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ABSTRACT. The entropy conjecture for tori has been settled a long time ago by Misiurewicz
and Przytycki. We show that their result extends from tori to compact and connected
abelian groups. We give stronger results for hyperbolic automorphisms.

Throughout this paper G denotes a compact and connected metric abelian group. The group
operation on G is written additively.

1. INTRODUCTION

Shub [14] conjectured that the topological entropy hiop(f) of a smooth map on a differen-
tiable manifold M is bounded below by the spectral radius of the induced map fi on the
direct sum of the homology groups H;(M,R). This is known as the Entropy Conjecture
and it has been proved for many classes of spaces and maps [6]. Misiurewicz and Przytycki
proved in [11] that the Entropy Conjecture holds for maps on a torus. The idea of the
proof is that every homotopy class contains a unique endomorphism £ that minimizes the
entropy and it turns out that he,p(E) is equal to the spectral radius of E,. In particular, if
M is a torus, then the Entropy Conjecture holds for maps that are not necessarily smooth.

In this paper we extend Misiurewicz and Przytycki’s result from tori to compact connected
abelian groups. According to a theorem of Gorin and Scheffer 7, 13] each pointed homotopy
class of a compact and connected abelian group G, with base-point 0 € G, contains one
and only one endomorphism F. Our main result is that £ minimizes the entropy within its
homotopy class.

Our main result implies that the Entropy Conjecture holds for compact abelian groups, if
homology is replaced by cohomology. It is well known that the entropy of an endomor-
phism E can be recovered from its induced action E* on the first Cech-cohomology group
H'(G, Q). More specifically, if G is finite-dimensional, then the entropy can be calculated
from Yuzvinskii’s formula [16], as follows!. Let p(z) be the characteristic polynomial of the
induced action E* on H'(G,Q). Let a be the least positive integer such that a - p(z) is
integral. Then the entropy of E is equal to

(1) hiop(E) = a- Y loglAl,

[A|>1

where the summation runs over all roots of p(x) in C. It turns out that this is equal to the
Mabhler measure of a - p(z) and that there is an interesting interplay between dynamics and
number theory, see [4]. It follows from our main result that hy.p(f) is bounded below by
the Mahler measure of the characteristic polynomial of the induced action f* on H!(G, Q).

Lyuzvinskii’s original result extends to infinite-dimensional non-abelian groups, but it is usually stated
in the form that is given here.
1
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A result of Franks [5] on Anosov diffeomorphisms implies that any map f that is homotopic
to a hyperbolic endomorphism F is actually semi-conjugate to F. The existence of a semi-
conjugacy implies that hiop(f) > hiop(E). So for hyperbolic automorphisms, Franks’ result
implies the Entropy Conjecture. In the first part of the paper we show that Franks’ proof
extends from tori to compact abelian groups.

We prove our main result by lifting endomorphisms to a restricted product of locally compact
fields, following ideas of Lind and Ward [10].

2. HYPERBOLIC AUTOMORPHISMS

Franks [5] proved that a diffeomorphism f that is homotopic to an Anosov diffeomorphism A
is actually semi-conjugate to A: there exists a surjection h such that Ao h = ho f. This
implies that hop(f) > hiop(A). In particular, if A is a hyperbolic toral automorphism,
then it minimizes the topological entropy in its homotopy class. We show that this semi-
conjugation property extends from tori to general G.

The defining property of an Anosov diffeomorphism is that it respects the direct sum of the
tangent bundle of a manifold into the stable and unstable bundle. If the diffeomorphism
has the additional structure of an automorphism on a toral group, then its tangent space at
the origin suffices: an automorphism A of T™ is hyperbolic (or Anosov) if the induced map
T'(A) on the tangent space R™ = Ty(T™) is a hyperbolic map, i.e., none of its eigenvalues has
modulus 1. Lin [9] pointed out that it is possible to define the tangent space at the origin
of a general compact abelian group G, so it is possible to extend the hyperbolic notion to
topological groups.

Definition 1. The tangent space L(G) = Hom(R, G) is the collection of one-parameter
subgroups of G endowed with the compact-open topology.

