An explicit formula for the dimension of spaces
of Siegel modular forms of degree two

By Yasuo MORITA¥

§0. Introduction
0.1. The main result. First we shall summarize the main result of this paper.
Let 9 be the Siegel upper-half-plane of degree two: $={Z€ M,(C)|'Z=Z, Im(Z)>0)}.
Let Sp(2, R) be the symplectic group of degree two. Then an element r of
Sp(2, R)/+1 operates on § by

_(A B\, .
7_(0 D).Z (AZ+B)(CZ+ D) .

Let N be a natural number and let I",(N) be the principal congruence sub-
group of the Siegel modular group Sp(2, Z)/x1 of level N:

FZ(N)z{(g §>esp(2,2)]<g §>E<é §’>modN}/i1.

Let k£ be an integer and let S,(I";(N)) be the complex vector space of the cusp
forms of weight & with respect to I',(N). Namely, let S,(I":(N)) be the space of
holomorphic functions f(Z) on § satisfying the following two conditions:

(i) fUAZ+B)(CZ+D)™)=det(CZ+D)*f(Z) for all 72(3 g)erz(zv);

(ii) det{Im(Z)}¥%|f(Z)| is bounded on $.

Now we can state the main result of this paper:

MAIN THEOREM. Suppose N23 and k=7. Then we have the following dimen-
ston formula:

_ 1
20.3%.5

dime S,(I'y(N))

- 213 Npo( NIy (1) : Ty (N) )2k~ 3) +-§3%ﬂa<N>[F1<1) HN

[I75(1) : I"5(N))(2k— 2)(2k— 3) {2k~ 4)

where p,(N) 1s the number of inequivalent 0-dimensional cusps of I'y(N)\H (which

* This work was supported in part by the Sakkokai Foundation and in part by National
Science Foundation grant GP-36418X.
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is equal to the number of inequivalent 1-dimensional cusps of I')(N)\ ), I'{N)
{resp. (1)) is the principal congruence subgroup of SL(2,Z)+1 of level N
(resp. 1), and [ : ] denotes the group index.

0.2. An outline of the proof. Following the general method discovered by A.
Selberg, R. Godement expressed the dimension as an integral of an infinite series
over the fundamental domain of I',(N) (cf. Theorem 2 of §5). Therefore what
we must do is to interchange the integral and the infinite sum and to caleulate
the resulting integrals explicitly. In the case of a properly discontinuous group
operating on a bounded symmetric domain with a compact quotient, this problem
was solved by R. P. Langlands. But, in the non-compact case, some more diffi-
culties occur: First, the infinite sum in the integral does not converge absolutely
and uniformly so that there are some troubles in interchanging the integral and
the infinite sum; secondly, infinitely many conjugacy classes of the discontinuous
group have non-zero contribution so that we must caleulate certain infinite sums.
But, fortunately for us, these difficulties appear even in the one-dimensional case
and they were overcome by M. Eichler, A. Selberg, and H. Shimizu (¢f. Shimizu
[15]) in that case. We shall follow their methods and settle these difficulties.
That is, we shall overcome the first difficulty by multiplying certain dumping fac-
tors, and the second difficulty by using some special values of Dirichlet series.
The proof then follows by careful case-by-case analysis.

We shall prove some preliminary results in §1, §2, §3, and §4. We shall
start the proof of our main theorem in §5 and complete it in §7.

0.3. Remarks.

(1) J. Igusa determined the structure of the graded ring of holomorphic
automorphic forms of the group I',(4) by using theta-constants {(ef. Igusa [5]).
Thus our results can be regarded as a generalization of Igusa’s result.

(2) Recently, T. Yamazaki has calculated the dimension of S.(I",{N)) (N=3)
by using the Riemann-Roch theorem and Igusa’s desingularization of the Satake
compactification of I'a(N)\9 (ef. Yamazaki {19]).

The author wishes to express his gratitude to Professor H. Shimizu, who gave
the author several valuable comments, and Professor T. Shintani, who pointed out.
to the author a miscalculation and gave the author several valuable comments.
The author is also grateful to Professor R. P. Langlands and Dr. T. Yamazaki.
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[Notation]

We denote by Z, O, R, and C, respectively, the ring of rational integers, the
field of rational numbers, the field of real numbers, and the field of complex num-
bers. For any natural number n and for any commutative ring S with an identity
element, M,(S), GL(n, S), and SL{n, S) denote the ring of all matrices of size n
with entries in S, the group of all invertible elements in M,(S), the group of all
elements in M,(S) whose determinants are one, respectively. Further, Sp(n, S)
and Un)= U(n, R) denote the symplectic group of degree 1 over S and the unitary
group of degree n, respectively. For any element A of M,(S), we denote by tr{4)
and det(4) the trace of A and the determinant of A, respectively. Sometimes we
denote by 0, 1 and |A| the zero matrix of M,(S), the unit matrix of M,(S) and
det (A), respectively.

We denote by 7 the complex number v —1. For any element Z of M,(C), we
denote by X=Re(Z) and Y=Im(Z) the real part of Z and the imaginary part
of Z, respectively (i.e., Z=X+1Y with X, YEM,(R)). For any complex number
z=z+1y, we denote by abs(z)=|z| and z the absolute value va?+y? of z and the
complex conjugate x—1y of 2, respectively.

Let Z be a hermitian matrix. Then we write Z>0 (resp. Z=0) if Z is posi-
tive definite (resp. positive semi-definite).

We denote by I'(s) and &(s) the Gamma function and the Riemann zeta func-
tion, respectively. We denote by Max(a, b, ---) (resp. Min{a, b, ---)) the max-
imal element (resp. the minimal element) of a, b, ---. We denote by 0(s) a con-
tinuous function of s which satisfies 1}_1;!; (8)=0. We denote by * (resp. const.) an
unspecified matrix (resp. an unspecified constant). We usually use a, b, ¢, ---
(resp. 4, B, C, ---) to denote complex numbers (resp. elements of M,(C)). For
example, we write any element of Sp(2,C) as

@y Q2 b;_ b 2

as; Q4 bs b4 (A B)
or .

¢y €2 d1 dz C D

Cs €4 dg d,g

Some more standard notations will be used.

81. A classification of conjugacy classes

1.1. Preparatory lemmas. First we quote a well-known fact:
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LEMMA 1. Let 7 be a unipotent element of Sp(2,Z). Then y is conjugate in
Spl2, Z) to an element 3 of the form

1 0 b6 b, ,10

0
0 1 by, b, e 1

1 0 1 —a

0 0o 1/ 0 0 1
1 0 b b
ip s . . ‘ 01 b b

Moreover, if y is conjugate in Sp(2, R) to an element of the form 1 o |’

0 0 1

then y is conjugate in Sp(2, Z) to an element & of the same form.

Now we shall prove the following lemma:

LEMMA 2. Let N and n be natural numbers such that N=3. Let I'(N) be
the principal congruence subgroup of the unimodular group GLin, Z) of level N:

I'(N)={rcGL(n, Z)lr~1€ NM,(Z)} .

Let { be an eigen-value of 7 such that £ is a root of unity. Then (=11

ProOF. Suppose that {=x1. Let m be the smallest positive integer such that
{m=1. Let ! be a prime number that divides m. Since ¢=1, there is such a
prime number . Then y™ is an element of I'(N), and ¢™/! is an eigen-value of
r™*. Since ("' is a primitive I'" root of unity, {™/'—1 generates the prime ideal
L of Q((™") such that 1"'=(/). Therefore {"/'—1 is not divisible by the natural
number N, which is greater than 2. On the other hand, since 7' belongs to
I'(N}, there is an element ¢ of M,(Z) such that y~'—1=Ns. Hence we have
¢r/'—1=Np with an eigen-value » of 0. Since ¢ belongs to M.(Z), 7 is an alge-
braic integer in Q({™!). Hence {™*~1 is divisible by N, which is a contradiction.
Therefore we have proved Lemma 2.

In particular, we have the following

PROPOSITION 1. Let 7 be an element of the principal congruence subgroup
I's(N) of Sp(2,Z) of level N. Suppose N is not less than 3. Then some power
of v is unipotent if and only if v is unipotent. Im particular, I'.(N) is torsion
Jree.

1.2, A classification of conjugacy classes. First we shall classify conjugacy

Y The author was informed of this lemma by Y. Ihara and G. Shimura



Siegel modular forms 171

classes by means of fixed points on

D={ZeM,(C}I'Z=2Z, 1-Z'Z 20},

where we make an element of Sp(2, R) act on D in the following way: Let y=
<A B) be an element of Sp(2, R) and put

C D
<Ao Bo>=< 11 il)“‘ A B>< 2l i1>
Co Dy -1 1 C D/\-1 1/
Then we define the action of 7 by
Zr——> (A Z+ B)CoZ+Dy) .

We see that any element of Sp(2, R) acts on D as a topological automorphism.
Moreover it is well-known that there are only three S»(2, R) orbits:

Spe, R)(g 8) Sp(e, R)<g ‘1’) and Sp(, R)<(1) ‘1’)

Since D is contractible and r€Sp(2, R) acts on D as a topological automorphism,
it follows from the Lefschetz fixed point theorem that 7 has a fixed point on D.

