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1. Introduction

Let $; ={Z ='Z e Ma(C) | 3(Z) > 0} be the Siegel upper half space of degree 2. Let

1
On(Z)=) exp(2n1<§<

xeZ2

)z ) (e D))

be the Igusa theta constant with m = (m’,m”) € Q% x Q?. For a congruence subgroup I" of Sp4(Z)
(C SL4(Z)), let S; denote the Siegel modular 3-fold and S3(I") denote the space of Siegel modular
cusp forms of weight 3 with respect to I". van Geemen and van Straten showed that S3(/3(2, 4, 8))
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is spanned by certain 6-tuple products ]_[?:1 Om;(n;Z) with mj € {0, 1}4,nj € {1,2} using the theta
embedding of Sr(.4.38) into P13 (cf. [6]), where I2(2,4,8) = I"(2,4,8) is defined by

{14+4[’2 g} € Sp4(2) ‘ A,B,C,D e My(Z), diag(B) = diag(C) =0, tr(A) =0 (mod 2)}. (11)

Through Igusa’s transformation formula, Sp4(Z) acts on these 6-tuple products. They showed that
S3(I'(2,4,8)) is decomposed into eleven irreducible Sp4(Z)-modules, and each module is generated
by acting Sp4(Z) a 6-tuple product of Igusa theta constants. Further, they showed that these 6-tuple
products is associated to irreducible cuspidal automorphic representations of PGSp4(A) (cf. Proposi-
tion 2.2). Computing some eigenvalues of Evdokimov’s Hecke operators on

81(Z) :=6(0,0,0,00(22)0(1,0,0,0)(£)0(0,1,0,0)(£)0(0,0,1,0)(£)0(0,0,1,0)(£)0(0,0,0,1)(Z),
84(Z) :=6(0,0,0,0)(22)6(1,0,0,0)(2Z)0(0,1,0,0(2Z)6(0,0,1,0)(£)0(0,0,0,1) (Z£)0(0,0,1,1)(Z),

they gave:

Conjecture. (See van Geemen and van Straten [7].) Let ITg, be the irreducible cuspidal automorphic represen-
tation of PGSp4(A) associated to g;. Then the spinor L-functions (of degree 4) are

1 -2 1 -2
L(s, I1g,; spin) = L(s, 1), L(s, [Ig,; spin) = L(s — 5 (T)>L(s+ o <T>>L(S’ 01),

up to the Euler factors at 2. Here A is a grofencharacter of the bi-quadratic CM-field Q(i, ~/2) of conductor 2,
p1 is an irreducible cuspidal automorphic representation of PGLy (A) of lowest weight 4 of level 8, and (%) is
the Legendre symbol.

In this paper, we prove
Theorem A. The conjecture is true.

More precisely, their conjecture referred to Andrianov-Evdokimov’s L-functions L(s, g;; AE). How-
ever, L(s, gj; AE) is essentially equal to the (partial) spinor L-functions of ITg (cf. Proposition 2.1).
Anyway, Theorem A means that [, is a D-critical representation in the sense of Weissauer [31], and
Ig, is the (%)—twist of a Saito-Kurokawa representation associated to o, ®(’72). Let Gr‘3’v H3(S[‘gi ,0)
be the graded quotient of degree 3 of a mixed Hodge structure on H3(51‘gi ,C). Theorem A also means
that g; corresponds to a generator of the 1-dimensional space H3’°(Gr‘3’v H3(S[‘gi ,C)) associated to a
quotient S[“gi of Sr(2,4,8) (cf. Proposition 2.3). We are interested in the quotients Spf]_ , Srgi of Sr,4,8)
for various reasons. Let S’Ff be a resolution of the Satake compactification of S Iy~ van Geemen and

5

Nygaard [6] calculated the Hodge numbers h3® and h?! of ST, are both equal to one and showed
5

that the L-function of the third etale cohomology of S’rf is equal to L(s — %,/L)L(S — %,/ﬁ), up
5

to the Euler factors at 2, where p is the unitary gréencharacter related to the CM-elliptic curve
E/q:y*=x3 —x. Because fs5 corresponds to the generator of H3'°(Gr¥VH3(Srf5,C)). it was conjec-

tured in [7,6] and verified in [17] that L(s, ITf;; spin) = L(s, w)L(s, 1), up to the Euler factors at 2.
Thus, ITg, is a weak endoscopic lift of (7 (u), 7 (?)) in the sense of [31] and we have

3 .
L(s, Hgt(S’Ff5 Q) = L(s -3 g, spm),
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up to the Euler factors at 2, where 7 (w) indicates the irreducible cuspidal automorphic representa-
tion of PGL,(A) associated to w. From the above Hodge numbers and these L-functions, it is natural
to guess that a weak endoscopic lift of (77 (i), 7 (u>)) contributes to H* 1(GrWH3(Srf5,(C)). In Sec-
tion 3.3, we will give the desired weak endoscopic lift.

We have verified in [17] their conjectures on L(s, ITy,; spin) for 1 <i <6, and we will verify in
another work in preparation their conjectures for IT¢, and ITg,. Here fj, g; with 1<i<7,1<j<4
are certain 6-tuple products of Igusa theta constants. Combining all these works, we will complete
the proof for the conjectures given in [7].

By the way, our result means that there are irreducible automorphic representations of GSO(6)
related to these representations of GSp(4) with the 6-correspondence. We find holomorphic Hermitian
modular forms of GU(2,2) of weight 4 from the Siegel modular forms of weight 3 by the following
theorem.

Theorem B. Let K = Q(v/—d) be an imaginary quadratic field. Let B, be a definite quaternion algebra such
that B® K >~ My (K). Put V = K 4 B . Suppose that a Siegel modular eigen-cusp form F of degree 2 of weight
3 is given by a 0-lift from PGSOy. Then, there is a holomorphic Hermitian modular form F of PGU, 2 (K) of
weight 4 with

L(s, F; AZ) = ;(s)L(s, F, (?); r5>, (1.2)

outside of finitely many bad places. If F satzsﬁes the generalized Ramanujan conjecture at almost all good
places, then F is a cusp form. Here L(s, F, (’ ); 15) is the ( d) twist of the L-function of degree five, and
L(s, F; /\f) is the L-function of F with respect to the twisted exterior square map from the L-group LGU, »(0)
to GLg(C) introduced by Kim and Krishnamurthy [11].

Notice that a holomorphic Hermitian cusp form of GU(2,2) of weight 4 is canonically identified
with a holomorphic differential 4-form on a modular 4-fold. A globally generic weak endoscopic lift
of PGSp4(A) is sent to a noncuspidal representation of PGL4(A) through the generic transfer lift to
GL4(A) (cf. [2]). However, a holomorphic weak endoscopic lift as in Theorem B is sent to a cuspidal
automorphic holomorphic representation.

The paper is organized as follows. After reviewing a result of van Geemen and van Straten [7],
and summarizing our main tools 6-lifts, and Whittaker functions in Section 1, we prove Theorem A
in Section 2. We prove Theorem B in Section 3.

Notation. For a reductive algebraic group G defined over a number field F, let A(G(A)) denote the
space of automorphic forms on G(A). At a place v of F, let Irr(G(F,)) denote the set of equivalence
classes of irreducible admissible representations of G(Fy). If o is an element of Irr(G(Fy,)) or irre-
ducible automorphic representation, then w, denotes the central character of o. For an irreducible
automorphic representation 7 =), 7y of G(A), let S; denote the finite set of places for which m,
is ramified, and let Ls(s, ;1) = ]_[v¢5 L(s, wy; 1) the partial Langlands L-function outside of S(D Sy)
with respect to a finite dimensional representation r of the L-group of G(k,). For a commutative
ring R, we denote

GSp2(R) = {g € GLon(R) | 'g1ng = v()1n)

where 7, = [,n 7'”] and v(g) € R* is the similitude norm of g. We will denote by Z(R)(~ R*) the
center of GSp,,(R). For a quasi-character y and a representation t of GSp,,(R), let x T denote the
representation sending g to x (v(g))T(g).
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2. Preliminaries
2.1. Review of van Geemen and van Straten’s result

van Geemen and van Straten computed some local factors of Evdokimov’'s L-functions of the 6-
tuple products f;, g; of Igusa theta constants. To begin with, we will compare Evdokimov’s L-function
of a Siegel modular cusp form of degree 2 with the spinor L-function of a unitary irreducible cuspidal
automorphic representation of GSp4(A). We will relate Siegel modular forms to automorphic forms, in
order to regard Evdokimov’s Hecke operator for Siegel modular forms as an operator for automorphic
forms. For Z € $), and g = [fc‘ g] € Sp4(R), let j(g,Z) =det(CZ+D) and g-Z = (AZ+B)(CZ+ D)~ L.
For a function f on 93, an element g € Sp4(R), and a positive integer «, we define

flg2)=jg.2)" f(g-2).