The tangent space can be conveniently described in terms of the Pontryagin dual group (or

character group) G.
Lemma 2. L(G) is isomorphic to RIME with the product topology. To be more specific,

let S C G be a mazimal algebraically independent subset. Then L(G) = R® endowed with
the product topology.

Proof. Since R is self-dual, under Pontryagin duality Hom(R, G) is topologically isomorphic
to Hom(G,R) with the compact-open topology. Since R is divisible and S is independent,
any map f: S — R extends to a homomorphism f: G — R and uniquely so since S is
maximal. O

The exponential map exp: L(G) — G is defined by exp(f) = f(1). The image of exp is
equal to the path-component of 0. The exponential map has the following lifting properties,
see [9].

Lemma 3. Let f: X — G be a null-homotopic map. Then there exists a map f: X — L(G)
such that expof = f.

Lemma 4. Let f: G — H be a continuous map such that f(0) is in the path-component of
0 € H. Then there exists a map L(f): L(G) — L(H) such that expoL(f) = f o exp.

We call L(f) the linearization of f. The linearization L(F) of an endomorphism E is a
linear map on L(G). If G is finite-dimensional, then we say that an automorphism A is
hyperbolic if L(A) has no eigenvalues of modulus 1.
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The following theorem is a generalization of Franks’ conjugation result.

Theorem 5. Suppose that dim G < oo and that A is a hyperbolic automorphism. If a
homeomorphism f : G — G is homotopic to A, then there is a map h : G — G homotopic
to idg satisfying Aoh =ho f.

Proof. Given A and f we are trying to solve the functional equation Ao h = ho f for an h
homotopic to idg. Since h has to be homotopic to id and since f is homotopic to A we may
write h = id + v and f = A + ¢ for null-homotopic maps -, ¢ so the functional equation
becomes Aoy = ¢+7o f. By Lemma 3 the maps v, ¢ lift to 7, : G — L(G). By Lemma 4
the endomorphism admits a linearization L(A), so we may lift the functional equation to
the tangent space and we may write

(2) 5 = L(A) o5 + L(A)loTof.
Here we use that A is invertible, hence so is L(A). One verifies that the original equation
Aoh=ho fissolved by h = idg + 7 for v = exp o7.

The map 7 that we are looking for is a fixed point under an operator on the Banach space
C(G,L(G)). A formal solution to this fixed point problem is

(3) > L(A) Mo Fo
n=1
This series converges in the stable coordinate of L(G). Another formal solution is given by
[ee]
(4) ~3 LAy e Fo fI,
n=0

which converges in the unstable coordinate. Here we use that f is invertible.

Since A is hyperbolic the tangent space decomposes into W§j & W, the direct sum of the
stable and unstable space. In particular we may write ¢ = @° + @*. The solution to the
fixed point problem is

(5) F=Y L(A) "o @ o f" + L(A)" oGP0
n=1

Corollary 6. An expansive automorphism minimizes the entropy in its isotopy class.

Proof. According to Theorem 5 there exists a semi-conjugation Ao h = ho f for an h that
is homotopic to id. If we prove that h is surjective, then hiop(f) > hiop(A), see, e.g., [15,
Theorem 7.2]. To prove surjectivity, it suffices to show that L(h) is surjective since the
path-component of 0 is dense in G. We have already seen that L(h) = id + L(y) for a
bounded map L(7y). Such a map on R" extends to the one-point compactification S™ where
it has Brouwer degree 1. So L(h) is surjective. O

Corollary 7. Suppose that dim G = 1. Then every automorphism on G minimizes the
entropy in its isotopy class.

Proof. Let f: G — G be a homeomorphism. By the theorem of Gorin and Scheffer there
exists a unique automorphism A that is homotopic to f. Since dim G = 1 the tangent space
is equal to R and L(A)(z) = cx for some constant c. If ¢ = £1, then A is + identity and
has zero entropy. If ¢ # £1, then A is hyperbolic and f is semi-conjugate to A. O

This corollary was previously obtained by Kwapisz [8]. We shall prove below that the
restriction of the dimension is not necessary.
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It is possible that L(E) is invertible even if E is not. For instance, the doubling map on
the circle x — 2z is not invertible but L(E) is. In formal solution 3 it is necessary only
that L(E) is invertible, and if L(G) is equal to the unstable space of L(E), the solution is
convergent. We say that a surjective endomorphism F is ezpanding if all eigenvalues of L(E)
are of modulus > 1. For instance, the doubling map on the circle is forward expanding.

