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In this paper, we show that the graded ring of Siegel paramodular forms of degree 2
with level N = 2,3, 4 has a very simple unified structure, taking with character. All are
generated by six modular forms. The first five are obtained by a kind of Maass lift. The
last one is obtained by a kind of Rankin-Cohen-Ibukiyama differential operator from
the first five. This result is similar to the case of the graded ring of Siegel modular forms
of degree 2 with respect to I'g(N).
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1. Introduction

Generally, for a given discrete subgroup I' C Sp(2,R), to determine the structure
of the graded ring of Siegel modular forms with respect to I' is not easy. However,
for some kind of I', we have a very simple way to determine the structure, by using
Jacobi forms or Witt operators. This way consists of two parts. The first part is to
calculate the upper bound of the dimension of the space of Siegel modular forms
for each weight. And the second part is to construct sufficiently many modular
forms and to show the upper bound obtained in the first part coincides with the
true dimension. Originally this way was given by Aoki in [1] as the simple proof of
Igusa’s theorem ([14, 15]), that is the structure theorem of Siegel modular forms
of degree 2 with respect to the full modular group Sp(2,Z). Next, Ibukiyama and
Aoki applied this way to Siegel modular forms of degree 2 with small levels in [3]
and then Aoki applied it to vector valued Siegel modular forms of degree 2 with
small levels in [2].

To Siegel paramodular forms, recently, Ibukiyama, Poor and Yuen applied this
way in [17]. They showed that the upper-bound of the dimension of the space of
Siegel paramodular forms of degree 2 coincides with the true dimension when its
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level is equal or less than 4. Nevertheless they did not mention the ring structure
of the graded ring of modular forms. In this paper, we show that the graded ring
of Siegel paramodular forms of degree 2 with level N = 2,3,4 has a very simple
unified structure, taking with character.

We denote by M (T") the space of all Siegel modular forms of weight & with
respect to I'. We denote the graded ring of these modular forms by M, (") :=
Drcz Mr(T). Let K(N) be the Siegel paramodular group of degree 2 with level N.
For N = 2,3, 4, we have already known the dimension of My (K (N)) (cf. [5, 13, 15,
17]), namely,

(1+ 201 + 21) (1 + 212)

k%(dim«; My (K (2)))z* = 0= o1 = )1 = %) = ) (1.1)
i ; 1+2%+2'9) + 291 + 22 + 219)) (1 + 212
k_%(dlm@ MK 3))at = OF ?1 — ij)( : Exﬁ)z(ﬁ_ xlg;( 20 19
and

Z(dim«: My (K (4)))"
kEZ
(1+2%4+2%42"0) +27(1 422 + 2" +2'9))(1 +2"?)

= (1= 21— 20)(1 - 212) - (13)

These generating functions seem to be bit complicated. But taking with character,
these generating functions become very simple and unified. Let I'y be a subgroup
of K(N) of index N, that is defined by Eq. (2.2) in Sec. 2.3. Our main theorem is
as follows:

Theorem 1.1. When N = 2,3,4, the graded ring M., (I'x) is generated by siz mod-
ular forms whose weights are 4,6, %—27 %7 %—1 and 12. The first five are obtained
by a kind of Maass lift. The last one is obtained by a kind of Rankin—Cohen—
Ibukiyama differential operator from the first five. The dimension of My (I'y) is

given by the following generating functions:

1+ 21+ 21?)

k%(dimc My (T))a* = (1 — %) (1 —2%)(1 — 20)(1 — 25)
. i (1+aN)(1 +a")
kezz(dlmc ML) = T m T ) )

and

(14 2°)(1 + 2'2)

> (dime My (Ty))z" = (1 —2)(1 —2%)(1 —a)(1 — b)

keZ
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2. Preliminaries
2.1. Elliptic modular forms

To define I'y explicitly, first we review elliptic modular forms briefly. We denote
complex upper half plane by

H:={reC|Im7 > 0}.

The special linear group SL(2,R) acts on H transitively by

at+ 0
H = H
57— g(T) oy R

where g = (: ?) € SL(2,R). For a function f(7) on H and k € Z, define the action
of SL(2,R) by

F@) = (fleg) (1) = (7 +8) 7" f(g(7)).

Here, we only treat elliptic modular forms with respect to SL(2,Z). The group
SL(2,Z) is generated by two matrices

1 1 0 -1
T .= and S := .
() o)

We note that there are relations
S% = (ST)® = —FE»,

where we denote the unit matrix of size nxn by E,. Let x be a character of SL(2, Z),
namely, x is a homomorphism from I' to C* := C\{0}. From the above relations,
easily we can show that y satisfies two conditions x(7')'? = 1 and x(S) = x(T)°.
We say a holomorphic function f on H is an elliptic modular form of weight & if f
satisfies the following two conditions:

(1) x(9)f = (flrg) for any g € SL(2, Z),
(2) f is bounded at v/—1oo.

