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JA COBIANS OF REFLECTION GR OUPS

JULIA HARTMANN AND ANNE V. SHEPLER

Abstra ct. Steinberg showed that when a nite reection group acts on a
real or complex vector spaceof nite dimension, the Jacobian determinant of
a set of basic invariants factors into linear forms which de ne the re ecting
hyperplanes. This result generalizes verbatim to elds whose characteristic is
prime to the order of the group. Our main theorem gives a generalization of
Steinberg's result for groups with polynomial ring of invariants over arbitrary
elds using a rami cation formula of Benson and Crawley-Bo evey.

1. Intr oduction

The advent of modern algebra owes much to invariant theory. Many of our
classicaltheoremsarosefrom Noether's investigations of a nite group G  GI(V)
acting linearly on an n-dimensional vector spaceV over a eld F. The action of G
inducesa natural action on the polynomial ring F[V] = Sym(V ). Noether shoved
that the ring F[V]® of invariant polynomialsis nitely generatedasan algebra. We
are interested in the casewhen generatorsof F[V]® are algebraically independen:
we say that G hasa polynomial ring of invariants if F[V]® = F[f;:::;f,] for
some homogeneouspolynomials f; called basic invariants. Although there are
many choicesof basic invariants, their degreesare unique, and thus the integers
degf; 1;:::;degf, 1 depend only on the group. We call these integers the
exponents of G. When G has a polynomial ring of invariants, we de ne the

nonzero(see[Ben93 5.4]) and well-de ned up to a nonzeroelemern of F depending
on the choice of basic invariants and basisfzjg of V . In this article, we examine
the structure of the Jacobiandeterminant J. No assumptionis made on the ground
eld F.

Elements of nite order in GI(V) which x a hyperplane pointwise are called
re ections . (We considerthe identity a re ection.) For any subgroup G of GI(V)
and hyperplaneH in V, de ne

Gy=f 2G: jH = idng;
the pointwise stabilizer of H in G. The hyperplanesH for which Gy is nontrivial

are called re ecting hyp erplanes of G. For ead hyperplaneH in V, let Iy in
V be alinear form with kerly = H.
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In Section 2, we examine the set of root vectors of re ections about a common
hyperplane. Our analysis shows that every nite subgroup of GI(V) which xes a
hyperplaneH in V pointwise has a polynomial ring of invariants and the Jacobian
determinant is a power of Iy .

Our main result (Theorem 3.4) statesthat if G GI(V) is a nite group with
a polynomial ring of invariants, its Jacobian determinant factors as a product of
linear forms de ning the re ecting hyperplanesof G. The multiplicit y with which
ead linear form |y occursis the sum of the exponerts of Gy .

This theorem hasroots in the rich theory of re ection groups. A nite subgroup
of GI(V) is are ection group if it is generatedby re ections, and the collection
A of its re ecting hyperplanesis called the re ection arrangemen t. In the
nonmo dular case, i.e., whenthe characteristic of F is prime to jGj, a well-known
theorem of Serreand Shephard, Todd, and Chevalley (see[Smi95 Ch. 7]) statesthat
a nite subgroupof GI(V) isare ection group if and only if it hasa polynomial ring
of invariants. Steinberg [Ste6( showed in this casethat the Jacobian determinant
of a set of basicinvariants factors into powers of linear forms de ning the re ecting
hyperplanes:

Y
J = 1)

H2A

(we write a = bto indicate that a and b are equal up to a nonzeroconstart). In
particular, the above factorization holds for all Weyl groups, Coxeter groups, and
complexre ection groups (see[0OT92, Thm. 6.42]). In the nonmodular case,eath
Gy is a cyclic group and the only nonzeroexponert of Gy isjGyj 1.

