#j<nbym=as=a3=—a = —ag, m = ag3 = —agz, and a;; = 0 otherwise.
Then the algebra defined by

V1V — VU] = VU3 — V3Vg = V3V] — V1U3 = m2((1 32)—(12 3)), vvj — vjv; = 0 otherwise,
gUi — Vg(i\g = Z (aij — ag@iyg(j) 9(i j) forgeG,1<i<n

JFi
is a PBW deformation of S(V)#FG (see Theorem 7.4 with ¢ = aj23). Notice (see Eq. (5.1)
and Definition 7.1) that a;; = (1/4)A\1((i j),vi — vj).

4. NONMODULAR SETTING

Before classifying algebras in the modular setting, we verify in this section that every
Drinfeld Hecke algebra () , in the nonmodular setting is isomorphic to one with A = 0. We
consider an arbitrary finite group G C GL(V) acting on V' = F” but assume char(FF) # 2
does not divide |G| (e.g., char(F) = 0) in this section only. In the next theorem, we extend
a result of [21] from the special case in which one of the parameter functions is zero to the
case of more general parameters; the result of [21] strengthened a theorem in [19] from the
setting of Coxeter groups to arbitrary finite groups.

Theorem 4.1. Say G C GL(V) is a finite group for V = F" with char(F) # 2 coprime to
|G|. If an algebra Hy . exhibits the PBW property for parameters A : FG @ V. — FG and
k' :V®V — FG, then there is an algebra Ho . for some parameter k : V@V — FG with

Howx = Hyyx  as filtered algebras.
Proof. Define a conversion function v : V — FG by

1 _
’Y(’U) = — Z )\ab(b7 b I’U)a and write Y= Z Yo
|G‘ a,beG Rr=te!

for coefficient functions v, : V — F. Let K : V® V — FG be the parameter function
r(u,v) = y(w)y(v) = 7(v)7(u) + AMy(u),v) = Ay (v), u) + £'(u, v).
Consider the associative F-algebra F' generated by V and the algebra FG, i.e.,
F:TF(FGEBV)/(g®h—gh,1F—1G:g,hE G)
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(identifying each g with (g,0)). Define an algebra homomorphism f : F' — K, ./ by
fw)y=v+~(w) and f(g)=g forallveV andged.

One may use the PBW conditions for H, ./ to show that the relations defining Hy , lie
in the kernel of f, as in the proof of [21, Theorem 4.1]. Thus f factors through an onto,
filtered algebra homomorphism
f : }CO,H - fH:)x,/{’ .
The m-th filtered components of H, . and Hp , are both spanned over F by the mono-
mials v{* ---virg for g € G and a; € N with ), a; < m, for a fixed basis vy,...,v, of V.
This spanning set is in fact a basis for () ./)m by the PBW property, and thus

dimF(f}foﬁ)m S dimﬂr(}(:)\ﬁ/)m.

The map f restricts to a surjective linear transformation of finite-dimensional F-vector
spaces on each filtered piece,

f : (:}CO,H)T)’L - (g{)\,n’)ma

and hence is injective on each filtered piece. (Indeed, for any v]*---virg of filtered degree
m in the PBW basis for 3, ./, the element (vi — y(v1))* -+ (vy — ¥(vp))*g in Ho . is a
preimage under f and also has filtered degree m.) Thus f is an isomorphism of filtered
algebras. Notice that f in turn induces an isomorphism of graded algebras, grHy, =
grIly . = S(V)#G , and Ky, also exhibits the PBW property. O

The special case of Theorem 4.1 when ' = 0 is from [21]. Note that Theorem 4.1 fails
over fields of positive characteristic as the next example from [21] shows: not every algebra
Hxo (modeled on Lusztig’s graded affine Hecke algebra) is isomorphic to an algebra Ho
(modeled on the Drinfeld Hecke algebra).

Example 4.2. Let G 2 Z/2Z be generated by g = (} 1) acting on V = F3 with respect to
an ordered basis v, w. Consider the F-algebra () ./ generated by V and FG with relations
guv=wvg, gw=vg+wg+1, vw—wv=g.

Then ) , satisfies the PBW property but is not isomorphic to Hy , for any parameter «.
(Here, AN(g,v) = A(1,v) = A(1,w) =0, A\(g,w) =1, and £'(u,v) = g.)

Theorem 4.1 and PBW Condition (2) (with A = 0) imply the next observation.

Corollary 4.3. FEvery Drinfeld Hecke algebra in the monmodular setting arises from a
parameter k that is invariant, i.e., satisfying

k(9u, 9v)g = gr(u,v)  for g € G, u,v € V.