From the first condition, such f has the Fourier expansion f(7) = > c¢(n)q",
where we denote by ¢" := e(n7) := exp(27v/—1n7). The second condition says
that cy(n) = 0 if n < 0. We denote the space of all elliptic modular forms of weight
k by Mg(x). Especially, when y is the principle character 1, namely the constant
map to 1, we denote My := My(1). It is well known that My = {0} if £ < 0 and
that Mo =C.

The structure theorem of the graded ring of elliptic modular forms is well-known.
This is generated by two algebraically independent modular forms of weight 4 and 6:

MZ = @Mk = (C[€4, 66}.
kEZL
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Here, we denote Eisenstein series of weight k by

er(r _1——2(;“ n)g" € My, (k€ 2Z,k > 4),

where o—1(n) =3y, d*~! and the Bernoulli number By, is defined by

B
_1_2 ; k'

An example of an elliptic modular form with a nontrivial character can be
constructed from the Dedekind eta function

) =g [[1-q")

The square of the Dedekind eta function is an example of an elliptic modular form
with a nontrivial character. Actually, n* € M;(x,z2), where x,2 is a character of
SL(2,Z) defined by

w1 =o(L) wmt pis)=e(2)

Hence any character of SL(2,Z) is equal to x;. for some ¢ € {0,1,...,11}. For
c€{0,1,...,11}, the map My > f — n*°f € Mk+c(Xf,z) is isomorphic, because n
has no zero on H.

Throughout this paper, we put ¢’ := (112?0). It is not easy but well-known fact
(cf. [19] (p. 50)) that

Ker(x;2) D T(c) := {g € SL(2,Z) | g = E2 (mod ¢')}. (2.1)
Especially, the Ramanujan delta function A := n?* € M, satisfies
464 666
:7724 1 (3 62)— V_ldt
1728 677 69127 9 9
—€4 ——C€
or or

2.2. Siegel modular forms

Here we review Siegel modular forms of degree 2. We denote Siegel upper half space
of degree 2 by

T Z
H, := {Z:tZ:< )eM(z,C)ImZ>O}.
z W

The symplectic group

GemspR) = 4= (4B cnwr) i — g (92 T
= Sp(2,R) = =\lc p) EMUR)] =I=\g o,
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acts on Hy transitively by
Hy > Z — M(Z):= (AZ + B)(CZ + D)™* € H,.
For a function F(Z) on Hy and k € Z, define the action of G by
F(Z) s (F|xM)(Z) := det(CZ + D) *F(M(Z)).

Sometimes we denote F(1,2,w) = F(Z). Let I be a subgroup of G commensurable
with Sp(2,Z) := GNM(4,Z). Let 1) be a character of T of finite order, namely, 1
is a homomorphism from I to C\{0} and {M € T'|¢(M) = 1} is a finite index
subgroup of I'. We say F' is a Siegel modular form of weight k if I is holomorphic
on Hj and satisfies the condition ¢)(M)F = (F|, M) for any M € I'. We denote the
space of all Siegel modular forms of weight k& by My, (I'; ¥). Especially when 1 is the
principle character 1, namely the constant map to 1, we denote My (T") := M (I"; 1).
It is well-known that M (I") = {0} if £ < 0 and that My(I") = C. Let F' € M (T; ).
Since 1 is a character of I' of finite order, F' has the Fourier expansion

F(Z) = Z CF(nvlvm)anl m?

n,l,m

1 1 .
’EZ7 m_OZ for some

n0,lo, mo-. It is well-known as Koecher principle that cg(n,l,m) = 0 if 4nm —12 < 0
or m < 0. For r € Q, we define

where ¢! = e(lz), p™ = e(mw) and n,l,m run over niOZ

My (T 9)[r] == {F € Mg(T;9) | cp(n,l,m) =0 if m < r}.

2.3. Siegel paramodular group

In this paper, our interest is the case that the discrete subgroup I' is a paramodular
group. Let N > 2 be an integer. The paramodular group of level IV is defined by

Z NZ Z 7

K(N) = N 1naG.

Let
O N 0 0
SRR U B B I
NEUNLo oo 0o
0 0 -N 0
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and we denote by K*(N) the subgroup of G generated by K(N) and V. We can

easily show that [K*(N) : K(N)] = 2. We label some elements of K (N):
a 0 8 0
0O 1 0 O
Olg) = g= (" 7\ esLez
¥y 0 6 O v 4
0 0 0 1
and
1 0 0 u
Al p O
U\ p) = PWIRSIVAR
(A ) 00 1 —\ (A pez)
0O 0 0 1

Easily we can show that the group K*
elements C'(g), U(A, 1) and V.