Let Koo ={g € Sp4(R) | g - i =i} =~ Up(C) where iy = il,. For a congruence subgroup I" C Spy(Z), let

Iy =Keo®peoo Ip.  Tho= Q) I

p<oo

where I, is the p-adic completion of I'. For a Siegel modular form f of degree 2 of weight « with
respect to a congruence subgroup I" C Sps(Z), we put f(g) = f(g-i2)j(g, i)™ with g € Sp4(R).
Through the isomorphism: I'\$); ~ I'\Sp4(R)/Kuo ~ Sp4(Q)\Sp4(A)/ s, we extend f? to an auto-
morphic form on Spy(A), which is also denoted by fF. Let fp be the compact subgroup of GSp4(Zp)

generated by elements of I, and [12 ZIZ] with z € Z. Let Iy = (Z(R)Ke) ®p<oo I'p. Because
Sp4(@Q)\Sp4a(A) /Ty ~ GSp4(Q)\GSp4(A)/I:A, we can write an element g € GSpy(A) as )/tgl['2
with g1 € Sps(A), y € GSps(Q), te Z(R), z € ®p Z;. We put

zlz]

f(e) = f(gn. 2.1)

Then, f is an automorphic form on GSp4(A). Let xr be a congruence character of I'/I"(N). Let

Sc(xr)={feSc(FrMN) | fleay =xr»)f (v e N}.

We identify x, with a character xr = 100 ®p X1, on Ia. For an integer N, let I"’:(N),J be the

subgroup generated by elements of I"(N), and [ZIZ ] with z € Zy. Define I'*(N) = Sp4(Q) N

Z_]Iz

Q) I'*(N)p. For a character x -z, on I'*(N)/I"(N), we define ¥, () = )(1-(1\1)l,(u[1 v(u)’llz]) and
XFny = 1 ®p XF(N)p' Let

Ac (X)) =1 f € A(GSPa(d) [ o) f = j(uoo, i2) ™ ®p X, (up) f foru e F(N)a}. (22)

Note that the central character of each f € .A,((xf(N)) is unitary. If f € Se(xpz(n)), then fe
AK(Xf(N))~ Now, we can regard Evdokimov's Hecke operators (cf. (2.13) of [5]) for Siegel modular

forms as the following operator T/, for .AK(Xf(N)) with p{N:
Ty f(@) =p"“ Y Flic(hpg) =p"* > f(gino(hph")
J J

where g € Spy(R), i, denotes the embedding GSp4(Q) to GSpy(Qy), and h; € GSp4(Q) N My(Z) is
taken so that
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- Iy I — .
h,:[ pnlz] (mod N), F(N)[ pnlz]F(N)_LlF(N)h]. (2.3)
J

Suppose that f € Sk (X2y)) is @ common eigenform and that ]’ lies in a (unitary) irreducible cuspidal
automorphic representation 7. Let A;n denote the eigenvalue of T;n on f.The p-factor of Evdokimov’s
L-function of f is

(l _ )L;,pfs + ()\/pZ _ )\;2 — wx, (p)71p2/(74)p72s — wx, (p)fl)\;p2kf373s
+ @, ()2 E%) T (2.4)
Let Apn be the eigenvalue of the Hecke operator
Ty f() =) f(giphp)=> wn,(p")f(gipthp)"). (2.5)
J J

The spinor L-function of unramified 7}, is

_ _ _ _ _ _ _ -1
(1=pPapp™ +p 2 (5 — 2 — PPwr, () D> = p > Pwr, (DApp ™ + 0n, (0)*p™*) .

In order to compare these L-functions, we recall generalized Whittaker function. Let F be a Siegel
modular cusp form, and F be the automorphic form on GSp4(A) related to F as above. Let &,(Q) =
(T ='T e My(Q)}. For a T € G,(Q), the Fourier coefficient Fr with respect to ¥ of F is

Fr(g)= / w(Trace(Ts))f1 F([lz Isz} g) ds,
G2(\S2(A)

and that of F is Fr(1). Because F is a cusp form, some Fr(1) is not zero for some T with detT #0.
For a character p of SO1(Q)\SO71(A), the generalized Whittaker function F ’T‘ is defined by

= 1z z
Fr(g) = f n@ 1FT([ (-1 } g) dz
SOr (Q\SO7(A)
and factors as ), I:"’TL,V (cf. [19]). Because Fr = ZM I:"Tl, some I:“T‘(l) is not zero.

Proposition 2.1. Suppose that a Siegel modular form f € S, (I"(N)) of degree 2 is a common eigenfunction
with respect to Evdokimov’s Hecke operators. Suppose that f lies in a (unitary) irreducible cuspidal automor-
phic representation 7. Then, for p N,

3
L(s, f; AE)p = L(s — K+ 2 w;.]pyrp; spin).
Proof. It suffices to show that

)»;,n — p"("*g‘)a)n,p(p)’”)\pn (2.6)



T. Okazaki / Journal of Number Theory 132 (2012) 54-78 59

for n =1, 2. To do it, we will observe the actions of the operators on f# =Q, ]‘#V with T € 6,(Z)

such that fF(1) #0. Then f{fp(l) # 0. Abbreviate f#p as Bp. In the case n=1, as a complete system
{hj} in (2.3), we can take the following types:

1 * ok p 1 % * x p * ok
1 % = D p ok ok 1 % =

p ) 1 ) P ) 1
p 1 * 1 p

where x indicate elements of Z. But one can show Bp(h]T1) =0, if h; is not of the first type. Indeed,
for example, using the property

a7 ] ) ([ ] )
-u(o(a™ 1))
“n(=5)n([" )

for s € S3(Zp), one can show that B ([pl2 2] ) = 0. Here n(s) = [ ] and note that Bj is right
GSp4(Zp)-invariant. Then, (2.6) is derived from (2.1). The argument for the case n =2 is similar to
that for the case n =1 and omitted. O

Next, we recall the result of Sections 6, 7 of van Geemen and van Straten [7]. Let

r'e) = = [2’2, g} € I'(2)(C Sp(2) ‘ diag(C’) = 0 (mod 2)},

r4,8) = { [’3 g] € I'(4)(C Sp4(2)) ‘ diag(B) = diag(C) = 0 (mod 8)}.

Let fi,gj with 1<i<7, 1< j<4 be the 6-tuple products of Igusa theta constants in the table
on p. 864 of [7]. We w111 abbreviate filay. gjlsy’ for some y,y’ € Sps(Z) as f, g}. Through Igusa’s
transformation formula, from F = f] (resp. g;.), we obtain a congruence character xr of I"(2) (resp.
I'’(2)). In Theorem 6.4 of [7], they showed that S3(xf) is 1-dimensional and

3(I4) Z S3(X s
7
S3(I'(4,8)) =S3(I'@) +Y Y S3(xs),
i=2 ff

4
S3(I'(2.4.8)) = S3(I'(4.8)) + D )" S3(Xg)).

j=1 g

Proposition 2.2. (See van Geemen and van Straten [7].) Let fi, & j be the automorphic forms related to f;, g;
as above. Then each fi (resp. ;) lies in an irreducible cuspidal automorphic representation of PGSp4(A).
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Proof. Let f = f;. Write f =Y 1hj €Y m where m’s are irreducible cuspidal automorphic represen-
tations. From (2.1), it follows that Q([’2 212])]‘ =fforany ze Zy o Thus,

« \— I
vol(Z ) 1/2@([ 2 ZIZDhldz:Zh,.
Z, ! I

Hence, we can assume that

I X
Q<|: Zh:l)h[:h’, ZEZA,O' (2.7)

With the similar argument, we can assume that

ooh; = xr(uoh;, uoeI'(2)a0, (2.8)

0(Uoo)hy =det(—Bip + A)3h;, s = [—AB i] € Keo. (2.9)

Using Proposition 6.2 of [7], we find that )(fyp([Zl2 2,112]) =1 for any z € Zj. It follows that the
central character of f is trivial. Hence wy, is also trivial. Consulting Eq. (2) of p. 505 of Oda and
Schwermer [16], we find that 77 o |sp, is the holomorphic discrete series representation with Blattner
parameter (3, 3). Define the function h,b on Z € $H, by h?(Z) =h(800)j (800, i2)°, Where go, € Sp4(R)
is taken so that g - i = Z. Then, h;) € S3(xf). Because S3(xy) is 1-dimensional, hf € Cf. One can

show that h; € (Cf, noting (2.7), (2.8), (2.9) and wy, = 1. This completes the proof for f;. The proof for
gj is similar. O

We will denote by Iy (resp. Ilg;) the irreducible cuspidal automorphic representation of
PGSp,4(A) containing fi (resp. gj)

Noting that I''(2), I'(2,4,8) are normal subgroups of I'(2) and I'(2)/I’(2) ~ (Z/2Z)?, one
can extend xg; in 4 ways, Xgj.l with 1 <1< 4. Then S3(xg;) = > 53(Xg;1)- However, because
dim¢ S3(xg;)) =1, dim¢ S3(ng,l) =1 for an I and dim¢ S3(ng,1) =0 for other I. We define the char-
acter Xg; on I"(2) by dimc S3(Xg;) = 1.

