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Jacobi forms that characterize paramodular forms
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Abstract The Fourier Jacobi expansions of paramodular forms are characterized from
among all sequences of Jacobi forms by two conditions on the Fourier coefficients of the
Jacobi forms: a growth condition and a set of linear relations. Examples, both theoretical
and computational, indicate that the growth condition may be superfluous.
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1 Introduction

For theoretical purposes it would be nice to characterize the Fourier Jacobi expansions of
Siegel paramodular forms of degree two from among all formal power series with Jacobi
forms as coefficients. For computational purposes it would be nice if the characterization
were in terms of linear relations among the Fourier coefficients of the various Jacobi forms.
We achieve this goal only in a few cases.

The linear relations we study arise from a symmetry possessed by the Fourier Jacobi
expansions of paramodular forms. Let J; ,, denote the complex vector space of Jacobi forms
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112 T. Ibukiyama et al.

of weight k and index m. Let I" be a group commensurable with Sp,(Z) and denote by
M, (I'") the complex vector space of Siegel modular forms of weight & automorphic with
respect to I". One commensurable family is given by the paramodular groups K (N):

*  Nx  x *
K(N)= * [\T* I */*N NSp,(Q), where x € Z.

Nx Nx Nx *

Each paramodular form f € M;(K(N)) has a Fourier Jacobi expansion f (Ei) =

T2z

> m0:nm P (T, 2) e(mw) where (7 ) is in the Siegel upper half space and ¢y, € Jim.
These Jacobi forms ¢,, are not independent and possess a symmetry that is best expressed

by using a normalizer uy of the paramodular group K (N) satisfying u% = —I, and given
by uy = (_OF;V F(jv ), where the Fricke involution Fy = \/LN (% o) is the usual normalizer of

L(N)={(“") e SLo(Z) : N|c}.

For € = %1, let M (K(N)) ={f € M (K(N)) : flxun = €f} be the plus and mi-
nus eigenspaces of wy. Let the Fourier Jacobi expansion map, FJ : M (K(N))¢ —
[ 1ncz:m=0.nm Jk.m> be defined by FI(f) =3, v, #nE™ and write, for (z,z) € H; x C,

$n(t,)= D cnrign)e(nt +r2).

n,reZ: dmn>r2, n>0

These coefficients possess the symmetry

c(n,r; ¢m) = €c(m/N, —r; gan). ()]
‘We mention that f € M (K (N))€ is acusp formif and only if FI(f) € HmeZ;sz,NIm J,fj;p.

This nontrivial assertion follows from the representation of the one-dimensional cusps by
matrices of the shape (6‘ g). In fact, the one-dimensional cusps correspond to divisors ¢ of

N via D* = A = (), see Reefschliger [19] or compare [17].

In Theorem 2.2 we show that certain convergent series of Jacobi forms satisfying the
symmetry (1) are in fact the Fourier Jacobi expansion of some Siegel paramodular form.
However, the real question motivating this article is: Are formal series of Jacobi forms sat-
isfying the symmetry (1) the Fourier Jacobi expansions of Siegel paramodular forms? Work
of H. Aoki [1] essentially answers this question affirmatively for N = 1 and we prove this

for N € {2, 3, 4} as well by following his method. Let us give a more definite formulation.

Definition 1.1 Let X3 (N) = {(¢”) > 0:4a,2b,c € Z and N|c} for N € N. For k € Z,
let ® = Zm;mm PnE™ € Hsz:NIm Ji.m be a formal power series whose coefficients are Ja-
cobi forms. For € € {—1, 1}, we say that @ satisfies the Involution(¢) condition if

2 .
V(r;l2 r’i)e/’\?jem‘(N), c(n,r;(lbm):fc(%’_r;d’”’v)'

We say that @ satisfies the growth condition if

n

Vo > 1, EIA>0:‘V’<r/2

r/2 semi n+m
4)6’(5 (), etn,rs gu)| < Ap™™.

Set M (N)* ={P €[] Je.m © @ satisfies Involution(e)}.

m=>0:N|m
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Fourier Jacobi Expansions 113

We would like to know when the map FJ : M (K (N))¢ — M, (N)€ is surjective. In The-
orem 2.2 we show that this map surjects onto the subspace of M (N)¢ that satisfies the
growth condition, thereby giving at least one theoretical characterization of the Fourier Ja-
cobi expansions of Siegel paramodular forms. Details aside, this amounts to the fact that
the paramodular groups are generated by the Jacobi group and an involution. By following
Aoki’s method however, we do prove the surjectivity of FJ onto M (N)€ for N < 4.

Following a suggestion of the referee, a formal Fourier Jacobi expansion should always
mean an element of M (N)€, a formal series of Jacobi forms that satisfies the Involution(¢)
condition. By this terminology, a formal Fourier Jacobi expansion automatically satisfies
the symmetry condition inherent in the Fourier Jacobi expansion of a paramodular -
eigenform. In these terms, the following theorem proves that certain formal Fourier Jacobi
expansions are in fact convergent Fourier Jacobi expansions of paramodular forms.

Theorem 1.2 Let N €{1,2,3,4} and € € {—1, 1}. For all weights k € Z, the Fourier Jacobi
expansion map FJ from paramodular forms to formal series of Jacobi forms that satisfy the
Involution(e) condition, FJ : M (K (N))¢ — M (N)¢, is an isomorphism.