Let 9y, be a character K*(N) defined by ¢y, (C(g9)) = 1, vy (U p) =1
and 1y, (Vy) = —1. By this character, the space of all modular forms with respect
to K(N) is decomposed to the direct sum of the space of all modular forms with
respect to K*(N):

M. (K(N)) = Mg (K"(N)) & Mg (K*(N); vy )-

n [17], Ibukiyama, Poor and Yuen obtained the dimension formula (1.1)—(1.3) by
estimating the dimension of each space of the right hand side according to the way
in [1]. In this paper, we improve this idea.

Throughout this paper, we put N’ := (N, 12). Let )5 be a character of K*(N)
defined by ¥n(C(g)) = X2 (9) ¥, on(U(A ) = 1,95(Viy) = 1. We remark that
this character is well-defined, because we construct an actual Siegel paramodular
modular form with this characters in Sec. 3.2. Let

—~

N) is generated by above three kinds of

Dy = {M € K(N)| g (M) = 1}. (2.2)
Then we have
1 N'—1
Mi(Tn) = €D @D Mi(K*(N); v, ¥R). (2.3)
a=0 b=0

2.4. Jacobt forms

Jacobi forms were first studied by Eichler and Zagier in their book [6]. In their
book, mainly they treated Jacobi forms with the trivial character. Here we review
Jacobi forms with characters, based on their book.

For a while we fix k € Z and m € Ng := {0,1,2,3,...}. Let '/ be a subgroup of
Sp(2,R) generated by two kinds of elements C(g) (g € SL(2,Z)) and U(\, u)(\, pu €
7). For a function ¢(7,2) on H x C and M € T'/, define

kmM)(7, 2) i= ((o(7, 2)p™ ) [ M) p~™.

(¢
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It is easy to show that the right-hand side of the above equation is independent
on w. Hence this definition makes sense and I'/ acts on the set of all functions on
H x C. More precisely,

(P Cla)(r2) = o+ e my2” )o (2 —25)

T+ 8 YT +6 T+ 48
(@lem U\ ) (7, 2) = e(m()\zT + 22z 4+ A\w))p(T, 2 + AT + ).

Let ¢ be an integer and suppose ¢ be a I'/-invariant holomorphic function with
respect to the character Xflz. Namely, we suppose a holomorphic function ¢ on
H x C satistying the following two conditions:

Xn2(9)p(T, 2) = (@lk,mC(g))(1,2) for any g € SL(2,Z)
k:,mU()‘» /1'))(7—7 Z) for any )‘7 we Z.

and  ¢(7,2) = (¢

Since X2 is a character of SL(2,Z) of finite order, ¢ has the Fourier expansion

k,mM)(T’ Z) = Z Co (TL, l)qn<l7
n,l

(¢

where n runs over Z + 15 and | runs over Z. We say above ¢ is a weak Jacobi
form of weight k and index m if ¢, (n,l) = 0 when n < 0. We say a weak Jacobi
form ¢ is a Jacobi form if c,(n,l) = 0 when 4nm — [* < 0. We denote the space
of all Jacobi forms or all weak Jacobi form of weight k& and index m by J k,m(xzz)
or i (X52). Clearly we have Jim(x;2) C I}, (X72). According to the book of
Eichler and Zagier [6] (Theorem 1.2), We can show that every (weak) Jacobi form
of index 0 is an elliptic modular form. Namely, Jx0(x72) = I3 o(x72) = Mr(Xy2)-
For r € Q, we define

Tem(G2) ] = {@ € Tem(X52) [ cp(n,1) = 0 if n < 7},
e (X)) = {p € I, (X02) | cp(n, 1) = 0 if n <1}

and M (x;2)[r] = Ji o(x52)[r]. When the character x;. is principle, namely ¢ €
12Z, we omit the character in the above notations, just as the case of elliptic
modular forms: Jg m = Jkm (1), Jkm[r] := Tkm(1)[r].