Corollary 8. Suppose that dim G < oco. If a continuous map f : G — G is homotopic to
a forward expanding endomorphism E, then there is a map h : G — G homotopic to idg
satisfying E o h = ho f. In particular, forward expanding endomorphisms minimize the
entropy in their homotopy class.

In the remainder of this section we consider G that are infinite-dimensional.

Definition 9. An automorphism A is hyperbolic if L(G) decomposes as W* & W™, where
W* ={ve LG): L(A)"(v) — 0 if n — oo} and W" is defined likewise. Note that if A is
hyperbolic, then L(A) admits no homoclinic points other than 0.

The proof of Theorem 5 has only one technical problem in the infinite-dimensional case: we
have to show that the formal solutions converge in the stable and in the unstable subspace.
To get around this difficulty, we analyze the algebraic properties of a group that admits
a hyperbolic automorphism. G has the algebraic structure of a Z[r,z~!]-module, with
x-g = A(g). The Pontryagin dual G inherits this structure under the adjoint action
X — x o A for a character y € A.

Lemma 10. If A is a hyperbolic automorphism on G then G is a torsion module.

Proof. We argue by contradiction. Suppose that G is not a torsion module. Then there
exists a character yo such that Sy = {xoo A": n € Z} is a set of linearly independent
characters. By Zorn’s lemma Sy extends to a maximal algebraically independent set .S C G.
By Lemma 2 we know that L(G) is isomorphic to R® and it contains R0 as an invariant
subspace, on which L(A) acts as a shift. Therefore L(G) has non-trivial homoclinic points,
for instance the sequence (0, )yes for which d, = 0 if x # xo and d,, = 1. This is ridiculous
since A is hyperbolic. O

Lemma 11. If G is a torsion module, then L(G) embeds as a submodule into a direct
product of finite-dimensional hyperbolic modules.

Proof. Since L(G) is a vector space over R it has a basis S of independent characters ys.
Each x; generates a torsion module My C G. The direct sum over all M, maps surjectively
onto G. Therefore Hom(éY ,R) maps injectively into the direct product over all Hom(M;, R).
The projection of Hom(G,R) onto Hom(M;,R) is surjective since a set of independent
characters in M, extends to a set of independent characters of Gi. Therefore Hom(M,, R) is
equal to the sum of its stable and unstable module. Since it is finite-dimensional, it cannot
contain homoclinic points. It follows that Hom(Mjg, R) is a finite-dimensional hyperbolic
module. O

As a consequence of these lemmata, we find that if A is hyperbolic and if v € L(G) is
restricted to a bounded set, then the series > 2 j L(A)™(v) converges, since this is true
for finite-dimensional hyperbolic modules. So the formal solutions of the finite-dimensional
case can be used as well in the infinite-dimensional case.

Theorem 12. We may drop the restriction that dim G < oo in Theorem 5.

It follows that for a general compact and connected abelian group a hyperbolic automor-
phism minimizes the entropy in its isotopy class. As the neutral eigenvalues do not con-
tribute to Yuzvinskii’s formula (1), the entropy of an endomorphism depends only on its
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hyperbolic part and it is natural to expect that general endomorphisms have the same
property.

3. LIFTING ENDOMORPHISMS

We consider an endomorphism F on a compact, connected, metrizable abelian group G and
a continuous map f: G — G that is base-point preserving f(0) = 0 and homotopic to E.
Following ideas of Lind and Ward we lift £/ to an endomorphism of a ‘nice’ covering group,
a product of full solenoids, preserving the entropy of E and of any f in its homotopy class.

The Pontryagin dual G is torsion-free of countable, possibly infinite, rank r. It embeds
as a subgroup into Q" = Q ®z G, the direct sum of r copies of Q. We say that Q is the
full solenoid and denote it by S. Since G embeds in Q", G is a quotient group of 8" and
the projection p: 8" — G is a bundle projection with a totally disconnected fiber. An
endomorphism on G extends to Q", so a homomorphism on G lifts to S”. The bundle
p: 8" — G has the homotopy lifting property so the homotopy class of E lifts to S™. In
this section we show that lifting preserves the entropy, by subdividing the bundle projection
into a sequence of bundles with finite fibers.