5. DEFORMING THE GROUP ACTION

In this section and the next, we lay the framework for a complete classification of Drinfeld
Hecke algebras for the symmetric group &,, acting by permutation matrices on V = F".
In Sections 7 and 8, we classify these algebras by giving the parameters A and  such that
Hy,x is PBW. In this section we obtain the form of the parameter A, and in the next section
we describe the parameter x. We assume n > 2 here and in Sections 6 and 7 for ease with
notation; we give the PBW algebras explicitly for n = 1,2, 3 in Section 8.
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We consider the action of the symmetric group by permutations. Let G = &,, act on
V = F" by permuting basis elements vy,...,v, of V, ie., v; = 9v; = vy for g in G. We
write s; = (i i 4+ 1) for the adjacent transpositions generating G for 1 < ¢ < n and set
sp = (n 1) for ease with later notation. Recall that we assume 2 # char(F) > 0. Fix linear
parameter functions

k: VRV —-FG and N:FG®V — FG, with s alternating.

Scalar parameters of freedom. We show how each PBW algebra ) ,, has parameter A
determined by certain values on reflections. Note the group action in Eq. (3.1) induces the
usual action on A\ : G ® V — F with

(h_lAl)((i 3),0i) = M (h(i )Y, M) = A ((R(0), h(5))s vniy) -
We define scalars in F for any linear parameter function A : FG ® V — FG:

Oéij = % )\1((1 j),’Ui —Uj),

Qijk = QjOk + OGOk + Qg Qg
(5.1) i = 3 M((9(2) 9(5))svg0) — Vg(s)-
Tk = gi)g()Qg()g(k) T QUg()g(k) Qg(k)gli) T Qg(k)g(6) Vg(i)g(s)> and
Br = % Ny (S vk — V41,

for 1 <4, 7,k <n with 4, j, k distinct. We take indices on 8 modulo n throughout to more
easily cyclically permute parameters in later results. We will see that if 3, , satisfies the
PBW property, then 8, = A, (Sk, vg) for all & (by Lemma 5.5).

Determination of \. We prove in this section that every PBW algebra ) ,, has parameter
A determined by its values o;; and Sy:

Theorem 5.2. A parameter \ satisfies PBW Conditions (1) and (3) if and only if
g(i)—i+n—1

(5.3) Mg, v) = Z Bivk g+ Z (aij — Jauj) g(i j)
k=0

1<j#i<n
forallge G and1 <i<n with f1+---+ B = 0.

We collect some necessary observations before giving the proof of this theorem at the end
of this section.

Lemmas for the proof of Theorem 5.2. Recall the (absolute) reflection length function
¢ : 6, = Z>o on &,, which gives the minimal number ¢(g) of transpositions in a factorization
of g into transpositions. The following observation is well-known for reflection groups over R
(e.g., see [7], [12], [20]) and we include a proof for the symmetric group acting over arbitrary
fields for the sake of completeness.

Lemma 5.4. For g,h in &, {(g) = codim V9, and VINVH = V9" when £(g)+£(h) = £(gh).

Proof. For &,, acting on Vg = R" by permutation of basis vectors, £(g) = codim V}j. But
codim Vﬂg = codim VY9 (just consider the decomposition of g into disjoint cycles and take
orbit sums for invariant vectors, for example). Hence ¢(g) + ¢(h) = ¢(gh) if and only if
codim V94codim V" = codim V9", In this case, VINV" = V9" since VINV? € V9" implies
that codim V9 + codim V" — codim(V9") > codim V9 + codim V" — codim(VINV") > 0. O
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Our next observation follows from PBW Condition (3) with h = g(i j), u = v;, v = v;:
Lemma 5.5. If the parameter function \ satisfies PBW Condition (3), then
Agi 1)(9,0i) = =g 1(9,v5) = 5Ag0 (g, 0i —wv5)  fori#j, g € G.
In particular, /\1((i j),vi) = —)q((i j),vj) = %/\1((1' J),vi — vj).

Lemma 5.6. If the parameter function X satisfies PBW Condition (1), then A.(c,v) =0
for all ¢ in G and v in V¢, the fized point space.

Proof. We induct on the (absolute) reflection length ¢(c) of ¢ using Corollary 3.4 (1), which
follows directly from PBW Condition (1) (see the proof of [21, Cor. 3.3]). First suppose ¢
is a reflection itself with v € V¢. Then by PBW Condition (1),

0= A(1,v) = Ace,v) = Ae, “v)c+ cX(e,v) = Ae,v)e+ cA(c,v).