2.5. Structure theorem of Jacobi forms

In the book of Eichler and Zagier [6], they said the structure of the bi-graded ring
of Jacobi forms is complicated. However they also showed that the structure of the
bi-graded ring of weak Jacobi forms is quite simple. They constructed some weak
Jacobi forms:

021(1,2) = ((—24C")+(-2¢> +8(—12+ 8" —2()g+--- €Iy,
@o1(m,2) = ((+104¢ ") + (10¢* — 64¢ + 108 — 64¢ " +10¢2)g + -+ € Iy,

1650011-7
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and

o12(1,2) =(C—=¢ N+ (P +3C-3C" =3 g+ €IV,

These three Jacobi forms are unique weak Jacobi forms of each weight and index
up to constant. They showed

W P W .
22,2 ' @ Jim = Mz[po,1, p-2,1]
kE2Z,meZ
and
W PR w — w W
77 = @ Tem =352,2 © p-1,2d352.2-

kEZ,mEL

We remark that ¢_s1 and g 1 are algebraically independent on Hol(H), the ring
of all holomorphic functions on H. On the other hand, ¢_ 5 satisfies the equation

1
w_1,2(T, 2)? = 13 (2@6906271 — 3649032,190071 + 90_27190871) (2.4)

and

\/__ld . P-2,1 $0,1

= ——de

2dm 280 2,1 28001
oz" 77 09z"7

On the dimension of the space of Jacobi forms, the generating functions are given
by

1
: w k
—2
: W k __ €T +1
2 eI = T
and
—2m —2m+2 -2
e ok (@Mt +o a2+ 1)
2 (dime I )" = (I—25)(1 a5

keZ

(x72m+3 + x72m+5 4+t x*?) + x*l)
(1—a2%)(1—af)

In the case of Jacobi forms with characters, the linear map

+

(m > 2).

W ~ c w c C
Jk,m S 772 pe Jk+c,m(xn2) [E:|

is isomorphic for ¢ € Ny. Hence we have
c

dimC J‘lg—kc,m(x(ilz) [E:| = dlmC sz,m

1650011-8
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2.6. Fourier—Jacobt expansion

In this subsection, we see the relation between Siegel paramodular forms and Jacobi
forms via the Fourier—Jacobi expansion. Let F € My (K*(N); 45, 1%). Since

1 0 0 O
1
b 010 = a b 3
Yy ¥n N | | =40, 98 (WWC(T)VR)
0
1

126 b
= Xn2(T) N =e (ﬁ)7

we have e (%) F(7, z,w) = F(7, z,w++). Therefore, F' has the expansion (Fourier—
Jacobi expansion)

o9 b
F(Z) = Z @N(m+%)(77'z)p]\[( +N/)‘
m=0
12

771"7 ) for each

c3

Because of the Koecher principle, we have ¢y, 4 o ) € Jp n (i 2,y (X
N/ ’ N/
m. We denote the projection F' +— ON(mt-2) by
N/

(FD) w(me-r) - Me(E (V)99 0%) = T (e 2y OG- (2.5)

Therefore, we can regard the Fourier—Jacobi expansion as the injective map
(F)) =TI, (FJ)N(m+ - The Fourier coefficients of each ¢y, » ) are directly
N/

come from the Fourier coefficients of F. Since e(+%)F (7, z,w) = F(7 +1,z,w) and

F(1,z,w) = F(7,2 4+ 1,w), F has the Fourier expansion

cr|{n+— ,l,N m+i qn+%<zp1v(m+%)
D) 3) it (AU CRe

m=0n=0 [€Z

and then we have

b b
@N(m+ > ) 7 Z ZZCF <7’l+ N/7Z7N <m+ﬁ)> qn+Nb/<l' (26)

n=0 leZ

On the above Fourier expansion, since VyC(—FE3) € K*(N) induces the equality
(— 1)k+a+12?F(T z,w)=F (Nou?z7 l>7
N
we have
b b b b
(et (o)) = e (e gy (n ) )
(2.7)
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Here we define the space of formal series of Jacobi forms with the involution con-
dition:

FM,(K*(N); ¥, ¥y)

. On the Fourier expansions of

12 ; B

=2 @ b like as (2.6), their

e [1 1 2 | o |

{(@N(m«k ) it kN ( m+ )(X 2 ) Fourier coefficients satisfies
m=0 the condition (2.7)

Then we can regard the Fourier-Jacobi expansion as the injective map

(FJ) : M (K™ (N); ¢VN¢N) — FM, (K" (N); ¢VN¢N)

Generally, on the theory of modular forms on the symmetric domain of type IV,
we can induce an injection of this kind. The big interest of the author is whether
this map is surjective or not. And the author consider that this map is always
surjective under some good conditions. In the case of SO(2, 3) (Siegel modular forms
of degree 2), we have already known some examples whose Fourier—Jacobi expansion
is surjective (cf. [1-3, 17]), and we have no example whose Fourier—Jacobi expansion
is not surjective. In this paper we will show that the Fourier-Jacobi expansion is
surjective for I' = 'y (N = 2,3,4).