As a corollary we obtain new results for the generating functions of the plus and minus
eigenspaces. For any prime p, dim S; (K (p)) is known in [11] for k > 4, in [13] for k =3,
4, and for p <349 and k =2 in [16]. We can easily show that the generalized Siegel @
operator, the projection from M; (K (N)) to the boundary of the Satake compactification,
is always surjective for any k for squarefree N. Indeed, this is due to Satake [20] when
k > 4, and, again for squarefree N, the image is zero dimensional for k = 2 and at most
one dimensional for k =4 due to the known cusp configuration in [12] for prime level and
in [17] for general N; furthermore, the lift of the Jacobi Eisenstein series of J4 y surjects
to the image of @ when k = 4. So the generating function for dim M; (K (p)) can be easily
given for any p as long as we know dim S, (K (p)). In fact, the full generating functions are
known for N =2 by T. Ibukiyama and F. Onodera [14], the plus and minus eigenspaces
being given there also, and for N =3 by T. Dern [4]. Our proofs use their results. The
generating function Y dim M, (K (4))t* is given here for the first time by relying on the
definitive results of Igusa [15] for subgroups of I, that contain the principal subgroup I (2).
These results, new for N =4, are:

1+llo+t23+t33
(1 =HA =191 =51 = 112)’

> dim My (K (2))" F =
keZ
lll +t12+t2l +l22

. ik __
Y _dimM(K(2)) i = (1 —H(A =191 — 5 (1 —112)”

keZ

148 4710 421 4 423 4 31
Zdika(K(3))+tk: h —Z +62+ 41_2 ’
~ 1 —tH(1 =152 —¢12)

_ l9 l‘ll t12 t19 Z‘ZO t22
§ dim My (K (3)) t* = AL e e s ,
(1 —=1H(1 =121 —112)

keZ
1 g6 g8 410 4 19 4 f21 4 423 4 429
Zdika(K(4))+tk= AR +42+ 6+ +12 * ’
o (I =91 =190 —112)
B (TS 12 17 18 20 4 22
> dim (k@) ot = LT O T
et (I =) =190 —1"%)
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The question of the surjectivity of FJ : M (K(N))¢ — M (N)€ is not idle and has ap-
plications to the computation of paramodular forms. To illustrate this, in Sect. 4 we use the
symmetry condition to compute S;(K (31))%. These computations at least make it plausible
that the growth condition is superfluous. Here one may also find a lemma showing that, for
prime p, initial Fourier Jacobi expansions

J k p2+1
7w,y oFJ: 8, K(p) l:[],fu;]p injectforJZLE(p_i_l )J.

2 A characterization of Fourier Jacobi expansions

For aring R, let Sp,(R) = {o € GL,(R) : o' Jo = J} define the symplectic group over R,
where J = ( 0 I”) and o’ is the transpose of o. The paramodular group K (N), defined in

the Introductlon, is generated by the translations (0 1) with § = ( Y N) fora, B,y €Z,
and the element J (N), see [3], Theorem 9,

S O O =

1/N
0
0

Let H, denote the Siegel upper half space. For k € Z, the paramodular forms of
weight k, denoted by M (K (N)), are the C-vector space of holomorphic f : H, — C
with the property that f|,oc = f for all o € K(N). The subspace of cusp forms is
given by Sy (K(N)) ={f € My (K(N)) : Yo € Sp,(Z), (f|ro) = 0}. Here the slash ac-
tion, (flc(22))(2) =det(CR2 + D)* f(AR + B)(CR + D)*‘) and the @ operator,
(@f)(r)=limy 41 f ( ) are the usual ones, see [6]. Since u2 wv acts trivially on modular
forms, we may decompose paramodular forms into plus and minus forms: M (K (N)) =
M (K(N)* & Mi(K(N))~ where Mi(K(N))* = {f € Mi(K(N)): flu = ef} for € €
{—1, 1}.

Every paramodular form f € M (K (N)) has a Fourier expansion

f&@= > aT:fre((2.1))

TeX5Mi(N)

supported on X“’““(N) = {(b C) >0:a,2b,c eZand N|c}; here e(z) = ¢*"“ and (A, B) =
tr(AB). Setting T[o] = o'To, we additionally have a(T[o]; f) = det(o) a(T; f) for all
oelN) ={(“ ”) € GL,(Z) : N|b}. Note that the action of I"°(N) stabilizes X5°™ (N).
If we write 2 = ( ) € H, and collect the Fourier expansion of f in powers of & = e(w),
then we obtain the Fourier Jacobi expansion of f: f(%:2) =", ,. Nim P (T, 2) ™ where
the

2
pum= Y a((r’;z " );f>e(nr)e(rz) @
n, rEZ'(r;l2 r’f)zo.nzo
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Fourier Jacobi Expansions 115

are Jacobi forms of weight k and index m. This Fourier Jacobi expansion is term by term
invariant under the group,

I'o(Z) = N Sp,(Z),

S ¥ ¥ ¥
S O % O
S ¥ ¥ ¥
* ¥ ¥ ¥

and this is one motivation for the definition of Jacobi forms.