Proposition 2.3. For I = ker(x f,). ker(Xg,), H*(Gry’ H3 (S, ©)) is 1-dimensional.

Proof. We give the proof for I = 1<er(ng). The proof for I = ker()x,) is similar and omitted. To
prove H*O(GrY H3(Sker(y,). C©)) (= S3(ker(xg))) is 1-dimensional, it suffices to show that ker(xg) ¢
ker(xfir) for any f{ and ker(xg) ¢ ker(Xgp for any g; # g. Using the tables in Proposition 6.2 of [7],
we find that ), is {+1}-valued, and that xy, for i# 1 and ¥ are {41, i}-valued. Thus

r@)/ker(xy) ~2/22,  I'Q2)/ker(xg) ~I'"2)/ker(xs/|r@) ~Z/AZ (i#1).

Because the commutator subgroup of I'(2) is I'(4,8), and g ¢ S3(I"(4, 8)), it is impossible to extend
Xg to a character on I'"(2). Hence, xf|r/2) # Xg:. Xg and ker(xg) ¢ ker(xfi/lpz(z)) for i # 1. As de-
scribed in the proof of Proposition 7.5 in [7], and Xg| # Xg» X g- Hence ker(xg) ¢ ker(xg;) for g/ # g.
Finally, assume that ker(xg) C ker(Xfl«) for some f]. Then, Xé = Xj,» and hence l<er(X§) O I'(4). But,
this conflicts to the table of Proposition 6.2(b) in [7]. Hence ker(xg) ¢ ker()(f{). This completes the
proof. O
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2.2. 0-lifts

In this section, we summarize the 6-correspondence for GSO(4) and GSp(4). Let X, be a
2m-dimensional space defined over Q with a nondegenerate quadratic form (,). For x = (x;),
y=(yi) € X", we denote ((x;,y;)) also by (x,y). Let dx be the discriminant of X. Let xx(x) =
{*, (—1)™dx}, where {x,x}, denotes the Hilbert symbol. We fix the standard additive character
on Q\A. Let S(X(Q,)™) be the space of Schwartz-Bruhat functions of X(Q,)". The Weil representa-
tion r}} of Sp,,(Qv) x Ox(Qy) with respect to v, is the unitary representation on S(X(Qy)") given
by

(1, ey (x) = @y (h'x), (2.10)
i ([8 ta0_1 | 1><pv()<) = xx(deta)|deta|" gy (xa), (211)
r'&([’g i:,l)wv(x)=wv(w>%(x), (212)
T’J([ﬁ _OI"—,l)fpv(X)=J/<0VV(x>. (213)

The Weil constant y is a fourth root of unity depending on the anisotropic kernel of X,n and . The
Fourier transformation ¢V of ¢ is defined by

@Y (x) = / Yy (Trace(x, y))@(y) dy
X@y"

where dy is the self-dual Haar measure. As in [21], we extend r], to the group {(g, h) € GSp,(Qy) X
GOx(Qy) | v(g) = v(h)}, where v(h) denotes the similitude norm of h. Let r" = ), 7. For ¢ =
), v € S(X(A)™), we put

(@) g = Y rgHeX.
xeX(@Qn

This series converges absolutely. Let dh be a right Haar measure on SOx(Q)\SOx(A). Let o be an
irreducible cuspidal automorphic representation of GSOx (A). Take an f € 0. We define the 9-lift of f
to GSp, (A) with respect to ¢ by

(0. [)(g) = / 6n(9) (g, h) f (hho) dlh, (214)
SOx (Q)\SOx (A)

where hg is chosen so that v(g) = v(hg), and the value of 6,(p, f)(g) is independent of the choice
of hg. This integral converges absolutely and is an automorphic forms on GSp,,(A). We will denote
by ®p(o) the subspace of A(GSp4(A)) spanned by 6,(p, f) with ¢ € S(X(A)") and f € 0. We call
On(o) the global #-lift of o to GSp(2n). In the case of m = 2, these 6-lifts are weak endoscopic
lifts or D-critical representations under some situations as follows. For our later use and the sake of
simplicity, we assume the central character of ¢ is trivial.

1) In the case that dx is a square of a rational number, X, is isometric to a quaternion algebra
B,@ defined over Q. Define p(h1, hy)x = h1’1xh2 for x € B(R), h; € B(R)*, where R denote Q, Q, or A.
Then p gives isomorphisms



62 T. Okazaki / Journal of Number Theory 132 (2012) 54-78

B(R)* x B(R)*/A(R*) =~ GSOx(R),

ip: y N 9 (2.15)
{(h1,h2) € B(R)* x B(R)* | Ng/g(h1) = Np/r(h2)}/A(R*) ~ SOx(R),

where A(R*) denotes the diagonal embedding into B(R)* x B(R)*. We identify a o, € Irr(PGSOx (Qy))

with a pair (01,y,02,y) of Irr(PB(Qy,)*) through i,. Then, o is identified with oy X oy for a pair

(01, 07) of irreducible automorphic representations of PGSOg(A). Then, IT = ©,(01 X 03) is irre-

ducible and factors as ), 62(01y X 07y). For an irreducible cuspidal automorphic representation t of

B(A)*, we will let )t denote the Jacquet-Langlands transfer to GL,(A). Let S, be the set of places v

for which O—i“:v X Ui,Lv is ramified. Then, S;7 = S, and

Ls, (s, IT; spin) = Ls_ (s, 01)Ls(0) (S, 02), Ls, (s, II;15) =5, (S)Ls,, (5,01 X 02),

where 15 indicates the 5-dimensional representation of GSp,(C) as in Section 2 of [26]. If both of
o1 and o3 are cuspidal and o1 # o3, then IT is cuspidal, and thus IT is a weak endoscopic lift of
(U{L, U%L). If B/ is a definite quaternion algebra, then I7 is the so-called Yoshida lift of o = (07, 02),
and [Ty is holomorphic. Otherwise, IT is not holomorphic. In particular, if B;gp >~ M3(Q), then IT is
globally generic, i.e., every F € IT has a nontrivial global Whittaker function. Let cq, c; € Q*. A global
Whittaker function of an automorphic form F on GSp4(A) with respect to v, ¢, is defined by

1 ¢t 1 S1 S2
1 1 sy s4
WE e, ., (8) = Y(—c1t +c284)F 1 1 g | dtdsqdsydsg,
(Q\A)* —t 1 1 (2.16)

and factors as @), Wr,y,,
WEg . Let B= M3 (Q). Let

We call W y,, the standard Whittaker function and abbreviate as

€V "

e:[ 1], a:[l _1:|6M2(Q).