2.7. Maass lift

Maass lift or Saito-Kurokawa lift is a method to construct Siegel modular forms
from Jacobi forms. Most well-known one is a lift from Jacobi forms of index 1
to Siegel modular forms with respect to Sp(2,7Z). To Siegel paramodular forms of
level N, Gritsenko and Hulek [10] constructed Maass lift (so called Gritsenko lift)
from Jacobi forms of index N. The case with characters, Ibukiyama [12] constructed
Maass lift from Jacobi forms of index 1 to Siegel modular forms with levels. Recently,
by combining these results, Cléry and Gritsenko [4] constructed a lift from Jacobi
forms to Siegel paramodular forms with characters. The following two propositions
are a slight modification of their construction.

Proposition 2.1 (cf. [4, Lemma 2.1]). Let ¢ € Jym(x;.) and let t be a positive
integer satisfying t = 1 (mod c’). Then we have

(PR T-()(r,2) =171 Y Za Xe(a (%a} € Jme (G2),

ad=t =0
where X, is the character of (Z/c'Z)* defined as follows:

Xe(a)=1 ((a,d)=1) (d =1,2,3,6),

J1 (a=1 (mod 4)) ;o
Xe(a) = {_1 (=3 (mod 4)) =%

B 1 (e =1,5 (mod 12)) ;o
Xe(a) = {_1 (a=7,11 (mod 12)) (=12

1650011-10
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We need to say where the character . comes from. Roughly, this operator T (t)
is a Hecke operator of

0 o

SL(2,Z)\M(2,t) = {SL(ZZ) (a ﬁc) Be{0,1,...,6

ad=t, a>0,
—1(’

where we put
M(2,t) ;== {g € GL(2,Z) | det g = t}.

We can easily show that for any g € GL(2,Z) satisfying detg = 1 (mod ¢’) there
exists g’ € SL(2,Z) such that g = ¢’ (mod ). Hence, by (2.1), the character x;,
of SL(2,Z) can be extended to the multiplier system of ;=1 (mod ) M(2,1). Xc(a)
ﬁC/)'

is the value of this multiplier system at (3 5

Proposition 2.2 (cf. [4, Theorem 2.2]). Let c € {0,1,2,3,4,6} and

p(rz) =Y Y ¢ (n + %l> "¢ € Tpm(XE2)-

n=0 lEZ

If ¢ =0, we put

(PhT-(0))(7;2) = s (0,0)ex(r).

Then we have

ML(O)(Z) = > (el 0)(r2)p™ € My (K (me)i o ulin).
t=1 (mod )
t>0

The Fourier coefficients of

ML) = Y Y e (o bmt) g ¢

ga
n,t=1 (mod c’) IEZ

n,t>0
are given by
By,

—%CW(O,O) (c=0,(n,l,t) = (0,0,0)),

O 07 ’l’t - 070’0 )
i () - oo

k L
S abulade, (o D) (o) £ (0.0,0)

al(n,l,t)

2.8. Differential operator

On the theory of elliptic modular forms, the Rankin—Cohen differential operator
is a method of constructing new modular forms from given two modular forms.
Recently, Ibukiyama [11] constructed similar method on the theory of modular
forms of multi-variables. This method is very simple but very useful to construct

1650011-11
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modular forms which is not obtained by Maass lift. Actually, in [3], we constructed
some generators of the ring of Siegel modular forms with levels.

Proposition 2.3 (cf. [3, Proposition 2.1]). Let F; € M, (K*(N);q/;?;&l/}%) for
j=1,2,3,4. Then we have
kiFy  koFy  ksF3  kyFy

0 0 0 0
arlv gl ity gt
{F\, Fy, F3, Fy}z :=det | o P 5 P € Mi(K*(N); 9% ¥R),
v gt gt gt
0 0 0 0
Wit ot auh

where we put
k:=Fk +ko+ks+Fks+3,
a:=aj+az+ asz+ aq,
and b :=0by + by + bs + bs.

We can easily prove this proposition by elementary calculation.

3. Proof of Our Main Theorem
3.1. Estimation

Fourier—Jacobi expansion gives us an information about the upper bound of the
dimension of the space of Siegel paramodular forms. Sometimes this information
is very useful for determining the structure of modular forms. This idea was first
appeared in [1], where Aoki applied this idea to the case I' = Sp(2,Z) and gave
a new proof of Igusa’s theorem. Recently, Ibukiyama, Poor and Yuen applied this
idea to the case I' = K(N) and they showed that the above upper bound coincides
with the true dimension of My (K (N)) when N = 2,3,4 ([17]). Here we apply this
idea to the case I'y.