Lemma 13. Suppose thatp: G — G is a surjective homomorphism with finite kernel. Then
f lifts to a unique base-point preserving map f and hiop(f) = hiop(f)-

Proof. Let d be a translation-invariant metric on G and let d(z,y) = d(p~*(z), p~*(y)) be

the induced metric on G. Then p is a local isometry. If S is (n,€)-spanning then the
projection p(S) is (n, €)-spanning under £, so lifting cannot decrease the entropy. To prove
that it does not increase the entropy either, it suffices to show that S = p~1(S) is (n, €)-
spanning if S is (n, €)-spanning and € is sufficiently small. For each Z € G there exists an

§ € S such that d(#,3) < e and such that (f7(z), fi(s)) < e for all 0 < j < n. In other

words, for each such j there exists an element 72; € p~1(0) such that d(f7 (&), f7(3) +7;) <
and we have to show that n; = 0. The map § — g + n; is a deck-transformation, so it
commutes with f: f(g+ nj) = f(§) + nj. If € is sufficiently small, much smaller than the
distance between points in p~!(0), then the only point in the fiber over f/*1(s) that is
e-close to fIt1(2) is f(f7(s)+n;) = f7+1(s) +7j. Sofij41 = fy; and by induction it is equal
to 0. U

If G; — Gj_1 is a sequence of finite coverings then the inverse limit lim._ G is a bundle over
G with a totally disconnected fiber. A base-point preserving map on Gy lifts uniquely to a
base-point preserving map on the inverse limit. The following lemma is similar to Brown’s
inverse limit theorem [3, Corollary 4.4.1], but here we deal with a mapping f that may not
be surjective, as required in Brown’s theorem.

Lemma 14. Suppose that lim_ G is the inverse limit over a sequence of finite coverings
by compact connected abelian groups G;. Lifting a base-point preserving map from Go to
lim_ G; preserves the entropy.

Proof. Lifting cannot decrease the entropy, by the same argument as in the proof above. To
prove that it does not increase the entropy either, we bound the cardinality of an (n,2¢)-
spanning subset of lim. G; by the cardinality of an (n, €)-spanning subset of Gy. By the
previous lemma, we may just as well take an (n,€)-spanning subset of some Gj. There
exists a k such that the projection p: lim_ G; — G}, has fibers of diameter < e. Hence, if
Sk is (n, €)-spanning in Sy and if S, is a subset of the inverse limit that intersects the fiber
of each element of S, in a single point, then S, is (n, 2¢)-spanning. U
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Lemma 15. A base-point preserving map f of G lifts to 8™ and lifting preserves the entropy.
Hence we may restrict our attention to endomorphisms of products of full solenoids

Proof. The product of full solenoids 8" is an inverse limit of finite coverings. To see this,
note that there exists a chain of groups G=TyCTliC...CTs =C Q" such that each
quotient I'; /I";_1 is finite. Indeed, there exists such a chain from Z" to Q" and G is of rank
r S0 it contains a copy of Z". The result now follows from the previous lemma. O

S" has a relatively easy topological structure:

Lemma 16. Let H C 8" be a connected closed subgroup and k = dim H. Then H is a
factor, i.e., S" = H x 8% and H = S*.

Proof. The Pontryagin dual Hisa quotient group of Q", hence it is divisible. It is torsion-
free since H is connected. It follows that H itself is a rational vector space. In particular,
there exists a right-inverse to the quotient map Q" — H and H embeds as a factor into Q"
and we may write Q" =G x H. U

We shall use this lemma in the following way. If S* C S” is an invariant subgroup, then we
can project the homotopy class of E from S” to its restriction on S¥. Since the projection
p: 8" — Sk is a contraction under the product metric on S* and its cofactor, this projection
does not increase the entropy. In particular, if restricting E to S* preserves the entropy,
then we may replace S™ by the subgroup S*.