Definition 2.1 Let k, m € Z~(. The C-vector space Ji , of Jacobi forms of weight k and
index m is the set of holomorphic ¢ : H; x C — C satistying:

(1) Yo € I'u(Z), ¢ly0 = p, where ¢ : H, — C is defined by (. J) = ¢ (z, 2)e(mw).
(2) Setting ¢ = e(r) and ¢ = e(z), the Fourier series of ¢ has the form: ¢(z,z) =
Zn,reZ:nzO, 4mn>r? C(}’l, r; ¢)qné—r

The vector space of Jacobi cusp forms J,f}:;p is defined by replacing 4mn > r? by
4mn > r* in item 2. If we identify a sequence () € [1,ucz: meo. N Jkm With the formal
power series ), .y, ¢nE™, then developing the Fourier Jacobi expansion of a paramod-
ular form as in (2) defines a map FJ : My (K(N)) — [] Jr.m- Now we can state a
characterization.

m=>0: N|m

Theorem 2.2 Letk € Z>o, N € Nande € {(—1,1}. Let ® =} v, Bu&"™ € [Lnz0. njm Jiom
be a formal power series whose coefficients are Jacobi forms. There is an f € M (K(N))¢
such that ® = FJ(f) if and only if ®@ satisfies the Involution(e) condition and the growth
condition of Definition 1.1.

Proof We first assume that @ = FJ(f) for f € M (K(N))¢ and write each T € Xzsemi(N)
as T = (r;z rf). For any p > 1, take A > 0 with p = ¢*™*. By the Koecher principle there
isan A >0Osuchthat |f(2)|<Aon{2=x+iYeH,:Y > %12}.For.Q =X+irl, we

have the growth condition:

le(n, s ¢w)| = |a(T; )| =

/ f(R2)e(—(2,T))dX
Xel0,1]3

< / |f(9)|6271()»12,T)dX < Aplr(T) — A,Om+n.
Xe[0,113

For the Involution(e) condition, we need to know the action of the involution py on the
Fourier expansion of f:

(flem)(R) = det(F) ™ Y a(T: fre((F}y2Fy. T))
= Za(FNTF}/V’ f)E((97 T))

Now FTF, = (S0 N = (I

Involution(€) condition:

), so that we have the
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116 T. Ibukiyama et al.

C(n,r;¢m)=a<<r72 rf);f)=ea<<r72 rf)#lm)
:ea((T;{/]\; _§22>;f>:ec<%,—r;¢w>.

Now assume that @ = > ¢,,&" satisfies the growth and Involution(e) conditions. For

any T = (r72 %2) € X5™(N), define a(T) by a(T) = c(n, r; ¢p). Onthe set {2 =x +iY €

H, : Y > LI} the series ZTGXEemi(N) a(T)e(($2,T)) is majorized by a convergent series of

constants. To see this, choose p with 1 < p < e?™ so that by the growth condition there is
an A > 0 with |a(T)| = |c(n, r; ¢,)| < Ap"T™ and so

m+n
- m+n ,— \ P
Z|G(T)|e 2 (Y,T) SZA,O + e 2 (Y,T) SA;<62?>
0o 0 m+n
§AZZ(2n+2m+l)(62%> :

n=0 m=0

Since the convergence is uniform on compact sets, we may define a holomorphic function
f:H,— Cvia f(2) = ZTGXZSemi(N)a(T)e(<Q, T)).

The absolute convergence of this series shows that f (z ;) is equal to the rearrangement
ZmEZZQ:N\m (T, 2)e(mw), or f = Z,nezz():N‘m én. The invariance of f under the action of
the group I (Z) now follows from the invariance of the ¢,,. In particular, we have f|E; =
f for

0 0 1 0

0 100
E=l"1 0 o ol =@

0 0 0 1

Furthermore, the Involution(e) condition gives us

a(FyTFy) = C<% —r; ¢nN> =ec(n,r; ¢w) = ea(T),

so that

(flenn)(2) =det(F)™ >~ a(T)e((Fy2Fy. T))
Texsmi(N)

=Y a(FyTFy)e((R,T)) =Y ea(T)e((2,T)) =€f (£2).
T T

Following Gritsenko [8], we have f|E uy = f|uy = €f and therefore that f|(E\uy)> = f.
The group K (N) is generated by translations and the element (E;uy)> = —J (N) so that
J €M (K(N))“. U
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Fourier Jacobi Expansions 117

3 Aoki’s method for N =2, 3 and 4

Does Theorem 2.2 remain true without the growth condition? A method of H. Aoki [1]
shows that it does for N = 1. We successfully use Aoki’s method to show the same for
N <4.

Definition 3.1 Let j,k,m € Z, N e Nand € € {—1, 1}. Set

M,ﬁ”(N)f:{@: > %E’”eMk(N)e}v

meZ:m>Nj:N|m
ordp = min{n €Zlso:Arel:c(n,r;¢)# 0}, for ¢ € Jim,
Jk,m(j) = {¢ € Jk,m . 0rd¢ = .]}
Here, as in Aoki [1, 2], precise dimensions in specific cases follow from inequalities that

are in general too generous. Most dramatically, the final terms in the following Estimate
diverge for N > 5 and large weights.