The pointwise stabilizer subgroup Z «)(R) C SOg(R) of e, & is isomorphic to

(SRTEARIIIE

via iy. Let B1y =&, Bi,v, B2,y = ), B2,v be the Whittaker functions of fi, f with respect to .
Then, the v-component of the global standard Whittaker function of F =6,(¢, f1 X f,) on Sp4(Qy) is

Wr.n (&) = / ro(8.1p(h1.h2)) @y (1. e)Br.v () Bay (h2) dhy dhy.  (217)
Z(el,a)(Qv)\SOX Qv)

2) In the case that dx is not a square of a rational number, Xg is isometric to

Xp.dy = Xp = {b € Bjg ® Q(y/dx) | b'“ = —b} (218)

for a quaternion algebra B,g, where : denotes the main involution of B, and c is the generator of

Gal(Q(v/dx)/Q). Put L = Q(/dx). Let R be Q,Qa or Q,. But assume that L, 2 Q%. For x € X,
t € R*, h e B(RL)*, define p’'(t, h)x =t~ 'h'xh. Then, p’ gives isomorphisms
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{(t,b) € R* x BCLR)*}/{(Nir/r(5).$) | s € LR*} ~ GSOx (R),

2.19
{(€.b) | # = Nigsr o Npwryy(0)}/{ (Niryr(S). ) | s € LR* } 2 SOx(R). (219)

ip:

We identify a oy € Irr(PGSOx (Qv)) with one of Irr(PB(Ly)*) through i, If L, =~ @2, then GLy(Lw,) x
GLy(Lw,) =~ GL(Qy)?%, and o, is identified with a pair of elements of Irr(PB(Q,)). Let o be an
irreducible cuspidal automorphic representation of PB(L,), which is identified with an irreducible
representation of PGSOx (A). Contrary to the previous case, ®,(c) is not irreducible in some cases.
Anyway, every irreducible constituent T of @, (o) factors as ), v, and

Ls, (s, T;spin) =Ls, (s, 0), Ls,(s,T:715) = Ls (s, Xt)Ls, (s, T, x1; Asai),

where x; is the quadratic character associated to the extension L/QQ, and the last L-function is the
XxL-twist of Asai’s L-function (see [1] for the definition). Suppose that dx > 0 and each o&i is a holo-
morphic discrete series representation with lowest weight 2 or more. Employing the main result of
Blasius [3], we find that oL is tempered. Thus, in this case, every constituent of @;(c) is a D-critical
representation in the sense of [31]. If B,g is a definite quaternion algebra, then each irreducible
constituent of @;(o) is holomorphic. If B,g >~ M>(Q), then an irreducible constituent of ®;(o) is
globally generic. Let B,g = M2(Q). Define v (2) = Q, ¥v(Trace,, /g, (2)), where w denotes a place
of L lying over v. Let e, @ € Xy, 4, (Q) be the same as above. Then the pointwise stabilizer subgroup
Ze,a)(A) C SOx, (A) is isomorphic to

(O e

viaiy.Let feo,p=Q,¢v € S(X(A)?), and F =6,(p, f). Let By = Q,, Bw be the global Whittaker
function of f associated to ¥;. If Ly =Ly, X Lw, = Q%, then Wr y, is similar to (2.17). If L, /Q, does
not split, then

Wiy (g) = / 12(8. i, (£, b))y (€. ) B (b) dit . (221)
Z(e,a) (Qv)\SOXMZ (@) (Qv)

The next lemma is needed to prove Theorem A.

Lemma 2.4. Let L be a quadratic field. Let o be an irreducible cuspidal automorphic representation of
PGLy(Lp). If o is not a base change lift of an irreducible cuspidal automorphic representation of GLy(A),
then every irreducible constituent of ®, (o) is not a weak endoscopic lift.

Proof. Let T be a constituent of @, (o). On the authority of Shahidi [25], Asai’s L-function of o does
not vanish at s = 1. Hence Ls_(s, T, x1;Ts5), the xi-twist of Ls_ (s, T;15), has at least a simple pole at
s =1. Assume that 7 is a weak endoscopic lift. Then, Ls_(s, T, x1;1s5) is equal to Ls (s, x1)Ls, (s, 01 %
X102) for a cuspidal pair (o1, 03), and hence,

-1 ifo1 = xL02,

ords—1Ls_(s, T, x1;T5) =
s=1bs: XiiTs) {O otherwise.

Hence the assertion. O
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2.3. Degenerate Whittaker functions

Let R be a commutative ring. For 1 <r <2, let P,(R) = N-(R)M;(R) C GSp4(R) with

Np, (R)
1; v tw 1, u
- lzr W 12 [v="1veM(R), uw e M (R}
1, 1, :
1o ~tu 1y
zZ
a b a b
Mp,(R) = det(g)'z-1 ’g—[c d]EGSp472r(R)sZ€GLr(R)
c d

=~ GL;(R) x GSpyg_y(R),

where we understand GSpy = GL1, GSp, = GL,. We write Py = Q (resp. P, = P) and call it Klingen
(resp. Siegel) parabolic subgroup. Let eq,ep denote the natural embedding of GL, x GL; into Mp,. If
E is a noncuspidal automorphic form on GSp4(A), then, for e=P or Q,

®,(E)(g,2) = vol(}\l.(@)\z\f.(A))‘1 / E(nes(g,2))dn (2.22)
Ne(@\No(4)

is a nontrivial automorphic form on GLy(A) x GL1(A). Let a € Q*. We define g (%) = ¥ (ax). If a
function W;/(a) on GSpy(A) (resp. GSps(Qy)) satisfies

1 u 1 * %

1 1 % z
1 1

—u 1 1

Y(au) (e=P),

Wi gl=wy, @ x { (2.23)

V(az) (e=Q),

then we say W;m) is a e-degenerate global (resp. local) Whittaker function.

3. Automorphic forms on GSp4(A)

Let [T, I1g; be the irreducible cuspidal automorphic representations associated to fi, g (cf.
Proposition 2.2). The idea of our proof of Theorem A is as follows. We will show that a D-critical
representation associated to the Hilbert modular form 7 (1) of Q(v/2), and the (’Tz)-twist of a Saito-
Kurokawa representation associated to o1 has a I'(2, 4, 8),-fixed vector. Because the 2-component of
this D-critical representation, and that of this (’TZ)-twist of the Saito-Kurokawa representation are
given by local 6-lifts from GSO(4), we will do it by constructing local Whittaker functions, or local
degenerate Whittaker functions defined in 2.3 of these local #-lifts. If it is done, then each of these
representation has an automorphic form related to a Siegel modular form belonging to S3(I"(2, 4, 8)).
From the eigenvalues of [T, [Tg; computed in [7], one concludes I1g, is this D-critical representa-

tion and ITg, is this (_TZ)—twist of the Saito-Kurokawa representation. In this way, the conjecture is
verified.
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3.1. D-critical representation, proof for L(s, ITg, ; spin)

Let L be a quadratic field with the ring of integers o. Let §; be the discriminant of L. For an integral
ideal m of a Dedekind ring R, let

~ A; B
™ (m) = {g _ [Cg Dg} € GSpo, (R) ‘ Cee Mn(m)},
g g
g (m) = I (m) 1 Spy (R).
First, we show the following proposition.

Proposition 3.1. Let p be a prime which does not split in L/Q, and p denote the unique prime ideal of L lying
over p. Let w be an irreducible cuspidal automorphic representation of PGLy(Lp) of level n. Then, there is an
automorphic form F € ©®, () such that

0(&)F = x1p(det(Ap))F, ge 2 (pVZp), (3.1)

where x| is the quadratic character of A* associated to the extension L/Q, and

w + ord (8;1) if p is ramified and ordy, (n) is even,
N= w +ordy (8y) if p is ramified and ord, (n) is odd,

ordy (n) otherwise.

Proof. For a ¢ =), ¢y € S(Xwm, (A)?) and an f € 7, each component WE y, of the global standard
Whittaker function of F = 6,(¢, f) is given by (2.17) or (2.21). Therefore, it suffices to construct a
nontrivial Wr y, which is right Fo(pNZp)—semi invariant as in (3.1). We will give a proof for the first

case with L = Q(+/2) and p = 2. The other cases are easier and omitted. For an ideal m C Spop of op,
let

B -1
£(m) = [fg ‘SLUP"P] NGLy(Lp).

In the case ordy(n) =0, the proof is easy and omitted. Suppose that ord,(n) is a positive (even)
integer. Then, 7, is a ramified principal series representation or a supercuspidal representation. The
conductor of the additive character v, = ¥, o Tracer, /g, is p~3. Using the local newform theory for

GL(2), we find that m, has a right fé(SLn)-invariant local Whittaker function B, associated to v,

such that
1 z||¢t _|¥,@ ift eoy, 5
Pr ([ 1 :| |: 1 ]) { 0 ’ otherwise, (32)

g([pN ‘]Dﬂp = £B,. (33)

For an integral ideal m of a Dedekind ring R, let Ro(m) = {[ "] € Ma(R) | c € m} be the so-called
Eichler order of M;(R) of level m. We set

¢ (x1,%2) = ch(x1; Ro(p") N Xty @, )ch(x2; Ro(p™) N Xmy(@y))
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where ch indicates the characteristic function. Put K, = ip/(@; X fé”(p”)) N SOx(Qp). If g e
1“0(2) (p") and h € Kp, then

ro (8. ) = x1p(det Ag)ry (1, h)g. (34)
From (2.21),

WE .y, (8) = vol(Kp) / r5(g. g (e, o)y () dh, (3.5)
Z(e,ot) (Qp)\SOXM2 (Qp)/Kp

where h indicates the projection of h € GLz(Lp) to SOx(Qp) (see (2.20) for the definition of Z g)).
Then, we are going to see W y,(1) # 0. Using the Iwasawa decomposition of GL,(Ly), we can take
the following complete system of representatives for Z q)(Qp)\SOx (Qp)/Kp:

Crl 0D s e )

where s € Q, me Z and | € 0, modulo 2N. We will observe the contributions of these types to the

integral (3.5). We will denote p’(t, h)(e, &) = ([g: z: ], [2 22 ]). For the former types, we calculate

, _ 27M 2-m 14+ 27m+ s 2-mHlg
Pt e, a) = <[—2*muc —2*"116] : [—(l+lc) _pomtleg  _q _p-miieg

where c is the generator of Gal(L/Q). Suppose p’(t, h)(e, &) € supp(¢). Observing by, we find m < 0.

