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ON THE SPACES OF SIEGEL CUSP FORMS
OF DEGREE TWO#*

By Ryun TsusHIMA

0. Introduction. Let &, be the Siegel upper half plane of degree g
and T',(/) the principal congruence subgroup of the Siegel modular group
of level /. Let I be a subgroup of finite index of I',(1). We denote by §;(T")
the vector space of Siegel cusp forms of weight k with respect to I'.

Y. Morita and U. Christian calculated the dimension of S;(I';(/))
(/ = 3) by the Selberg’s trace formula ([11], [3] and [4]), and T. Yamazaki
obtained the same result by the formula of Riemann-Roch-Hirzebruch
([19]). In these works it was essential that the action of I'y(/) (/ = 3) on &,
is fixed point free.

Let T be as above. Then it is known that I' contains I',(/) for some
l = 3, if g = 2 ([2] and [10]). In this paper we restrict ourselves to the case
of degree two and study the action of I'/T',(/) on the smooth compactifica-
tion of the quotient space of &, by I';(/), and we represent the dimension
of §¢(I") in terms of group theoretical conditions of I'/T',(/) as a subgroup
of T',(1)/T,(!) by using holomorphic Lefschetz formula of Atiyah-Singer
(Theorem (5.2)). Especially we compute the dimension of §;(I'y(1)) and
S (T,(2)) explicitly.

In [16] the author computed the dimension of S, (I'5(/)) (! = 3). If the
fixed subvarieties in ©; of the elements of finite order of I';(1) are
classified and their isotropy groups are determined, then we can get
similar results in the case of degree three. And we can hope that the struc-
ture of the graded ring of Siegel modular forms with respect to I';(1) will
be determined by this method.

T. Arakawa calculated the dimension of the space of Siegel cusp
forms with respect to some arithmetic discrete subgroups of Sp(2, R)
whose Q-rank is equal to 1, by the Selberg’s trace formula ([21]). H.
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844 RYUJI TSUSHIMA

Yamaguchi obtained similar results by the formula of Riemann-Roch-
Hirzebruch ([23]). Recently K. Hashimoto succeeded to calculate the
dimension of the space of Siegel cusp forms with respect to discrete sub-
groups of Sp(2, R) with torsion elements by the Selberg’s trace formula
and computed the dimension of S (I';,(1)) and S, (Ty(p)) explicitly ([22]).

His results include the case when Q-rank is equal to 1.

Notations.

Fix(g):

|G|:
G@D):

G(\):

©:
i
0
n:
®
o

Cy(®), Ng(®), Ci()(),
Ng(®):

Cs(o):

Clp):
@, ¢

(g):
O(R):
KM:

A(P):
Ak(é):

c;(M):
c(®%:

Nx/y:
IS
II:

the fixed subvariety of g.
The order of a group G.
(=DT/(EDTL0).
TH(D)/(E=DL0).
IH1)/(£1).

N

. 2m/3
e,

(1 + 2/—2)/3.

. 2mi/S
et

o™/
Definition (2.1).

the centralizer of g € G in a group G.

the centralizer in Cg)(®) of ¢ € Cg)(P).

& mod(%1), @ mod(+1)I',()), respectively, for
€ I',(1).

the subgroup generated by g.

Sp(2, R)/(£1).

the canonical line bundle of a complex manifold
M.

@ — 9.

the k-th fundamental symmetric function of ir-
reducible divisors in A(®).

the i-th Chern class of a manifold M.

the i-th logarithmic Chern class of ®° in & (cf.
[16], Section 1).

tlzle‘/?ormal bundle of X in Y.

e,

II

p|l,p: prime
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SIEGEL CUSP FORMS 845

1. Holomorphic Lefschetz Formula. 1. Let X be a compact com-
plex manifold and V a holomorphic vector bundle over X, and let G be a
finite group of automorphism of the pair (X, V). For any g € G, let X® be
Fix(g) and

Xf=LXE
the irreducible decomposition of X*, and let
Ng =L N3O

denote the normal bundle of X ¢ decomposed according to the eigenvalues
e” of g. We set

1 1+e%
:H‘*<1 BT A TRtk )
where the Chern class of N%(9) is

c(N%(0)) = 1;31(1 + xp).

Let 3(X%) be the Todd class of X% and ch(V|X%)(g) the Chern character
of V| X% with g-action ([1]). Set

ch(V]X4)(g)- T, U’ (N%(6)) - 3(XE)
det(1 — g|(N%)*)

(g, X%) = { } [x&l,

and

7(g) = %T(g,Xi).

Then we have

TrEOREM (1.1). (Holomorphic Lefschetz Theorem [1]).
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846 RYUJI TSUSHIMA

Eo (—1)PTrace(g | HP (X, O(V))) = 7(g).
p=

Let H?(X, O(V))° be the invariant subspace of H”(X, 9(V)) by G. Then
we have the following

TaEOREM (1.2).

EO (—1DPdim HP (X, O(V)° = (g).
p=

— )
| G | g¢G

2. We use the same notation as in [16], Section 1.3. Let I' be as in the
Introduction. T'/T'5(/) acts on the pair (&5(/), kL, — A(2)) as a group of
automorphism, and this induces an automorphism of S, (I',(/)) defined by

(M-f)(M-Z) = f(Z)det(CZ + D)*,

where

A B

M= e, feS(T() and Ze€©,.
C D

In the case of degree two we have

det(CZ + D) = det(—CZ — D).

Therefore, the action of M on S (T',(/)) coincides with that of —M. Hence
it suffices to consider the action of

GT) = (=DI/(=DL0).

We have

Si(T) = Sp(T,0))°™.

Recall the following vanishing theorem (cf. [16], Corollary (7.10)).

TueoreM (1.3). Ifp > Oand k = 4, then

HP(&5(), O(kL, — A(2))) = 0.
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SIEGEL CUSP FORMS 847

Therefore, we derive the following

CoROLLARY (1.4). Ifk = 4, then

1

dim §; (") = ———| G| geg(l‘) T

(2).

Let
s: &%) — S50

be as in [16], Section 1.3. Set theoretically, &¥(/) is a disjoint union of
&3(0), copies of ©5(I) and copies of S§(l). We call a copy of S§(/) and a
copy of &F(/) in @) a cusp of degree 1 and a cusp of degree 0, respec-
tively. In Section 2, Section 3 and Section 4, we consider fixed subvarieties
of elements of G(/) in &5(/), in st (cusps of degree 1) and in s ! (cusps of
degree 0), respectively.

2. Fixed Subvarieties in the Interior of the Siegel Space. 1. Fixed
subvarieties in &, of the elements of finite order of I',(1) were classified by
[17] using [5] and also by [20]. Let @ be an element of finite order of T',(1),
and let ¢ be Fix(¢). We denote @ mod(£1) by ¢ and @ mod(+1)I',(/) by
¢, and we denote the image of ¢ by the natural projection of &, to &$(/)
by ®°. The closure & of ®° in &%(J) is an irreducible component of Fix(¢).
We denote I',(1)/(£1) by §.

Definition (2.1).
I) i) Cy(®) = {g € ®|g-x =xforanyx € $},
ii) C’é@) = {g € Cy(®)|g-x = x implies x € $},
iii) Ng(®) = {g € ®|g-& = &}.
Elements of C%(®) are called proper elements of Cg(®).
II) Let = be the natural homomorphism of & to G(J).