Lemma 3.2 (Estimate) Let N e N,e € {—1,1},k € Zandset§ =0if (—1)’e =l and§ =1
if (=1)ke = —1. We have the inequalities

dim M (K (N))© < dim M (N)©

j=0

oo
<> " dim Sy (j +8)

Jj=0
Nj g
- D720 2oido dim My i 1a(j15), k even,
= Nj-1 5.
Y 2 dim My 1o 1agivs), K odd.

(For k odd, N = j =1 gives an empty second sum.)

Proof The first inequality follows since FJ : My (K (N))€ — M, (N)¢ is injective, the second
by the filtration M,((/ ) (N2 M,((J +h (N)<. For the third, consider the exact sequence

0= M (V) — MY (V) — Jew;.

where the final map sends @ =Y - ;O ~g'Y t0 ¢;n. The Involution(e) condition shows
that the image of the last map is inside J; y;(j + 8). This is the obvious but important point.
If & € M’ (N)< then for all £ < j we have ¢, = 0, 50 that ¢(€, 7; ;) = €c(j, —r; i) =
0 and ¢y; € Ji n;(j). Furthermore, if (=1*e = —1 then c(j, r; onj) =€c(j, —1; Pnj) =
(—Dkec(j, r; onj) = —c(j,r; dnj), s0 c(j,r; dn;) =0 and ¢y; € Ji yj(j + 1). Thus we
may uniformly write ¢n; € Ji n;j(j + 6).
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118 T. Ibukiyama et al.

The last inequality follows from Lemma 3 on page 583 in Aoki [1], a consequence of the
theory of differential operators in [5]:

S dim Mygoi12j,  ifk even,
dim Ji, () < { 05 dim My 140i-10j,  if k odd, m > 2,
0, ifkodd, m <1. O

Lemma 3.3 For N €{1,2,3,4,5} and € € {—1, 1}, let:

o Nj
Ens = Z (ZZdim Mk+2112(j+5)>lk,

keven \ j=0 i=0

oo Nj—1
Dys= Z(Z Z dim Mk+2i12(j+5))tk'

kodd \ j=1 i=lI

We have ELO = ((1 — t4)(1 — IG)(l — tlo)(l — llz))il, Dl,l = El,l =0 and DI,O = l‘35E1’0.
For2 < N <5 we have

128 14710 448 4o 4 g142N
(1= (1 = 19)(1 — 112)(1 — 1122V

s (25N gl g9 4Ly 15N
(1= ) (1= 19)(1 — 112)(1 — 1122V

DN,S =1

Proof Since dimM, = 0 for v < 0, we may make the computation slightly easier by
summing over all k € Z and using, for all a € Z, the identity »_,_, dim My _ t* =14/
(1 =rH(1 =1%).

oo Nj

Eys = Z ZZdika+2i—l2(j+3)tk’

keven j=0 i=0

oo Nj
i k2012 48) | 120 +8)—2i
:ZZ<Zdlka+2i12(j+5)t +20-12(j+ ))t (j+8)-2i

j=0 i=0 \keven
1 oo Nj

_ 12(j+8)~2i
- _ 4 _ 46 sz

(=1 —1%) & o
= 1t J <l

— (] _ 46
1 —=HA —1%) = j=ri/NT
' - - 12j-2i _ 12(j+1)—2i

— -2 +1)=2i
= Ao A X ()

i=0 j=Ti/N7
'® — 12 i/NT-2i
— ¢t Ti "'71.
(=1 — 01— 112 ZO
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We finish by substituting i = N£ + v and evaluating

N—1 oo

o0
lezri/zvﬂ—zl' _ Z Ztlzr%ﬂ—zwuu)
i=0

v=0 ¢=0

I
M 10

14

1+1¢

Il
)

N—-1 oo

tlZ[—ZN@ 4 Z Z tl2(l+1)—2N[—2v

v=1 {=0
N—-1

t(12—2N)l 1+Zt12—2v

v=I

10 L 48 4 ... 4 f14-2N

The proof for Dy s is quite similar.

oo Nj—1

Dys=) % > dimMc

kodd j=1 i=1

0o Nj—1

DD dimamy iy

j=1 i=1 \kodd

oo Nj—1
1

TP S

j=1 i=1

t128

1— t12_2N

k
—12(+0)1" s

= 142i—12(j+6) \ , 12(j+6)=2i+1
2i—12(j+8)t Im120+0) | 1200 2

tlZ(j+5)72i+l

— = t4)(1 — t6) Z Z t12j_2i+1

i=1 j=T(i+1)/N7

t128

TU—HA -0 -1

tlZB

T U= =51 — 112

[o] o0
Z Z (t]2j—2i+1 _ t12(j+1)—2i+1)

i=1 j=T(i+1)/N7

0
ZtIZ'_(hH)/N’—ZH»I
i=1

We finish by substituting i = N¢ + v and evaluating

oo N oo

Ztlzr(wl)//vlziﬁ _ Z Z "

i=1 v=1 £=0

[o9)

t
=0

N-1
v=1
oo N-1
— Z t(lZ*ZN)Z Z [137211 4 t2572N
=0
l‘“

127 NEDEL o (N e+v)+1

=S
12(6+1)—2NL—2v+1 + Z t12(K+2)72(NZ+N)+1

£=0

v=1

40 15N 4 252N

1 —¢12-2N

The proof for the case N =1 is similar and is given in Aoki [1]. O
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Corollary 3.4 For N €{2,3,4}and e € {—1, 1} orfor N =1 and € = 1, all the inequalities
in the Estimate of Lemma 3.2 are equalities.