Serre [Ser67 showed that in arbitrary characteristic, every nite subgroup of
GI(V) with a polynomial ring of invariants must be generatedby re ections. The
conversemay fail when the characteristic of F divides the order of G (for example,
see[KM97]). Unfortunately, Steinberg's characterization of the Jacobian deter-
minant in terms of the integers jGyj no longer holds over arbitrary elds. The
stabilizer subgroups Gy may not be cyclic, in which casethe integersjGyj 1
asH runs over all re ecting hyperplaneswill usually not sum to the degreeof J.
This is no surprise, as the classof re ections is larger in somesenseover an arbi-
trary eld than over a characteristic zero eld. The re ections in GI(V) not only
include diagonalizable re ections (with a single nonidentity eigervalue), but also
transv ections , re ections with determinant 1 which can not be diagonalized. The
transvections in GI(V) prevernt one from developing a theory of re ection groups
mirroring that for Coxeter groupsor complexre ection groups. (For example,even
if a re ection group hasa polynomial ring of invariants, the JacobianJ may be in-
variant or lie in the Hilb ert ideal generatedby the basicinvariants|see Section4.)
If G lacks transvections, then it sharessomecharacteristics with re ection groups
over characteristic zero elds, for example, the pointwise stabilizer of any hyper-
plane in V is cyclic. One can deducethat Steinberg's description remains valid in
this special case(see[Har01]).

Theorem 3.4 implies a statemert conjectured by Victor Reiner: if G hasa poly-
nomial ring of invariants, then the zerolocus of the Jacobiandeterminant is exactly
the union of the re ecting hyperplanes. Reiner, Stanton, and Webb [RSWO04] use
this corollary in generalizing Springer's theory of regular numbersin characteristic
zeroto arbitrary elds.
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2. ONE HYPERPLANE

In this section, we consider nite groups G GI(V) that x a hyperplane H
in V pointwise and we investigate how the geometry of root vectors determines
the group structure. It is easyto seethat sud groups have polynomial invariants
in characterisitic zero. Landweber and Stong [LS87] prove that the sameholds in
nonzero characteristic. We give a constructive proof of this fact which also shows
that the Jacobian determinant of a set of basic invariants de nes the hyperplane.

An explicit description of the basic invariants over elds of prime order can
be found in Smith [Smi95, Chap. 8], for example. Unfortunately, parts of the
description (end of Section 2 in [Smi95) do not extend to other ( nite) elds (see
Example 4.1 in the last section).

Let H be a hyperplane in V de ned by somelinear form |y 2 V . For any
re ection 2 GI(V) which xes H pointwise,let v bethe root vector of (with
respect to Iy ) de ned by

(V)=v+Iyg(v)v forallv2 V:

Note that a transvection is a re ection whoseroot vector lies in its re ecting hy-
perplane,i.e., Iy (v ) = 0 (seefor example [NS0Z, section 6.2). For any set S of
re ections, let R(S) be the corresponding set of root vectorsin V. (Of courseR (S)
dependson our choiceof Iy .)

If char(F) = 0, then any group G which xes a hyperplane pointwise is neces-
sarily cyclic and its order equalsthe maximal order of a diagonalizable re ection
in G (which then generatesG). When char(F) > 0, a group G which xes a hyper-
plane pointwiseis a semidirect product of the normal subgroupK generatedby the
transvections (the kernel of the determinant map) and a cyclic subgroup generated
by a diagonalizablere ection  of maximal order. The next lemma givesthe order
of G in this case.

Lemma 2.1. Assumethat char(F) = p> 0. SuppseG GI(V) is a nite group
which xes a hyperplane H in V pointwise. Let be a diagonalizablere ection in
G of maximal order with ¢ = det( ). Let K E G be the sulgroup genesated by the
transveetions in G. Then

(1) The action of on K by conjugation translatesinto multiplication by c
on R(K) and thereby endowsR (K ) with the structure of an Fy(c)-vector
space.

(2) T K isaminimal setsatisfying G = hT; i if andonly if R(T) R(K)
is a basis for R(K) over Fy(c).