1) CG(I)(q)) - W(C@(“f’)) = {g € G(l)‘gx = x for any x € ‘:I)},
i) Cpy(®) = W(C’é(ti)) = {g € Cgu)(®)| @ is closed in Fix(g)},
iii) Ngy(®) = 7(Ng(®)) = {g € G0 |g-® = &}.
C®(‘f>) and Cg()(®) are isomorphic through .

THEOREM (2.2). ([17]). An irreducible component of the fixed sub-
variety in &§() of an element of G(I) which intersects @5(l) is equivalent
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848 RYUJI TSUSHIMA

to one of the following under the action of G(l), and they are not
equivalent to each other. |Ngu(®)| are calculated below. We omit the
(2, 1) coefficients, since the matrices are symmetric.

@ é [ Con(®)] [ NGp(®)|
z z
H @ < ' 2) 1 a/2rna — P21 — p Y
Z3
zy O
2) @, <1 > 2 P — p )2
Zy
3y <z, 1/2> , {zﬁnu— p it 241
3 —
z @3tna —p7 % i 21
z 0 5 =
4 @, 4 2’11 — p~?)
Z
S <z 1/2> {41311(1— Y, it 241
) @ 4
° z @3)’Ia —p~3, it 2|1
o <z z/2> {6131'1(1— 2, it 341
@ 6
° z O2rIa —p~%, it 3|1
i 0 , .,
7 @, 4 2’11 — p~?)
V4
p 0 3 -2
8) @ 6 3P’na - p7?
V4
i 0
9 & . 16 16
1
p 0
100 & 36 36
o,
o 0
1) &, . 12 12
1
J=3 /2 1
12) &, T3< 2) 12 12
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13) (1)13 (

w
14) &, (

1)
2)
3
4
5)
6)
7

8)

9

10)

11)

(n—1)/2

)

w+w

3
4>
—w
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The isotropy groups of these fixed subvarieties were determined by
[4]. In the following we do not list the matrices themselves but indicate
them by the symbols of [17], and we list only the representatives of con-
jugacy classes of proper elements of Cg()(®). We denote by C(¢) the cen-
tralizer in Cg()(®) of ¢ for ¢ € Cg(;)(®) and indicate the eigenvalues e of
the normal bundle of ¢ by 6.

THEOREM (2.3).

)

1

2

L3

P4

Ps

@6
@71
v7(2)
eg(1)
‘Pg(z)
<Ps(3)
vg(4)
<P9(1)
©o(2)
29(3)
9010(1)
?10(2)
<P1o(3)
e10(4)
®10(5)
#10(6)
<P10(7)
10(8)
‘Plo(9)
‘Pu(l)
)

?

(symbol of [17])

I®
I® a)
II D b)
IEOX]
IQ®ad
II® ¢

I G a)
I G b)
I @ a)
I ® b)
III 3 a)
@ v
IIQ® a)
IVQ®a)
IVQ@®Db)
I3 a)
II®b)
IV® o)
IV®e)
IV
IV®eg
IV(® h)
IVQR a)
IV®b)
IV® a)
IV® b)

|Co) |

AN B AW A A NN -

ot
o &

36
36
18
12
12
36
36
12
12
12
12

T

T

T, T

m, T

27/3, 4w/3

, 3w/2

/2, T

27/3, 4w/3
2w/3, 47/3
47/3, Sn/3

w/3, 27/3

T T, T

7/2, 3n/2, 31/2
/2, ©/2, 31/3
4x/3, 4n/3, 47/3
2w/3,2%/3, 27/3
2n/3, 7, 47/3
w/3, 4n/3, 47/3
27/3,27/3, S7/3
2x/3,2n/3, 5%/3
/3, 4n/3, 47/3
27/3,5%/3, 57/3
w/3, /3, 4w/3
2x/3, Sw/6, =
w, Tn/6, 47/3

det(CZ + D)
forz € &
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850 RYUJI TSUSHIMA

e11(3) IV® c) 12 27/3, =, 117/6 g
o1 (4) IV ® d) 12 /6, w, 4w/3 !
12) ¢q; IV® a 6 27/3, w, 4n/3 -1
13) op3 IV ¢ 4 ©/2, T, 31/2 -1
14) (D) IV@ a) 5 27/5, 4x/5, 87/5 w
2142 IV @ b) 5 4x/5, 61/5, 87/5 o’
214(3) V@ o) 5 2n/5, 4n/5, 61/5 o
0144 V@ d) 5 21/5, 61/5, 87/5 o

2. LemMA (2.4). Let g € ® and ¢ € C{(®). Then g belongs to
Ng(®) if and only if g~' -¢-g belongs to Cy(®). The map:

Ng(®) — Cy(®)

g~g og

induces an injection of Cy(¢)\Ng(®) to C(®).

Proof. Ifg e Ny(®)andZ e &, theng '(@(g(2) = ¢ '(g(2) =
Z. Conversely, if g7 '-5-g € Cy(®), then p(g(Z)) = g(Z) for Z € $. Since
@ is a proper element of Cg(®), we infer g(Z) € .

The image of the map in the lemma consists of the elements of Cg(®)
which are conjugate to g in Ngy(®). We can determine this image easily,
and as a result the image consists of the elements of C (%) which are con-
jugate to o in C@,(@). Now we have the following

COROLLARY (2.5).

2) Ng(®,) = Cy(®).

3) N@(‘i’:’,) = C@(¢3)~

4) N@(§4) = Cy(®,4)-

5) N@(‘f’s) = Cg(®s)-

6) Ng($6) = Cy(®6) U Ciy(g) -8, where § is defined below.
7 N@(‘f’ﬂ = Cglp,(1)).

8) Ng($g) = Celws(1).

Let &y, € 6 and £ be

cosf —sinf 0 0 1.0 0 1/2 0 1 0 0

sin 6 cos 6 0 0 01 12 0 1 0 00
, , and

0 0 cosf —sinf 00 1 0 00 01

0 0 sin 6 cos 6, 0O 0 0 1 0 0 10
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SIEGEL CUSP FORMS 851

1+V3 —1+V3 0 0
-14+v3 1+V3 0 0 .
, respectively.
0 0 1+ V343 (1 —V3)/4/3
0 0 (1 —V3)/4V3 (1 + V3)/4V3

TueoreM (2.6). (4), 5) and 6) are due to [13]).

a; 0 bl 0
_ 0 a2 0 b2
2) Ce(@,) = (3) X €Sp(2,Z) b/(£1).
Cl 0 d] 0
0 02 0 d2
ag 0 b2 O a;, b;,c;,d; €Z,
= a 0  by2 a;=d3_;mod?2,
3) Cyl@y) =&Bye ' x & €Sp2,R) } (1),
2[:1 0 dl 0 bi 503_im0d2,
0 2, O d, fori=1,2
a 0 b 0
_ a 0 b
4) Cy(@4) = (8) X (pg) X € Sp(2, Z) Y/(+1).
c 04 0
0O ¢ 0 d
5) Cy(@s) = &8Ye ' X €H,e ', where
a 0 b/2 0 vy=0,1,2,3,ad — bc =1,
0 a 0 b2 e biede v2) " *z,
H, = (Btey) /(£1).
% 0 d 0] "Yle=d b=cmod2v®)",
0 2 0 d where 8 = (1+ (=1)""H2
6) Cglwg) = EHZE“, where
a 0 b/4 0 ¥y=0,...,5ad — 3bc = 1,
0 a 0 b4 ol d e (V3)%z, -
H,= (B sg) B /(£1).
2 2 0 a4 0] 7 |bcewd Pz,
0 122 0 d where 8 = (14 (=1)"" 12
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852 RYUJI TSUSHIMA

100 0
vy=0123
0 a 0 b
7) Cgy(@7(1)) = 8,(1)7- a b /(£1).
0010 €SL(2,Z)
c d
0 ¢c 0 d
100 0
y=20,...,5,
0 a 0 b
8) Cylps(1) = { g(1)"- a b /(£1).
0010 €SL(2,Z)
c d
0 ¢c 0 d

Proof. We prove only 3), 4), 5) and 6). Others are easily proved.