Now let 7 be an element of Sp(2, R). Then, taking a conjugate element if

0 00 10
necessary, we may assume that 7 fixes (1) (0 0) or (2) ( 0 1) or (3) (O 1),

Therefore 7 can be written in the following way:

=g

1) ;«:( A B) with A+Bi€ U2);

B A
or
a 0 b O 1 0 0 b,
GRS B | Gl B Y R I
-b 0 a 0 0 1 d, -b a
0 0 0 1 0 d
and
1 0 0 b,
% a b b)egio R,
) 1
0 d
or

o =Y ?U‘_’:’) with UEGL, R), SE My(R) and *S=5.
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Now suppose that 7 belongs to the principal congruence subgroup of Sp(2, Z) of
level N28. If 7 is conjugate in Sp(2, R) to (‘g i) (A+Bie U2)) {case (1), 7
generates a compact and diserete subgroup in Sp(2, R). Hence 7 is of finite order,
hence y=1 by Proposition 1. In the same manner, we see that, if 7 is conjugate

in Sp2, R) to

¢ O0b 0,1 0 0 b
0100 ds a4 b3 64
-b 0 a O 0 1 d2
0 0 01 0 d,
{case (2)), (_Z 2)6 U(1) is not equal to :1:((1) (1) only if a,=di's+1. In the

i . . . . U syt
same manner, we see that, if 7 is conjugate in Sp(2, R) to

0 ‘U > {case (3)),
det (U)%—1 and U is not of finite order. (If det (U)=-—1, the characteristic
polynomial of 7 is not congruent modulo N to (X—1)%)

Now we shall prove the following theorem:

THEOREM 1. Let I'o(N) be the principal congruence subgroup of the Siegel
modular group Sp@2, Z)/+1 of level N=3. Let r be an element of I',(N). Then
r 18 conjugate in Sp(2, R)/+1 to one of the following representatives:

cosd 0 siny 0

0 0
(i) oo (sin 20, a%+1);
-~gind 0 cosi O
0 0 0 a™!
a 0 0
. 0
(ii) e (@3, a}, aa.31);
0 a;l 0
0 at
a 0 0 0
010 b
i) (% +1);
0 a?t 0
0 1
a 0 0 b
. 0 at 0 b 0
{iv) - 1 0 (a2 +1);
a-
0
0 a 0 01
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0 b O
0
100
(v) {@ax0, bx0);
0 1 0 0 1 —a
01 0 1
1 0 b, b
(Vi) 01 l;m gz .
0
0 1
0 cosi sin 2
" 0 . 0
. 0 r —sind cosi ..
(vii) . (g1, sin 260) .
g0 cos i sind
0 - 0 .
0 pt —sind cosi

ProOF. Let y be an element of I's(N). Then, by the above remark, we may
assume that y is conjugate in Sp(2, R)/=+1 to

(1) 5= 0100 ag g bs b; ESp(Z,R)/il
-5 0 a O O 1 d2
0 0 01 0 d,

with as=di'% %1, a®*+b=1 and =0, or

g =6 V(o v)

with !S=S, det(U)x~-1.
We contend that, in the first case, & is conjugate in Sp(2, R}/=%1 to an element
of the form

cosi 0 sina2 0

0 a 0 O

—sind 0 cos2 O
0 0 0 a?

with sin 2%0 and a?x1. Since & has this property if and only if -! has this pro-
perty, we may assume ai>1. Let
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0
0
a 1
&= €Sp(2’R)-
0 1 —a
0 1
Then
a 0 b 0 1 0 0 *
R 01 06 0 a3+(a~*(l4)a oy * *
=
- b 0 a O O 1 - a;;d,;“" (a,— @4)&'d4
0 0 01 0 d,

Therefore, since (a—a4){a+a,)=a?—a?<0, we may assume

cos2 0 sinz2 0 1 0 1 00 by
5o 0 1 0 0}(0 a 01 by b,
~gind 0 cosi 0 10 1
0 0 0 1 0 0 a! 0 0 1
cos2 0 sina 0 1 00 by
_ 0 a 0 0 01 b b
"l —sin2 0 eosz 0 1 0
0 0 0 a 0 0 1
Let
1 00 a
R P
0 1 —a
0 1
Then
cosi 0 sina 0 1 0 0 (1.4
_— 0 a« 0 0 21 1 (2.3 2.4)
€0€p " =
—s8ind2 0 cos2 0O 0 1 —{2.1)
0 0 0 a7t 0 1
with

21)=(a"'cos A~ 1)ay,—~a~'sin ia; ,
2.3)=(1.4)=a"'sin da,+ (@ ' cos 2—1)a:+b;s ,
(2.4) ':-'(Z—l(a'] ¢o8 2““0‘2 sin 2) ("‘Q’g‘{"bm) + (“‘“ag'{'b;ga’]‘*‘bg)

+ a0 e, sin A+, €08 ) +a 2y .
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Since
!a"l cosi—1 —a 'sini

. o (=1 —1)2+ (¢ sin 2230
a~lsini @ lcosi—1 {@"'cos A—1)*+ (@™ sin 4)*=¢

by our assumption, we can solve (2.1)=(2.3) = (1.4) =0 as a system of linear equations
in @; and a;. Moreover, we can solve (2.4)={a"?~1)as+ -+ =0 in a;. Therefore
we have proved our contention.

. :1S><U 0),.t_ e
Now let § o 1 No o with :S=8, U€GL(Z, R) and det{U)x—1. Let

P(X)=det (X1—U) be the characteristic polynomial of U. Then the diseriminant
of the equation P(X)=0 is tr(U)2—4det(U). Therefore, if det{U)<0, U has two
distinet real characteristic roots. Hence, if det(U)<0, U:GC: g)G*‘ with some
GEGL2, R and ab<0. Therefore, in this ease, § is conjugate in Sp(2, R) to

1 0 81 8o, a 0

5 = 0 1 812 82 0 b O
1 0 al 0
0 0 1 0 0 b
1 0 &ty
1
Let e= 0 ba T €Sp(2, R . Then
0 1 0
0 1
0 (138 (14, a O 0
o 1 (23 (. 0 b
Eg'e == " 0
a
0 1 0 0 b

with

<(1.3) (1.4)>:<_31+(1~—a’3)t1 sm+(1——ab)t12>
(2.3) (2.4) 312+ (1“‘ ab)tm 8z (1"" b?) tz ’

If a2, ab, b?%1, we can solve the linear equations (1.3)=(1.4)=(2.3)=(2.4)=0 in

a 0
4 0
ti, t12, 1€ R. Hence 4§ is conjugate to o . Moreover, we have
a-
0 0 b

proved that, if P(X)=det(X1—U)=0 has two distinct real roots a¢ and b, ¢ is
conjugate in Sp(2, R) to



176 Yasuo MoriTa

a 0
0 b 0
5 = .-« if a2, ab, b1, axb,
0 a! 0
0 bt
or
a 00 0
0 +1 0 . . .
' = 1 ;2 --- if one root b is +1 and the other root a is not +1,
-
0 0 +1
or
1 00 82 a 0 0
0 1 0 -1
5" ?2 0 0 a ) - if gb=1 and a®*>1.
a-
0
0 1 0 0 @
a 00 O
. 010 R
Here, since P(X)=(X~1)* mod N), ¢"= . in the second case. Fur-
a
0
0 1
1 0 0 s a 0 0
0 1 0 -t
ther we note that 512 and 0 o commute and that
0 1 0 0 at
0 1 0 a
a 0 a 0
L0 0
0 a 0 a .
and are conjugate.
0 atl 0 0 a~t 0
0 a 0 a~!

Now suppose that det(X-1— U)=0 has only one real root @. Then we see easily
that U:G(a’ 2)G*1 with some GEGL(2, R). Hence § is conjugate in Sp(2, R) to

0
1 0 81 852 a O
= 0 1 8, s 0
1 0 a' 0
0
0 1 0 —a"% a!
1 0 ¢, g
te Lo

Let e= be an element of Sp(2, R). Then we have
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1 0 (1.3) 14, ,¢ b 0
oo 101 3 (24 0 a
e 10 a0
0
0 1 0 —-a~% a7
with
(1.3) ::81+ (l_ai))tl_zabtlg"bgtg N
(1.4) = (23) =85+ (1““0,2)t12“abt2 ,
(2.4)282+(1—a»2)t2 .
Therefore we see that & is conjugate in Sp(2, R) to
e b
0 a 0
5" = . 0 .o qf azzk‘:l R
a-
0
a™* a?
or
0 00 +1 b 0
+
8" = 0104 0 *1 - if g==+1 and bx0,
0 1 +1
01 -b +1
or
+1 0 St S12
+1
gr=| O Sz %2 ). if g==+1 and b=0.
0 +1 0
0 =1

Here we have a%—1 by Proposition 1. Moreover we note that

1 0 00 ,ab 1 0 0 0
0 00 1{/0 @ 0 0 01
0 010 0 at 0 0 010
0 -1 0 0 —-a"% a7V 0 100
a 0 0 —b a 0 0 10 0 a™'h

{0 et —a 0} [0 a 01 —ab 0

a~! 0 a’t 0 1 0

0 0 a 0 0 a 0 0 1

and that &’ is conjugate in Sp(2, R) to
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b 0

1 0 ¢ 1 0
1 0 1 —a
O01 00 1

Now suppose that det{X-1-U)=0 has two imaginary roots. Then we have

U=G-p-V-G* with GESL(2, R), t€R, i€ R and Vz( C,OSX sin 2). Suppose
—sind cosi

p==+x1. Then we see P(X)=(XTe'*)(XFe¢ %) (XFe) (XFe Y. Moreover, since 7
belongs to Sp(2, Z), P(X) is a monic polynomial with integer coefficients. Hence

we see that +e'® i3 a unit in an imaginary quadratic field. Therefore *eit is a

cos A sini
—s8ind cos 2
1, 7 is unipotent, which is contradiction. Therefore we have proved that, if P(X)=0

has imaginary roots, y is conjugate in Sp(2, R) to

root of unity and ~J;< ) is of finite order. Therefore, by Proposition

1 0 8, 8. ¢ 0 cosd sin2

0 0
- 0 1 s, s 0 p —sin1 cosi
1 0 0 cosd sin A
0 0
0 1 0 po 0 —sind cosi
1 0 ¢t t
1 ¢ t
with s +1 and sin 250, Put e=| 1” 02 . Then
0
0 1
1 0 (1.3) (1.4, ,» O 0 cosd sini 0
set 0 1 (23 (2.4 0 p —sind cosi
EgE "=
0 gt cosd sini
0
0 1 0 g 0 —8ind cosi

with

(L1.3) =8+ (1~ p2cos® A)t,—2p*sin 2 cos At;,— p®sint A, ,

{(1.4)=(2.8) =85+ ¢%sin 4 cos A, + (1+ p? sin? 2— p? cos? A)t,,— g% sin 2 cos Aty ,

(2.4) =8, p?sin® 2,4+ 2p° sin 4 cos A5+ (1— p? cos? At .
Since

1—p%cos?2 —2p?sin Acos 2 —p%sin?2 |
lp*sin2cos A 1+ p%sin® A—p?eos?2 — p?sin Acosk
i —ptsin®2 2p%sin 2cos 2 1—p2cos?2
= (1— 23 {1+ p?sin® 1— p? cos? 2)24-4 x4 sin? 2 cos? 2} %0 ,
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we can solve the linear equations (1.3)=(1.4)=(2.3)=(2.4)=01int,, t.., t,€ R. Hence
§ is conjugate in Sp(2, R)/£1 to

¢z 0 cosd sini
0 0

0 o —sin2 cosi

0

J7RLI ] cosi sin i

0

0 p! —sin2 ¢os 2

which completes the proof of Theorem 1.