The coefficient of the identity group element on the right-hand side is 0 = 2A.(c, v).

Now suppose the claim holds for all group elements g with ¢(g) = k and that ¢(c) = k+1.
Then ¢ = ab for some a with ¢(a) = k and some transposition b. As ¢(ab) = £(a) + £(b),
the vector v lies in V% = Ve N V? by Lemma 5.4. By PBW Condition (1), A(c,v) =
Aa,bv)b + aX(b,v), and the result follows from the induction hypothesis applied to the
terms with c:

Ae(€,v) = Ag(a,v) + Ap(b,v) = 0.

Lemma 5.7. Say the parameter function \ satisfies PBW Condition (1). Then

(a) For any g € G and any i, A\g(g,vi) = A g(i))((z’ g(i)),vi) ==\ g(i))((i g(i)),vg(i)).
(b) For any k-cycle (Iy la -+ i) in G,

Ay 1) (L 12),v) + Ay 1) ((2 13), v1) + -+ + A 1) (e 1), 0p,) = 0.
(¢) For anyi < j,
A )G 9),0i) = A (86,06) + Ay (Si01, vig1) 4+ -+ Ag;y (85-1,05-1)

Proof. For (a), assume that v; ¢ V9, else the claim follows from Lemma 5.6. Set j = g(7)
and h = g(i j). Then v; € V* and PBW Condition (1) implies that

Mg, vi) = AT D wi) (i §) + BA(( 5),vi) = M, v5) (i §) + BA(( 5),vi).
We isolate the coefficient of g and apply Lemma 5.6 twice:
Ag(g,vi) = Mu(hyvi) + A 5 (0 7),0i) = A (0 5),01) = =M (@ 7),05)-
For (b), Lemma 5.6 and (a) imply that, for g = (I3 --- lg),

k k k—1
0= Ag(Q»Z”li) = ZAg(gavli) = ZA(zi o)) (i Lign) o) + Ay 1) (e 1), og).
i=1 i=1 i=1
For (c), just use (b) with cycle (i i+ 1 --- j) and (a). O

Remark 5.8. Note that Lemma 5.7 implies that there are at most n—1 choices determining
the values Ag(g,v) for g in G and v in V in a PBW algebra 3, .. Indeed, the values of
Ag(g,v) are determined by the values A ;((i j),v;) for i < j by part (a), which are
determined by the values B = A, (Sk, vi) for 1 <k < n by part (c).
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Lemma 5.9. If the parameter function X\ satisfies PBW Conditions (1) and (3), then for
all g € G, \M(g,v1+---+v,) =0.

Proof. PBW Condition (3) implies Corollary 3.4 (4) (see the proof of [21, Cor. 3.3]), hence

ZA(Q,’UZ) ZAQ g, Vi Q+ZZ)‘g(zJ gv'Uz Z])
i=1 =1

i=1 j#i
n
=X ) _v)g+ D> (g g o) + A y(9,05))9( 5).

i=1 1<i<j<n
This vanishes by Lemma 5.5 and Lemma 5.6. g
Lemma 5.10. For the parameter function \ satisfying PBW Conditions (1) and (3),

g(i)—i+n—1
(5.11) Bi+--+B,=0 and Ag(g,v5) = Z Bivr forallge G, 1<i<n.
k=0

Proof. Lemma 5.7 with the cycle (1 2 --- n) implies that Zl<]~<n Bj = 0. For i < g(1),

g(i)—i+n—1 g(i)— i)+n—1 g(i)—
Z Bivk = Z 5k+ Z Br = Z Asi, (Sk Vk),
k=g(1)

which is just A g(z))((i 9(7)),v;) = Ag(g,v;) by Lemma 5.7. Similarly, for g(i) < i

g(i)—itn—1
Z Bivk = Bi+ Bix1+ -+ Bu+ 1+ + Byiy—1 = —(Bgs) + -+ + Bi-1),
k=0
which again is just —\ ) 2)((9(2) i),vg(i)) = A¢(g,v;) by Lemma 5.7. O

Corollary 5.12. If the parameter \ satisfies (5.11), then for any k-cycle (I1 --- lx) in G,
Air 1) (L 12),v) + Ay 1) ((2 13),v2) + -+ Ay 1) (I 11),01,) = 0.
Proof. Since (5.11) implies that
i (@ g)yvi) =Bid- -+ B+ P14+ Pj1 for1<i#j<n

(note that the sum stops at 3, when j =1 as 5, = o), the sum Zle Aty i) (i lign), o)
is a multiple of 81 + - - - 4 f3,,, which is zero by the first equality in (5.11). O

5.1. Proof of Theorem 5.2. We now have the tools to show that every PBW algebra
Hy,x has parameter A determined by the values a;; and fy.