Proof of 3). Let G(R) = Sp(2, R)/(+1). Since 3 = ¢3,-¢ ', we
have

Com)(®3) = €Com(@2) € .
Therefore it follows

Co(p3) = €Com(@) € ' N G.

The assertion is proved from this fact.

Proof of 4). Let Cy(¢4)" = Cryu)(@4)/(£1). Then since -3, =
— @40, we have

Co(@4) = (8Y-Cy(@s) ™,

which is a semi-direct product of (&) and C@(¢4)+. M ¢ I',(1) belongs to
Cr,1)(4) if and only if M is written in the following form:

a; a; by b,

—ay a; —by by

—¢y; ¢y —dy dy
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SIEGEL CUSP FORMS 853

Then for some 6, € R,
M= L |9, € =cl+ch.

If ¢ # 0, then the condition to be symplectic impliesa; = b; = d; = 0. If
¢ = 0, then (a{)2 + (az’)2 # 0, and so for some 0, € R,

@ 0 b by

a —bf b

‘@, (@ =@+ @)?.

0
0 0 df df
0 0 —df df

a # 0 and the condition to be symplectic imply b5 = d3 = 0. Therefore,
in any case, M can be written in the following form:

a 0 b O

~ 0 a 0 b

M = '6[9.
c 0d O
0 ¢c 0 d

The condition M € I',(1) implies that a, b, ¢, d € Z and § = wk/2 (k € Z).
Therefore, we can conclude

a 0 b O
0 a 0 b
Co(@a)™ = gy X € Sp(2,Z) |/(£1).
c d 0
.0 ¢ 0 d
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854 RYUJI TSUSHIMA
This implies that the semi-direct product before is also a direct product.

Proof of 5). Since @5 = €4 -€!, we have

Com)(®s) = € Com)(@4)-€ .
Therefore,

Co(®@s) = €Com(@)€ ' N G,

The above argument implies that

a 0 b O

B 0 a 0 b
Com)(®s) = -@p € Sp(2, R) p/(£1).

c d 0

0 ¢c 0 d

The assertion is proved from this fact.

Proof of 6). The fact that Trace($s) # 0 implies that
Ce(®s) = Cr,1)(@6)/(£1).

M € T5(1) belongs to Cr,;)(@s) if and only if M is written in the following
form:

a; as b, b,
- —ay ay;tay b;y— b b,
M=
(51 (&) d] d2
—C; —C) Cy —dz dl - dz

Then
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SIEGEL CUSP FORMS 855

Therefore, we infer that Cyg)(es) = E'C@(R)(@)-g_l. The assertion
follows from this fact.

CoROLLARY (2.7). We define sz(l)(ff) similarly as in Definition
(2.1) and N(®)() to be sz(l)(i) N T'y(D). Let | = 3. Then we have the

following.

a; 0 b, O
- 0 aj 0 b2
2) N@)(D) = €T, b,
(5] 0 dl 0
0 Cy 0 d2
ap 0 b/2 0 a;, b;,c;,d; €Z,
. 0 a 0 b2/2 a,‘_lEbiEOmOdl, 1
3) N&y)() =€ €5p(2, R) e
2, 0 4y O @; = d3_; mod 2,
0 2, O d, b; = c3_; mod 2/
a 0 b 0
5 0 a 0 b
4) N@ ) = €T, .
c 0d 0
0 ¢c 0 4

[=]

0 22 O d a—d=b—c=0mod2/

a 0 pn 0 a,b,c,de€Z,
. 0 a 0 pp)\lad — bc =1, -
S) N(®s)()) = € € .
2c d 0 a—1=5b=0mod/,
i a 0 b/4 0 a,b,c,de€lZ,

N . 0 a 0 b/dllad—=3bc=1,[__4
6) N(@e)() = & .
122 0 d 0 a=d=1mod
A
12¢ b=c=0mod!/
0 0 d
10 0 0
o - 0 a 0 b
7) and 8) N(®,)()) = N(®)() = e, ).
0010
0 ¢c 0 d
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856 RYUJI TSUSHIMA

The values of |Ng((®)| in Theorem (2.2) are obtained from Cor-
ollary (2.5), Theorem (2.6) and Corollary (2.7). See the proof of Theorem
(2.8) for the details.

3. THEOREM (2.8).

1) 7(ey, @) =2 3757 @k — 2)(2k — 3)2k — 4"

— 2402k — 3 + 1440 )10 — p A1 — p ).

2,2

Driey, 8) =27 37 =Mtk — Dk — 20° — 6k — 3 + 360011 — pH)2.

3) T(‘Pay ‘1’3) =

{2“"3“(—1)"«1: k-0 =32k -0 + 12U —p D, i 241
27570 Gk - Dk — 2t -3k — 0 + 2T - p Y, i 2L

4) 1004, ) = 2372k — 3 — 2RI — p ).

2%k — 3)° — 8HTIA — p ), it 241

2

S) 1(ps, P5) =14 _, _ _
S {2 BTNk —r —sAHIa—p Y, it 2L

o o B {2“3‘2((21( - =9I —p %), it 341
T\®g» = 3 _
O T T @k =P — oI —p D), i 3L

7) (1), ®7) = 2737 0k + i@k — 3+ )F — 12910 — p D).

2

(e72), ®7) = 2737 (=i (1 — i@k — 3 — 0’ — 1251 — p D).

2

8) 7(pg(1), ®g) =2 3 () (Gk — 4+ o — 18HIA — p D).

(g2, Bg) = 23 () (Gk — 4 + p)° — 1851 — p ).
Teg3), @) =2 3 A(—p ) (L + 2000 — 2 — o1’ — 6L — p ).
Tles(4), ) = 273 (=) (1 + 202Nk — 2 — o)’ — 61 — p ).

9) m(pg(1), Bg) = 2> (—1)F.
1(09(2), ®g) = 27 (=" (1 + 0.
(09(3), Bg) = 220 (1 — ).

10) 7(py0(1), ®19) = 3~ (0)(1 + 20).

(e10(2), B10) = 37 2(0)* (1 + 200

This content downloaded from 129.15.14.45 on Sat, 25 Aug 2018 15:36:58 UTC
All use subject to https://about.jstor.org/terms



SIEGEL CUSP FORMS

o3, 810) = 2737 (= k.
T(p10(), ®10) = 1(010(7), 1) = 37 (—p).
(e15(5), B10) = T(p10(6), B10) = 3 (—p))".

o1, ®10) = 3D (L + 20).
(109, ®10) = 3" (1 + 207).