There exists an ascending chain of groups G = TocThiCc...CTw =Q®y G such that
each quotient I'j1/T'; is finite. Indeed, there exists such a chain from Z" to Q" and G is
torsion-free of rank r so it contains a copy of Z". The dual of the chain is a sequence of
projections G' = Gg + G1 + ...+ G = 8" such that each G; < Gj41 is a finite covering.
More specifically, each projection Gj «+— G+1 is a local isometry. The inverse limit over the
sequence of projections is isomorphic to S”.

Theorem 17. To prove that endomorphisms minimizes entropy in their homotopy class,
we may restrict our attention to surjective endomorphisms on S8". In particular, if r is
finite, then we may restrict our attention to automorphisms.

Proof. Let E be an arbitrary endomorphism on S". The sequence E7(S") is descending
and S = () E’(S") is a, possibly trivial, compact connected subgroup of S”. Indeed, S is
the maximal invariant subgroup on which F is surjective. By the lemma we may write
S" = 5" x S and hiop(F) is the sum of the entropies of the restrictions to S and §’. All
elements of S’ converge to zero under iteration of E, so E has zero entropy on S’. Therefore,
we may project the homotopy class of E from &" to S. If r < co and E is surjective, then
the adjoint F is an injective linear map on a finite dimensional vector space Q". Hence E
is surjective as well. O

The natural extension of a surjective endomorphism F is an automorphism A and hop(E) =
hiop(A) by Brown’s inverse limit theorem. It follows that the calculation of the topological
entropy of an endomorphism can always be reduced to that of an automorphism. For
instance, Peters’ entropy formula for automorphisms [12] extends to endomorphisms.?

2Peters’ formula involves sums of inverse iterations. Forward iterations of the automorphism give the
same result and in this way the formula extends.
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4. AUTOMORPHISMS OF FINITE PRODUCTS S"

In this section dimG = n is finite. By Theorem 17 we may restrict our attention to
automorphisms on ™. Following [10] we lift the automorphism from S™ to a locally compact
group Q" that is analogous to a covering space. Let Q, be the p-adic completion of Q and
let Q4 be the archimedean completion, i.e., the real line. Q is the restricted direct product
H/ Qp with respect to Z,. It is known that Q is a locally compact abelian group, that
the embedding of QQ along the diagonal is discrete and that the quotient group Q/Q is
isomorphic to S.

Lemma 18. Let A be an automorphism of 8™ for n € N and let f be homotopic to A.
Then A lifts to an automorphism A of Q™ and f lifts to a uniformly continuous map that
is homotopic to A.

Proof. Since p: Q™ — 8™ is a fiber bundle with a discrete fiber, it has the homotopy lifting
property, so we only have to lift A. The adjoint A extends from Q™ to the p-adic completion
Q, for all p, finite or infinite. The direct product of all these completions gives a continuous

automorphism « of []’ Q) that acts as A on the subgroup Q" C [ Q- Now Q" is self-dual,
so the adjoint of « is an automorphism A that acts as A on the quotient group S™. O

In fact, Q™ is the product of R™, which is the tangent space of the previous section, and an
adic component H; finite @p» Which is totally disconnected. In the adic component the lifting

of f is identical to the lifting of A. We denote Qp = H; fnite @p 50 @ = R x Qp. The only
homomorphism between R and Op is the trivial one. To see this, observe that R is connected
and contains no non-trivial bounded subgroups, whereas Qp is totally disconnected and
contains a union of bounded subgroups that is dense. It follows that the lifted automorphism
A is a product map Ar x Ap on R" x Q%.

Lemma 19. The lifting of f to R™ x Q% in the previous lemma is of the form (z,y) —
(Ar(x) + b(z,y), Ap(y)) for a bounded map b that is invariant under translation over Q™.