(3) The group G has order j¢ jFp(0)j¢, where d is the minimal numkber of
transvestions needed to geneate G together with

Proof. If and are both re ections about H, then the root vector of the product
is a linear combination of the root vectors:

() V. =cCcV+v,

wherec = 1+ Iy (v ) is the nonidertity eigervalue of (if is not a transvection)

or the eigervalue 1 (if  is a transvection). In particular, v. = v + v for all
2 G, 2K. Notethat v = cv 1. Fix sometransvection in K. An easy

computation then shows that

() v : = c¢v andthus v i1:m = cvm = (MC)V
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form2f0;1;:::;p 1g.

We claim that the root vector of any elemert in the subgrouph ; i must lie in
the Fp(c)-spanof v and v . Indeed, we can write the elemert asa product of the
generators and and useEquation ( ) repeatedly. In particular, the root vector

of atransvectionin h ; i liesonH and thus must be an Fy(c)-multiple of v alone
(asv lieson H but v doesnot). On the other hand, any Fp(c)-multiple of v is
the root vector of sometransvectionin h ; i: if e= j¢ and

v=(mic+ Mo+ i1+ mec®) v for somem; 2 f0;1;:::;p 1g;
then v is the root vector of the transvection
( 1 mq 1)( 2 my 2) ( e Me e)

in h; i by Equation ( ). Sinceead transvection about H is determined by its
root vector, the transvectionsin h ; i correspond bijectively to the Fy(c)-multiples
ofv .

More generally, if 1;:::; x are transvections in G, then a similar argumen

root vectorsof someset T form an Fy(c)-basisof R(K ), then T is a minimal subset
of K generating G together with , which proves(2).
Finally, if R(T) is a basisof R(K) over Fp(c) for someT K, then

K= IR (K)j = jspan:, o R(T)j = jFp(0";

and hencejGj = j j jKj=jqg jFp(c)iTl.

it inducesan additive homomorphismK' ! K. The following lemma is neededin
the proof of Proposition 2.3 to inductiv ely construct basic invariants.

Lemma 2.2. LetF be @2 eld andlet A F be a nite additive sulgroup. Then
the polynomial f (X)) = (X + a) 2 F[X] is additive.
a2A

Proof. Considerthe polynomial
FX;t):= f(X +1) f(X)=am 1(OX™ T+ 0+ a ()X + ag(t);

where t is another variable and the a are polynomials in t. Note that ag(t) =
F(O;t) = f (t) by de nition, and deg(a) < m fori 1. But F(X;to) = 0 for all
to 2 A, sincef (X + tg) = f(X) by de nition of f. Hence,for every to 2 A, the
coe cien ts a;(to);:::;am 1(to) are all zero. Thusfori 1, the polynomial a(t)
has at least m zeroes. Since eath a; has degreeat most m 1 in t, it must be
identically zero. This shows that

fX+1) F(X)=F(X;t)=ao(t) = f(1);

and sof is additive.
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The readerwho is familiar with the Landweber-Stonginvariants over prime elds
is encouragedto peruseExample 4.1 in the last section before consideringthe next
proposition and its proof.

Prop osition 2.3. Let H V be a hyperplane de ned by somely 2 V . Let
G GI(V) bea nite group xing H pointwise. Then
(1) The group G has a polynomial ring of invariants.
(2) The Jacobian determinantis J = |,'; where m is the sum of the expnents
of G.

Proof. The group G is generatedby a diagonalizablere ection  with eigenvalue ¢ of

For k = 0, these claims are satis ed by setting f, = z5 and f; = z fori < n.
Note that theseare alsothe basicinvariants when the characteristic of F is zero(as
G = h i in this case).