1) 7oy (1), &) = 2737 @)1 — ot — o)L

~

@, &) = 2737 - pH — o)

(1), ®11) = 27 37t - -7

1 1

@), &) = 27376 a - oHa - oH7

12) 1(e1 &) =237 (="

13) 7(py3, ®13) = 2 (=1,
14) 7(p1a(1), 1) = 5 (@ (1 — &)
o), &) = 5 @)1 — o).

(143), ®1) = 5 (@)1 — w).

@), 8, = 5 ()1 — ).

857

Proof. 1) follows from the fact that (¢, ;) = dim S, (T, (). 9),
..., 14) are easy. We prove only 3), 6) and 7). 2), 4), 5) and 8) are
similarly proved. We always denote a divisor, the line bundle determined

by the divisor and its first Chern class by the same symbol.

Proof of 3). Let

a 0 b1/2 0

0 a 0 b2/2 4 .
g=¢ € e N(®;)().

201 0 dl 0

0 2, 0 d
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858 RYUJI TSUSHIMA

Then g acts on &5 as

aizy + b1/2 _];
7, 1/2 2c4zy + dy 2
g. = .
Z3 asrZy + b2/2
2(3222 + dz

Therefore, if we define ¥:&; X &; — &, by

2/2 172
\0(21,22) = )
22/2

then we have

cizy + d; ez + dy

g = 9 9
C1 d1 () d

N@ENOY = {g"]g € N&)D)}.

W g YNz, z9) = <“121 + by axz, + b2>.

We put

and

Then N(tf>3)(l)‘1’ is a subgroup of SL(2, Z) X SL(2, Z) which contains I';(2/)
X T4(2]) as a normal subgroup of index six (resp., eight), if / is odd (resp.,
even). We prove only the case when / is odd. The case when [ is even is
similarly proved.

Assume that / is odd. We denote the elements of SL(2, Z/2[Z):

10 1 1/ 10
mod 2/, mod 2/, mod 2/,
01 01 I 1

1+ / 1+17 1
mod 2/, mod 2/
I 1+ ) 1
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1 !
mod 2/,
I 1+

by A,, ..., Ag, respectively. Then

and

F = N&3)(0)Y/T1(20) X T4(20)

859

consists of (Al, Al), (Az, A3), (A3, Az), (A4, A4), (As, A6) and (A(,, As).

Let P, o be the subgroup of SL(2, Z) defined by

+1 =n
Pyy= nel;.
0 =1

Then the cusps of &¥(2/) correspond bijectively to

T 2D\T(1)/Py

by the correspondence:

a b a b
F1(2[)< >P1’0 Land I‘I(ZI)< 00,
c d c d

Let M be the subset of Z/2/1Z X Z/2IZ consisting of elements of order 2/.

Then we have another bijection:

T\ (1)/Py g — M/(£1),

a b
1‘1(21)< >P1,0 — =+(a mod 2/, ¢ mod 2).
d

(&

Let U, V and W be the sets of cusps of &3#(2/) corresponding to

{(a, b) € M/(£1)|a = 0, b = 0 mod 2},

{(Ga, b) € M/(£1)]|a

{a, b) € M/(£1)|a # 0, b # 0 mod 2},
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860 RYUJI TSUSHIMA

respectively, by the above bijection. U, V and W consist of (1/2)/*TI(1 —
p_z) cusps, respectively. A,, Az and A, fix anyu € U, any v € V and any w
€ W, respectively, and do not fix other cusps, and A5 and A, fix no cusps.

Let S denote &§(2/) X &¥(20), and for a cusp p of &}(2/) let C, and
D, denote the divisor {p} X &¥(2/) and &§(2)) X {p} on S, respectively.
Then (A,, A3) transforms C, and D, into themselves and fixes u X v for
any u € U and v € V. Similarly, (43, A,) (resp., (A4, A4)) transforms C,
and D, (tesp., C,, and D,,)) into themselves and fixes v X u (resp., w; X
wy) for any v € Vand u € U (resp., wy, wy € W).

Let ¢ be as above. Then ¢ induces a morphism of S§(2/) X &%) to
®;. This morphism induces a rational map of S to ®; which is not
holomorphic at U X V, V X U and W X W. Let § be the blowing up of S
atU X V, VX Uand W X W. Then it is easily seen that ¢ induces a
morphism of § to ®; and § = F\S is isomorphic to ®;. Let p; and p, be
the projection of S to the first and the second factors, and let Q, =, ¥ and i
be as in the following diagram:

s = &F2) X &F2) —
10

...
5 @

;- &F(0).

“|
|

Let C and D denote the proper transforms of C, and D, by Q,
respectlvely, and let C and D denote 1r(C ) and 7r(D ), respectlvely Let
prq be the exceptlonal curve on S over p X g € S, and let E pxq D€
T(Epxg)-

Since
(€,)’[81 = (D,)’IS] = O,
we have
C,)181 = D,)[8] = —(1/2° 11 — p ).

Since r*(Cp) = Cp + sz + C », where Cp, C and C are disjoint, we
have
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6} (€,)151 = (€ (1/6)m4($)] = (x¥(C,))’[(1/6)S]

= —(1/4)PTI1 — p?).

Similarly we have
) (D)[S] = —(1/4PTIL — p ).

Since 7 ramifies at E,», with ramification index 2, and w*(f?pxq) =
Z(Equ + Ep’)(q’ + Ep")(q”)’ we haVe

€) (E,pxg)’[8] = (x*(E,x )’ [(1/6)8] = —2.

Further we have

€) (@I IS] = (% -mHE))*1(1/6)S]
= (Q*(pH(Ly) + pFE)’[(1/6)S]
= (1/6)(p L)) + pFL))IS]

= (I/48)°’TI(1 — p )2,

5) (9L E,x,)IS]
= ((i'a'w)*(i"Z)'(Equ + E~'p'><q' + Ep”)(q”))[(l/:;)s;]

= (Q¥(pHL,) + pFIL))-Q*0 + 0+ 0)[(1/3)S] = 0,

and
6)  (-Y)*Ey)-CpIS]
= ((-y-m)*Ly)(C, + C, + C,oN(1/6)S]

= (p$(L))-(C, + C, + C,NI/6)S] = (I/BPTI(A — p ),
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Similarly we have
) ((-¥)*(Iy)-D,)IS] = /8P — p ).
Further, by the proportionality ([16], Theorem (1.3)) we have
(8 T2 @[®3] = (1/2)(c1(23))’[&3]
= 2+(Ly))[®3] = (1/2)°TI(1 — p°)’.
Let
C=LC. D=ZLD, md E= L Epux,

Then we have
V¥A@3)=C+ D+ E,
) B o
(i-¥)*(AQ2) = C + D + 2E,
and

(%L, = K3 + i*(A(%y)).
Therefore, it follows that
(10)  Y*W;(m) = —(-P)*Ksy) + Kz = —(-¥)*L,) + E,

where N3(w) is the normal bundle of ®;. Further, by [16], Proposition
(1.2), we have

A1) () = i*E, (@Y + A@3) = —2(-¥)*(,) + C+ D + E,
and
12) ¢2(8) = i*((®3) + ¢1(83)-A(®;) + Ax(83))

= i*(E(®3) — 2i-PHELy)(C + D + E)

+ (D-E + C-E + C-D).
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By (1) ~(12) we can compute the intersection numbers which appear
in 7(¢3, ®3) and obtain the assertion.