Proof of Theorem 5.2. We show PBW Conditions (1) and (3) are equivalent to these three
facts for all g in G and all i:

(@) Agii j)(g,vi) = ayj — Yoy for all j # i,

(b) Bi+ -+ Bn =0 and Ag(g,v;) = Y01 g, and

(¢) A(g,v;) is supported on g and all g(i j) for j # i.
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Assume PBW Conditions (1) and (3) both hold. Lemma 5.10 implies (b). PBW Condi-
tion (3) implies part (4) of Corollary 3.4 (see the proof of [21, Cor. 3.3]), implying (c).

We induct on the (absolute) reflection length ¢(g) of g in G = &,, to verify (a). First, if
g = 1, then both sides of (a) vanish by Corollary 3.4(1). Now suppose g is a transposition
fixing i and j. Then o;; = Y9a;; and the right-hand side of (a) is zero; on the other hand,
PBW Condition (1) implies that

A((i §),vi)g + (i 5)Mg, vi) = Mg, v;) (@ §) + gA((i §), vi)
and we apply Lemma 5.5 to the coefficient of g,

)\1 ((Z j)’ Ui) + )‘g(z ])(97UZ) = )‘g(z ])(gvvj) + )‘1 ((Z j))vi)a

to see the left-hand side of (a) is zero. Now suppose instead g = (i k) for some k # i. Then
g=(ijk)ij)=(jk)ijk), and we use PBW Condition (1) to write A((i k),v; —v;) in
two ways and match the coefficients of (i k)(i 7):

A k)i 5 (k) v —v5) =X j iy 5 (G k)05 —vi) + M ((i j),vi —v;)  and

AG )G ) (k)0 = 05) = M ((F R), 05 = vr) + A j iy ) (05 R)svi = )
we conclude 2 1) j)((@ k), vi — vj) = 4(@ij — Yay;) and Lemma 5.5 implies (a).

To show the induction step, fix some g in G, and assume the result holds for all group

elements with smaller (absolute) reflection length. Write g = g192 for some gi, g2 in &,
with 0 < £(g1),4(g2) < £(g). PBW Condition (1) implies that

Mg, vi — vj) = Ag1g2,vi — vj) = g1, P (vi — v))) 92 + G A (g2, v — vj),
and we equate the coefficients of g(i j) = g1(g2(i) g2(j))g2 to obtain (a):
220 )(9:01) = Agli (950 = 05) = Agy(g26) 92(1)) (915 Vgai) — Vga(h)) F Agati ) (925 v — j)
=2(Payy; — MPag;) + 2(aij; — Paij) = 2(aij — Jouy) -

To prove the converse, we assume (a), (b), and (c) hold and first show PBW Condi-
tion (1). Note that (b) implies that for all g € G and for all v; € V', A\y(g,v;) coincides with
AGi (i) ((@ g(7)),v;). The right-hand side of PBW Condition (1) at v = v; is

Ay gh(i)) ((R(2) gh(i)),vn@)) gh + Z () — Yangne)) gh(i )b~ h
J:h(3)#h(i)
+ A6 nay (G (), v) gh + > (aij — "aij) ghi j).
JijFe
We apply Corollary 5.12 to the 3-cycle (i h(i) gh(i)) and the 2-cycle (i gh(i)), as well as
(b), to simplify the gh terms and obtain

=i gn(i)) (0 gh(9)), vgn(iy) gh = Agniy o) ((gh(i) @), vs) gh = Agn(gh,vi) gh.

The gh(i j) terms combine as ;... Agn(i j)(gh, vi) gh(i j). Thus Eq. (5.13) is just A(gh, v;).
The only nontrivial case in showing PBW Condition (3) is when h = g(i j) with vectors
{u,v} = {v;,v;}. To confirm that

(5.13)

Agi 1)(950i) (Vg() — Vg(i)) = Ag(i ) (95 V) (Vg(5) — V(i)

apply (a) to each side and note that (cvj — Javi;) (vg(i) —vge(5)) = (ji— i) (Vg(j) —vg()). O
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6. DEFORMING COMMUTATIVITY

Again we consider G = &,, acting by permutation of basis vectors vy,...,v, of V = F",
Working toward the classification of the Drinfeld Hecke algebras H ), in Section 7, we
described the form of A\ in a PBW deformation in the last section and we describe the form
of k here. We again take n > 2 in this section (see Section 8 for n = 1,2, 3) and fix linear
parameter functions

k: VRV —>FG and A:FG®V — FG, with x alternating.