VkeZ, FJ:M(K(N))*— Mi(N) is an isomorphism.
Nj
Vk even, dim Jk,Nj (j + 8) = Zdlm Mk+2i712(j+5)7
i=0
Nj—1
Vk Odd, dim Jk,Nj (_] + 8) = Z dim Mk71+2i712(j+8),

i=1

o0
> dim My (K (N)"t* = Ey o+ D1
k=0
1+t|0+l8+”.+l14—2N+t|2(t11+t9+'_.+tl5—2N+t2572N)
- (1= 1)1 = 16)(1 — 12)(1 — 1122V) ’

Y " dim My (K (N))"t* = Ey i + D0
k=0

t12(1+t10+t8+.“+tl472N)+tll+t9+...+t1572N+t2572N
- (= )1 — ) (1 — ()1 — (1727 :

Proof Rewriting the inequalities of Lemma 3.2 as dim My (K (N))* < coeff(Ey o +
DN,l,tk) and as dim M (K (N))™ < coeff(Ey 1 + Dleo,tk), we have dim M, (K (N)) =
dlka(K(N))+ + dmM;(K(N))~ < coeff(Eyo + Dy, + Eni + DN,O,tk).
If we can show equality here, we have dim M (K (N))* = coeff(Ey, + Dy 1,t*) and
dim My (K (N))~ = coeff(Ey,1 + Dn.o, %) and the proof is complete. However, the gen-
erating functions ZkeZ dim M (K (N))t* are known for N = 2,3 and 4 and one checks
equality with Ey o+ Ey1+ Dyo+ Dy.1. O

4 The generating function of K (4)

For any natural number ¢, the paramodular group K (¢2) is conjugate, by an element of
Sp,(Q), to the following group I'(¢), which is a subgroup of I; containing the principal
subgroup I5(¢);

') = NSp,(Z), where * € Z.

The proof is that diag(l,7,1,t=")K (1*)diag(1,=",1,7) = I'(¢). In Igusa [15], we
may find the generating function for the character X; of the representation of Sp,([F,) =~
I/ I5(2) acting on M;(13(2)). Since I"(2) contains the principal subgroup I>(2), Igusa’s
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Fourier Jacobi Expansions 121

Table 1 S¢ cycles

83 %83 M e Sq g(M;1)
((ERDI(ET)
(1) x (D |G 1 S
(12) x (1) 3
5 8
1) x (12) 3 (12 6 (1=r)(1=1%

(1-12)2(1+412)3

a+5)1-18)
(12) x (12) 9 (12)(34) O T w2y

(123) x (1) 2

_a+0Ha=®
(1) x (123) 2 (123) ST ws s veww
(123) x (12) 6

a-r>)a-r%
(12)x(123) 6 (2345 12 s s

1+5)(1-r%)
(123)x (123) 4 (2)E56) 4 om0 s

result allows us to calculate the generating function for ') by the formula

Zdlm M (F(2))1 Z ZXk(M)t

k=0 MeGkO

where G = I"(2) /I>(2) is a finite group. Now Sp, (IF,) is isomorphic to the symmetric group
S¢ via the permutation of the six odd theta characteristics and the group G =~ SL,(F;) x
SL,(IF,) corresponds to a choice of S35 x S3 € S¢ by the action of SL,(F,) on the three
even theta characteristics. We separate the elements M € G into conjugacy classes, which
may be given by cycle types inside Sg, and give Igusa’s computation (page 401, [15]) of
gM;t) =320 Xk (M)t* for these conjugacy classes. Table 1 lists the cycle types in both
S3 x S5 and S and gives the number of elements that have that cycle type.
This gives

> dim My (K () 1*

k=0
o0
=Y dimM(I(2)1
k=0

1
= 35 14((D: 1) +62((12);:1) + 92 ((12)(34): 1)

+4g((123); 1) 4+ 12g((12)(345); 1) + 4g((123)(456); 1) }

(1+t12)(1+t6+t7+t +t9+t10+t11+t17)
(1 =921 =191 —1'%)

We mention a good cross check now that we know dim M, (K (4)). We can show that
dim J;'37(j) = max{dim J; 4;(j) — 1,0} by comparing the Taylor expansion and the theta
expansion of Jacobi forms as in Eichler-Zagier [5]. By this, we can also give upper bounds
for dim S; (K (4)). These upper bounds coincide with the true dimension of S;(K (4)) com-
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puted from the known dimension of M, (K (4)) and the dimension of the image of general-
ized @-operator on the boundary.