Proof of 6). Let

a 0 b/4 0
1o a 0 b4
g=¢ £ €N(@6)D).
122 0 d 0

0 122 0 d

Then g acts on ®¢ as

az + 2b az + 2b P
<z z/2> 3¢z/2 +d \3¢cz/2 + d
g =

zZ

az + 2b
3cz/2 + d

Therefore, if we define y: &, — & by

2z
Y(z) = <
2z

N
\'__/

then we have

-1 _ az + b .
W -g¥)z) = 3 + d
We put
a b
3 d
and

N = {g"]g € N&e)1)}.
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Then N(<f>6)(l)¢ is a subgroup of SL(2, Z) which contains I';(3/) as a nor-
mal subgroup of index six (resp., nine) if 3 4 [ (resp., 3 | [). Let

F = N(&)()*/T,(3D),
R = &%(3),
R = F\R,

and l_et « be the natural pr(ljection of R to R, i the inclusion of $¢ to @3"(1),
and ¢ the isomorphism of R to ®4. Then it is easily seen that

(13) (i‘E"ll')*(fzz) = 2«51,
and
(14) i%(L,) = Kg, + A(e).

The boundary of & intersects the boundary of &¥(/) at the points which

are equivalent to
oo — 0o
oo

under the action of G(/) (see Section 4). Therefore, we have
(15) i*(AQ2)) = 3A(%).

Let N¢(27/3) and Ng(4n/3) be the subbundles of the normal bundle
of &4 corresponding to the eigenvalues p and 0%, respectively. Then it is
easily seen that

Ng(27/3) = Ng(47/3)
= (_i*(Kég(I)) + K¢6)/2
(16)

= —i*L,) + A(®).
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It is easily proved as before that ®¢ has P — p—z) (resp.,
(3/4)1211(1 — p—z)) cusps if 3 4 [/ (resp., 3 | [). Therefore, by (13)~ (16)
we can compute 7(¢g, P¢).

Proof of 7). We compute only 7(¢7(1), ®7). 7(¢7(2), ®5) is similarly
computed. ®- is isomorphic to &¥(/). Let y be the isomorphism of &¥(/)
to &, i the inclusion of ®, to &%(/), and j the inclusion of &, to ®,.

Let

be the coordinate system of &,. Then we have

ao((5) ) =),

p

and

k() -~(2);

p

where p € &,. Therefore, if we denote by N7(7) and N,(3w/2) the sub-
bundles of the normal bundle of ®, corresponding to the eigenvalues —1
and —i, respectively, then we have

(17) N7(7) = Ng_/5, = 0,
and
(18) N+(37/2) = j*¥(Nosa30) = —i*(Ly).

Further, we have
(19) (-¥)*@y) = L,

(20) i*(A(2)) = A(®7),
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866 RYUTI TSUSHIMA

and
c(®y) = —2%(L,) + A@).
By (17) ~(21) we can compute 7(¢;(1), ®7).

3. Fixed Subvarieites over Cusps of Degree One. 1. Let &¥(/) be
(the closure of) one of the cusps of degree one in &¥(/). Let

Z3
be the system of coordinates of &,. Cusps of degree 1 in &%(/) are
equivalent to each other under the action of G(/). We assume &¥(J) is
defined by Im z3 = co. We denote by P, ; the subgroup of I'y(1) consisting
of elements which transform the rational boundary component of &,

defined by Im z3 = oo to itself and P, ; N T'(/) by P, (/). An element M
of P, ; is uniquely decomposed as

a 0 b O\ /1 0 O O 1 00 n\ /1 0 0 O

01 0 O0|f0 o 0 Oy/lm 1 =n 0i{/0 1 0 r
M= )

c 04 0/{0 01 0J{0 0 1 —m|{lO O 1 O

O 0 0 1/Y0 0 0 u/ \0 0 O 1/ 0 0 0 1
where

a b
< >6SL(2,Z), u==1 and m,n,r€Z.
c d

If M is in P, 1(/), then this decomposition is done in P, {(/). M acts on &,
as

azy+b zyt+mzy+n
<zl Zz) cz;+d (czy +du
M. =
z3, d —_ —_
23+m22+r+(mzl+zz +c;11)(+md cz) —cn)
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s _1(@?‘(1)) has a structure of an elliptic surface. See [8] and [12] for the
details. Let p € &§()),then s_l( p) has the structure of elliptic curve deter-
mined by the lattice I(pZ + Z), where p € &, is a representative of p.
Therefore, a point of s_l(@}“(l)) is determined by p and q € C/(pZ + Z).
Let g € Cbe arepresentative of g. We denote the point determined by p and g

by
P g
oo
symbolically. If p is a cusp of &¥(/), then s~ '(p) has a structure of an
Il-gon of rational curves.

Let M be as before. Then the element (£ )MP, ;(I) of P51 /(£ 1)Py, (1)
actsons ' (&*()) as

L ap+b G+mp+n
(il)MPZ,l(l)(p q) =l cptd (p+du

oo

(o]

and acts on the normal bundle of sml(@}"(l)) as a multiplication by

exp<21ri<m22 +r+ (mzy + 25 + n)ldm — czp — cn)> l>.
czy +d

Therefore, to classify the fixed subvarieties in s—l(@i"(l)), it suffices to
consider the cases when

Co=C) =) =) =07

In the case when / is odd, we denote by @?7

U {<z 1/2) <z (lz+1)/2> <z (lz+l+1)/2>}
268, o/’ I ’ o ’

and in the case when / is even, we denote by 4’(1)7
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U Kz 1/2> <z (1+1)/2> <z (lz+1)/2> <z (lz+l+1)/2>}
26, o/’ o0 ’ o ’ o0 ’

Let ®,, be the closure of <1>(1’7 in s_l(@}"(l)). &, is an irreducible curve and
has a structure of a covering space over @T(l) of degree three (resp., four)
if / is odd (resp., even) by s.

®,7 does not ramify over SF(/). In the case when [ is odd, ®,; has two
branches over a cusp of @i“(l), and one of them does not ramify, and the
other ramifies with ramification index two. In the case when [ is even, we
can classify the cusps of @i“(l ) into U, V and W as in the proof of Theorem
(2.8), 3). Note that / here corresponds to 2/ before. If u € U, then ®,; has
four branches over u, and they do not ramify. If v € Vand w € W, then &,
has two branches over v and w, and they ramify with ramification index
two. In both cases a branch which does not ramify intersects a side of an
I-gon of rational curves, and a branch which ramifies intersects a vertex of
an /-gon.

For a fixed subvariety & in s_l(@i"(l)) of an element of G(/), we
define Cg;)(®), Cl5y(®) and Ng()(®) as Definition (2.1). Now we have the
following

TreoreM (3.1). Fixed subvarieties in s~ (&¥()) of elements of
G(l) which intersect_s*l(@’f(l)) are classified as follows. ® means the
closure of ®° in s~ (&*()).