Let F € My (K*(N); 9§ % ). From the involution condition (2.7) in Sec. 2.6,
the Fourier—Jacobi expansion of F' (i.e. (2.5) in Sec. 2.6) induces the exact sequence

(0 = Mo (K (V) o) [V (ot 41
st [ (e 2
Tk 003 ) [N (m + i)} (if Ftat i s even>,

12y 120
Jk’,mN—o—b(Xn]g/ ) [N (m + — 4+ 1)] (if k+a-+ N is odd).
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This exact sequence induces an estimation

dimc My, (K™ (N )¢VN¢N)

12 b
< ZdlchkNm+ 2 (% )[m+ﬁ}

~le

121 b
< Zdlm@JkNerN/)( N )[m—f— ﬁ}

m=0

> 12b
= Z dich‘,’fV_12(m+%)7N(m+%) <1f k+a-+ N is even)

m=0

and

dime My (K™ (N )1/)VN1/JN)

= _ 12b |
Zdlmcﬂk 12(14met ), N (mt ) (n‘k—i—a—i—ﬁlsodd).

m=0

Therefore, by using the Eq. (2.3), we have an estimation

1 N'—1
dime My (I'y) = Z > dime My (K" (N); 4, 0R)
=0 b=0

N'—1 oo

S Z Z dlm(cjk 12(m+N,)N(m+N,)
b=0 =0
+ dime Ji 12(14m+ 2 )N(m—o—%))

- Z(dimcjgf%m 5 Hdime I3
m=0

,m,N,m)

This estimation bound seems to be very rough. Actually, when N > 6, the
infinite sum of this upper bound does not converge. However, if N < 4, this upper
bound coincides with the actual dimension of My (T'x).

From now on, we assume N € {2,3,4}. Then we have N = N’. Hence the
dimension of M, (I'y) is not greater than the coefficient of ¥ on the formal power

1650011-13
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series (Laurent) development of the function

Z Z (dimcjz_% —|—dlm<cq]]k 12— 12mm> ol

k€Z m=0

(1+2' ZZ dime J )z

kEZ m=0
B 1+ +a¥Y
(1 —at)(1— 91— a® 21— 2%)
Hence, to prove our main theorem, it is sufficient to construct six modular forms

Enys € My(K*(N)), E(n)6 € Mg(K*(N)),

Xvy €Mz H(K*(N);¥n),  Yivy € Mz (K (N);¥n),

Z(ny € Mas_y (K*(N); ¢y ¥%) and  Winy € Muo(K*(N); ¢vy)

and to show that they generates My (I'y) by seeing their algebraic relations.
To show our main theorem, we prepare a subspace of My (I'y). Let

120
BNy = {0 <b< N -1 ‘k =+ (mod 2)}

and
Re(I'w) == @ My (K (N); 9).-
bGB(N).k

If k is odd and 3 is even, we define Ry(I'y) = {0}. In the same way, we have an
estimation

dim¢ Rk FN Z dimc Mk ( ) wN)
bEB(N),k

Z Z dim¢ JZ_12<m+%>,N<m+%>'

be B(ny,; m=0

Hence, if N € {2,3,4}, the dimension of Ry (T'x) is not greater than the coefficient
of z¥ on the formal power series (Laurent) development of the function

S Y S @me s )"

k€Z beB(ny,x m=0

=33 (dimeJy,,) 2F N

ke2Z m=0
_ 1
-2 (1291 - 2R 21— F)
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3.2. Construction of the generators

We know several methods to construct modular forms. Here we construct the gener-
ators E(ny 4, E(ny6, X(N), Y(v)s Z(nvy Wiy by using Maass lift and Rankin-Cohen
differential operators. The advantage of this construction is the easiness of calcu-
lating the Fourier coeflicients of modular forms.

3.2.1. Case N =2

Let pa0 =14+ 0(q) € Jaz and g2 =1+ O(q) € Jg,2 be Jacobi forms of index 2.
As dimg Ja,2 = dime J2 = 1, 4,2 and g2 are unique Jacobi forms of each weight
and index up to constant. When N = 2, the first five generators can be constructed
directly by Maass lift.

E(2),4 = ML(pa2) = ea(r) + O(p?) € My(K*(2)),

E(2),6 = ML(pg,2) = es(7) + O(p®) € Mg(K*(2)),

X2) :=ML(n"9_21) = n(1)p_2.1(7,2)p + O(p®) € Ma(K*(2); 1)),
(n"2@0,1) = n(1) 00,1 (7, 2)p + O(p°) € Mg (K™ (2); ¢02),

Z) = ML(7724<P—1,2) = n(T)* 9 12(7, 2)p” + O(p*) € My (K*(2); ¢y, ).