We use the PBW Conditions (1)—(5) of Theorem 3.2. The next lemma measures the failure
of K to be invariant and follows from Theorem 5.2.

Lemma 6.1. Assume PBW Conditions (1) and (3) hold for the parameter function X.
Then PBW Condition (2) is equivalent to

K(vi, Yv5)g — gr(vi,v) = Y Caije — o) g (05 k) — (i k ) for all g € G, i # j.
ki,

Proof. We rewrite the right-hand side of PBW Condition (2) with v;,v; in place of u,v
using Theorem 5.2. Lemma 5.7 implies all terms vanish except those with group elements
g(i j k) and g(i k 7). The coefficient of g(i j k) is

> ((@jk — Jagp) (o — Taig) — (aij — Jaig) (e — Tair) — (e — Tair) (g — gajk))
k#i,5

which simplifies to 9a;j;, — ok since a;; = —aj;, ete. Likewise, the coefficient

> ((Oéjz‘ = Jagi) (i = Joyr) — (e — o) (i — Tair) — (e — i) (o — g%‘z’))
ki,

of g(i k j) simplifies to —(Yayjr — ;) and we obtain the right-hand side of the equation
in the statement. g

Lemma 6.2. If H) . satisfies the PBW property, then for all distinct i, j, k,
K k) (Vi) = K § (U5, 0k) = K (k) = Kk ) (Vi V) = =K k) (Uks Vi) -
Proof. We use Theorem 3.2. PBW Condition (4) with g = (i j k) implies that
ki j i) (i 03) (Vi = vk) + K g k) (V55 v6) (0 — vi) + K j ) (ks vi) (uk — v5) =0,

giving the first two equalities. Set g = (¢ j) in Lemma 6.1 (whence Yo = oy, and the
right-hand side vanishes), and consider the coefficient of (j k) to deduce the third equality.
For the final equality, recall that x is alternating. ]

Proposition 6.3. If K, . satisfies the PBW property, then k is supported on 3-cycles, and
R v) = Y kg w05 k) = (i k j)  fori#].
ki

Proof. We first show that k is supported on 3-cycles using Theorem 3.2 and Lemma 6.1.
By Corollary 3.3, k4 = 0 unless g is the identity, a transposition, the product of two disjoint
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transpositions, or a 3-cycle. Assume some kg4 (v;,v;) # 0 (so i # j). Corollary 3.3 in fact
implies that g must be

lg, (1 7), (G k), ty)(kl), (i k)(gl), (ijk), or (i kj) forsomek #1andk,l & {i,j}.

Let g = (7 j) in Lemma 6.1 and equate the coefficients of 15 to conclude that
K 4y (v5,vi) — K j)(vi,v5) =0,

which implies r(; j)(vi,v5) = 0 as k is alternating and char(F) # 2. Similarly, we equate
the coefficients of (¢ j) to deduce that x1(v;,v;) = 0 and the coefficients of (k [) to deduce
that k¢ jy 1)(vi, v;) = 0. Likewise, set g = (i j)(k [) and equate coefficients of (i I)(j k) to
see that x(; 1(; 1)(vi,v;) = 0. To verify that r(; 4)(vi,v;) = 0, on one hand we notice that
K(j k) (Vi v5) = K gy (vi, vg) after setting g = (j k) and equating the coefficients of 1¢, and
on the other hand we notice that x; 1 (vi,v;) = —K(j &) (vi, vx) by PBW Condition (4) with
g = (j k) and vectors v;,v;, and vj. Hence by Lemma 6.2,

k(i vg) = > K g0 § k) + gk ) (vsv) (k)
ki j

- Z ki g k(i) (0§ k) — (@ k j)).

ki,

The next proposition gives an explicit formula for x(v;,v;) when H, , is PBW.
Proposition 6.4. If H, . satisfies the PBW property, then
k(vi,v5) = Z (i + 51 2 3)(v1,v2) — on23) (i j k) — (i k §)) fori# j.
k#i,j