0
¢ ¢ [ Cou(®)| [Ngp(®)|

zy z9\|z,€®
N
Z2
z 0
6 o {( >
[o <]

17) &4, 2/

z¢ @,} 2 r‘a - p7?)

{1“11(1 —p 7Y it241
@3 —p7h, 21

i 0
18) @4 ( ) 4 4
oo

i G+ 12
19) & 4 4l

[
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0
6l 6l
oo

(0 +2)/3

> 3l 3l
©

|Ceu)(®)| and |Ngy)(®)| in this theorem are easily determined. In
the following theorem we list only the proper elements of Cg()(®). We in-
dicate the eigenvalues e of the normal bundle of ® by 6.

THEOREM (3.2). The proper elements ¢ of Cgy)(®) are as follows:

¢15(r)

§01(,(")

@17(r)

p18(1,7)

<P1s(2y r)

Representative The condition ¢ det(CZ + D)
of inT'y(1) to be proper [4 forZe ®
1000
010r
r # Omod/ 27/l 1
0010
0001
—10 00
01 Or
r % 0mod!/ 7, 27r/l -1
00-10
00 01
—-10 o001
01 —1r
r # 0mod/ w, 2ar/l -1
00-10
00 01
0010
010 r
r % 0mod!/ /2, m, 27r/l —i
-1 000
0001
00—-10
01 O0r
r# Omod!/ m,31/2,27r/l i
10 00
00 01
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0011
19) o9(1,7) -1 10 r /2, m,
? Y -
-1 000
0001
00 —1 0
01 —1 r w, 3n/2,
©019(2,7) w(2r + 1)/1 i
10 0-—1
00 0 1
00 10
01 Or 27/3, 4w/3,
20) oy(1,r) r# Omod!/ 27r/l o
—10-10
00 01
—10—-10
01 Or 2n/3, 4/3,
0302, 7) r # 0 mod !/ 2mr/l o
10 00
00 01
00 —-10
01 Or 47/3, S5w/3,
02003, 7) r# Omod/ 2mr/l —p
10 00
00 01
10 10
01 O0r /3, 2w/3,
04, 1) r %= 0 mod/ 27/l —p
—10 00
00 01
00 11
—-11-—1r 2%/3, 4n/3,
21) ¢y(1,7) 27(3r — 1)/31 0
—10—-10
00 01
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—10-11
01 —-1r 27/3, 4n/3,
©31(2,7) 2m(3r + 1)/3/ 0
10 0-—1
00 01

2. TueoreM (3.3).

(0@ =3 2k —3—6 4 , B
15) (pys(r), &15) =273 + — = S )P —p 7).
a-¢) a-¢n a—=¢0
o 12 — 2k — 3)
16) 7(p16(r), @1) =2 53 1(—1)k<1—>12H(1 —p_z).
— g-’

Lo 8~ @k—=3) 4 , -
275%(—1) + S )P —p~%), it 241,
a1—=¢) a—=¢)

17) 1(py7(r), ®y7) = of 8~ 2k =3 4
5=33-D + 2
a-¢ 1=

>12n(1 —p7Y, i 2L

18) (o151, r), Byp) = 27X (=1 — ¢ — 7.
(182, 1), B19) = 2720 1 + )" — DL
19) 7(e1o(1, 1), @19) = 27 2(—iF(1 — i)exp(mi(2r — 1)/1) — 1)\
7(@19(2, 1), B19) = 272 (1 + i)exp(mi2r + 1)/1) — 1)\,
20) 7(pa(1,7), Bp) =371 (D " — 17
(02, 1), B9) = 37 () " — D7
(2003, 7), &) = 37 (—=pH) (1 + 20)¢" = DL,
(24, r), &) = 37 (=p) (1 + 207)¢" — D71
21) 7lpx(l, 1), ®51) = 37 A (exp2miGr — 1)/30) — 1)L

7(p(2, 1), &y = 3_l(p)k(exp(27ri(3r + 030 —-17N

Proof. We prove only 15) and 17). 16) is similarly proved, and the
others are easily proved.
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Proof of 15).  Let i be the inclusion of ®;5 to &5(/). Then we have
i%(Ly) = (s| 2y5)*(Ly),
(21) i*(A(2) = i%(®15) + A(Dy5),
and
A(®y5) = (s]@y5)*(A(1)).
Therefore, we have
22) (ML) [®15] = GHE,) - A@15)[B15) = (A(@45)) [®15] = 0.

By [16], Remark (3.5), Lemma (4.) and Lemma (6.8), we have

23) ((%(®15)- MA@ 1)@ 15] = —PI(A — p~2),
24) Ly @15)[@15] = —(1/1I'TI(1L — p77),
and

(25) (%(®15))°[®15] = 1/6O)’TL(1 — p ),

It is easily seen that
(26) (Ay(@1)[@15] = (1/2)P°TI1 — p ).

Further, by [16], Proposition (1.2), Lemma (5.1) and Remark (5.4),
we have

Q7 e(®1s) = Ty(®Y5) + A(®15) = (5] B15)*(—3L; + A1),
(28)  cx(®15) = Eo(®%s) + €1(2%5)- A(Dys) + Ax(P15) = Ax(Pys),
and

(29) Ns, /&30 = 1%(P15).
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Since ¢;5(r) acts on the normal bundle of ®5 as a multiplication by
¢, we have

(30)  ch((kLy — A2))|@15)e15(r)) = ¢ "ch((kL; — AQR)| ®y).

The assertion is proved by (21) ~ (30).

Proof of 17). 'We prove only the case when [ is odd. Let i be the in-
clusion of &, to &¥(/), j the inclusion of ;; to ®;5, and N;;(w) and
Ny7(27r/l) the subbundles of the normal bundle of ®,; corresponding to
the eigenvalue —1 and {’, respectively. Then we have

@31) iM(Dy) = (s|®17)*(Ey),

(32) c1(@17) = —2%(D,) + A@y),
(33) H(AQ) = i%(By5) + jHA@s5)),
(34) Nis(m) = —j*Ks,) + Ka,,

= —i¥(L,) + jH A1) — A(®y9),
and
(35) N17Q2ur/l) = i¥(®y4).
By (1), (2) in the proof of Theorem (2.8) 3), we have
(36) i*(®5)[®17] = —(1/4PTI(L — p ),

and it is easily seen that

37 (A(@17)[®y7] = PTI1 — p 2,
and
(38) (JHA@s))[®17] = 37211 — p ).

The assertion is proved by (31)-(38).
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4. Fixed Subvarietiejz over Cusps of Degree Zero. 1. Let p be one of
the cusps of degree 0 in &3(/). Let

<zl zz>

Z3
be the coordinate system of &,. Cusps of degree 0 in &%(/) are equivalent
to each other under the action of G(/). Therefore, we assume that p is
defined by Imz; = Im z3 = oo. s_l( p) is a reducible rational variety com-
posed of (1/4)I3H(1 — p—z) projective lines meeting three at each one of
the (1/6)1311(1 - p_z) vertexes ([8]). These projective lines are equivalent
to each other, and these vertexes are equivalent to each other, under the
action of G(I). Therefore, it suffices to consider a single projective line and
a single vertex to classify the fixed subvarieties in s I p).