Because ey, €6, p—2.1 and g 1 are algebraically independent on C, the first four gen-
erators E (o) 4, E(2),6, X(2) and Y(y) are algebraically independent on C. Therefore,
we have

5
z
B
S

P Ri(T2) = C[E) 4. E2) 6. X(2), Yz -
keZ

On the other hand, from (2.4), we have

1
432
The last generator W,y is given by

{E(z) 4,E(2) G,X(2)7 }/(2)}3 )
Wigy := : ! =A +0 e Myo(K*(2 : )
@ 33177675y 12, () + O(p?) € Mua(K*(2); vs)

We need to show that {E(2).4, E2).6, X(2), Y(2)}3 can be divided by Z,. As
2Z){E@) 4 Z2), X(2): Yoy I3 = {E(2).4, 20y X(2), Y(2) }3

1
~ 216

2 3 3
2ty = 125 (2E(2) 6 X (5) — 3B(2)4X (%) Y(2) + X(2)Y(3))-

— X5 {E2) 4 E@)6 X(2), Y2)}s,
we have

4 3 3 2

(2E(2),6X (2) = 3E(2),4X () Y(2) + X(2)Y2) { E(2),4 Z(2), X (2), Y2) }3

1

= 3 @ 1B@.4 Eee Xe) Yo i
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Each side on the above equation is in Mrg(K*(2)) C C[E(2) 4, E2),6, X(2), Y(2)]-
Therefore
432 {E@),1, Eo)6 X2),Y(2)}3

{E2).4: Z(2)s X(2): Yy }3 =
XG 2E(2),6X(3) = 3E2) 4 X5 V(o) + X(2)Y(3

is holomorphic. Hence
432 {E@),4, E2y6, X(2), Y2)}3

E( Z
X(4 { (2),4» (2) (2)» 2)}3 Z(Q)

is holomorphic.
From the above, we have finished to show that the estimation in Sec. 3.1 gives
the actual dimension of the space of paramodular forms when N = 2.

3.2.2. Case N =3

Let w43 =1+0(q) € Ja3 and g 3 = 14+0(q) € Jo,3 be Jacobi forms of index 3. As
dimc Ju3 =1, 4 3 is a unique Jacobi form of weight 4 and index 3 up to constant.
However, as dimc J,3 = 2, ¢¢,3 is not determined uniquely. We remark that the
space Jg 3 is spanned by g 3 and n?4p? 2.1- When N = 3, the first four generators
can be constructed directly by Maass hft.

E(3),4 = ML(pa;3) = ea(7) + O(p*) € Ma(K*(3)),
E3),6 = ML(p63) = es(7) + O(p*) € Ms(K*(3)),

X(s = ML(n*¢p_2.1) = n(7)*p_2,1(7, 2)p + O(p*) € Ma(K*(3); 1)3),
©0,1) = 1(7)%¢0,1(7, 2)p + O(p*) € Ma(K*(3); 3).

Because ey, €6, 02,1 and ¢g,1 are algebraically independent on C, these four gen-
erators E3) 4, E(3) 6, X(3) and Y(3) are algebraically independent on C. Therefore,
we have

(n®
= ML(n

[

@ Ri(I's) = C[E3),4, E(3),6, X(3), Y(3)]-
kez

The fifth generator Z3) is given by

ML(n**¢_12¢_2.1)
X(3)

We need to show that ML(n?*p_1 2¢0_2.1) can be divided by X(3). As
(ML(n**¢_120-21))> = (1) 0 12(7,2)*0_2,1(7, 2)*p° + O(p"),
we have

(ML(n**¢_12¢-21))?

Z(3) = =n(7)"Cp_12(7,2)p* + O(p°) € Mz (K*(3); v, 13).

X2
4?2) (2E(3),6 X () = 3E3)4X(3) Vi) + X(3)Y(3)) € Mus(K"(3))[10].
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Therefore, (ML(1n?*p_12p-21))? can be divided by X(23)7 because the space
Mis(K*(3))[10] is one dimensional spanned by Xy . Hence ML(n*!¢_1 2¢-2,1) can
be divided by X3

The last generator W3 is given by

{E3) .4, Esy65 X(3)s
33177675/ —1Z,3,

Wis) = Ynls _ A1) +0(p*).

We need to show that {E(3).4, Es).6, X(3), Y(3)}3 can be divided by Z3). As
2Z(3){E3).4, Z(3), X(3), Y(3)}3 = {E(3),4, 203, X(3), Y3) }3

216X<3 {E3),4, E3),6, X(3), Y3) b 3

we have
1
2 2 8 2
Zi{E@3)4:Z3), X(3), Yoy 5 = @X(g){E@)A»E(s),G,X(3)71/(3)}3-

BEach side on the above equation is in Mss(K*(3)) C C[E(3).4, E(3),6, X(3), Y(3)]-
Therefore
432 (B4 B0 X3), Y313

X(s {E@)a: Z3), X3, Y3y )3 = Z(23)

is holomorphic. Hence {E3) 4, E(3),6, X(3), Y(3) }3 can be divided by Zs.
From the above, we have finished to show that the estimation in Sec. 3.1 gives
the actual dimension of the space of paramodular forms when N = 3.