5 Anexample: 15 o FJ : S4(K(31)) — H 1Jaa

Although the linear relations from the Involution(e) condition are practical to implement on
a computer, the growth condition is not. It is natural to wonder about the effect of omitting
the growth condition and we work out one example with this in mind. In light of Theo-
rem 2.2, when we compute formal power series over Jacobi forms satisfying the involu-
tion condition, either there will only be Fourier Jacobi expansions of paramodular forms or
there will also be solutions with rapidly growing coefficients. We consider the subspaces
S4(K(31))” and

={f eSs(KBD)" :ords FI(f) > 62}

for the following reasons: The dimensions dim J, CuSp are known for k > 2, see [5, 21], and so

we only need to generate sufficiently many hnearly independent elements of J,ff::lp to com-
pute inside this space. Especially in weight four, see [9], theta blocks are a convenient way to
construct Jacobi forms. For d € N® with d -d =2N, we have T'(d)(z, z) = ]_[? (U(T,diz) €

Janshere 9(t,20) =), ,(—D"q (2”+1) ;'2" . Itis easy to see that T'(d) is a cusp form if d
has both even and odd entries. We select K (p) for prime level p because T. Ibukiyama [11,
13] has given dim S; (K (p)) for k > 3; this information allows us to measure our computa-
tions against a known dimension. For weight 4, we have

dim S4(K (p))

_ P M3 (p NI\ 12) 13 p (3
=57 8 576+<96 8><p>+8<p>+12<p>+36<p>
d1m]cu5p=Z {4+2J} —l—(] /4’”) )

where we let Lx_ = max{m € Z : m < x} be the greatest integer function and where {{k}} =
dim S; (SL,(Z)).

V. Gritsenko has a lifting Grit : J;'* — Si(K(N))¢ for € = (—1)* with the property
that the Fourier Jacobi expansion of Grit(¢) has leading term ¢ £V, see [7]. In selecting a
generic example, we avoid these lifts because their Fourier coefficients satisfy special linear
relations. The first prime p for which the map Grit : J:’L;fp — S4(K (p)) does not surject is
p = 31; here Grit(J;3) is five dimensional and S4(K (31)) six. By subtracting off the Gri-
tsenko lift of the leading Fourier Jacobi coefficient we have S4(K (31))* = Grit(J;57) & S.
We will compute 12 coefficients of the Fourier Jacobi expansions from S4(K (31)) in accor-

2
dance with the following Lemma, noting here that 1 ,;}:]1 = 14—0 3311++]1 =12.025.

Lemma 5.1 Let p be a prime, J,M,k € N and € € {—1,1}. Let my : ]_[joile,pj —
HLM/IU Ji.pj be projection. The map m,; o FJ : Su(K (p))* — [17_, iy injects for J >

k.pj
P 241
10( p+l)
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Proof For T € X,(p) = {(“ b) >0:a,2b,ce€Z and p|c}, define the Minimum function m

bc
via m(T) = min, T[x] over x € Z* \ {0}. It is known that the T € X,(p) with m(T) <
2
1k_o ‘;—Ll are a determining set of Fourier coefficients for S; (K (p))¢, see [16]. Consider f €

Sk (K (p))¢ such that

k p>+1
VT = (") e (p): = < — ,a(T; f)=0. 3
(o) € %) = < g o alTi 3
We need to show that such f vanish. Take any T € X,(p) satisfying m(T) < % %. By
reduction we have T = (¢ f)[(;‘f ‘;)] for some ( g) € GL,(Z) and 0 < 2b < ¢ < a; in this
case c =m(T). If p|B then (j ’g) € fo(p) and a(T) = :I:a((z ﬁ)) =0 by (3) since % <c<
%%. If 8 is prime to p, let r € Z solve fr =8 mod p; then o = ( g)_l(?l) e (p)

and we have T[o] = (Zf)[(?i)] = (bjrc crzifzgw) € X»(p) so that p|(cr? 4+ 2br + a).
In this case

cr242brta
B ) - ) adibrta _(er +b)\\
a(T) =det(o)“a(T[o]) = e det(o) a((_(crp+ b) pc )) =0

2

. . 2
1947 Since a(T) =0 for all T with m(T) < f—o%‘m,

by (3) because % =c <
we have f =0.

For p =31 and k = 4, the following Proposition computes the first J = 12 Jacobi form
coefficients of any formal power series that satisfies the Involution(e) condition and finds
that they are all initial Fourier-Jacobi expansions of paramodular cusp forms. This makes it
at least plausible that the involution condition alone characterizes the Fourier Jacobi expan-
sions from S4(K (31))¢ from among all formal power series over Jacobi forms. And that is
the point of this computation—to show that the growth condition may be superfluous.

Proposition 5.2 Let k, p, J € N with p prime. Define the subspaces

J J
A(J) = {cb = qujp glP e H JkCU,S]f . @ satisfies lnvolution(—)} and
j=1 j=1

J J
B(J) = {45 = qujp EIP ¢ 1_[ Jeoy s @ satisfies Involution(—i—)}.
j=2 =1

For k =4 and p = 31, the subspace A(12) is trivial and the subspace B(12) is one dimen-
sional and is spanned by @y = Y26 + Yo3E% + - - - + Y12.316 123! with initial expansions

‘/fez — q2(_§22 +7§21 _ 15;20 _3;19 +50§18 _ 37;17 _47516
+19¢5 4740 449013 — 16302 — 13¢ 1 +67¢ 104282 4+ 1088
—84¢7 —106¢° —74¢° + 114¢* 4+ 162¢° — 84¢> — 54 +6—54/¢
—84/02+162/3 + 114/¢* —74/¢° — 106/° — 84/¢7 +108/¢8
+28/8°+67/¢"0 —13/¢c" —163/¢'2 +49/¢" + 74/ +19/¢ 7
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—47/6° =376 +50/¢" = 3/¢10 —15/¢% +7/¢* —1/¢%)