Proof. The lifting of f is of the form (z,y) — (g9(z,v), Ap(y)). In particular, the lifting of
a null-homotopic map is of the form (z,y) — (g(x,y),0). The map f — A is null-homotopic
under a homotopy Hy such that H; = f — A and Hj is the null map. Let B; be the lifting
of Hy to Q™. For any ¢ € Q" and any z € Q", Bi(z+ ¢q) — Bi(2) € Q" is invariant under t.
Since Hy is the null map, Bi(z+q) — B:(z) = 0, so By is invariant under translation over Q.
Now put b = B;. O

Denote the standard p-adic valuation on Q by |- |,. It is well known that the subset
2y ={(zp) € Q: |zp|p <1 for all finite pand 0 <z, <1} C Q

is a fundamental domain of Q. To see this, note that no two elements of Z; differ by
a translation over Q, so it suffices to translate any (x,) € Q into Zy. Take n = |[o].
There are at most finitely many primes such that |z, — n[, > 1. If p is such a prime, then
Tp—n=2k4.. .+ % + z for representatives n; € {0,...,p — 1} and some = € Z,. Either
Too — ;—,’j €1[0,1) or zoo + 1 — ;—,‘j € [0,1). Hence by translation over ™ or 1 — *£ we can
reduces the norm at the p-th coordinate and this does not affect the value at the other finite
primes. One of the two translations keeps the coordinate at infinity in the interval [0,1).
In finitely many steps, x translates into Zg.

For x = (zp) € Q, ||z|| = sup{|zp|p: p finite or infinite} is a translation invariant metric on
Q. It induces is a translation-invariant metric on & = Q/Q so the projection p: Q" — S"
is a local isometry. The metric extends to Q™ by ||(z1,...,zy)|| = max{||z;||: i =1,...,n}.



8 ALEX CLARK AND ROBBERT FOKKINK

Let Z be the closure of Zy. In particular Z” is a compact set that projects almost 1 — 1
onto S&™.

Lemma 20. Suppose that F' is the lifting of f to Q". Then hiop(f) = hiop(F, Z") =
hiop (F).

Proof. The topological entropy hiop(F') of a uniformly continuous map F' on a locally com-
pact space X has been defined by Bowen [1] as the supremum of h¢,p(f, K) over all compact
subsets K C X. Any compact subset can be covered by a finite number of translates ¢ + Z"
for ¢ € Q", so we need only consider the supremum of heop(F,|Jg + Z™) over all finite
unions. By Lemma 19 F(z+¢q) = F(x)+ .Ag(q) for all ¢ € Q. Suppose that N C Z" is an
(n,e)-separated subset for F'. Then the translation ¢ + N is (n,)-separated as well, since

1F5(q +a) = F¥(g+y)|| = [|[F*(2) + A (q) — F"(y) — Ap (@)l = [|F*(n) = F*(m)]|.

It follows that hiop(F,q + Z") is the same for all ¢ € Q. Hence hop(F,Jg + Z2") =
htop(F7 Zn)

The projection Q" — S™ is a local isometry and the elements of Q" have mutual distance
> 1. If diam (V') < € and if ¢ is sufficiently small, then V' has a pre-image Q" +V C Q" of
translates that have mutual distance > 1 — 2e. By the uniform continuity of F' there exists
an g9 > 0 such that ||F(z)— F(y)|| < 1—2¢¢ if ||z —y|| < go for all z,y € S™. We claim that
if N C 8" is (n,e)-spanning, then p~!(IN) N 2" is also (n,c)-spanning. To see this, note
that for all any o € 2", there exists a y € p~'(IN) N Z" such that the iterates F*(z), F*(y)
remain ¢ close modulo Q". Now if z,y do not remain ¢ close there is a first iterate £ < n
such that ||F*¥(z) — F*(y)|| > eo. Since ||f*(p(z)) — fF(p(y))|| < o in 8™ we must have
that ||F*(z) — F*(y)|| > 1 — 2e0, but this is absurd. It follows that heep(F, Z2™) < hyep(f).
The opposite inequality is obvious. Il

A finite dimensional real vector space V' is normed by ||v|| = ||(v1,...,v,)|| = sup{|vi|: 1 <
i < n}. where |v;| denotes the valuation of v; € k. If A is a linear map on a V' then we
say that two different eigenvalues A and p are distinct if they are not complex conjugate.
If [A] > 1 then we say that the eigenvalue is unstable.

Lemma 21. Let A be a linear map on a finite-dimensional real vector space V' with distinct
eigenvalues Ai,..., \m. Then V decomposes into a direct sum of subspaces V; for j =
1,...,m. If \j is unstable then ||A(v)||/||v]| — || if v € V} and ||v|]] — oco. If A; is not
unstable then ||A™(v)|| < nllv|| for all v € V}.