If m <0, then
([

Because ,32([1 %]h) = —pB2(h), we can ignore the contribution if m < 0. Therefore, we can assume

EENSN

]h>(e, «) € supp(e).

m = 0. Then, observing ¢y, we find | € pV. Observing by, we find s € 271Z,. We see that, if m=0,
lepN and s € 2717, then p/(t, h)(e, o) € supp(¢). Now, recall that Bp is a local new vector, which is
right I'j(8 n)-invariant. Hence, if c € p~18;n\ 8n, then

o[t s

Using this property, we conclude that the sum of the contributions of the former types are none. For
the latter types, we calculate

p/(t,h)(E,C():<|:2N0*m 8i|,|:_2er}fmS ?])

Suppose p’(t, h)(e, &) € supp(¢). Using (3.2) and (3.3), we can assume m = 0. Observing ¢, we find
that s € 2717Z,. Then, using (3.2) again, we see that the total contribution of the latter types is non-
trivial. This completes the proof. O
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Let ¢3 = (1—\/'%‘) Let L = Q(+/2) (resp. K = Q(¢g)) with the ring of integers o (resp. O). Let p
(resp. B) be the unique (ramified) prime ideal of o (resp. ©) lying over the prime ideal 2 of Q.
Next, we observe the irreducible cuspidal automorphic representation 7 (A) of GL,(La) obtained
from the groRencharacter A of K on p. 870 of [7]. The definition of A is as follows. For the two
archimedean places 0oy, 002 of K, Ao, (2) = 1z|3/23, Aooy (2) = 2| /2, z € C*. Thus, the lowest weights
of the archimedean components of 77 () are 4, 2, respectively. The conductor of A is % = (2), and

(O/9*) = (s (mod 2)) & (1 +/2) (mod 2)) ~ Z/4AZ & Z/2.

Then, Aq is defined by

Ap(cs(mod2)) =1,  Aqp((1++/2) (mod2))=—1.

We define the quasi-character © on L; with conductor p3 by

1((1++/2) (mod p*)) =i,

where (0/p)* = ((1 + +/2) (mod p3)) ~ Z/4Z. Then, it holds Ay = o Ngjr. Let xks. be the
quadratic character of Lg associated to the extension K/L. The central character of 7w (1) is A|;x Xk L.
A

Because both of Aoo; Xk/L,00; and Ags Xk/L,p = M © Nk/Lp Xk/L,p are trivial, so is the central character
of 7 (1). Employing Theorem 4.6(iii) of [9], we find that 7 (1), is the principal series representation

(L, XK /Lp) =TT (L, 1) (3.6)

of level p®.
Finally, we prove the conjecture. One can construct an automorphic form F € ®,(mw (1)) satis-
fying o(u)F = F for u € Spy(Zp) at p # 2, and (3.1) at 2. The local standard Whittaker function

Wy 2 is right 3> (2%),-semi invariant and W,y 2(1) # 0. Let go = diag(2°®, 23,272, 1) € GSp4(Q),
and F'(g) = F(g0g8; ') = F(gg; ). Let

Zo 227, 287, 257,
Z_ZZZ Zo 2522 2322

Zo 27y Zo 2727,

27, 237, 2°7, 7

=gy 137 (2°%7)g0 = N Sp4(Q2).

Then, F’ is right I"’-semi invariant, and so is W y, . Note that I" (2, 4, 8)2 N 1"0(2) (8Z3) C I''. Because

1 S1 $2
1 s
Y 1 WE y482(1) = Wy, 52(1) #0
1
for s1, 52 € Qo,
oW Wy, (1) du #0. (37)
r2,4.8);

Hence, there is an irreducible globally generic constituent of @, (7t (1)), which has a right I"(2, 4, 8), x
]_[p;éz Sp4(Zp)-invariant vector. We denote this representation by /75",
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Theorem 3.2. The irreducible cuspidal automorphic representation I1g, is a D-critical representation associ-
ated to 7 (1). The conjecture is true.

Proof. First, employing the result of local 6-correspondence for Spy(R) and O3 >(R) due to Prze-
binda [20], we find that 1'[§§“|5p4 is the large discrete series repesentation with Blattner parameter
(3, —1), a cohomological weight. Next, we claim that /78" is not a weak endoscopic lift, nor a CAP
representation. Recall that the lowest weights of the archimedean components of 7 (1) are (4,2).
Hence, (1) is not a base change lift. From Lemma 2.4, [T8" is not a weak endoscopic lift. On the
authority of Piatetski-Shapiro [18], and Soudry [26], every partial spinor L-function of a CAP represen-
tation is, up to finitely many Euler factors, in the form of L(s — 1, x)L(s+ 3, X)L(s — 3. X )L(s+ 3, x").
L(s — % MW)L(s + % W), or L(s — % X)L(s + % X)L(s,01). Here x, x’ are some quadratic character of
A*, u is a quasi-character of L} for a quadratic field L, and o7 is an irreducible cuspidal automor-
phic representation of GLy(A). But, L(s, 7w (A)) = L(s, A) satisfies the Ramanujan conjecture. Hence the
claim. Finally, according to Theorem III and Proposition 1.5 of Weissauer [31], there is an irreducible
cuspidal automorphic representation 77! such that

° H§§1|5p4 is the holomorphic discrete series representation with Blattner parameter (3, 3).
o ITO ~ T8 at v +£ o0,

Thus, 17" contributes to H3%(GrY (Sr@,45), C)) =~ S3(I'(2,4, 8)), i, 1™ is one of the 11 irre-
ducible representations ITy,, ..., I1g,. Observing some L-factors of them calculated in [7], one can
conclude that /7" = [T,, . This completes the proof. O

Remark 1. Using the definition of @, one can show that 7 (1) is invariant but not distinguished in
the sense of Roberts [22]. Employing Theorem 8.5 of [22], we find that the set of D-critical rep-
resentations associated to 7w (1) consists of four irreducible representations I78" = [Ty, I, IT3, I1g.
They are all given by a 6-lift from GSO(4). Further, [Ty o = I3, (resp. IT1 oo = I14,00) is the holo-
morphic (resp. large) discrete series representation with Blattner parameter (3, 3) (resp. (3, —1)), and
IT,p ~ I p, IT3,p ~ 14 at every nonarchimedean place. Noting this fact, one can show the above
theorem.

3.2. Saito-Kurokawa representation, proof for L(s, ITg,; spin)

First, we will recall some known results on Saito-Kurokawa representation. For a square free in-
teger a, let x@ denote the quadratic character of A* associated to the extension Q(+/a)/Q. For an
irreducible cuspidal automorphic representation T of GSp,,(A), we will abbreviate x @t as 7@, Let
B, be a quaternion algebra. Let o be an irreducible cuspidal automorphic representation of PB(A)*.

Suppose that o& is the holomorphic discrete series representation of lowest weight 4. Let 1g4)x =1
denote the trivial representation of B(A). For a {£1}-valued character x of Q*\A*, we denote by
X0 the representation of PB(A)* sending h € B(A)* to x (N, (h))o (h). We will abbreviate x 1p4)x
as x.If Bg is not split, then &, (x Xo) is cuspidal. It is easy to show that ®,(x Mo) is not vanishing,
if and only if L(%, Xx0) #0, by using a result of Waldspurger [29]. On the other hand, if B,q is split,
then ®,(x X o) is non-vanishing and noncuspidal. Indeed, one can construct an f € @, (x X o) so that
the P-degenerate Whittaker function W J’f is nontrivial as is explained below (hence, ®p(f) defined
in (2.22) is nontrivial). We will recall the result of Cogdell and Piatetski-Shapiro [4] and Schmidt [24].
Let t be an irreducible cuspidal automorphic representation of PGLy(A). The global cuspidal Saito-
Kurokawa packet SKo(7r) is defined as the set of irreducible cuspidal automorphic representations of
PGSp4(A) whose spinor L-functions are equal to ¢(s — %){(s + %)L(s,n), up to finitely many Euler
factors. Let D, be the unique division quaternion algebra over Q,. When 7, is square-integrable, let
7, denote the Jacquet-Langlands transfer to D). The local Saito-Kurokawa packet is the following
set:
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{621y X 7y), 0,(1, ¥ o))}, if wy is square-integrable,

SK =
) { {621, ¥ 1)), otherwise.