@ (67 = 5070 4+ 507 4 1™ — 190 — 207 — 507 2107 +39¢

—47¢" =507 — 64210 + 1907 + 13301 — 2507 + 17017 — 131"

— 52010 4 712° —3¢8 + 15907 — 37¢° — 4907 —38¢4—86¢% + 1022

4260 +112+426/c +10/¢2 —86/¢c3 —38/c* —49/¢° —37/¢°

+159/¢7 =3/¢8+71/¢° —=52/¢1° —131/7¢ M +17/¢12 — 25/ 13

+133/2" +19/c — 64/ =5/ — 47768 439/ +21/%

—5/¢7 = 2/¢7 = 19/8P 11 /07 45/¢7=5/¢+1/¢7) + 0(q");
Vo3 = ¢ (coeff (e, ¢°)) + O ().

Proof 1t is convenient to denote J;,P(v) = {¢ € J;," :ord¢ > v}. Let & =0- &' +
$62E%% + P03 + - 4 ¢31,E3" € B(v). The space Jflgf is spanned by the 9 theta
blocks T(d) ford =1[1,1,1,1,2,4,6,8],[1,1,1,2,2,2,3,10],[1,1,1,2,2,4,4,9], [1,1,
1,2,3,6,6,6], [1,1,2,2,2,2,5,9], [1,1,2,4,4,5,5,6], [1,2,2,2,2,3,7,7], [1,3,4,4,
4,4,5,5],[2,2,2,2,3,3,3,9]. The Involution(+) condition tells us that for all (,'/'2 r,/nz) €
X,(31) we have c(n,r; ¢p) = c(%,—r;q&mn). Setting n = 1 and m = 62 in condi-

tion Involution(+), we have
c(l,r; ¢e2) = (2, —r; ¢31) = c(2, —r; 0) =0,

so that the g'-coefficients of ¢, vanish. The subspace J, ¢y (2) is spanned by one el-
ement, Vg, which is the following linear combination of the above nine theta blocks:
Yer = (—3,-5,—-1,-2,-1,0,1,0,1) - (T(d)), ..., T(dy)). The initial expansion of ¢,
is as given above. Thus ¢g, is some multiple of V¥, say ¢ = s, for o € C, and the
subspace B(2) is at most one dimensional.

The space J, o3 is spanned by the 16 theta blocks T'(c) for ¢ = [1,1,1,1,1,1,6, 12],
[1,1,1,1,1,6, 8', 9,[1,1,1,1,2,3,5,12],[1,1,1,1,2,4,9,9],[1,1,1,1,4,6,7,9], [1, 1,
1,3,5,6,7,8], [1,1,2,2,2,6,6,10], [1,1,2,3,3,3,3,12], [1,1,2,3,3,4,5,11], [1,1,
2,6,6,6,6,6], [1,2,3,3,3,3,8,9], [1,3,4,4,6,6,6,6], [2,2,2,2,2,2,9,9], [2,2,2,
2,2,3,6,11], [2,3,3,3,3,3,4,11], [3,4,5,5,5,5,5,6]. For n =1 and m = 93 the
Involution(+) conditions are c(1,7; ¢o3) = c(3, —r; ¢31) = 0 so that ¢o3 € J, o3 (2). The
subspace J, o} (3) is trivial and the subspace J, o1 (2) is spanned by the following four linear
combinations of theta blocks:

s Ly

01=(-1,-1,-6,-6,-4,-1,0,—1,2,0,1,0,0,0,0,0) - (T(c1), ..., T (c1)),
0,=(-2,-1,-9,-6,-3,0,—1,—-1,3,0,0,0,1,0,0,0) - (T(c1), ..., T (c1)),
Q3=(-1,-1,-4,-2,0,0,1,1,-2,0,0,0,0,1,0,0) - (T (cy), ..., T(c16)).
0s=(1,0,1,3,2,-1,0,—-1,-5,0,0,0,0,0,1,0) - (T(cy), ..., T (c1s))-

Some Fourier coefficients for these Q; are in Table 2. We use the Involution(+) condition
for n =2 and m = 93 to find the g?-coefficients of ¢o;3.

c(2,7;¢93) =c(3, —1; ¢62) = ac(3, —7; Ye2). 4
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Table 2 Fourier coefficients of

the basis Q; for jj}‘;;(z) r c(2,r; Q1) c(2,r; Q2) c(2,r; Q3) c(2,r; Q4)
0 114 300 6 —226
1 —38 —145 —69 12
2 14 —47 89 —24
3 —60 —1 41 146
4 —34 84 -72 72
5 40 —69 -53 9
6 65 —27 41 28
7 15 209 74 —174
8 —42 —113 0 45
9 —49 —137 —103 22
10 —65 -72 —49 117
11 137 303 190 —6
12 —-33 —-93 -55 16
13 61 —44 —42 -36
14 -79 —10 =72 —54
15 —42 0 67 23
16 67 30 101 -3
17 —40 —99 —122 45
18 73 149 19 —26
19 —-57 —55 -3 18
20 3 —23 31 —24
21 7 —6 -5 -2
22 -7 9 —28 9
23 19 30 24
24 —18 -35 -8 7
25 7 14 1 -12
26 -1 -2 0 6
27 0 0 0 -1

The coefficients ¢(3, —r; ¥¢,) are known and displayed in the statement of the Proposition.
The unique element ¢o3 € Jf’;f (2) satisfying equation (4) is a9z where Y93 = — Q| — Q4.
This shows that the subspacé B(3) is at most one dimensional. Continuing in this way on a
computer, we showed that J‘fgsfj (j) ={0} for j =3,...,12 and hence that dim B(12) < 1.