3.2.3. Case N =4

Let w44 =1+0(q) € Jaa and g4 = 1+0(q) € Js,4 be Jacobi forms of index 4. As
dime J4,4 = dime J6,4 = 2, @44 and g 4 are not determined uniquely. We remark
that the space Js4 is spanned by @44 and 7**¢?, | and that the space Jg 4 is
spanned by g 4,7?* and @31271@0,1. When N = 4, the first five generators can be
constructed directly by Maass lift.

E(4)4 = ML(pa,4) = ea(7) + O(p") € Mu(K*(4)),

E(4),6 = ML(p6,4) = es() + O(p") € Ms(K*(4)),

X(ay 7= ML(1°¢0-21) = 0(1)°p-2,1(7, 2)p + O(p°) € My (K*(4); ¥a),
= ML(11°00,1) = 1(7)%¢0,1(7, 2)p + O(p°) € M3 (K™ (4); ¢a),
=ML( Po_12) = 0(1)Pp_12(7, 2)p" + O(p°) € Ms (K™ (4); v, ).

Because ey, €6, p—2.1 and g1 are algebraically independent on C, the first four gen-
erators E4) 4, E(4),6, X(4) and Y4 are algebraically independent on C. Therefore,

1650011-17
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we have
P Ri(T4) = C[E) 4, Eay 6 X (), Yia)-
kez
On the other hand, Z(4) ¢ R5(I's) and Z(24) € Ryo(Ty).
The last generator Wy is given by

{E(4) 4, B4y 6, X(4), Y(4)}3 4
W, = . 2 =A O e Myo(K*(4 : )
@ 33177673/~ 174 (7) +O(p") € Mua (K™ (4); 9vs)

We need to show that {E(4) 4, F4),6, X(4), Y(4)}3 can be divided by Z4). As
275 { By Zay, Xay: Yy ¥3 = { By ar Z0ays Xy, Yy I3

216X(4 {E(4 4 E(4) 6 X(4)7)/(4)}37

we have
2
ZE B a Zay, X ), Y }i = 432X(4 {Ew).4: Bay,6, X1y, Yy }3-

Each side on the above equation is in Mya(K*(4)) C C[E(4)4, E4),6, X (1), Y(0)]-
Therefore
;1(?;2 {Ewy 1, Z(ay, X(a), Yy }3 = 20} 4,E(4)ZGQ, Xy Yok
(4) (4)
is holomorphic. Hence {E(4) 4, E(4),6, X (1), Y(a)}3 can be divided by Z4.
From the above, we have finished to show that the estimation in Sec. 3.1 gives
the actual dimension of the space of paramodular forms when N = 4.

4. Remarks
4.1. FEisenstein series

In our paper, we construct all generators by using Maass lifts and Rankin—Cohen—
Ibukiyama differential operators. Here we remark that some generators can be con-
structed by Eisenstein series.

Usual Siegel Eisenstein series with the principal character are non-cuspital mod-
ular forms of even weights. Hence the first two generators of weight 4 and 6 can
be given by Eisenstein series instead of E(y) 4 and E(y) 6. Especially, by seeing the
dimension of the space of modular forms, the generators E(s) 4, E(2)6 and E(3)4
coincide with the (normalized) Eisenstein series.

Moreover, Iwahori constructed some paramodular forms by Fisenstein series
of Klingen type in [16]. He showed that Klingen Eisenstein series obtained from
the Ramanujan delta function is in the space Mia(K(N)) = Mp(K*(N)) @
M2 (K*(N); ¢y, ) but not in the space M2 (K*(N)), when N = 2, 3. Hence the last
generators W(g) and W) coincide with the My (K *(N); 1y, )-parts of the Klingen
FEisenstein series obtained from the Ramanujan delta function up to a constant.
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4.2. dd-modular forms

In the paper by Cléry and Gritsenko [4], they defined dd-modular forms, which have
the simplest divisor, and determined all dd-modular forms explicitly. On Siegel
paramodular forms of degree 2 with level N = 2,3,4, there is exactly one dd-
modular form (with a nontrivial character) for each level. These dd-modular forms
had been constructed by Gritsenko and Nikulin in [8, 9]. They denote these forms
by Az, Ay and Ay, whose weights are 2,1 and % It is easy to see that

X(Q) = A%, X(g) = A? and X(4) = A%/Q

Hence each Xy has the simplest divisor with multiplicity 2.
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