Let k 0 and assumethe induction hypothesis holds for the group G with
F[V]®* = F[f1;:::;fn]. Let d bethe degreeof each f; and let = 41 . By our
choice of basis, (zj) = z + ajz, for somea; 2 F wheni < nand (z,) = z,. For
i < n, eadh f; is additive over the in nite eld F(z,), and thus

for somely 2 F (note that the secondsummand only dependson the variable z,).
Thus iy = 0 exactly when f; is invariant under

0= fi+ K™ wheretf= b=if ™",
The constarts kP are chosenso that ead fC is invariant under . The degreesof

and ; 1;:::; k (aseat f; 2 F[V]®k). Hence,f2;:::;f 0 areinvariant under Gy .
We take the product over the orbit of f1 to produce a polynomial f ? invariant
under . Dene Y
h(X)= (X +azy") 2F(z)[X];
az2A
where A = Fp(c)by = fb byj b2 Fy(c)g. By Lemma 2.2, h(X) is additive as a

in F(zy)[z1;:::;20 1] asit is the composition of additive homomorphisms. The
polynomial f? is invariant under (by its very de nition) and invariant under
1;::1; k sinceboth f; and z, are. The polynomial f? is also invariant under the

diagonalizablere ection  since (f1) = f1, (zn) = ¢ 'z,, and A is closedunder
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multiplication by Fp(c). (In particular, f{ is a polynomial in f; and f,.) Hence,
fO::,f92 F[V]Cka .

@’

J(EL 80 = J(fy;iinify) det =1

@,
The matrix (@iO:@,-) is upper triangular with determinant %f. Sinceh is additive
as a polynomial in F(z,)[X] by Lemma 2.2, every exponert of X in an expansion
of h is a p-power (see[Lan02], VI x12, for example). If we expand f? = h(f;)
as polynomial in f1 and z,, every exponert of f; will thus also be a p-power. In

particular *, o
o=@, = PP 1 z00Al D,
and hence ]
J(E& i f0) 2 J(Fy;iefy) 28UAL D
By the induction hypothesis,J(f1;:::;fn) is a power of z, and the exponert of z,

is the sum of the exponerts of Gx. Substituting this into the last equality shows
that assertion (2) holds for Gx+; and thus for G by induction. The polynomials
fO:::;f9 form a set of basic invariants for G,y if and only if J(fQ:::;f9) is
nonzeroand the product of the degreesof the f Ois the order of the group Gy.1 (for
example, see[Kem96, Prop. 16]). By Lemma 2.1 and the induction hypothesis,

degf{ degf? = jFp(c)jdegf,degf, degf, = jFp(C)jiGkj = jGks1i;
and (1) follows.

The proof of Proposition 2.3 shows an interesting fact. The polynomials f;,

Thus, if we choosebasic invariants of G wisely, we needonly adjust one of them
to produce basic invariants for Gy.1 :

Corollary 2.4. LetG GI(V) be a nite group which xes a hyperplaneH in V
pointwise. Let G°= hG; i whee 2 G is atransvetion about H. Then there exist

form a set of basic invariants for G (in particular, all basic invariants for G exaept
one can be chosento be invariant under G9).

3. The Jacobian Factors

In this section, we considera nite group G  GI(V) with a polynomial ring of
invariants. We show that the Jacobian determinant factors into powers of linear
forms de ning the re ecting hyperplanes. We begin with an easy consequenceof
Proposition 2.3:

Lemma 3.1. Assumethat G GI(V) is a nite groupwith a polynomial ring of in-
variants. Let A be there ection arrangementof G. Then the Jacobian determinant
is divisible by Y

I H -
H 1
H2A

where each m, is the sum of the expnents of the pointwise stabilizer G .

1one can use the fact that Fp(c) is the splitting eld of the polynomial XJAl X to compute
the coe cien t; we do not use this coe cien t in what follows.
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Proof. Fix somere ecting hyperplane H 2 A. By Proposition 2.3, G4 has a
polynomial ring of invariants and

claim then follows sincethe linear forms Iy for dierent re ecting hyperplanesare
pairwise coprime and F[V] is a unique factorization domain.