We discuss the minus space. The space J, 5, is spanned by 5 theta blocks 7'(b) for b =
(1,1,1,1,1,2,2,71,(1,1,1,1,1,4,4,5],[1,1,1,1,2,2,5,5], (1, 1,2,2, 2,4, 4,41, 2, 2, 3,
3, 3, 3, 3, 3]. For even weights, the Involution(—) conditions are quite restrictive. We have
c(j,r; ¢315) = —c(j, —r; ¢31;), so that the g’ -coefficients of ¢31; must vanish. However,
the ¢'-coefficients of the five theta blocks T (b;) are already linearly independent, so A(1)
is trivial. Now that we know that the first Jacobi coefficient vanishes, by the same reasoning
as for the plus space, the only possible element of A(2) is a multiple of ¥,; however the
extra condition that the g2-coefficients of ¢, vanish shows that A(2) is trivial. The triviality
of A(12) now follows from ]f;sfj(j) ={0})for j=3,...,12.

@ Springer



126 T. Ibukiyama et al.

By Theorem 2.2 we have a map w123, o FI : S4(K(31))” — A(12) and, by Lemma 5.1,
this map is injective; hence S4(K (31))~ is trivial. From Ibukiyama’s result, dim S; (K (31)) =
6, we may conclude that dim S4(K (31))" = 6 and dim S = 1. Therefore @ € 7531 FI(S) C
B(12) and dim B(12) = 1. O

From another point of view, the merit of the preceding computations consists in providing
upper bounds for the dimension of spaces of paramodular cusp forms. In this particular case,
relying on Ibukiyama’s dimension formula for the existence of forms, we have shown the
following Corollary.

Corollary 5.3 dim S;(K (31))" =6 and dim S4(K (31))~ =0.

6 Final remarks

We conclude by comparing the Involution condition with the following weaker inequality;
for general N, we cannot even show that the right hand side is finite:

IR
dim S, (K(N)) ™" <Y " dim I3 (). 5)
j=1

For the case N = 31 and k = 4 we have demonstrated the equality dim S4(K (31))* =
230=1 dim Jﬂsfj (j)or6=54+140+0+---+ 0. However tempting it may be to re-
place the 20 by co, we cannot be sure about that equality because we have only com-
puted dim Jﬂsf) ; (j) =0 for 3 < j <20. We can, however, be certain about inequalities;
for example with N =29 and k = 4, we can show the inequality dim S;(K (29))" <
>0, dim J50 (j) or 5 < 54140+ ---. The space J, 5 (2) is one dimensional, spanned
by ¥ say, but there is no element in J: l;s7p (2) whose g>-terms equal the ¢>-terms of ¥. Hence
there does exists a @ = W&? satistying the Involution(4) conditions to second order that is
not the initial Fourier Jacobi expansion of any paramodular cusp form from S4(K (29))*. All
the @ that satisfy the Involution(+) condition to third order, however, are the initial Fourier
Jacobi expansions of paramodular cusp forms from S;(K (29))*. Hence, again in this ex-
ample, the Involution condition continues to compute the space S4(K (29))* correctly even
when the inequality (5) is strict.

One case where the convergence of the series 72 dim Ji'\%(j) is known for all
weights k is N = 5. Here the sum need only be taken to j = Lk/2. because ord¢ <
(k +2m)/12 for ¢ € Ji . A more refined estimate of Gritsenko and Hulek [9] shows that
J <3k —6)/8.suffices when N = 5. Since N = 5 is also the first level where the inequal-
ity (5) can be strict, it is of some interest to ponder this data. Table 3 gives the values of
dim J;'57 (j) for 1 <k < 15 and for j < (3k — 6)/8.. These were computed by using theta
blocks to span the spaces of Jacobi forms. For weights k < 15, the dimensions of S; (K (5))*
in Table 3 may be found in a manner similar to that used to prove Corollary 5.3. One sees in
Table 3 that the inequality (5) is already strict for weight k = 12 and hence that the method
that was used for 1 < N <4 to prove the surjectivity of FJ : M (K (N))¢ — M (N)€ for all

weights will not work for N = 5.
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Table 3 Values of dim J;'5} (/)
k J
1 2 3 4 5 352 dim 5P () dim §y (K (5)) D"
1 0 0
2 0 0
3 0 0
4 0 0
5 1 1 1
6 1 1 1
7 1 1 1
8 2 0 2 2
9 2 0 2 2
10 3 1 0 4 4
1 3 1 0 4 4
12 4 2 1 7 6
13 3 2 1 0 6 5
14 5 3 2 0 10 8
15 4 3 2 0 9 8

We mention two references that were added in revision. For the introduction to theta

blocks see [10]. For results relevant to this article, see [18].
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