At a nonarchimedean place v = p, as is explained on pp. 230-233 of [24], 6,(1, W 7rp) is the local
Saito-Kurokawa representation that is the unique irreducible quotient of the Siegel parabolically in-
duced representation | |1/27p x | % |~1/2 (cf. [24,23]). For a {£1}-valued character xp, 62(xp K 7p) is
the x,-twist of the local Saito-Kurokawa representation 6, (1, X xp7p).

Next, we will observe the global cuspidal Saito-Kurokawa packet of pq, and that of ,01(_2>. For a
moment, let

Bo=Q+QI+QJ+QIJ, P=J*=-1, IJ=-]IL (3.8)

This quaternion algebra splits outside of {co, 2}. As is seen in Section 4 of [17], p1 has the Jacquet-
Langlands transfer to PB(A)*. Denote it by p1. In [17], the Siegel modular form Fy is constructed by
the Yoshida lift of (1, p]). This implies

1 1 1
L(5.0) 0. S0 )=e(5.prava)=1.
<2 101)75 8<2 ;01) 8<2 P12 1//2)

The 2-component pj , is the finite dimensional representation of B >~ D’ described as follows. We

fix the maximal order R = Zy + ZyI + Z3 ] + Z(W) C By. Let @w € By be an uniformizer.
Let R(2) = Z; + w?R. As a complete system of representatives U of R*/R(2)*, we can take
{1,1, ], %}. Let W =CI + CJ + CIJ. Then, we obtain a finite dimensional representation

of By from the automorphism of W defined by u~'wu. Because B} = B@R(Z)g, from this rep-
resentation, one can obtain an automorphic representation T of PBX. One can construct a right

Fél)(S)-invariant vector in @1(t X 1) (see also Proposition 3.8). This means p; = 7, because the space
of elliptic cusp form of weight 4 of level 8 is 1-dimensional. Hence 77 is irreducible and equivalent

to p] 5.
Lemma 3.3. The root number of p;_z) is —1.

Proof. Because ,01(;2) is unramified for p # 2 and p1,« is the holomorphic discrete series represen-

tation of lowest weight 4, it suffices to show that s(%, ,0%722), Yy) = —1. We will see the e-factor of

the base change lift ,ofcp to GLo(Q(v/=2)p) with p = +/=2. Let L = Q(+/=2). Let ¥, = ¢ o Tracey /q.
We identify L ~ Q(I + J) C B/g for the above B,g. Then R(2) N Ly is the maximal order of Ly. Thus,
every character (constituent) of the restriction pﬁ,zh; is unramified. Because (I+ J)~ 1+ NI+ J) =

I+ J € W, the trivial character of L; appears in this restriction. Applying Lemma 14 of [10], we have

—1=—wp, 2(-1)

1 BC
:8<i’p]’pa 1#L,p>
e(2 P12, V2 )€ ! P 2
2’ 25 27 1,2 °

1 (2
s(z,pi,z),wz) =
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From Lemma 3.3, it follows that L(s, ,01(72)) =—L(1 -5, pfz)), and hence

1 1
T R () (A

Employing the main lifting theorem of [24], and Theorem 3.1 of [4], we conclude

51<0(p1)={< X 92(1&0{,2))@( (0% 92(1®P1,v)>},

v=00,2 V#00,2

SKo(p\ ) = {ez(mp’( ) (@92(1®p1‘ff))> (1% p2) (®92 (1R p{”) )}

v#2 v#£00

Note that 6,(1 X pl(joi))|SP(4) is the holomorphic discrete series representation with Blattner param-
eter (3,3). Therefore, we guess that the latter constituent of S[(o(pl(_2)) is x“¥M,,. We want to
show that 02()(1(,72) & p1,p) has a right I'(2,4,8)p-invariant vector for every p. The local #-lift
92()(‘5_2) X p1v) = 2)92(1 X ,0 ) does not have a local Whittaker function. But it has a local

P-degenerate Whittaker function ng as follows. Let e’ =[' ]. Let Z ) C SOx be the pointwise
stabilizer subgroup of e, e/, which is isomorphic to

(" T leer]

via i,. Then, Wf;v (g of B\ K pry) is

r2(g.ip(h1.h2)) @y (e.€') xy > (det(hy)) By (hy) dhy dhy (3.9)
Z(&e’) (Qv)\SOMZ Qv)

where B, is a Whittaker function of p1,, with respect to . It is easy to construct a right Spy(Zp)-

invariant le/j for a nonarchimedean place p # 2. We will construct a right I'(2, 4, 8),-invariant

P-degenerate Whittaker function of 9()( Im { 01,2). From p1 3, we take the right I’(l)(SZP) invariant
local Whittaker function 8, with respect to v such that 8,(1) = 1. We define

1 ifordz(ar) >0, orda(b1) =0, ordy(cy), orda(dy) > 3,

(-2) .
¢'(x1,%2) = X, (br)ch(x2; M2(Z2)) x {0 otherwise,

where we write x; = [ ! bl] € M2(Q2). Let

14232, 7, Zy Zo

237, 7 Zy Zo
r’'= N Spa(Zy).
27, B2, 14237, 237, | P42

237, 7 Zy Zo

Then, ¢’ is right I'”-invariant. One can calculate (3.9) is not zero at g =1, directly. Let g; =
diag(24,23,271,1). Then
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14232, 27, 257, 247,
227, 7 247, 237,
27 2717, 14237, 227,
271z, 2737, 27, 7,

g 'Igy= NSp4(Q2).

There is a right gé)’]l"”gé)-invariant WII;(UZ),Z € 92()(2(_2) X p1.2) such that W\I;Wz,.z(]) # 0. Then, an
integral similar to (3.7) gives a nontrivial right I"(2, 4, 8),-invariant local P-degenerate Whittaker

function of 92()(2(72) X p1.2). Consequently,

Theorem 3.4. The irreducible cuspidal automorphic representation Ilg, is the x T2 -twist of the irreducible
(holomorphic) constituent of SKo(p1). The conjecture is true.

Finally, we give a remark. Observing the eigenvalues of g4 in the table of Section 8 of [7], we find
that I7y, does not satisfy the generalized Ramanujan conjecture. Indeed

3
E 2
lap1| = |ap2l=p2, lap3| = p, lapal =p

for p=3,5,7,11,13,17,19, if we write the Hecke polynomial of ITg, , as []i_;(X — api). Then, one
can see that ITg, is a twist of a Saito-Kurokawa representation with the following proposition.

Proposition 3.5. For a Siegel modular 3-fold S, if an irreducible cuspidal automorphic representation IT
contributes to H3’°(Gr§” (S, ©)) and does not satisfy the Ramanujan conjecture, then IT is a twist of a Saito—
Kurokawa representation.

Proof. As stated by Theorem I of Weissauer [31], there is a GL4(Qy)-valued Galois representation o
of Gal(Q/Q) such that

3 .
Ls, (s — 3 IT; spm) =Ls,(s, o).