Proof. By Theorem 3.2, we may use Proposition 6.3 and Lemma 6.1 to write gx(v;, v;) in
two ways and then equate the coefficients of ¢g(i j k) for distinct 4, j, k in {1,...,n}:

ki j k) (Vi 05) = Ky j kg1 (Vg(i) V() — I ijh + ijik-

In particular, for g = (i 1)(2 7)(3 k), k¢ j k) (vi,v5) = K@ 2 3)(v1,v2) — @123 + Qjjk, and
Proposition 6.3 implies the result. ]

Corollary 6.5. If k is defined as in Proposition 6.4, then for all distinct 1, j, k,

K k) Wi ) = K6 (V5 0k) = K g (k) = Kk ) (Vi V) = =K k) Uk, Vi) -

7. CLASSIFICATION

We now give the classification of Drinfeld Hecke algebras for the group G = &,, acting
on V = F" by permuting basis vectors vy,...,v, of V. Recall that 2 # char(F) > 0. We
assume n > 2 in this section for ease with notation; see Section 8 for the cases n = 1,2, 3.
We show that every Drinfeld Hecke algebra has relations of a particular form based on
parameters a;;, by and ¢ in F.
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Definition 7.1. For any ordered tuple of scalars in F,
p=(aij,bp,c: 1<i<j<n, 1<k<n),
let H,, be the F-algebra generated by V and FG with relations

g(i)—i+n—1
(7.2) gvi — Jvig = Z bivk g+ Z(alj — g g(j)) 9(i J) for g € G,1 <i <,
k=0 i
(7.3) ViV — VU = Z (c—ajes + aijk)((i jk)—(k ])) for1<i#j<n
[y
where a;ji, = Q;jajk + A0k + QRiij, a5 = —ag;, and by, = —(by + -+ + by_1) with indices

on b taken modulo n.
We show that the above algebras 3, make up the complete set of Drinfeld Hecke algebras:

Theorem 7.4. For any Drinfeld Hecke algebra Hy . for G = &,, acting on V = F" by
permutations, there is an ordered tuple p = (a;j,bg,c: 1 <i < j<mn,1 <k <n) of scalars
so that Hy ., = 3. Conversely, for any choice j1 of scalars, H,, is a Drinfeld Hecke algebra.

Proof. First assume H ,; satisfies the PBW property for some parameters A and . Let 3,
be the algebra of Definition 7.1 for 1 = (asj, by, c) defined by

aij = 1M ((i §),vi —v)) for1<i<j<n,
b= Ak k) (kK k+1), 00 —vgpy1)  for 1 <k <n,
c= K 23)(v1,v2), and
Qijk =  Qi5Q5k + Q0K + QK55 .

Using Theorem 3.2, we replace «;; and (8 with a;; and by, respectively, in Theorem 5.2 to
see that A defines the right-hand side of relation Eq. (7.2). Lemma 6.1 implies that

(i j k)g_l(vg(i),vg(j)) — K(i j k)(vi,vj) = gaijk — Q4jk for all g < G.
(2 7)(3 k) to see that

g
Let g = (1 1)
K 2 3)(01,172) — K@i j k)(viavj) = Q123 — @jjk-
Proposition 6.3 then implies that & gives the right-hand side of Eq. (7.3). Thus Hy , = H,,.
Conversely, fix an algebra J(,, and set A\(g,v;) equal to the right-hand side of Eq. (7.2)
and set k(v;,v;) equal to the right-hand side of Eq. (7.3) for all 1 <1 # j <n and g in G.
Extend A and & to linear parameter functions A : FG® V — FG, k: V ® V — FG so that
Hy = Hy k-
We show that H , is a Drinfeld Hecke algebra by verifying the five PBW Conditions of
Theorem 3.2. Results from previous sections (with «;; = a;; and S = by) apply. Theo-

rem 5.2 implies that PBW Conditions (1) and (3) hold. PBW Condition (2) is equivalent
to the equation in Lemma 6.1; we examine the coefficient of each g(i j k) and find that

Ik 1y (isvj) = K k(i v) = (Yag, + ¢ — a123) — (aije + ¢ — a123) = Jayr — agp
as desired. The coefficients of g(i k j) are likewise equal in this equation and every other
term trivially vanishes, giving PBW Condition (2).

PBW Condition (4) is trivial except for g = (i j k) and v;, v; and vi. By Corollary 6.5,

K@i j k) (Vi = v5) vk, k) + K6 ey (07 — ok) (Tvi,0i) + K 5o (o — i) (Fvg,05)

=k j k) (Vi v5) (Vi —vk) + K6 ey (v, 0R) (V7 — vi) + K gy (Vs vi) (0 — v5) = 0.