We denote by P, , the subgroup of I'y(1) consisting of elements which
fix the rational boundary component of &, defined by Imz; = Imz; = oo
and P,y N T',(!) by P, (/). An element M of P, is written as

U RU!
M= ,
o ‘v!
where U € GL(2, Z), and R is a symmetric matrix with integral coeffi-

cients. Let Q, be the subgroup of P, consisting of elements such that
U=1,,and let Qo N I';)(I) = Q,()). Let e be the map:

&, = Q20(D\S,
<zl zz> <21 Zz> <exp(27rizl/l) exp(21rizz/l)>
z3 Z exp(2izs/l))

Let &, be the torus embedding corresponding to the Delony-Voronoi
decomposition of degree two ([12]). X, has Q, ((/)\&, as an open subset,
and the action of P,(/Q,; (/) extends to 9,. P o(1)/(+£1)Q;(!) acts on
X, without fixed points. Let 7w be the natural projection of %, to

P, o(D\X,. The neighborhood of P p) is constructed as P, o()\X,.
Let X be the central cone in the Delony-Voronoi decomposition ([8]
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and [12]). Xy = Spec C[Z,Z,, Z5 ', Z,Z,] has a structure of an affine
open subset of 9, ([9]). The neighborhood of the affine line defined by
Z,\Z, = Z,Z3; = 0 is mapped isomorphically into P, (\X, by 7. There-
fore, it suffices to consider this affine line instead of the projective line in
s '(p) and the origin (Z,Z,, Z; ', Z,Z3) = (0, 0, 0) instead of the vertex.
We denote the point (Z,Z,, Z{l, Z,Z3) = (0, exp(—2wi z,/1), 0) on the

affine line by
< 2 >
oo

symbolically. Therefore, the origin is written as

C )

symbolically.
Let
U RU™!
M= 0 ¢ U_l € Pz,o,
where

r s
UeGL(2,Z) and R=< >
s t

We denote the element (=1)MQ; o(!) of P, o/(£1)Q;(!) by
U, s, t).
M actson Z € &, as
Z~ UZ'U +R,

and (£1)MQ, (/) acts on Xy by this action through =.
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Let Uy, U,, Uy and U, be
10 01 01 -1 0
) , and ,
0 -1 0 10 01

respectively, and let Vi, V,, ..., Vi be

<1 0> <—1 —-1>< 0 1> <0 1>< 1 0> <——1 —1>
o i//’\1 o' \-1 -1/'\1t o/'\=1 -1/'\ 0o 1/

respectively. Then by [8] the elements of P,,/(+1)Q;(/) which

transform the affine line Z,Z, = Z,Z3; = 0 to itself are

Ui(i', S, t) (i = 1, 29 3, 4)$

and the elements of P, ¢/(+1)Q, (/) which fix the origin Z,Z, = Z, =
ZzZ3 = 0 are

Vir,s,t) (=1,2,...,6).

By this result we can determine the fixed subvarieties in s_l( p) and
their isotropy groups. Let <I>(2)2 be

and &, the closure of &), in s " '(p).

THEOREM (4.1). The fixed subvarieties in s Y(p) are classified as
follows.

@ [Con(@)] | Nguy(®)|
2) @, 21 48

© 0
B) dy=n 47 42
(o]
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o 1/2 2 )
2) dy=n 41 41
oo
(o] — 0o
25) &= 6r 6r
o

In the following theorem we list only the proper elements of Cg)(®).
We indicate the eigenvalues e by e”.

THEOREM (4.2).  The proper elements ¢ of Cgy)(®) are as follows.

Representative
of ¢ in The condition ¢ ]
0 Py o/(£1)Q,,0(D) to be proper i
2) eyl rt) Uy(r,0,1) rt % O mod [ Lt
0B, 7, 1) Us(, 0, t) r+t#0mod/ F o2
2) 02, r.t) Uy(r, 0, 1) r+t# 0mod!/ o2
e3(4,r, 1) Uyr, 0,¢) rt # 0 mod / e
24) 92,7, 1) Uy(r, —1,1) r+t% 0mod/ o
04,7, t) Uyr,—1,1) rt # 0mod/ [
25) oyl,rst)  Virs, 1) r+s)s+o)s#0 ¢ et e
mod /
0252, 7,5,¢) Vy(r, s, t) r+s+t£0 POt =0,1,2)
mod /
0254, 7,5,1) Va(r, s, t) r+2+s20 75 £rtEtOn

mod /

det(CZ + D) for Z € & isequal to det(D), since C = 0.

Remark (4.3).

Co)(®ys) has other proper elements whose repre-

sentatives are Vi(r, s, t) (i = 3, 5, 6). We omitted them in the above theorem
and the following theorem, since they are conjugate to ¢xs(i, 7, s, t) (( = 2
or 4) in Cg()(®ys). It suffices to double (resp. treble) the contribution of
©3(2,7,5,1) (resp., ¢(4, r, s, t)) in the dimension formula (Theorem (5.2),
(49)) instead of them.
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2. THEOREM (4.4).

1 2 2
22) 1(ep(l,r, 1), &) = { + +3}
“ S N e R

(=DF 4
(02,7, 1), Byy) = e —plet - + 3t.

2)and 24) 1(pp2,r, 1), By) = (o2, 1, 1), &) =271 =17
(x4, 7,0), 823) = T(p(4,r, 1), 83) =27 (=D = D' = 7L
25) 1lens(lr s, 1), 80) = ¢ — DT =TI - 7L
(052 1,5, 1), &p) = (¢ °H — )7L,

oy, 7,5, 1), @y5) = (—DFE T — 7l — 7L

Proof. We prove only 22). Others are easily proved.

Proof of 22). We compute only 7(¢5(1, 7, t), 5). Let i be the in-
clusion of ®,, to &%(/), and N»,(27/l) and N,(27t/l) the subbundles of
the normal bundle of ®,, corresponding to the eigenvalues {" and {,
respectively. By [16], Theorem (2.4) and Remark (3.5), we have

(39 i*(Ly)[®] = 0,
(40) N22(27rr/l)[<1>22] = _2,
(41) N22(27l't/l)[¢'22] = _2,
and

(42) *AQ)[Pp] = —2.

Further, we have

43) c1(®n)[®y] = 2,

This content downloaded from 129.15.14.45 on Sat, 25 Aug 2018 15:36:58 UTC
All use subject to https://about.jstor.org/terms



SIEGEL CUSP FORMS 879

and
(44)  ch((kLy — AQ) |20 en(1, 1, 1)) = T eh((kLy — AQ))| $3)-
The assertion is proved by (39)-(44).
5. The Dimension Formula. Let g € G(/). We compute the trace of
the action of g on S, (I',(0)). Fix(g) has M- &, M € G(), « = 1, ..., 25)
as an irreducible component, if and only if

M lg.M=o,

for some ¢ € Cl)(®,). If M’ € Cg)(p), then we have

MM') Lg-(MM') = o.