§ 2. Determination of centralizers

2.1. Determination of centralizers. In 2.1, we shall determine the centralizer
in Sp(2, R) of an element of Sp(2, R) which appeared in Theorem 1 as one of the
representatives.

PROPOSITION 2. Let

cosd O sind 0
5= 0 a 0 O
—sind 0 cosi 0

0 0 0 a

be an element of Sp(2, R) with sin 2%0, a=1. Then the centralizer of 6 in Sp(2, R)
s the set of all matrices in Sp2, R) of the form

cosa 0 sina O

0 8 0 0
—sina 0 cosa 0
o 0 o0 pg
PrOOF. Put
© 01 0
_ 0100
Tl-101 0
0 01
Then we have
et 0 0
& 1ge= 0 @ i s
0 e’ 0
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where ¢** and a*' are all distinet. Hence the centralizer of e 'z in GL{4, C) is the
set of diagonal matrices. Hence the centralizer of 4 in Sp(2, R) is the set of all
matrices of the form

U2ty 0 (20— 0

0 O YA
(—~1/2){(pe—vy O (1/2)(p+v) O

0 0 0 o’

with g, v, p, o€ C, which ean be easily seen to be equal to the set of all matrices

cosa O sina O
of the form 0 oo 0 . Q.E.D.
-sinae 0 cosa O

0o 0o o g

In the same manner, we can prove the following four propositions:
PROPOSITION 3. Let

0 az!
be an element of Sp2, R) with a}, ai, a,a;>x1. Then the centralizer of & n

Sp(2, R) is the set of all matrices of the following form:

a 0

U 0

- if ay¥xa,,

or

(X q‘j_l) (VEGLZ, R) -+~ if a,=a, .

PROPOSITION 4. Let

a 00 O

010 b

o= - o
a

0 0 1

be an element of Sp(2, R) with a®x1. Then the centralizer of & in Sp(2, R) 1is
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the set of all matrices of the following form:

a 00 0
010
8 - if bx0,
o«
0 1
or
a 0 0 O
O ﬁl 0 132 .
- if b=0.
00 a! 4
0 B 0 B
PROPOSITION 5. Let
0 b .a O
b 0}{/0 a?
o= 1 0 ’ )
a-
0
01 0 0 a

be an element of Sp(2, R) with a*=1, bx0. Then the centralizer of & in Sp(2, R)
i3 the set of all matrices of the form

100 8, a0 0
01 8 01{0 o
10 a0
0 0
01 0
PROPOSITION 6. Let
0 cosd sini
¥ 0 . 0
= 0 o —8inl cosd
THRNNY cosd sini
o & 7 0 )
0 g —8ind cosi

be an element of Sp(2, R) with p®x1, sinix0. Then the centralizer of djin
Sp(2, R) is the set of all matrices of the form

a 0 cosB sinf 0
0 «a —sinB cospB
0 at 0 0 cosf sinp

0 at —g8inf cosf
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Now we shall determine the centralizer in the remaining case.
ProposiTION 7. Let o be
10
01

0

0, 10
0

-0 o

(@, bER, a,bx0).

1 —a
001

[ e S com ]

Then the centralizer of & in Sp(2, R) 18 the set of all matrices of the form
1 0 8 B ,1 0

0
0 1 ﬁxz /32 a 1
1 0 l —a
0
0 1 0 0 1

with «, By E R, Bi=a ba and Bi,=-— é—baf—i— é- a ‘bat? .
Proor. Let

a; @ b b,
A B G ay b by
(C D) e e d d,
cs ¢ dy di

be an element of Sp(2, R) and suppose that

(& Dp=s(2 )
C D C D)’
Then we have

o ot 9 e

and

By (1), we have
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<c; +ac, Cg) _ (Cx"‘an cg—ac4)
Cs +aC4 Cy - Ca 64 ’
hence c;=—¢3, ¢;=0. By (2), we have
( bC)_ _abC]> + (dl ““adl“}‘dg)_ <d1"'ad3 dg“‘ad4>
- bc'z abCQ d3 - adg + d4 - da d4 ’

hence ¢,=¢,=d;=0, d,=d,. Now, since <g g

rd, do\! B B.\/d, d,
A: 1 2 B= )3 il 4 1 2 .-
(o d,) S VI )(0 d> €=0

_(d ds
b= (o d1>‘
Then (3) holds automatically, and it follows from (4) that
trd, d2>‘1<b "ab>+<481 ﬂxe)(dx d2)<1 “CL)
0 dl 0 O /912 [92 O dl 0 1
__(1 0)(.51 ﬁm)(dx d, +<b “ab><d1 dz)
“\e 1/\B. B./\0 d 0 0/\0 d,/°

) € Sp(2, R), we may put

and

Therefore
< bd:! “'”abdx—1> <d1¢81 —ad1ﬁ1+d2ﬁ1+d1/912>
~bdi’d,  abdi®d. By —ad,pi+dyBi+diBs
=< dlﬁl d2181+d11812 >+<bd1 bdg"‘abd«1>
ad,f,+d, B2 adyfr+adbro+doBiy+d, By 0 0 ’

Therefore d,= +1, bd,=—ad,8,=2d,8,.+d.B,, from which we have easily our as-
sertion. Q.ED.
We shall determine the centralizer of

10 8 810

0 1 812 82
1 0

0
0 1

in the next seetion.

2.2. An application. In 2.2, we shall study the relation hetween the stabilizers
of cusps of Sp(2, Z) and the classification of the conjugacy classes of elements of

I’:(N).
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By the theory of the compactification, it is well-known that any cusp of Sp(2, z)
is equivalent by an element of Sp(2, Z) to

(7 e (&)

Moreover it is well-known that the stabilizer of {(wo z;)} in Sp2, Z) is

*

z€C, Im(z1)>0} .

0 Ut
and that the stabilizer of

re= {(U StU”)j UCGLR, z), SEM,(2), ts=s}

(¢ o) meing

in Sp2, 2) is

* 0 = *
a 1
re=1" Y "lespe, 2l
* 0 = *
0 0 0 =1

Further it is easy to see that I'% is the semi-direct product of

Uo
0 U

with the latter as the normal subgroup and that I'L is the semi-direct product of

UeGLe, 2)} and {((1) f)[se M(2), ‘S=S}

oy 0 (44} 0 )
[fo 10 0 (& ®)esLe. 2}
l ag 0 ay 0 a3 j
0 00 1

and

1 00 Bie 10
01 Bz B r =x1
1 0 1

O01 0 0 =1

Biz, B2 7€EZ

with the latter as the normal subgroup.

PROPOSITION 8. Let 7 be an element of I':(N)NI'S with N=8. Then 7 is
conjugate in Sp(2, R) to one of the following representatives:
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0 0b a O 0
. 15 01{0 a 3
(M 1 o - with a®x1,
0 a
01 0 0 a
b 0 0
0
.. 00 1 .
{ii) with a, bx0,
0 10 0 1 —a
01 0 1
bl blZ
b b,
(i) w b
0 1 0
0 1

PrOOF. Since y belongs to I',(N)N 7%, we may write
/U sy
=\o w~

with U€SLE, Z), SE€EM,(Z) and 'S=8. Therefore the roots of P{X)=
det(X-1—7)=0 are a, a”l, a, a™* with a’x1, or €, ¢, ¢, ¢ (fx+x), or 1,
1, 1, 1. Hence Proposition 8 follows from Theorem 1.

In the same manner, we have the following

PROPOSITION 9. Let v be an element of I'(N)NT'L with N=3. Then r is
congugate in Sp2, R) to one of the following representatives:

a 0 0 0
() 0 L0 by i arst,
0 al 0
0 1
1056 0
01 0 0}fa 0
(i1) with a, b0,
0 1 0 0 1 —a
01 0 1
bl b12
(iii) 1 ;"2 32
0
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Now we shall show an application of the results of 2.1.
PROPOSITION 10. Let 7y, 7. be elements of I'% that are conjugate in Sp2, Z).
Suppose they are conjugate in Sp(2, R) to

0 a 0O

0 at

0

O Ay
a-!
0

0

Loc Bl S
_ s O o

with a*%1, bx0. Then yy=zy.e™t with ¢€ 1'%, i.e., they are conjugate in I'.
PrROOF. Let ¢ be an element of Sp(2, Z) with y,=¢r,c”!. We have proved in
the proof of Theorem 1 that there are elements ¢ and & of {(g :)eSp(Z, R}}
such that
100 VWV, ¢ 0
01 V¥ 0}{0 o

&yt =
1 0 a ™t 0
0 0
0 1 0 a’
and
10 0 b a’” 0 0
- 01 b 0 0 a"t
Cafuby =
0 1 0 0 a”™t 0
0 1 0 a”

Here we may assume ao'=a"”=q since a’ and a” are both roots of PX)=
det(X:-1l—-7)={X—a)}(X~a")?=0 and

01 0 0 B 01 0 -1 10 (I
-1 0 8 0y[—-1 0 - 01 -8 0
01 10 01 1 0
0 -1 0 0 01 0 10 0 0 1
01 0 01 -t 10
-1 0 0 g at 0 -1 0 0 _ :)! a 0
0 1 vl 0 01
0 -1 0 0 g @ 0 -1 0 0 : a’?

Moreover, since
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PO 0 8 ,uoo-lloo,uﬁ
0 1 B olfo 1 [0 1 8 0
gt 0 10 pto0 1 0 |7
0 0
0 1 0 1 001 001

we may assume b’ =5"=1. Then

-1 -1 - -1
€1 T&fuke T, THTEE .

-

Hence &7:67 = (e,8)7:(e:6) ' =eyoez'. Hence, by Proposition 5, there exists

10 8

0
01 58 0

1

0

gy=
at 0

0

0 0

- O QD

such that ee=¢e,. Hence S»(2, 2)9625;‘53526{(; z>} < Sp2, R). So we have
proved e€ 2. Q.E.D.
In the same manner, we can prove the following two propositions:
PROPOSITION 11. Let 7y, 7. be elements of 'k, which are conjugate in Sp2, Z).
Suppose they are conjugate in Sp2, R} to
a 0 0
0 10
a~1
0 0
with atx1, bx0. Then y,=erye™ with eC 'L, 1., they are conjugate in I'L.
PrOPOSITION 12. Let 7y, 12 be elements of I'S, (resp. I'L). Suppose they are
conjugate in Sp{2, R) to
10
0 1

0

O = o O

0

-0 o
O O O

0

Then r,=¢ye~t with e€ 'Y (resp. e€ I'L), 1.e., they are conjugate in I'S (resp. I'L).