We next verify that we have found all factors of J. We compare degreesusing
the following version of the rami cation formula of Benson and Crawley-Boewey
(Corollary 3.12.2in [Ben93):

Lemma 3.2. Assumethat G GI(V))i(s a nite group. Then

G (FIVI®) = jGuj  (FIVI®™)
H V
(the sum runs over all hyperplanesin V). Here (M) denotesthe coe cient of
W in the exmnsion at t = 1 of the Poincare series of a nitely geneated

F[V]®-module M .
We apply the above lemma and obtain

Lemma 3.3. Assumethat G GI(V) is a nite groupwith a polynomial ring of in-
variants and let A ke its re ection arrangement. Let J be the Jacobian determinant
of G. Then X
degd) = my;

H2A
where each m, is the sum of the expnents of the pointwise stabilizer G .
Proof. By Proposition 2.3, eadh Gy has a polynomial ring of invariants. The

product of the degreesdiH of basic invariants for Gy equalsthe order of Gy by
[Kem96, Prop. 16]. Consequetly,

1 1 X . o
sdedd) = 5 (d 1= iG] (FIV]®)
i=1
= iGui (FIVI®") by Lemma 3.2
H
X 1 X 1 X
= Guige— @ 1= m,
H AGuj 1, 2

which provesthe claim.
The main theorem is a direct consequence.

Theorem 3.4. Assumethat G  GI(V) is a nite group with a polynomial ring of
invariants. Then the Jacobian determinant J factors into a product of powers of
linear forms de ning the re ecting hyper&lanes. In fact,
J = I
H2A

where m, denotesthe sum of the expnents of the pointwise stabilizer Gy .
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Proof. By Lemma 3.1, the right hand side of the equationdivides J. By Lemma 3.3,
both sideshave the samedegree. Thus they are equal up to a scalar.

We immediately obtain

Corollary 3.5. Assumethat G  GI(V) is a nite group with a polynomial ring
of invariants. Then the zem set of the Jacobian determinant is the union of all
re ecting hyperplanesof G.

Remark 3.6. There is a geometric proof of Corollary 3.5 suggestedoy W. Mess-
ing: Sincethe extensionof quotient elds Quot(F[V])=Quot(F[V]®) is separableof
degreejGj, the assaiated quotient morphism :V I V=G is an etale covering in
a neighborhood of a point v 2 V if and only if G acts freely on v. By (a variant of)
a theorem of Serre, this happensif and only if v avoids all re ecting hyperplanes.
SinceF[V]® is a polynomial ring, is a morphism of a ne varieties, and thusit is
etale near v if and only if the Jacobian matrix evaluated at v is invertible, i.e., has
nonzerodeterminant. See[RSWO04] for the full argumen.

4. Examples

We rst give an exampleto illustrate Lemma 2.1 and Proposition 2.3 and alsoto
clarify what goeswrong with the proofs of Theorems8.2.14and 8.2.19in [Smi95
whenthe ground eld doesnot have prime order. Wethen give examplesillustrating
Theorem 3.4.

Example 4.1. Considerthe group G Gl (F) generatedby the matrices
0 1 0 1 0 1

1 0 a 100 10 ¢
A=@ 1 0A; B=@ 1 bA; and C=@ 1 cA
0 01 0 01 0 01

whereF = Fy(a;b;c) for somenonzeroa, b, cin F. The group G xes the hyperplane
de ned by the equation zz3 = 0. Lemma 2.1 is transparent in this example: The
set R(G) of root vectorsof G is just the Fy-spanof (a;0; 0); (0; b;0) and (c;c;0) in
F3. The minimum number of vectors neededto spanR (G) is exactly the minimum
number of group elemeris neededto generateG. Thus, G can be generatedby d
elemerts and no fewer if and only if the dimension of R(G) over F, is d.

Assume A, B, and C form a minimum generating set for G. (In other words,
either a and c are independert over F, or b and c are independert over Fp.) The
group G hasa polynomial ring of invariants with basic invariants

1 1 1).
fi= (2 a z;Z8 P P Y@t P )P &Pz HAP Y,
Pt ol

— 1 1
f2 - (Zg U) 222,3) ) W

2 o 'znzh )
f3 = Z3:

Thesebasicinvariants are given by the proof of Proposition 2.3.