14 N. KRAWZIK AND A.V. SHEPLER

To verify PBW Condition (5) with v;,v;, and vy, it suffices to consider the coefficients
of three group elements, namely, (i k j m), (i k), and (i j k) with indices distinct, as other
terms all vanish. The coefficient of (i k j m) vanishes: one need only expand

K@i j m) (vi, vj)(ar; — ak;) — K@ k j)(vi7vk)(ajm — Qim)
— K¢k m) (V) V) (@im — Qi) = K@ m k) Uk, vi) (@i — ajm)
= (¢ — a123 + aijm)(ar; — agj) — (¢ + —a123 + aikj) (@jm — Gim)
— (¢ — a123 + ajkm) (@im — air) — (¢ — a123 + Qimk) (a5 — Qjm)
= ai(@ijm — Wjkm) + Ak (Qimk — Qijm) + Gjm(Qimk — Qikj) + Ami(@jpm — aix;) = 0.
The coefficient of (i k) is just
ki k) (0, 05) ((aig — agi) + (agi — arg) — (ary — azi) — (az, — aij)) = 0.
The coefficient of (i j k) vanishes as well by Lemma 5.6:
ki j k) (i 05) - A gy (0 F k), i+ v+ o) = 0.

Hence H,, satisfies the PBW property by Theorem 3.2.
O

Corollary 7.5. For n > 2, the Drinfeld Hecke algebras for &, acting on F™ constitute a
family defined by %(n2 +n) parameters in F.

8. DRINFELD HECKE ALGEBRAS FOR THE SYMMETRIC GROUP IN LOW DIMENSIONS

We now give the Drinfeld Hecke algebras more explicitly for G = G,, acting in dimensions
n < 3 by permuting basis vectors vi,...,v, of V= F". They all arise from an invariant
parameter k.

One dimension. The Drinfeld Hecke algebras H, . for n = 1 are all trivial: Theorem 3.2
forces Kk =0 and A = 0 and

Haw = Hopo = Flvr, ..., 00]#G.
Two dimensions. The Drinfeld Hecke algebras K . for n = 2 constitute a 2-parameter
family given by
Hop =F(v,g:v € V>/(92 —1, vivg — vouy,
(12)v; — v2(12) —a—0b(12),
(12)vg — v1(1 2) +a+b(1 2)),
for arbitrary scalars a,b in F. This follows from Theorem 3.2 which forces A((1 2),v1) =

—A((1 2),v2) and k(vi,v2) = 0 as k(vi,v2) = K(va,v1) with char(F) # 2.

Remark 8.1. Note that if we were to allow char(F) = 2 = n, we would find instead a
4-parameter family of Drinfeld Hecke algebras: for arbitrary a,b,c,d in F,

Hapea=Flv,g:ve V)/(g2 —1, vivg —wvou; —c—d(1 2),
(1 2)vy — v2(1 2) —a—b(1 2),
(12)vy — v1(1 2) —a—b(1 2)).
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Three dimensions. The Drinfeld Hecke algebras I, ,, for n = 3 constitute a 6-parameter
family:

Proposition 8.2. Let A : FG®V — FG and Kk : V®V — FG be linear parameter
functions with k alternating. The algebra H) ,; generated by a basis vi,v2,v3 of V and FG
with relations

vv; — Vv = K(v;,v5)  and  gup — vig = N(g,v;) forge G
satisfies the PBW property if and only if there are scalars ay,asz,as, by, bs, c in F with
k(vi,v;) =c((i j k) — (i k j)) for alli,j, k distinct
and X\ is defined by

M1 2),v1) =a1+b1(12) — (a2 +a3)(132), A(23),v1) = (a1 +a3)((132)+(123)),
A1 2),v9) =—a; —b1(1 2) 4+ (a2 +a3)(1 2 3), A(23),v2) =as +b2(2 3) — (a1 +a3)(1 3 2),
(1 2),v3) = (a2 +a3)((1 32) — (1 2 3)), AM(23),v3) =1+ (23)—(123),
(1 3),v2) = (a1 +a2)((1 32) — (1 2 3)), A((1 3),v1) = —az — bs(1 3) + (a1 +az)(1 2 3),
(1 3),v3) = ag — (a1 + a2)(1 3 2) + b3(1 3),

A((1 2 3),v1) = (a1 — a2)(1 3) — (a3 + a2)(2 3) + b1(1 2 3),

A((123),v2) = (ag +a3)(1 2) + (az — a1)(1 3) + ba(1 2 3),

A((1 2 3),v3) = (a2 +a3)(2 3) — (az +a3)(1 2) + b3(1 2 3),

AM(1 3 2),v1) = (a2 —a3z)(1 2) + (a1 — a3)(2 3) — b3(1 3 2),

A((1 3 2),v2) = (a3 —a1)(2 3) + (a2 —a1)(1 3) — ba(1 3 2),

M(132),03) = (a1 — az)(1 3) + (as — az)(1 2) — by (1 3 2),

where by = —(by + b2).