§3. Binary quadratic forms
In this section, we shall summarize some results about binary quadratic forms.

3.1. Egquivalences of quadratic forms. Since all results of 3.1 are well-known,
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we shall omit the proof of them (cef. Gauss [2]). Put

Go= {(é @esp(z, RHC=0} .

Then G° is the semi-direct product of

{(§ %-)|cecre.n} ana {(§ f)]seMz(m, '$=5}

with the latter group as the normal subgroup. Here, an element

G 0
0 G
of the former group acts on the latter group as

G O L.
(0 , G_}).slhw» GS'G .

We say that two symmetric matrices S and S’ of size two are properly equiva-
lent (resp. equivalent) (resp. R-equivalent) if there is an element G of SL(2, Z) (resp.
GL(2,2)) {resp. GL(2, R)) such that S’=GS*G. We note that, if two integral sym-

'3
metric matrices S, S’ of size two are equivalent, corresponding ((1) 'i and ((]; ‘18 )

are conjugate.
PROPOSITION 13. Any non-zero real symmetric matriz of size two is R-equi-
valent to one of the following representatives:
. +1 0 " 0 1 10
i , ii , it .
() 00) i (3 g ()01>
Moreover the following facts are well-known:

PROPOSITION 14. Let S be a symmetric matriz of size two with integral

entries. Then
1) If det(S)=0, S is properly equivalent to (0 0

)(3262) and any two of
0 82

them are not equivalent.

) If —det(S)€ (0?2, S is properly equivalent to (212 Z:Z
positive integer, 8, 18 @ non-negative integer and 058,528, 1. Any two of them
are not properly equivalent.

(iii) If —det(S)=0, &(Q%)? S is properly equivalent to t<s‘ 8”), where t,
S1» 812, 82 are integers, 8,+8,>0 and (s, 812, 8:)=1. Moreover, tij: n;zmber of the

proper equivalence classes with fixed t and s,8.—8%, s finite. It is equal to the

), where 8,2 18 @
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class number of the order of the quadratic field of discriminant IXS), where D(S)
18752,— 8,8, if 8,=8,=0 mod 2 and 4(s?;—s,s;) otherwise.

3.2. Units of quadratic forms
PROPOSITION 15. The centralizer of

1 0 090
01032

1
001

(s220)

in Sp2, R) is the set of all elements of Sp2, R) of the form

* 0 = *

* 1 x %

* 0 = *
0 0 0 =1
Proor. Since the set
* 0 *
* +1 = * }
€Spi2, R,

* 0 = * J
0 0 0 =*=1

is generated by the matrices

(443 0 [+ 23 0
+1
0 00 (& =Yeste.m).
a3 0 ay 0 ag a4
0 00 =1
1 0 0 10 i 71
1 01
A (BER) and Tz T2 nER)
0 1 -8 0 1 0
0 1 0 1
we see easily that
* 0 = *
x +1 %
€Sp2, R

+1
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is contained in the centralizer. So it is enough to show the opposite inclusion. Let

a; Qs 61 bz

= €Sp2, R)
<C D) ¢ € d1 dz
¢ ¢ dy d
and suppose
1 0 0 0 0 0
<A B\I0 1 0 s} 1 0 s:2\/A B
¢ D 1 0] 10 (C D)
.0 0
0 1 01
Then
A::A+<0 0>C, A(O 0>+BzB+<0 O>D, c=c, c<° 0)+D=D.
0 s 0 83 0 82 0 s
Therefore
(0 0><c, (:2)__( 0 0 )_(O 0)
0 $a Cy Cy - 8203 8204 - 0 0 ’
<cl Cz) (O 0)»_ (O szcz>~_<0 0)
e €/ \0 8/ \O 8¢,/ \O 0/°
<a, a2><0 0)___(0 Sz@z)_(O 0)(d1 d2>_< 0 0)
a a/\0 8/ \0 s/ \0 s/\dy di/ \suds s:d,)°
Therefore c.=¢y=¢;=0, ¢.=d;=0, a,=d,. Since (g g €Sp2, R), a,=d, if and

only if a,=d,= 1. Hence we have proved our assertion.
LiMMA 3. Let S be an integral symmetric matriv of size two with —det (S) =0,

& (@) Let (é g) be an element of Sp(2, Q) and suppose

(A B)(l S><A B>“1=<U S‘U“)
¢ pD/)\o 1/\C D 0 W
U S
0 Ut
Proor. Since

with some ) €Sp2,Q). Then C=0.

<A B)"’_y( D —‘B)
C D/ “\—-*C A4/’

we have C'D—-D'C—CS!C=0. Since C:D=D'C, we bhave CS!C=0. Since
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—det(S)=0, €{Q*)? S does not represent 0 in the rational number field. There-
fore C=0. Q.E.D.

LeMMA 4. Let S be a symmetric matriz of size two with det(S)=0. Sup-
pose <g g) is an element of S»(2, R) such that

(A B)(l S><A B\ /1§
C D/\0 1/\C D “<0 l>'
Then C=0.

PRrROOF. The above condition is equivalent to A=A+SC, AS+B=RB+SD, C=C,
CS+D=D. Therefore we have SC=0 and consequently C=0. Q.E.D.

Now let S be a symmetric matrix of size two. We call GCGL(2, Z) (resp.
GeSL2,Z)) a unit (resp. a proper unit) of S if G satisfles GS'G=S.

PROPOSITION 16. Let S be an integral symmetric matriz of size two with

det(S) 0. Then (é g)eSp(Z, R) centralizes <(1) ’f) if and only iof C=0 and
A=D1 satisfies AS'A=S. In other words, <g g
if and only if <é g)GF& and A is @ unit of S.
This proposition is a direect consequence of Lemma 4.
PROPOSITOIN 17. Let S be an integral symmetric matriz of size two. If

—det{S) € (%)%, S has no proper unit other than +1. If det(S) is posilive, put

S:t<81 312)
812 82
as in Proposition 14. Then the number of the proper units of S is equal to the

number of the units of the order of the quadratic field of discriminant INS).
If det(S) is negative and —det(S)&(Q¥)2, put

S= t<51 812>
812 &2
as in Proposition 14 and put S='V (0 g>'V with VESL2,R). Then G is a
[44
proper unit of S if and only if

e 0 -1
G=v(; C)v

where ¢ i3 a unit of the order of the real quadratic field of discriminant D(S)
with positive norm.
Since the results of the proposition are well-known, we omit the proof.

) € Sp2, Z) centralizes @ ‘f)
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PROPOSITION 18. Let 7y be an element of Sp(2,Z) which is conjugate in
Sp2,Z) to

1 0 0 s
1
0 Sz % (812%%0) .
0 1 0
0 1
If 7 belongs to TL—T% or I'LATSN {(é I)} there exist
* 0 % 0
1 0
slél’éoﬂ 0 0
* 0 = 0
0 0 0 1
and € I'LN {<; g)} such that
1 0 b1 blz
01 b, b
aret= " <b,ﬂ;0 z'frez{(l *>})
0 1 0 0 1
0 1
and
1 00 832
0 1 s
(€26)) 7 (08,) 1= 112 :2
0 0 1

If 7 belongs to I’&nl';-{(é ;)}, then there exists e,€ I'L, such that

1 900 812
c )’e_i'— 0 1 832 82
3/ %3 0 1 0
0 1
If 1 belongs to I'S—1TI'L, there exist e,€ I'ON {(; S)} and e € 'L such that
0 = 10
0
o % * 1
eeit€ 10
0 01 0

and
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100 s

(5554)T(5564)_1: 01 812 S
o 1 ¢

0 1

PrOOF. Let 7 be an element of 'ANId— {((1) I)} Then we may write

100 B ,10

r= 01 Bu fojlal ’ lax0) .
0 1 0 0 1 —«
0 1 0 1
(It
10 8 By 10 0
y= 01 81, B a 1 (@0, By%0),
0 1 0 0 1 —a
0 1 0 1
7 is conjugate in Sp(2, R) to
10 8 0, ;10 0
010 0)fja 1l (@0, B,%0) ,
0 1 0 0 1 —a
0 1 0 1
which is not conjugate in Sp{2, R) to
1 00 By
0 1 B O
1 0
0 0 1
{ef. Proposition 7 and Proposition 16).) Since
10 p 0,1 00 B 10 1 0%p%0, 1
010 0}{0 1 By Bajjlea l 01090
10 1 0 1l —« 10
0 01 0 0 1 0 0 1 0 0 1
10 0 Bu—pa, 10
- 0 1 Br—pa f—pa®ila 1
1 0 1 —a

0 0 1 0 0 1
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and
0 6160 ,1 0 0 By 100 0 010 !
010 0}/0 1 By B a 1 0100
-1 0 0 0 0 1 0 0 1 —afi{i—-1 06 00
00 01 0 1 0 1 0 0 01
10 0 —a 1 0
- 0 1 —a B:—2apy, B2 1
1 0 1 _ﬂxz ’
0 0
0 1 0 1
we see that there exists ¢, € 'L such that
1 0 0 s
0 1 s ,
eyrey ! = 81” Z‘
0
0 1
Sinee
1 0 10 0 s, ,1 0 0 -1 10 0 +si,
p *1 0 1 s8f, s} p =1 10 1 +38f, sh+2p8%,
1 Fp 1 0 1 Tp 1 0 ’
0 0o . 0 0
0 +1 0 1 0 1 0 1
there exists ¢f € I'Y, such that
0 872
) YA Vd
Cheh)riefen) 1= o
o * °
0 1

with 830, 2¢(5>87>0. Then, by Lemma 4 and Proposition 14, s/=s, and s/=35,.,
and hence e,=¢/¢} satisfies the above condition.
Since the existence of ¢, ¢, ¢, and ¢ is easy, we left it to the reader.
PROPOSITION 19. Let y be an element of Sp(2, Z) that is conjugate in Sp2, Z)
to

1 0 8 8y
0 1 s, s
1 ¢
0
0 1

(sh 812, 8262) .
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Suppose s} —s88,%0, &(Q*)2. Then, if r belongs to I'S, r has the form
1 0 si si:

01 S(E 8,2 ’ ’ ’
{s1, 872, $2€2Z) .

1 0
0
0 1
If y belongs to 'L, there exists
a 0 5 0
0 10 0
6:
y 0 6 O
0 00 1
with (; 6>€SL(2’ Z) such that
sT s
e = 0 1 s si
0 1 0
0 1

PROOF. Since 7 is unipotent, the proposition is an easy consequence of Lem-
ma 3.