In the special casewherea = b= 1 and c is algebraic over Fy, but ¢ 2 F,, the
group G is de ned overthe nite eld Fp(c) = F, yet Theorem 8.2.14and the proof
of Theorem 8.2.19in [Smi9Y do not describe the group and basic invariants.

Example 4.2. Let F bethe nite eld Fq andlet A be the set of all hyperplanes
in V = F". For each hyperplane H, choosesomely 2 V with kerly = H, and
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let Q be the product of all theselinear forms: Q = QHZA Iy . Then Q hasdegree
Al = jViFF j=(d" =g 1:

The group G = Gl,(F) is generatedby re ections about all hyperplanesin V.
The invariants of G form a polynomial ring: F[V]® = F[f1;:::;f,]; wherefi.; is
the Dickson polynomial

X Y
dhi = \
W Vv V‘2 VvV ;
codim W =i Viw 60

of degreeq” ¢ (for example, see[Ben93 Prop. 8.1.3]).
Note that f; = dn.o = Q9 L.
Fix somehyperplaneH in V and let Gy be its pointwise stabilizer in G. In an
appropriate basis (with z, = Iy), F[V]®" = F[uy;:::;u,] where
ui=z" 291z for i<n and u, =2z3 ?*
(see[LS87)). Note that the sum of the exponerts of Gy is

my=(M 1@ H+@ 2)=n(q 1) &L

@i=@ = (@=@;)(@;=@)
i
is divisible by z4 2 if k = n and divisible bbzﬁ 1 otherwise. Hence,J = det(@;=@x)
is divisible by z,™ . As H wasarbitrary, ~,,, |5 dividesJ. But onemay ched
that

degJ = degQ (n(q 1) 1);

and thus Y
J = Qn(q 1) 1 = |HmH:
H2A
Alternativ ely, one can use the description of the Dickson invariants in terms of

Vandermonde-like determinants givenin [Wil83, Prop. 1.3]to verify that z(? P *

divides J: 8

- q .
E k = det Zi i=0;:n; i6k ?
j=1;n
dwk = kT where i'
— q
= det 7' .., 1

Apply the quotient rule to @@ (dn:k ) and expand @@;( ) and @G@;() about
the i-th row. If i 6 n, then z3*! divides @@;( «) and @@;() and hencez§ !
divides @@ (dnx ). If i = n, expand ¢ and about the n-th row and cancel
terms to seethat zg 2 divides @@;(dn;j ). The last column of this Jacobian matrix
is divisible by z§ 2 and the other columns are ead divisible by z$ 1.

The Jacobian of the Dickson invariants was also examinedby K. Kuhnigk in her
Doktorarb eit ([Kuh03]).

Example 4.3. Let G = Sk (Fq). As in the last example,let F = Fq and Q =
oa In, where A is the setof all hyperplanesin V = F". Every re ection in G
is a transvection and
FIVI® = Flf;faiifal;
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wheref, = Q andfi.; isthe Dicksoninvariant dn; (fori  1). Fix somehyperplane
H in V and let Gy be its pointwise stabilizer. In an appropriate basis (with
zn = ly), F[V]®" = F[ug; = up] whereu; = 28 2§ 1z fori < nand u, = z,.
Note that the sum of the exponerts of Gy ismy = (n 1)(q 1). Sinceead f;

X
@=@= (@Gi=@)(@;=@x)

J

is divisible by z9 if k 6 n. Hence,J = det(@;=@) is divisible by z{" D
andthusQ ™ = ~ . I divides J. But

degd = (d" 1)(n 1)=degQ(n 1)(q 1)

and so

Y m
J = Q(n (g 1) — |HH:

H2A

Note that for both groups Gl,(F4) and SI,(Fq), the Jacobian determinant J
lies in the Hilbert ideal generatedby the basic invariants: The image of J in the

Acknowledgments We owe thanks to Peter Meuller and Larry Smith for valu-
able commerts on early versions of this article, and to Victor Reiner for helpful
discussions.
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