Proof. According to the Jordan decomposition theorem a complex vector space W decom-
poses as a direct sum of spaces W; such that A restricted to W; acts as (z1,22...,2m) —
(Njz1, 21 + Ajxe, ..., Zm—1 + A\jTy). V is a real vector space, so its complexification
W = C®gV is a direct sum of spaces W;. Take V; = W;(V if \; is real and take
Vi = (W; + W;) NV if A; is complex. O

We now consider the analogous case in which V' is a finite-dimensional vector space over a
separable field k that is complete with respect to a non-archimedean valuation. We norm
V in the same way. A linear map A on V has eigenvalues in a finite extension K D k. By
extending K if necessary, we may assume that K is a finite Galois extension with group
g = Gal(K, k). Again, we say that two eigenvalues A\, \' of A are distinct if there does not
exist a o € g such that A" = o(\).

Lemma 22. If V is a finite-dimensional vector space over k and A is a linear map on
V' with distinct eigenvalues A1, ..., Ay, then V' decomposes as a direct sum of V; such that
A = [Aj]-[|vjl| if vj € V; and Aj is unstable. If A; is not unstable then ||A(v;)|| < ||vj]|
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Proof. The linear map A extends to V(K) = K ®; V and V(K) decomposes as a direct
sum of Jordan blocks V;(K) on which A acts as

v=(21,22...,Tm) — (Ax1, 21 + AT, ..., Tin—1 + A\Tp)-

By our definition of the norm ||A(v)|| = max{|\z; + x;—1|: 1 < i < m}. Since the valuation
is non-archimedean this is bounded by max(|Az;|, |x;—1|). If |A] < 1, then it follows that
[|A(v)|| < |v]|. If [A| > 1, then [|A(v)|| = |A| - |zk| if the maximum of |x;| is attained at the
k-th coordinate. The action of g on K extends to V(K) by o(k ® v) = o(k) @ v. We can
retrieve V' as the subspace of elements of V(K)? that are invariant under g. Define V; as
V;(K)$. Since the valuation of K is invariant under the action of g, so is the norm on V.
It follows that V; has the desired properties. [l

Theorem 23. Suppose that dim G < oo and that [ is a base-point preserving continuous
map on G. Let E be the endomorphism that is homotopic to f. Then hiop(E) < hiop(f)-

Proof. By the previous lemmas we may lift f all the way to R™ x Q% where it has the form
F(z,y) = (Ag(x)+b(x,y), Ap(y)). The automorphism Ap, is the archimedean completion of
a Q-vector space automorphism and Ap is the product of its non-archimedean completions.
For all but finitely many primes p the eigenvalues have value [A\|, = ... = |Ap|, = 1. For
these primes the completion acts as an isometry and this does not contribute to the entropy.
So we may consider Ap as a finite product.

Suppose that p is a finite prime for which some of the \; are unstable. Denote the p-
adic completion of the adjoint by A,. According to the previous lemma there exists a
decomposition into invariant subspaces Q) = Uy, & S, such that A;, expands the Haar
measure on U, by the product of all |A;|, > 1, while it is non-expansive on S. Since Ap is
a finite product of all these primes 4, it acts as a product map on Up & Sp and it expands
U by the product of all |);|, > 1 over all finite primes.

The archimedean component decomposes into Ag invariant subspaces V; such that for
unstable eigenvalues || Agr(v;)|| > (JA;] — ¢)||v|| if ||v]| is sufficiently large. Let Uy be the
direct sum of all the unstable spaces V;. Then for sufficiently large R the volume of a ball
B(0, R) C Ux under Apg grows by a factor that is larger than the product over all unstable
|A\j| — €. Since b is bounded, the same is true for the projection of the lifting F'(Bg) along
the sum of the stable subspaces onto U. By the same growth argument as in [2] the entropy
of F' is bounded below by the sum of log|\;|, over all i and all primes, finite or infinite,
such that |X\;|, > 1. This is Yuzvinskii’s formula as interpreted in [10]. O

We have given our result in terms of endomorphisms. We could have also given it in terms
of affine transformations, by the same proof:

Theorem 24. Suppose that dim G < oo and that f is a continuous map on G. Let T be
the affine map x — f(0) + E(z) that is homotopic to f. Then hiop(T) < hiop(f).