3.3. Some results on Dirichlet series. Let © be the order of the guadratic
field of diseriminant d and let k(d) be the class number of 0. If d<0, let w(d)
be the order of the unit group of ©. If d>0, let ¢(d)>1 be the generator of the
unit group of O with positive norm. Let {(s) be the Riemann zeta function. Put

- 2 (= 4k) _h=d)
alL,s=ces { £ 00 ol udid b
&L 9=te | 3 Haplogetth) . w Mlosdd )
k=t k {g;z‘l)(mod 4) d
+ 222 L iog 0 2s—1) + 20 2s— DU 810 28) - 20 @0~ 1),

. 8)=C(25)d* _hl=d)
alg=te T L

d=0 or 3 (mod 4)

and

£:(L, 5) = (2s)4° > hid) logeld) _ 22 log 22(28—1)

{d>o d®
d=0or 1 (mod d)

422 (25— 1) (28) (28) 1 — 2% (25—1) .
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These are the zeta functions of a pre-homogeneous vector space and the following
results are known (¢f. Shintani [17]):

iy &I(L,s), &(L,s), g(L,s) and &I(L,s) are absolutely convergent for
Re(s)>8/2. They are analytically continued to the whole plane as meromorphic
functions that are holomorphic except s=1 and 3/2.

(i) Their Laurent expansions near s=1 or 3/2 are given by

£(L s)= (s—--~> ww(3—1)—!+ e
_Zf T ..,_»_N_,l, 12 —_1-

&,(L, 8= 3(3 2) + (5= 1)~ (2 log 2+ log 2e}(s— 1)+
_rf. 3\ I SRRt

& (L, 8= 3<s 2) +- 2(3 1)1+

and
.9 3\ )
GZ(L,s)=~§7:2<sw~z~> 4o = (s=1)2— (2 log 2+1og 22} (5= 1)1+ - .

(iiij They satisfy the following functional equations:

e <L, % - s) =F(s)F(s - %—)::um ~20(912 cos 78, (L, ) — 21 28— 1)} .

3 _ =] —_ 1 (1/2)~28
Ez(L, 5 s) 1 (s)l”(s 2)7:

{21 2278, (L 8} 4-sin 78, (L 8)) +sin 7‘8( I;((:)) F/SS 11//22 >C28 1}

§4. Estimates of infinite series

4.1. Elementary estimates.

LEMMA 5. Let a,c be positive real numbers, let b be a real number and let r
be a real number greater than 1/2. Then there exists a positive constant x=x(r)
depending only on r and satisfying

&, 1 1 1
< e Maxf ——— 2
’g‘” {a{z+b)*+el” =F ax( glzer- a1 c”) '
PROOF. Let [~b] be the largest integer which is not larger than —b. Then

gSr}-l dt .
2 {alt+b+c)r
LS SO SUDSREY S T _
e S i [h-1<asl- g,

- if 2<f{-b1-1,
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= dt .
< _ .
Lm ghl T if [—b1+2<.

Hence we have

@ 1 3 @ dt
——— g 2 .
z:‘;w {ale+b)2+eclr ~ ¢ + S_m (at®*+e)"
Therefore, if we put
b dt
=3 .
* +L,o +1°

we have our assertion.

Let Y,, Y, be two hermitian matrices. We write Y, =Y, if Y,—7Y, is posi-
tive semi-definite. We see that, if Y= Y,20, det(Y,)=det(Y,).

LEMMA 6. Let Y be a real positive reduced symmetric matrix of size two,

y_____ (yl yxs)
Y2 Yo
with 052y, <Y, <Y,, 0<y,. Then we have

2(?!1 O )2 Y= (yl 1/12) > _}_
0w/ Yo Yo/ 2

..,

PROOF. Since
S= <s‘ “"2)20
815 8/
if 8,>0 and s,5,—8%=0, our lemma follows immediately.
LEMMA 7. Let

X=<x1 3712) and Y:<?/1 ?!12)
Xia Lo e Y2

be two real symmetric matrices. Suppose Y is positive definite. Then we have
abs | X+1Y2=det(Y)2{1+tr(Y 1 XY X)} .
Moreover, the right-hand side is equal to

Yo=Y 8) -+ Y5 (@ —2202Y7 Wi+ LY T Y TP

2 2
+Y7 Y~ Y1) Yty ) <'xz" My}f‘) + 2+ ¥ Y —vi) 't
YT Y12
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= YY1+ Y E (00— 200ys Yoo+ 2205 Y T)?
20— Y ) Bro— Y Yiowa) 45 Y — Y 1) 20

Y+ 2
= (Y Yo=Y i) 2+ 200002+ Yt {xrz“ ?!i%/ﬁ%— ?/12}

+ Y H YD) YR Y~V i) (0 — Y2 Y hew) P+ (e — Y o) YT 2]

PROOF. Since Y is positive definite, there is a matrix T€M,(R) satisfying

Y=T'T. Since T“‘X‘T“ is real symmetrie, there is an orthogonal matrix V
such that (VT HXYV-1TV=D is a diagonal matrix

(' a)
0 d,/°

abs {det(X-+iY)}2=abs[det {(TV)(D+i1)*(TV)}]?

Then

:det(TV) (1+d?)(1+d3)
det(Y)*(1+-d}+d3)

w<ieL(Y)2{1+t~,r D?)}

=det(YV)YL4+tr(VI T X T VI V-IT-1X Tty =)

=det(Y)}1+tr(Y XY X)) .
Since

V1= j ,,,,, __( Y2 “‘?}12)
U Y2~Y32) \—V2 Y1 ’

we have

XYrtem o 1 o <1 Y2~ T12Y12 ““xl?/12+9312?11>‘
Yilfa— Y ds) \21ole—Tolhra = 219¥12+ T

Therefore we have

W=y i) (XY1XY Y
= (232~ R1ol12) P+ 2(~ 0112+ 20 (B10% — Tathrz) + (— Zradro +207,)2
=Y 5 (%~ 200y Yo+ 27 Y )2
+ W=y Ty e — dve i (U — Y7 Y i) 2+ 2 da 20y — 2y %)
= Y30 = 20y Yoo 22y7 Y )

» 2
F YT Ye— Y3 Wi+ ) ( 3&3@’%)
Y2 +Yie

+20y Y)Y~y

Hence we have proved the first two assertions. Since the remaining parts can be
proved in the same manner, we omit the proof.
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Let

A B\ /. (U SU~
c D) (wbp'(o (-1 ))

be an element of Sp(2, Z) <resp. Sp2, Z) ﬂ{(Z; *>} :F&). Then, if we put

(A’ B’)_(U S‘U") <A B
C D/)\0 U C D
and Z=X+1Y is an element of the Siegel upper-half plane of degree two, we
have (A’Z+B)(C'Z+D')"'=UAZ+B)(CZ+ D)1t U+S. Hence we have
Z—(AZ+BYC'Z+ D) '=X~S—RelUAZ+B)(CZ+ D)t U}
+i [ Y+ UCZ+ D) Y(CZ+ D)1 tUY .

Now we have the following

PROPOSITION 20. Let Z=X+iY be an element of the Siegel wpper-half-plane
of degree two, <g 1B3> an element of Sp2,2Z). Let k be o positive number 3.
Suppose

Y= (y‘ y”“)gp(l 0) with p<1.
Yiz Y 01

Then there exists a constant r, depending only on k and satisfying

> abs|Z—(A'Z+B)(C'Z+ D'y~
(@ B)eri(@ D)
Sap Y det[Y+UHCZA D)\ Y(CZ+ D)t U khsie
UcGl2, 2
ProoF. By the preceding remark, it is encugh to prove that there exists a
positive constant «, depending only on &k and satisfying

Ii‘ z ableO+S+iY0'mk§]§]’1~3 det( YO)“k'lZ![Z
8¢ Ma(Z)
S symnmetrie

for all X,+1Y, of the Siegel upper-half-plane with Y,> /z<(l)’ (1)) Iere we may

assume Y, is reduced since we may replace X;, Y,, S by VX,'V, VY,'V, VSV
with any VeGLE2, Z). Now put

S= <31 312) X = <3’\ f’«”m) S+ X,= (tn tlz) Y, = (?/1 '!/zz)
- 2 - B - B = .
812 82 ’ Ty T2 tie & \Viz Y

Then, by Lemma 7, we have
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Iz Xz ,5(2/1y2~y§2)2+y%(tl~2tnyz“yu+tzyz‘2y§z)2

L l
.2t12%L>2
Y2+ yie
—kf2

FY Y — i) WYyl (tz -
2y +yd) ! (yxye‘“?lfz)ztfz}

Here, since 052y, =Y. and
(= O=(n ¥
0 p Yie Yo/’

2SNy E20Y., HENSY. .

we have

Ilence we have
e~y 22 iyi ,
Y222 =2 Min(l, y3yi,
Y hYe—i) Y+ y i) 222 =22 Min(l, ¥3) ,
2+ i)y — 1) 227 2 27y, Min(l, wiy.) .

Therefore, by Lemma 5,

Ig2r 3 . {y%yHMin(l, YU G — 2 Yo+ YTy )?
8y By 330
k2

) 2
y? Min(1, y3) <t2_ L1l ) + 9. Min(l, ylyz)tm}
Uil +y2a

k E o1 k
<§ k i . —— A ~k+3/2,,~8
<2 lc<2>/c< P (2 1) URA 7

<)o - D)ol 2y

Hence we have proved our assertion.
LEMMA 8. Let the notation be as before. Suppose that Y is reduced. Then

we have the following inequality:
2idet {Y+ UHCZ+ D) YCZ+ D)1t U}
zdet(N[1+tr{(THCZ+ D) T) (T UCZ+ Dy 1)},

where
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PRrROOF. Since

Y= 2“*(”‘ 0
= 0 Ya 3

we have

2 det {Y+ U (CZ+ D)1 Y(CZ+ D)~ U}
=det {T*T+ U{CZ+D)-*T* T(CZ+ D)~ U}
=det (Y) det {1+ (T UHCZ+ D) T)(T-\U(CZ+D)"'T)}
=det (V)[1+tr (T HCZ+ D) TYUT-'MCZ+D)'T)}1.  Q.E.D.

LEMMA 9. Let the notation be as in Lemma 8. Put

v=2 %) and w=(2 “)
WUy Ug a; ’

Then we have the following equality:
tr {(TUWT) (T UWT)}

Re(dla;’g“""y“g'ag(—ig) :
Y1 ”
2

:<[all2+_y§_la2]z> Uy + v
h for; |24 -2 |y |?
Y

,? 2 1 Y: P P L
Im(aﬁs)z’*‘ }_/_z; Im{a,&)? + ‘1“ Y [a’lar’azasl“*}" =Y !axaa“‘azasl’
Y 2y 2y eyl

|01|2+‘g‘2‘ [a|?