Assume that [T is not a CAP representation. Then pp; is pure of weight 3, the eigenvalues of
o (Frobp) has absolute value p3/2, and hence IT does not satisfy the Ramanujan conjecture. This is a
contradiction. Hence IT is a CAP representation, i.e., an irreducible cuspidal automorphic representa-
tion associated to a parabolically induced representation. As stated by Theorem A of Soudry [26], every
CAP representation associated to a Borel or Klingen parabolically induced representation is a con-
stituent of a global 6-lift of an irreducible automorphic representation o of GOr(A) for a quadratic
field T. It is not hard to see the local 6-lift to Sp4(R) of 0T, is not a holomorphic discrete series
representation with Blattner parameter (3, 3). Hence I7 is a CAP representation associated to a Siegel
parabolically induced representation. On the authority of Piatetski-Shapiro [18], such a representation
is a twist of a Saito-Kurokawa representation. 0O

3.3. Weak endoscopic lift

Let f5 be the 6-tuple product of Igusa theta constants defined in [7], and xy, be the character of
I"(2) obtained from f5 through the Igusa transformation formula (cf. Lemmas 5.2, 5.3 in [7]). Let [Ty,
be the irreducible cuspidal automorphic representation of GSp4(A) associated to f5 in Proposition 2.2.
Our aim is to prove

Theorem 3.6. An irreducible cuspidal automorphic representation which is weakly equivalent to ITg, con-
tributes to H*1 (Grg‘/(sker(xfs), Q).
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First, we recall that [Tg, is a weak endoscopic lift of the pair (7 (w), 7 (u?)) of the following CM-
elliptic cusp forms. Let E,g be the CM-elliptic curve defined by the equation y2=x3 —x. Let | be
the groRencharacter of Q(i); such that L(s — % n) =L(s,EjQ). At v=00, eo(2) = |2|/2, z € C*.
Thus, the lowest weights of the holomorphic discrete series representations 77 (i) oo, 77 (4) oo are 2,4,
respectively. Let o = Z[i]. Let p C o be the prime ideal lying over 2. The conductor of y is p3, and thus
T (Wp, n(u3)p are unramified at p # 2. The group (o/p3)* is the cyclic group of order 4 generated
by i (mod p3), and p, is defined by u, (i (mod p3)) =1i.

Lemma 3.7. The 2-components 77 (1t)2, 7 (1), are equivalent and supercuspidal.

Proof. From the definition, p, is {£1, %i}-valued on o;. Thus pp = ﬁa on o;. Noting that the central
character of 7 (w) is trivial, we have

7 (W2 =7 (1), =7 (13), =7 (1),

There is no quasi-character & of Q' such that £ o Nq, /@, = - Employing Lemma 4.6 of [9], we find
that 7 (), is supercuspidal. This completes the proof. O

Employing this lemma and the Jacquet-Langlands theory, we find that both of 7 (@), 7 (13) have
the Jacquet-Langlands transfers 7 (1)’, 7w (u3)’ to PB(A)* for the definite quaternion algebra B/q de-
fined in (3.8). In [17], we really construct a Siegel modular form lying in I1s, by the Yoshida lift
Oy ( () R (u)). Thus, I =0 (n) K 7 (u3)). Further, employing Theorem 8.5 of [22], we
find that the set of all weak endoscopic lifts of (77 (i), 7w (1)) is

{@2(m () B (12)), O3 (m () B (1?))}.

Therefore, we guess that the irreducible cuspidal automorphic representation of GSp4(A) as in Theo-
rem 3.6 is @, (7w (u) X (13)), which is globally generic.

Next, in order to show the theorem, we will observe the local -lift 6;(m(1)y X m(u);) =
02 (7 ()2 W (w)2), which is the 2-component of @, (w () X (w)). For the sake of generality, let
B,g be a general quaternion algebra and consider &, (o X o) for an irreducible cuspidal automorphic
representation o of PB(A)*.

Proposition 3.8. Let o be an irreducible cuspidal automorphic representation of PB(A). Let @ be the oper-
ator defined in Section 2.3. Then, ®q (G2 (0 K 0))|cL2) = o'".

Proof. For a ¢ € S(Mz(A)?), put ¢o(x) = @(0,x) € S(Mz(A)). Take an f € &, and put F = 6,(p, fX f).
We calculate @q (F)lgLe) = 01(¢o, f X f). We abbreviate WEW(eQ(g, 1)) as Wl(g) for g € SLy(A).
Then

W) = / rl(g,ip(hl,hz))goo(l)( / T(bh1>f(bhz>db>dh1dhz, (310)
Z1(A)\SOg(A) Z1(Q\Z1(A)

where Z; denotes the stabilizer subgroup of 1 € B(Q), which is isomorphic to {(b,b) | b € B(A)*}
via i,. Obviously, the integral in the parenthesis is nontrivial, and so is W1(1). Thus 6;(go, f X f)
is nontrivial. Because 61 (o, f X f) is right GL(Z)-invariant for almost all p, it is easy to see that
Do (Fle,@,) € UIJ,L. Noting the strong multiplicity theorem for GL(2), we find @q (F)lcL) € olL.
Hence the assertion. O

Remark 2. This proof implies that ®q (©2(01 K 03)) =0 if 01 # 02.
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Remark 3. If 77, is a supercuspidal representation, then 6 (7, X p) (resp. ez(n,; X ”1/1)) is the con-
stituent 7 (S, mp) (resp. (T, mp)) of the parabolically induced representation 1 x 7, (see [23] for the
meanings of these symbols).

From this proof, there are a pair of ¢1 € S(B(A)) and fy € o such that 0;(¢1, fo X fo) is a new-
form of oL, In particular, if we set a ¢ € S(B(A)?) so that ¢y = ¢1, then 6;(p, f K f) is nontrivial.
For example, set ¢(x1,X2) = ¢1(x2)9., (1) ®p ch(x1; Rp), where R is a maximal order of B(Q) and
@l is an arbitrary Schwartz-Bruhat function on B, such that ¢/ (0) # 0. Then, 6>(¢, fo X fo) is
right Klp, (ord, (N))-invariant if By, is split, and I(l;, (ordp(N))-invariant otherwise, where N is the level

of olt, and

[ Zp P"Zpy Zp ZpT
Z, L, T, 7,
Zp p"Zp Zp Zp
Lp"Zy, p"Zp
 Zp p”Zp Zy ZpT]
VA VA VA VA
KU (n) := P P PP I N GSpy(Z
p (M PZy P'Zy Zp T P4(Zp)
Lp"Zy p"Zp P"Zp Zp

Kl (n) :

NGSpy(Zp),

=
=
N
S
N
<
1

for an integer n. van Geemen and van Straten [7] conjectured that, up to the Euler factors at 2,

L(s, 5,3 spim) = L(s, xi7 () L(s, xim (14°))
for 4<i <6, where y4=x?, xs=1, x6 = x?.
Corollary 3.9. The above conjecture is true.

Proof. It is possible to show the level of m(n) (resp. x ®m(w)) is 2° (resp. 28) (cf. Proposi-
tion 4.8 of [17]). From the above argument, the local 0-lift 6, (77 (1), K7 (11)5) (resp. 62(x F2 7 () ®
X(ﬂ)n(u)/z)) has a local right KI5(5) (resp. KI,(6))-invariant Q -degenerate Whittaker function. Now,
noting that

Z, 27, 2°7Z, 247,
2717, 7o, 2%7, 237,
27422 2222 7o 27]Z2
227, 237, 277, 7,

K15(6) =~ N GSp4(Q2),

one can show that the local 6-lift has a right I"(4, 8),-invariant vector and verify the conjecture in
the same manner as in 3.1. O

Finally, we will prove the theorem. Put

0(1,0,0,0)(£)0(1,1,0,0)(Z)
0(1,0,0,1)(Z2)6(0,0,0,00(Z)

f5(2) =

From f/, a character of I"(2) is obtained through the Igusa transformation formula. Using Proposi-
tion 6.2 of [7], we check that this character coincide with . For our computation, we put
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0(0,0,1,0)(£)0(0,0,1,1)(Z)

fi(Z) = filom(2)=c
> 50 00,1,1,00(£)0(0,0,0,0)(Z)

with ¢ #0. Let x 4 be the character of I'(2) obtained from fZ. Then ker(x,) > ker(x fs”)' We can

regard f! as the 0-kernel 62(¢")(g, 1) with ¢" =@, ¢y € S(Mz(A)?). In particular, @5 (x1,x2) is in
the form ¢ (x1) x ¢ (x2) such that

o $/(0) #0. )
o dJ(0(h1, h2)x2) = §f(x2) if h1, hy € T} " (32)a.

For a positive integer ¥ and a congruence subgroup Iy C GLy(Q), let S,((D(Fl) denote the space of
elliptic cusp forms of weight « with respect to I'1. Identifying this space with a subspace of automor-
phic forms on GL(A), we define the subspace

S ()P0 = {(fl, f e s | / F1(8)f2(8)dg # 0}
Z(A)GL2(Q\GL2(A)

of automorphic forms on GL,(A)®2. Composing Remark 2 and the proof of Theorem 2 of Oda [15],
we can obtain the following lemma.