Proof. Theorem 7.4 implies that r(; ; 1) (vs,v;) is determined by a;ji, — a123, but for distinct
i,7,k, a;jr = ai23 since a;; = —aj;, which implies that s is defined as indicated. The
parameter A is defined as in Theorem 7.4 with a1 = a12, as = ao3, and a3z = as. O

9. COMMUTATIVITY UP TO AN INVARIANT PARAMETER

We saw in Section 4 that Drinfeld Hecke algebras in the nonmodular setting all arise
from a parameter xk which is G-invariant. Again, let G = G,, act on V = F” by permuting
basis vectors v, ...,v, of V. In Section 8, we observed that the Drinfeld Hecke algebras in
the modular setting in low dimension (n = 1,2,3) also all arise from a parameter x which
is G-invariant. By Theorem 7.4, other Drinfeld Hecke algebras ) , with more general
parameters A and k arise, but here we investigate those with x invariant. We assume n > 2
in this section. Note that by PBW Condition (2), the invariance of x forces

0= )\()\(g,v),u) — )\()\(g,u),v) for w,weV, gedG.

Again, we take indices on b modulo n.
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Corollary 9.1. An algebra H, ,, satisfies the PBW property with  invariant if there are
scalars ¢, d, a1, bj in F for 1 <i<mn, 1 <7 <n, with the a1; distinct, such that

/@(vi,vj):cZ(ijk)—(ikj) for 1<i#j<n, and
ki,
g(i)—itn—1
Mgv) = Y biskg + Y (a5 — agug) 9(i j)  for 1<i<n,
k=0 i

d+aiiar; . L
where a;; = ﬁ fori,jg#1,i# 7, a1; = —ap, and by = —(by + -+ - + bp—1).

Proof. Consider the ordered tuple p = (aj,bg,c:1 <i<j<n,1<k<n)andlet 3,
be the PBW algebra of Theorem 7.4. A calculation confirms that a;j; = aija;i + ajpar; +
ayia;j = d for all distinct 4, j, k and thus a;jx — ai23 = 0, implying that 3}, = H), . Thus
) . satisfies the PBW property and one may check the invariance of x directly. O

Proposition 9.2. The algebra Hy o satisfies the PBW property for A : FG @ V. — FG
defined up to scalar in F by

Mg, vi) = (g(i)—i)g foralgeG, 1<i<n.

Proof. In Theorem 7.4, set a;; =0, c=0,and by =1l foralll1 <i<j<n, 1<k<n
Then k vanishes and A(g, v) is supported on g with

g(i)—itn—1
Mgvi)= > big=(g(i)—i)g,
k=0
as b, = —(n—1). For a scalar multiple, just choose the same constant for all by, k <n. O

Note that the converse of Proposition 9.2 fails: There are examples of PBW algebras
Hx o with A taking other forms.

Corollary 9.3. If H) o satisfies the PBW property, then so does H) . for
k:V®V —>FG defined by f@(vi,vj):z:(ijk:)—(ikj) for i #j.
ki, j

Proof. By Theorem 7.4, there is an ordered tuple p = (a;j, by, c:1<i<j<n,i <k <n)
so that H,, = Hy . Observe that ¢ = a123 — a;j; for all distinct 7,7, k. Set ¢ = ¢+ 1 and
consider the ordered tuple p' = (agj, b, ¢’ : 1 < i < j < n,i <k <mn). The algebra I,
satisfies the PBW property by Theorem 7.4. Since ¢’ — a123 + ai;, = 1 for all distinct ¢, j, k,
H,» = H, x for k as given in the statement, and H) . satisfies the PBW property. g

We end by highlighting a handy 2-parameter family of Drinfeld Hecke algebras.

Corollary 9.4. The algebra generated by v in V =F" and FG with relations
gui — Jvig=a(g(i) —i)g and viv; —vjv; =b Z (tjk)—(Gkj) forallgeG,i#j
ki, j

satisfies the PBW property for any a,b in F.

Proof. Use Theorem 7.4 with a;; =0,c=1,and by, = 1foralll <i<j<n,1<k<n. 0O
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