1

-+

2
Re “&alﬁa“}‘ag&‘)

+<"’1ﬂ“[al!2+la2lz> U + Yo Uy
ve L2+ el
Yo

2
P Im(a,@) 2+ Im(e@,)? + é— B oy — e+ —é Y Lyt ey
+ Yz Y - -yg_.) JSG— ui .

eI PRLENPAL

2

Proor.

tr {(TUWT)H T TUWT)} = oty + agthe] 2+ —z—z— lastty + @, |?

1

+ ,?_J_L la1u3+a3u¢|2+[a2u3+a'4u4[2
2

=(la1l2+ %—- lazlz>u12+2 Re(alaw wgz-aza4)uluz+(fam%&lmlﬂ)uz

1 1 1
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-+ (’”L !(11'2“*‘ [02]2>u;,2“%2 I{e<”y‘L CY](};"%‘Q‘g&g) u3u4+ <‘2L 50’3;2‘{" §a4l2 u?
Y Y. Y2

Re<ma3+ Y24, a4>

R -1
- ([rx,§2~{- P fafe) 4 v (1 )
(4 [(lez‘} KA PN
v

1

2
w {(!f«t'y,!z‘*“ ,?/z,!“,zlz)o,, o4 Y2 |a, ;z> Re(a,c?yk Y2 “2&4> ?u%
% y1 Y f

> N Re <""“(X’;((3+(‘(a(l4> -1
(';’L’“ Jey 24 !frz’l‘*) Uy Y2 U | + <~y’~ Je, 12+ }a2[2>
o o LR REAG ve
Y

{(-,,, Jee |2k fees | ><“‘“lﬂ”; }“imlz) Re<7;ma3+aoa4>o} uj.

Here we have

2
(it ) (oo 2 w) —Re( s + o
W U1 Y

w [y |2 Re {evyéty) %)+ “‘7 {lazaat ~Re (o,@,)%}
1

-+ ‘yz‘ {l(t’l(l/4lg+ i(,l’g(t’alz"‘ “L (C\f]dg -+ (iﬂ(a) (32&4’*‘&2&4)}
2 2
2
=Tm (e &)+ }{gt_lm (@) + L% Jayag — cxzaxg)® -+ 1y lay@;— @zas|®
y,* 2 % 2 n

Hence, by symmetry, we have our assertion.
Let $ be the Siegel upper-half-plane of degree two: {Z¢ M,(C)|'Z=Z, Im (Z)>0}.
Let ;2 be a positive number smaller than 1. We define a subset $(z) of $ by

&sw:{ze@t Yz ({; ;’) yzzylgzymgo} :

We note here that ga(‘/ '3,) eontains a fundamental domain of the Siegel modular
group of degree two.
ProOrosITION 21, Let k be o positive number =7 and let Z be an element of

He).  Then there exists a positive constant r; depending only on k and satisfying
the following inequality:

s det(¥)*
{(cA. n5e 2y abs|Z—(AZ+B)(CZ+D) ‘l’fabsICZ’%-Dl&

1C{=0
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1 1

B S SR
det(Y)® (&'n abs [CZ+ D3 7

B2

N

where (C, D) runs over all non-associative mutually prime symmetric pairs with
det(C) #0. We note that the last series converges by the result of H. Braun.
PROOF. By Proposition 20, we have

= ¥ LY [
{(g Bycspie zy abs|Z—(AZ+B)(CZ+ D) '|*abs |CZ+ D]
HaE]
s | Y|¥ abs [CZ+D|*
< 3 3 )
=hE {;g;:gg)% [ Y+ UCZ+ D) Y(ICZ+ D)~ Uk-32

C) C_»,
0 Cy
transformed to such a representative by left multiplication of a certain unimodular

o

matrix. Let * be the main involution of M,(C) ie., <: ‘i)p——e(_; “i),

Here we may assume Cz( >, ¢, >0, ¢,>¢,=20 since any C with {C|#0 can be

Then we have

HCZ+D) ' Y(CZ+ D)= HCZ+DY*Y(ICZ+D)*

1
abs |CZ+D|?
=— 1

abs [CZ+DJ?

1,7;,_____3 * *
= absicz4 D CYTYENT

HCX+D*Y(ICX+D*+{CY)*Y(CY)*

Hence, as in the proof of Lemma 8, we have

_ | Y]*3ahs |CZ+Dj~*
< 3
TSR By % b TTrabs |2+ DU CY)* FC T Uo7

1C1 0

-3, ,~8 e py¥2abs|CZ+D
=2 fgizﬁ?, % [14abs|CZ+ D2 tr{{T UHC YV T) (T UL CY)* ) -9t
Here, by Lemma 9, we have

(T HCY)* DT TUCY)* )}

Re(m&g-i- %lz-(xgé&) ?
= ((“1[2‘{" Y Iaz|2> Uy + 4—~—-——»~~44L—~;~ Uy
v lai 2+ ’“z“‘z“‘ forp]?

1



204 Yasuo MoORITA

%(m |2+y la &2> 2|y ctgena]

V2
=yl ity

‘ﬂx‘z‘*’!aﬂ) Uz + e Uy
laxlz*Ha |2

2

—;—( LI PLI v) e~

2

/"\

where
<“1 > HCY) g_m< Csl2 —CiYfz >
az —CiY12—CY2 Y1+ CoYa
Hence,

Re<a1a3 -+ ﬂ”‘ﬂ’zﬂf,g) \

Yt Uy A+ — M Ly, +2‘3c;2y52—yg—ci’c§y§y§u§
laa 24 2 |2 %
U

Re(*yi“alag‘*‘ag&‘i) ’

+eY Y | Uy + Yoo g | A27% - el
“'y‘l‘l“xiz’*‘lez Y
Y=
Re (a’lag + -}!-2—0'2&4> ’

2yt| wd N e | 2y

L LA

Y1
2
Re( ;1 Ct'ld_l"g“{“(l’o&gl)

e Ug o) TSty | 27

I a2+ |2

Ya

Here we note that, since u,u;—u.u;=£1, u, is determined by w,, us, u. if u,#0.
Moreover, if u,=0, then w,==+1 and #,==1. Hence we have

I 2% 3, p78 (CZ;) (yyy)"*2abs |CZ+DI¥3
v )

Re <a1&3+ —Z—I—g-azoh) :
<12 ©  labs|CZ+DP+us|u+ LE Us

Vug, #4E
et lory |24 L2 |y |2
%

~k48)2

+2 g+ 2 i
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2y —k+3;2

Re( LAl a,&s+ag&¢>
+4 ¥ {abs|CZ+DI*+yw, TR S —
“3

S
N AL
2

Since abs|CZ+ DIz |CY 22| Y222 %%, we have
TS 25k 1512 g8 629 (y:y:) 7312 abs|CZ 4 D3
{

. D)
{Cl+0

X[2p %k (k—3/2)x (ke —2)k(k —5/2) abs|CZ + D|~2+sy;3izy;z312
+28 (k- 3/2) abs|CZ+ DI-#+ypiizyz 2] |

Hence there exists a constant «, depending only on k such that

ISrp™27%y)™ 3 abs|CZ+ Dik+
612
1 1

— e S E.D.
{Y}? {,‘%ﬁé abs|CZ+ DJ¥-3 @

Sept

PROPOSITION 22. Let k be a positive number 27 and let Z be an element of

P}, Then there exists a constant r, depending only on k and satisfying the fol-
lowing tnequality:

5 det(Y )3 ,
(4 B espe 2) abs|Z— (AZ+B)(CZ+ D)~ |* abs{CZ 4 D}
1 1
g =4 — e
=ff YiYe {éq:%)-o abs|CZ+ D|¥-3 °
Cro T

where (C, D) runs over all non-associative mutually prime symmetric pairs with
det(C)=0 and C+0. Here we may restrict the above sum to any sct consisting
of left I'-cosets with the condition |C|=0, C+0.

PrROOFP. Since |C]=0 and C+0, there are two unimodular matrices U, and U,
satisfying

C:Ul(g‘ 8>‘U2 and D=Ul<0‘ (1)>U;‘.

Therefore we may assume

c:(g‘ g y, D=<§‘ ‘DU;l.

Put
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U, = (f’x ﬂz) ]
T \A B
Then we have
y. l j’“ 3 —+ 2]
¢ CZ%-D'“"]: e _\,ﬁ_“< 1 L ps >
{ / !CZ+D1 €1 81212~ €1 % £ d, By e1BZ e BuEntd, B,

Hence, hy Proposition 20, Lemma 8 and Lemma 9, we have

I= 3  det{Y)*
{(g 3 abs|Z — A.7+B)(C/+D) ‘l"abﬁ!CZ+I)!

. Y% abs |CZ+D|*
< 3
s {[:Zmiu: Y+ UCZ+ D1 Y CZ4 D) U

R Y= abs |CZ+ D[+
< GTh=By g3 g k=32
o {fz%i)z,%: [Lte (T U (CZ+ D ) T UHCE + D) T o

Ci0

K253, 8 Z Z [Y[|"%2abs|CZ + D|~*

I(I 0
C#i

Re (a'l&g 42 a254> :
X 1 L{‘ < Ial I + 7/2 laz [ 2) ‘lLI + T T s .‘_Yihlk e

W

1

<l L + la |z> <Im mm)2+ Yz Im(agm) +—;~ e Im(alawazas)?)u%

31
Y1 . = 2
Re ma1a3+a204
+ ('JI!’L‘ |y |2+ l‘“rz) T
Yo

2

E— = Uy
‘yl“laxp‘{”l“zlg

Y
~k+8/2
-1 2
+ <“%‘lml‘3~%=la-'z|2> <“y?171m( )+ Im oo+ - YL Im(“‘“‘-agaa)2> “
Y2 LE 2 %
where

_*1 - F1

“=ez+Dr M T Cz+DT P

cry= ik (—CifrZie—CiBszod i By)

ICZ+ D|
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and

1
ay= l_C‘Z::‘“D‘“ (€182, + ¢, 8322 td, By) .