Therefore, g also fixes MM’ -®,. The number of irreducible components
of Fix(g) on which g acts as ¢ is

|Con(®)] _ 1Ceun@| _ [Nop(®d)|
[Cou) (@) N Nopy(@a)|  [Nca(@)| [Con(e) N Ne (@)

(45)

The map

Ny (®y) — Copp(®,)

-1
8§~ 8 ¢8

induces an injection of (Cgy)(e) N Ngpy (P \Ngpy(®,) to Cgyy(®,)
(Lemma (2.4)). The image of this map consists of elements of Cg)(®,)
which are conjugate to ¢ in Ng()(®,). But as a result we can see that the
image of this map consists of elements of Cg(;)(®,) which are conjugate to
¢ in Cgy)(®,). Therefore, the value in (45) is equal to

[Con(@)|  |Can(®a)|
|Nooy(@) | [C(e)]
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where C(p) is the centralizer of ¢ in Cg()(®,). Let CI(Cl5)(®,)) be the set
of representatives of conjugacy classes of Cg)(®,,) contained in Ci(y(®,).
We denote the conjugacy relation in G(I) by ~. We proved the following

TeEOREM (S5.1). Ifk = 4, then

Trace(g | Sx(TL(1) = 7(g)

2 Con@)| [Cou(®.)]
4 S Con(@], [Can@ll (4
(46) a=1¢€Cl(§€;g)(‘I>a)) [No)(®)|  |C(e)] (e ®a)
25
7 —r ¢ Lledl g,

a=1 goEC%([)(Qa) |NG(I)(€I)O¢)|
v~8

Let I' D T',(!) be as in the Introduction. We compute the dimension
of S$y(I'). Let g4, ..., g, be the representatives of conjugacy classes of
G(I"). Then we have if & = 4, then

1
dim$§ (M =—— L
im §(I) |G(T)| geGm) r(g)
;': 1
= L ——————1(g).
i=1 |Cory(gd] £
Therefore we have the following
TueoreM (5.2). Ifk = 4, then
dim S, (I
(48)
- 1 2 ICc(@)| - | Co(®s) ] o, B.)
i=1 |Cgm(gd| o=1 peCllCh0)(®a) | Ne(®@) | -1 C(e) | T
(49)
h 25

i=1 | Cam(g| @=1€Ch)(2:) INow(®a) |
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The conjugacy classes of I'y(1)/T',(p) (p = prime) are classified by
[18]. If / = TIp is square free, then we have

I, (1D/Ty() = IT»(1)/TH(p)).
Therefore, | Cgy)(¢)| is determined if / is square free.
Now we can compute dim S (I';(1)) and dim S;.(T'5(2)).

LemmMma (5.3).

) CZia— 7= e - .
i) Zla—) 7t =~/ — D - 5).
i) EZia— )7 = -8y — i — 3).

Example (5.4). By the above theorem we have if k = 4, then

25
. (o, o)
dim S, (T'y(1)) =
K2 a=1¢eCh)@s) [Ny (®o) |

By Lemma (5.3) and a rather complicated computation, we can see that
this is equal to the coefficient of ¢* in

14 B 1 .
a—-Mha—-5Ha-2%a - a-5Ha-16

Let A, (") be the vector space of Siegel modular forms of weight k with
respect to I'. Then by the surjectivity of ®-operator ([15]), we have if k =
S, then dim A, (T',(1)) is equal to the coefficient of *in

1+ ¢ _
a—Ha —OHa - 9a — )

This coincides with the result of [7], and we can determine the struc-
ture of the graded ring:

@ Ax(T5(1)

by this result ([7]).
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FExample (5.5). LetT' beI'y,(2) and /(= 3) an odd integer. We study
the action of

G(I) = T,(2)/(+1)T(2l)
on Sx(T'5(2]). By the isomorphism
F:GQ2D) = TL()/(£1)Ty20) = TH(1)/Ty(2) ® T,/ 1)T,(0)
G(I) is isomorphic to
{1} @ TL,()/(£DILO).

If ¢ € G(21), then we denote f(¢) by (¢ mod 2, ¢ mod [). ¢ is conjugate to
an element of G(I') if and only if ¢ mod 2 = 1, and in such a case we have

Coonle) = TH(1)/T'y(2) ® Cgyy(e mod 1),

and

Comle) = {1} ® Cg)(p mod ).
Therefore, it follows that

c
ﬁ% = |T,(1)/T2(2)| = 720.

Hence we have if £ = 4, then

25
dim §,(T,(2)) = 720 T ey @)
a=19€eCun@y) | Ngan(®a) |
emod2=1

This is easily computed and equal to

17242k — 9%* — 17k + 84) + (5/8)(—1)F(k> — 9% + 20).
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It is known that &%(2) has fifteen cusps of degree 1 and fifteen cusps
of degree 0 ([14]), and if k (= 4) is even, then

dim §,(T;(2)) = (1/2)(k — 4).
Therefore, by [15] if £ (= 6) is even, then
dim A(T5(2)) = dim S,(T'5(2)) + 15 dim S,(T'(2)) + 15
= (1/12)(k* + 3k* + 14k + 12).
If k (= 5) is odd, then
dim A4(T'x(2)) = dim S¢(T,(2))
= (1/12)(k* — 12k* + 5% — 108).

These results coincide with that of [7].

Remark (5.6). Let x be a homomorphism of I' to C* such that
Ker(x) = T'’ is a subgroup of finite index of I'. We denote by S (T, x) the
vector space of Siegel cusp forms of weight k and character x with respect
to I'. Let / (= 3) be an integer such that I'" D I',(/). We can obtain the
similar result about dim S (I', x) by studying the action of I'/T';(/) on
(&5, O(kL, — AQ2))).

Remark (5.7). Let I'y(/) be the subgroup of I'y(/) defined by

A B
()
C D

and let x be a character of (Z/IZ)*. For an element
A B
M=
C D

x(M) = x(det(4) mod /).

C= Omodl},

of T'y(/), we define x(M) by
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Then x is a character of I'y(/) whose kernel contains I',(/). If / is square
free, we can represent dim S, (I'o(/), x) explicitly.

THE INSTITUTE FOR ADVANCED STUDY
GAKUSHUIN UNIVERSITY
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CORRECTIONS TO [16]

. 941, line 3: “¢,2(3)” should read “¢,(3)".

949, line 3: The (3,3) coefficient of the third matrix should be 0.

949, line 10: The (3,3) coefficient of the second matrix should be —1.

949, line 1 from bottom: “a,, B3, ;" should read “a;, 83, a3”.

950, line 2: “oty, 7v,, " should read “ay, v,, a3”.

962, line 4 and 8: “Op,(D;)” should read “jixOp,(D;)”,

. 962, line 5 and 9: “OD, (D/{)” should read “j{*Op/(D/{)”,

. 962, line 10: “ch(OD(D))| b’ should read “ch(J*OD(D))m + ch(0p)”, _
P. 962, line 12: The right hand side should be added “ch(0p)", where j;:D; — X,ji:D! =D
and j:D — X mean the inclusions, and |D means the pullback by J. There exists the
relation:

R R R R

ch(© (D)) = ch(j,O05(D))| 5 + ch(Op).

These errors do not affect the statement of Lemma (S.1).
P. 967, line 7: “(po + mg/2)z + mo/2)” should read “((p3 + m3/2)z + m¢ /2)".
P. 973, line 2: “7(12) ~!” should read “7(18)—1".
P. 973, line 18: “7(12)—!” should read “7(18)—1".
P. 975, line 1 from bottom: “p4” should read “p —4".
P. 976, line 7: ““4¢,A;A,2” should read ‘ 301A1A2
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