Lemma 3.10. Let x« be a positive integer. Let Iy be a congruence subgroup of GL,(Q). Suppose that a
Qe ®p<ooS(M2(Qp)) satisfies that @(o(h1, h2)x) = @(x) for any hi,hy € I'1 . Then, there is a ¢ €
S(M2(R)) such that 01 (¢ X @, f) % 0 for a certain f € S,((l)(Fl)@’z’diS.

p
all p < oo and 61(¢p”, f) is not trivial for a certain f € Sgl)(l“(fl)(32))®2*dis. However, S;(FO(U(BZ)) is
1-dimensional, generated by a newform f"W of 7 (u). Thus

Applying this lemma to the above ®p<oo qb(’)’,p, we find that there is ¢ such that ¢’ = ¢} for

91 (d)///’ fnew X fnew) ?é 0.

From the above argument, ®, (7t (1) X (w)) has a right ker(x fg’) a-invariant vector. Thus @, (rr (n) X
n(,u3)) also has a right ker(XfS//)A—invariant vector, and Theorem 3.6 follows immediately.

4. Hermitian modular forms

Let K = Q(+/—d) be an imaginary quadratic field. For a Hermitian space W over K, let Uy (K)
denote the unitary group acting on W and GUy (K) the similitude one. In particular, we write

GUpn(K) = {g € GLan(K) | 81708 = v(g) 1, v(g) € Q*}

and the 2n-dimensional split Hermitian space as Wy ,. Let B)gp be a definite quaternion algebra
such that Bg ® K >~ M3(K). We set the 6-dimensional positive quadratic space V = K + Bg. Then,
PGSOy (Q) ~ PGUw, (K) for a certain 4-dimensional Hermitian space Wg (cf. Section 11 of [12]). Let
TUw,aew, D€ the global Weil representation of Uw, ,ew;(Ks) associated to the trivial character of
A and the additive character yx = v o Traceg,q (cf. [8,30]). We get the Weil representation ry , of
{(g,h) € GUpn x GUwy, | v(g) = v(h)} by restricting Uy pewg - For a ¢ € S(Wp(Ka)™), we define

Oun@)@h= Y Ty hey.
YEWR(K)"
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For an automorphic form f on GU4(Kp), define

Bun(p. )(g) = / 60 n(¢)(g. hhy) f () dh,
Uwg (K)\Uwg (Ka)

where K’ is chosen so that v(g) = v(k’) and dh is a right Haar measure on Uw, (K)\Uw, (K4). Because
Wp is positive definite, this integral converges absolutely, and 6, (¢, f) is an automorphic form on
GUp n(Kp). For an irreducible cuspidal automorphic representation o of GU4(Ky), let ®y ,(0) denote
the space spanned by 6y n(¢, f) with f € 0 and ¢ € S(Wg(Kx)™). In the case n = 2, imitating the
method in Section 4 of [27], it is possible to show that

Oy 2(0)w = oy,

if oy, Kw/Q, and B, are all unramified, where w is a place of K lying over a place v of Q. We will
identify irreducible cuspidal automorphic representations of PGSOy (A) and those of PGUw, (Ka) via
the isomorphism. Then, consider global 6-lifts of o to GSp4(A). Let ¢’ be an irreducible constituent
of oso, . Assume @, (o) # 0. Let IT’ be an irreducible constituent of ®,(c’). Using [14], we calculate

—d
Ls,,(s.0")=¢s,,(5)Ls,, (5, T, (T>; r5>, (4.1)

where Lg , (s,0’) is the standard Langlands L-function of ¢’ (of degree 6) and Ls,, (s, T, xg;rs) is

the (’Td)-twist of Ls_, (s, IT';r5) (note Sy = Syp/). Assume Oy (o) # 0. Let t/ be an irreducible con-
stituent of Oy 2(0’). Using the description of L-functions of unramified 7/, € Irr(GU,(Ky)) in Section 3
of [11], we calculate

Ls, (s.t'i Af) =Ls,, (s, o).
Now (1.2) is shown. We will show the existence of F of Theorem B.

Proposition 4.1. Let K, B/, V and Wp be as above. Let o be an irreducible automorphic representation of
PGSOy (A) ~ PGUw, (A). If ©2(0) is cuspidal and nontrivial, then ©y > (o) # 0.

Proof. Since ®,(0) # 0, there is an automorphic form f € lndgg(‘)/vo and ¢ € S(V(A)?) such that

F(g):= f 62(6)(g, hho) f (hho) dh
Oy (@)\Oy (A)

is nontrivial, where hy € GOy (A) is chosen so that v(g) = v(hp). Since V is positive definite, F is
a cusp form on GSp,4(A) is related to a (holomorphic) Siegel modular form. Since F is a cusp form,
Fr(1) #0 for a positive T =T. Take x1,x2 € V so that (x1,x2) = T. Let Z, x,)(Q) C Oy (Q) be the
pointwise stabilizer subgroup of (x1, x2). Then,

Fr()= / r2(1, h)¢ (x1, x2) f (h) dh.
Z(x1,x) (Q\Ov (A)
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Hence,

f(zh)dz #£0.

Z(xq.,x9) Q\Z(x1 ,xp) (&)

Because Zy, x,)(Q) >~ 04(Q), there is a subgroup Uy(K) (>~ Uz(K)) of Z, x,)(Q) such that

f(zh)dz #0.

Ux (K)\Ux(Kp)

Now then, we will consider @y (o). Let (x,x) denote the Hermite form of Wpg. Notice that Uy
stabilizes a pair (y1,y2) € Wg(K)2. Put Y = [g;;’:; giizi] which is positive definite. Then, for a
@ € S(Wg(K4)?), the Fourier coefficient of Ou2(p, f)(g) at Y is

ru2(g, ey, y2) f(h)dh
Uy (K)\Uw (K )

= vol(Ux(K)\Ux(K4)) ™' / ru2(g, e, yz)( / f(zh) dz) dh,
Ux(Ka)\Uwg (Ka) Ux(K)\Ux(K )

where dh indicates the Haar measure of Ux(K)\Ux(Kp) associated to dh. Since the integral in the
parenthesis is nontrivial, it is possible to choose ¢ so that this value does not vanish at g =1 (cf.
concluding remarks in [28]). Hence the assertion. O

Finally, we will show the last assertion of the theorem, observing the L-function Ls_(s, T; Atz)
for an irreducible, noncuspidal, automorphic representation T of GU;(Kp). Let K = {z € K* |
Ni/o(z) = 1}. Let P1(K) = N1(K)M;(K) with

r1 v ow 1 u
N1 (K) = 1 Vl" 1 ) ‘ve@,u,weK ,
L 1 —u 1
[tz
— o ZC.B _ o ﬂ 1 X
M (K) = =120(g1) ‘gl—[y S}GGUm(K),ZEK,tE@
L zZfy z°8

The modular character §p, of Pi(Kp) is given by &p, (nm) = [v(g)|~4|t|5. We embed GU1,1(K) x
K' x Q% into M;(K), naturally. For a triple of irreducible automorphic representations 7, i, of
GU1,1(Kp) X K}& x A%, let T ® u ® & denote the representation of P1(K4) sending nm =n(gy, z,t) to
7 (g1)(2)&(t). Hermitian modular forms of SU; 2(K) are related to automorphic forms on GUy 2(K4)
with a manner similar to that in Section 2.1. We will identify them. A Hermitian modular form is
noncuspidal, if and only if

By (F)(g, t,2; h) :=vol (N1 (k)\N1(A)) " / F(n(g1,t, 2)h)dn

N1(K)\N1(Ky)
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is not a zero function of (g1,t,z) at some h € GUy 2(Kp), where @y is equal to the Siegel operator
in [13], essentially. Hence, if a noncuspidal 7 is generated by a Hermitian modular form, then 7 is a
constituent of an induced representation from 7 ® ¢ ® &. In this case, there is an automorphic form
f € t, such that

@y (fHmmh) = [v(gn)| 1P (gD @EO By (F(h).

Further, if the central character of 7y is trivial, with regarding 71 as an irreducible automorphic
representation of PGLy(A) (=~ S0y, 1(A) ~ PGU; 1(Kp)), we write

1 1
Ls, (s, T; AZ) = Ls, (s -3 m)Lsr (s - 301 E)Ls, (s, L) (4.2)

Now, apply the above argument to our case. Since every automorphic form of Oy 2(o0) is related to a
Hermitian modular form of weight 4, the weight of £ is 4 —3 =1, if ®y2(0) is noncuspidal. Since
the central character of o is trivial, so is that of @y 1(o). Then, obviously, (4.2) does not satisfy the
Ramanujan conjecture. The last assertion of the theorem follows, immediately. This completes the
proof.
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