If £i=0, then 8, fy==+1. Therefore a,=0,

+1 1
9= T e Z,bd B
“=cziplc |CZ+ D) (Ee2,di )
and
= S - (£eiZ12d,84) .
|CZ+ D) : ‘

Hence we have

T<L2% 0 3 50 S| Y|"¥2abs|CZ+ Dj*3
{(C. 9) U
1C) =0
C+#0
X [ableZ+DP+ %i (w1 + lao]l ™ Relaa@)u,)  + (gl eyt -+ é— c?y%)uf:l
B 1 ~k+3/2
+ (g + a2 72 Re (@@ u)®+ ( cfyia+ 5 Y c:%y%) u%]
=2%6,p8 CZD abs|CZ+ D[ (yy,)—12
{ )

ICi1=0
C#0

X{2p ek —3/2k(k—2) ek~ 5/2)yz% abs|CZ+ D|-2+e
+p# e (k—~8/2) abs|CZ 4+ D|-#+4}
Since Im|CZ+ D|*=cly?, 1<y, <y,, we have our assertion in this case.
Next assume f;=0. Then we have

IL283, 073 5 Y| 2abs|CZ+ DJ+-8
D T

{lg's =0

xbwwﬂmumﬁmmWWMmm+§@Mﬁ

" 1 —k+3)2
+@mﬁmwmmwwu§mm]

S0k, p7 32 abs [CZ+ DI (y,y.) 2
{62
C#0
X241k (k—8/2)rlk—2) ek —5/2)y; 2 abs|CZ + D| -2+t
+ 7w (k—3/2 T YL 2 abs|CZ + D[ -2 +4] |
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Therefore we have our assertion also in this case. Here we note that (é g) ery

if and only if f,=0 and u%,=0.
Now assume B, B3;#0. Then we have
2y Y2y 12f g2y Yo I
a4y el (‘8‘ o ﬂ“)abs;CZ+D12 ’

2
abs|CZ-+ DI* {Im (s + 22 Imesz)’

1

=c} FHB Wi+ Bale)+ ’&“ BBy + Bayre)®

2 B Bilyre — | Bslya)*+ B3 ‘?;:“ (1Bilyi—1Bslysd)®

1

W e et (YL g2 2>__ o
Ye l‘all el (-y2 Bt ps abs|CZ+ D)2’

abs |CZ+ D12{ L Tm (i) + Im (@) }

2

> —z‘i-(|ﬂ:lylz“lﬁalyz)z-*'ﬁ%(lﬁdyx—|ﬁ31y12)2 .

Therefore, if |8,/=]8:|=1 (resp. |8sl=18:21), we have
IL2% 3%, u3 2 Z (o)~ abs |CZ+ DI*3

](.I 0
C::0

1
[abSICZ+DI +/32<1+ Ye >u2+ﬁ2< + A> 2~}
. k-812
s U)o |
<le'§p X [ab%ICZ +DJ|? +/91(1+ )u?«{—ﬁ <1+ yz) 22y, ul

—k+3)2
+a( I +1>ua+ﬂ (y’ +1> 2‘2y'~{u§] )

S 3 ; (y1y2) %2 abs|CZ + D|*-3
(€, D
{C{=0
C£0

X [absiCZ -+ Di2+ w4y ud+ ud+yiul b4 |

Since LY SYa, Uslly—UsUg=:t1 and

2 2
ImICZ-+ Dit=ci(Biyi+ 26 Bt Szl 8502 2 () 8,
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our assertion follows from Lemma 5. Q.E.D.

PROPOSITION 23. Let k be a positive number =38 and let Z be an element of
Hlp). Then there exist constants x, and r;, depending only on k and satisfying
the following two inequalities:

5 det{Y)*" e 1
(4 Byere,-r1, abslZ— (AZ+B)(CZ+D -1|¥ abs|CZ+ DJ* = TRAREN

@

(i) ¥ det(Y)* s 1
(A Byertapl abs|Z- (AZ+B)(CZ+D -1|k abs|CZ+ DI = Yz
PROOF. We see that (g g) belongs to I'% if and only if C=0. Moreover,
if we write
A B>:<U S‘U“‘)
C D 0 U
with

U= <“ “2) €GLE, Z)

Uz Uy

and an integral symmetric matrix S of size two,

v su
(o w)

belongs to 'L if and only if u,=0. Now, by Proposition 20, we have
det(Y)* det(Y)*8

=z -8
% abs|Z—(UZ+8'U™) Ul"absl Ui =eu det {Y+ UYUp-#t *
Hence, by Lemma 8 and Lemma 9, we have
1 1
IS 26802 =8 - - —
() <1+u, 32 u§+ y«ua—l—u”) :
If
<U S‘U’1>
0 U

belongs to "% —TI"L, u,#0. Therefore, since u,%;—uu;=+1, we have

5 1
=17
{(ux v)ecLe.z <1+ ui+ Mgg_ i+ Zi u§+u‘>

u2¢0
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So we have proved the first assertion.

<2 ¥ , <2 (k_m) clk—2)r <k~~>
R <1+u +ul+ m)

) belongs to ', NT'L, we have

0
U:(ul u2>:<i1 0)
Uy Uy wy +1/°

Therefore we have

= 1 _
AR RS ATI 4 k-3j2
{ eonen <1+u1+ Yrypy gy m)
" Y2
. 1 12
SV SRR SR ON) 3/2)@_)
1

ugt. Z <] o - 1/ )
./z

Hence we have proved the second assertion.

4.2. The Poisson summation formula. First we quote a lemma from Siegel [131.
LEMMA 10. Let Z be an element of the Siegel upper-half-plane of degree two.
Let k be a positive number =:8. Then we have

}; det(T) 212 exp (2ri tr(TZ)} = (4x) V2 (2r1) -2 (k) [ (k—1/2) Zs: det(Z+S8)~* ,

where T runs over all half-integral positive symmetric matrices of size two and
S runs over all integral symmetric matrices of size two.

PROPOSITION 24. Let k (resp. N) be a positive number 28 (resp. =1) and
let Z be an element of H(p). Then there exists a constant rq depending only on
k and satisfying the following inequality:

2 L 3 det{Y)*det {Z—UZ'U~ NS} ™*| Krep~tN* .
veGLie Z) SL Moyt Z)
(S8

Proor. By Lemma 10, we have

I= ¥ | ¥ det{Y):det (N Z—-N-UZ'U~S}* N2
veGL 2) {sem, 7y
5§
Q12172
g«(“ m‘ifz) det(Y)'N % 3 3 det(T)* 2 exp -2z N-'tr T(Y+ UY'U)} .

Since 052y, <y, <y, and (g 0)5 Y, we have
!l

2'1: 120172

Yk N2 k=3/2 axn § — 7 N1 o U 0)}
IS S ra i Qe VN L7 e.\p{ N trT<0

Y2
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X % exp{—=pueN- tr{TUIN} .

Put

T: <t1 t12> &nd U= <'ul ug> .
tis 13 Uy Uy
Then we have

tr{TU) = (Wi udt,+ 200U+ Uatts) o+ (3+ udlts
=t () -+ £ o) 2 £ B — £ 03
s et — t R Ul o £ T

Now we need the following lemma:

LEMMA 11. Let a be a positive number and let b, ¢ be real numbers. Then
we have

Z exp {—alu+b)* »c}éMa\<6 ZS exp(muf)du>exp( Md\( 1 )

EENe

Since the proof of this lemma is quite easy, we omit it and continue the proof
of Proposition 24.

Let T be any half-integral positive symmetric matrix of size two. Then we
have

tr(TUU) = (g + t7 o) ? +—i—tr‘u§+—i—t;“u§+ {20+ E7 Y 1ata)

Therefore it follows from the above lemma that
S A S Y (6, 2 r exp(—u?) du>" 1IN det Yk
Ik k—1/2) oo
X ; | TE372(t,8.) P exp {— = N7y, — = N g

Sinee ¢, is half-integral and ¢,t,—15:,>>0,

2k+..n.,k 1/2

® ¢
= 12) <( 6,2 -yt 2 -2k
F(IL) (A 1/2) Mah<6, S”mexp( U )du) n
X T (tytays) exp(—2N7 'y — 2Ny

1. 1,6 N
2L+ZT%~1[2 = 3 2 . .
< FWI/Z) Max(ﬁ,ZShwekp(—u;sz pIN
X?gﬁi“" exp(—t)}*{ tEZNexn(—uN“‘t)}z .

Since
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3, exp(—pN"“t)g_Sm exp{—pN-t)dt= ;A“Ng exp(—t)dt ,
e N [

we have our assertion.

PROPOSITION 25. Let k (resp. N) be a positive number =3 (resp. =1) and let
Z be an element of Hip). Then there exists a positive constant x; depending only
on k and sotisfying the following inequality:

L tamtae{z-(0 D20 N )

S peiN?

Z:<zl zxz) :(951 3312) Y:<y1 1}12>‘
2y 2/ Ty %) Yz Y

Then the above sum is equal to

=L, sya <+ o0

Proof. Put

] AL
I= ¥ | x S CE) Zwym) . —
~o<i, ayyoe | —wo<ay<oo {20 (@Y, ~ N8y~ 2v% 15~ 122)) — (2041, — N81o—vZ1) 3

=y Yyl 1

o Qe 2 {— Nop+ 20y — 2021, — 1%, — (20y) 7 28y 1, — Ns1p—v2,) 3
- Anya— ?/1») .
Rt 2"

kpp k=1 N =k
W{)f = ‘}‘wap (27 N0 2y — 2vss — 1%, — (27:%)-1(2iyn—N8w-”’"")2”f
< z (?/1?/2“"?/12)" nk-) (2”)k N-*

= FROPA 2’5y§ (k”“l) !

X

X exp [w%N"]n {"JE“UTIY/?Z + i-vzyrk %—yf‘(Nsmvml)z}] .