5. ENDOMORPHISMS OF INFINITE PRODUCTS S

In this section we consider endomorphisms on infinite-dimensional groups, so dim G = oc.
By the results above, we may assume that the endomorphism is surjective and that the
group is a direct product of full solenoids S*°. Its Pontryagin dual is a direct sum Q.

Lemma 25. Let E be an endomorphism on G. Suppose that the Pontryagin dual G is
a torsion module under the Z[z]-action induced by the adjoint E. Then E minimizes the
entropy in its homotopy class.

Proof. Note that if G is a torsion module, then so is Q ®z G. Therefore we may assume
that F is surjective and that G is an infinite product of full solenoids. Since Q> is a torsion
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module, it is the union of an increasing chain of finite-dimensional submodules Q™ C Q".
By Lemma 16 all of these Q" are factors. So S is a union of an increasing chain of finite-
dimensional invariant subgroups 5™, all of which are factors. If f is homotopic to F/, then we
know that its projection p, o f onto a finite-dimensional invariant subgroup S™ has entropy
hiop(pn © f) > hiop(E, S™). The result now follows from hiop(E) = limy,—o0 hiop (E, S™) and

hiop(f) = hiop(p o f)- -

The case of a torsion-free Z[z]-module Q> remains, since Q> decomposes into a sum of
a torsion module and a torsion-free submodule. One example of such an endomorphism is
the one-sided shift on SY. In fact, this is the only relevant example:

Lemma 26. Suppose that E is a surjective endomorphism on S and that the adjoint action
on Q™ is torsion-free. Then the one-sided shift o on SN is a quotient of E. Furthermore,
there exists an embedding v: SN — 8> such that pot = id. If f is a map on S then

htop(po fo L) < htop(f)'

Proof. Take any nonzero element m € Q> and let M = Q[z]-m be the submodule generated
by m. In particular M = QN and x acts on M as the shift (¢;)32, — (g;—1)32, with go = 0.
Hence the dual group of M is SV, which is a quotient group of S, and F acts on it as the
shift (s;) = (si+1). M embeds as a factor group of Q®°, so SN embeds S*. If we endow
S with the product metric on SV and its cofactor, then the projection p: S® — SV is a
contraction and so it is entropy-decreasing. ]

Theorem 27. Suppose that f is a base-point preserving continuous map on G. Let E be
the endomorphism that is homotopic to f. Then hiop(E) < hiop(f).

Proof. By the results above, it only remains to show that this is true if the endomorphism F
is the one-sided shift o. The entropy of ¢ is infinite. So, we have to derive the pathological
result that any f in the homotopy class of ¢ has infinite entropy.

The solenoid S is covered by Q@ = R x Qp, so SN is covered by oON — RN x Qll\l. The
component RY is the tangent space that we encountered in the first section and QIJ\’D is
the adic component. The shift on SV lifts to the shift on QN, hence f lifts to QN by the
homotopy lifting property of the tangent space and on the adic component, the homotopy
is trivial. We denote the lifting by F'. It acts as a shift on the adic component.

The compact subset

ZN = {(z,y): x € [0,1]%, y € Zp}

projects almost 1 — 1 onto SN. Let || - || be the metric on Q, then QY is metrizable by
||Qi;7"i||
isometry. Hence, by the same argument as in Lemma 20 we find that hiep(F, ZY) = hyep (f).
Now F' picks up infinite entropy on the adic component Z]I\DT, since it acts as the shift on

this component and each finite prime contributes log p. O

the product metric ||(¢;) — (74)|loo = D ien . The projection p: ZN — SN is a local

6. FINAL REMARK

We only consider compact abelian groups G that are connected. If G is not connected, then
there are homotopy classes that do not contain an endomorphism (nor an affine map), so our
main result is no longer valid. However, if a homotopy class does contain an endomorphism
E, then it minimizes entropy. To prove this one verifies that the entropy of E is equal
to the sum of hyop(E, Go), where G denotes the component of 0, and hop(E, G/Gop). A
base-point preserving map f that is homotopic to E induces the same action on G/Gy and
this can be used to show that hiop(f) > hiop(E).
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