Hence, by Lemma 11, we have
I< 27E2r) sy i) PR N-& Max((i, 2§°°
(l\, ) k 142
X Z nFlexp[—4x N - n(y.—y," W) — nviN-1ny,]
< 2~H1(27:) (3{,:—?1/; '1%2)“1/2”—1 N-k+2 Max<6, 2‘r exp(—uz)du)2
X X n¥~texpl—4z (. —yr 'yt N7'n]

exp(——u%du)

0y
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X 2 AN Y~y 'y exp {— N In(y, —yi'yis)} exp {— N-lun}

"

2=k 27k Max(ﬁ, 2 Sm exp(—u?) d?ff)z

<
= (e—1)1
- N
X g7t Max {tF+1/2 exp(~t
£t Max { exp(—t}} I exp(— N4
< 1 — 2k Max<6, 2l” exp(-—u‘~’)alu)2 Max {##*V2 exp(~t)} >~ N* . Q.E.D.
(E-1j! oo 05t

§5. The Selberg trace formula

5.1. Some results of Godement. Let § be the Siegel upper-half-plane of degree

¥4 4
Z: ( 1 12>
212 2

of § as X+1Y with two real matrices

X= (:L‘x xm) and Y= <y1 yl2> .
X2 2 Yz Y2
Let k (resp. N} be a positive integer =4 (resp. N=1). Let I,(N) be the principal
congruence subgroup of the Siegel modular group of degree two of level N:

I’z(N)={7:<é g)gsmz,Z)Kg g)—:-((l) ‘1’>(modN)}/i1.

two. We write an element

We call f a cusp form of I',(N) of weight k if f satisfies the following conditions:
(i) f is a holomorphic funetion on $;

(i) fUAZ+B)(CZ+ D)) =det(CZ+ D)f(Z) for all (g g)el"a(N);

{il) det(Im(Z))**|f(Z)] is bounded on .

Owing to Satake, it is known that (iii) is equivalent to the eondition that f(Z)
belongs to the kernel of the ¢@-operator of Siegel. Hence, if we denote by
S.(I',(N)) the complex vector space of all cusp forms of I'y{N) of degree two,
S,(I";(N)) is a finite dimensional complex vector space.

Now it is well-known that S,(I",(N)) has a structure of a finite dimensional
Hilbert space with the Peterson metric. R. Godement studied the kernel fune-
tion of this Hilbert space and proved the following theorem (ef. [11]):

THEOREM 2. Let the notation be as above. Let F(N) be a fundamental domain

of I',(N). Put
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731k
K(Z,2)= % e i)l
r=(¢ B)er,mn det( 27’ ) det(CZ’'+ D)*

3

all) =242k —2) 2k—3) 2k -4) ,
dXde dxldxl gdxzdy ldylgdyz .

Then we have
i f2) =-a(k>§ K2, 209X po any fe SN,
F) det(Y")?
iy 1K(Z, Z)| 1s bounded on F(N) ,
dXdY

(i) dim S,(1(N) =a (k) } K(2,2) 42 O

5.2. A reformulation, Now let <g l}i):r be an element of Sp(2, R) and put
det {Im(Z)}+

dot <~5 )k det(CZ+ D)t

4

H;(Z)==

Then we see that H,..,,(Z)=H,(@6Z) for any d€Sp(2, R). Since _dady _ is in-

det(Y)s
variant by the operation of an element of y&€Sp(2, R), we have
i dXdY
S (C(N)=alk Z
dim S,(I"(N))=alk) BC Iy NN Lm eI Hy-i1a(2) det(Y)*

Here we note that §7'7d belongs to I',(N) since I',(N) is a normal subgroup of

dXdy
(1), Put F=F(Q) a 7= — .
I",(1) u 1) and dZ= dlt(Y)'

following set F' as a fundamental domain of Sp(2, Z)/+1: F is the set consisting of
all elements Z=X+1Y€ $ satisfying (i) —~1/2<2,, 210, 225172, (1) 0520051, <Ys
(i.e., Y is reduced) and (ii) absiCZ+D|=1 for any < of Sp(@, Z)/+1.

It is well-known that we can take the

¢ p)

(We note that (i) implies in particular y,> 1/3., Yo 1/2§ and det{(Y)=1.)

Moreover, it is well-known that ¥ has a one-dlmensmnal cusp

F={<z1 *)zxec, Im(z,) >0 }
' x doo/l|z |21, ~1/2<Relz) £1/2

and a zero-dimensional cusp FO:J <wo X >}, where we identify <z1 N ) and
* 100

(*zoo
7

<z; ;}) (%, 2’ €CUlico}) if and only if z,=2/, and that their stabilizer in
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Sp@2,Z) is
*« 0 x =
* % % %
ri= €Spi2, Z)
* 0 % %
0 0 0 «
and

n=d . €Sp2, Z)

0 0 = =

respectively. For any positive number s<1, put

Fu={2=XtiYeFl—yz e )}

and
Fo,= {Zz X+iYC Fly, =z exp G;) Yo Y7 Wh 2 €Xp G;)} .

Then we see that F,, is contained in F,,, F,, (resp.
F,,) is a neighborhood of F, (resp. F,) and F,, (resp.
F,., decreases as s decreases to zero and has F,
(resp. Fy) as its limit.

THEOREM 3. Let the notation be as above. Sup-
pose kzT. Then we have the follwoing formula:

dim S (I,(N))
=all) % [ > S‘H,d(Z)dz

de ry(Fnrym | 6 TptA)
{7'::6“’rac-:1‘:”u1‘

0

o

az }
Y~ yi 'yt

+ lim > {S IITI(Z)dZ*%‘S o Z)
F=Fy Fy

a—~+o{ TETgiN)

8
r=s-tracrl

thm 2 [ m@aze| mao——t ]
st 7EfpN | FoTy, Fo., Wy —yi)® /
{ocanae ro~rk
We need a lemma to prove this theorem.
LEMMA 12. Let s be a positive number =1. Then there cxists a constant g
satisfying the follwoing conditions:

j 1 aXdy 1 ( -1 )
SKg— expl —— ),
Fo, Ve —yriyh)” 8°
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S 1 dXdy <xiexp<“1>
VI Y-k s 2 )

S dxdy _ 1
Fery, Wi T 8¥

X dXdY <r exp< 1>
By - F,, VPR = 2s®

s' dXxdy _ 1
F-F, ,

and

ya/zy';/z =Kgy Y

PROOF. Since 02y, <y, <y., we have yxyz—y%gi—ylyz and y¥,—yr yl‘zgiyb

Since F' is contained in

I(X“*“’iYExﬁI““LSIL‘l, Tyg, 25 ; 052050, 292
we have
g dXxdy << 4 ) S dy:dy12dys
F, Yielp—yi'yh) \38 Profzypter

0520195y, 50y Yi
exp(t/e?) Sy,
flﬂsvl

_‘}_)' _];S‘” S”z dindy.
3/ 2) oxpuyedy Jvape yiteityltes

é. ) ‘72">alz_1_‘ro dyz
—\3 ’V/3 8 ) exp(1/e?) ?IZH.”Z

32 V2 ox -1
vy, #P\ e )
In the same manner, we have

S dXdy ( ‘ ) 1exp< 1)
Fy. o (YY) 2 (Y2~ Y1a")° V'3 8
"] oxp (1/8%) Pexp (12D
5 dAde <1 j » j x dy,dy. _1_( 1og___)
F-Fy, Y'Y 2 Jvie Ve Y 2

b, = {2 () (20 Yoo (57)

dXdYy 1 + 3)
gdet -1
L’“F}) (nya)®t ™ 2< %8

and
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‘e —2 <o — «/3< 1 g : —Max (84 16 ) .
Since V3 <e, —log L2 lg .- Hence, putting ry=Max 5v/3° 8v3° 8), we
have Lemma 12.
Now we start the proof of Theorem 3. By Proposition 21, we have
a (V3N 1
@) seer (V) 3 s
Ty 4/ yiGh, absICZ+ DI

1C1#0

. 1 . - u 4
Since (C%:)) m is bounded on F (k=6) (cf. e.g. Maass [8]), we have

j | H,(Z) |[dZ<const. S dZ<co.
ol Terz(N) F
{7’ 31r8= é g)

ICt#0

By Proposition 22, we have

1C1=0
C+#0

E ok (‘\/ 3r>-6 yi'ys
{7=(é‘ Beryn 1 H @) sr 2% == (g, WRICZ+ DI

Here we may assume

Cl 0 ul ug — d; 0)( u,; - uz)
= D=
¢ (0 0> (uz u4>’ * (0 1/\~u, Uy

with some Zl U \eGLE, Z), ¢, d,€Z, ¢,#0. Then abs|CZ+D]|=|e{uz+

s Uy . . A B
2uyus2io+ 2.} +d, |, Henee, if u;#0 (ie., (C D eIs-I'l),

abs|CZ+D|z | e ] ey, +2uuayse+udys) 2 e | w3y~ 45 %) =y yi W
Hence we have

j S |H,Z)1dZ
F {7=(;§ Blertrl,
jCi=0

A3\t { { 1 dXdy
<gonuf v S
=kl ( 4 ) Max cc%‘)) abs!CZ+D|"“"’2}Xp Ylyitiiz <o

Moreover, we see easily from the proof of Proposition 22 that the above result
remains true even if we replace the condition y¢7I'%-I'y, by re¢rI'L. Hence it
follows from (ii) of Theorem 2 that

j S |HZ)|dZ<o
il

7€ My(N)
rr=6"1reert ur?



218 Yasuo MORITA

and
S IS Ho(Z)|dZ<oo.
{

TSN
rr=s-trecriurl,

Furthermore, by Proposition 24 and Proposition 25, we have

76 [y(N;
7' =8 lmc/

S |2 Hy(Z)|dZ<o
.
{

and

j 12 H,(Z)|dZ <.
ol {7(.’ (N}

yr=oYyae 0l

IHence we have

dim S, (N) =alk) ¥ [ H,(Z)dZ
GC NI {Tf[:;(lii;d [ u’
7! &
+ lim {S S H.(Z)dZ
8 +0 | J pop 7€ Iy N}
R R
d
+ z H:(Z) Z_ - }
Py (TET0 W= YT 'yl
e c=p=Yacr!
+ lim {S 5 H,(2)dZ
g2 40 F—F T(IZ(N)
s {7—6 Yreer® —rl,
+ r mo—l]
Fop (76 2t Uy yi)’
{7 r=9-Yysc re -rk
Since, by Proposition 22 and Proposition 23, we have
- AN Yy
2k
rer, (27’) | Hy(2)] < Max(s,, ro)2 ( > D abs|CZ+ D+

{r 6'176@

and

7C Ig(N; | Hy(Z)] <x 2”‘<£ (1y2)%'2,

r'-—d“rﬁer -rt
it follows from Lemma 12 that all the above series are summable. Hence we may
interchange the integrals and the infinite sums. Q.E.D.

REMARK. We see from Lemma 12 that

| Hy (Z)|dZ — 0,

llmj
=0 )Py JUFy {rlu“zu;n
7i=5" 78f£I‘ :>I‘
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limj S H(2) -2,
s=0 Jp,  (rery e PN
{r=o—17ae rh

lim |HoZ)|dZ —> 0

s-*OjFLA_Fog rery”
U \rr=e~irserd ~rl

and

e ey ),
5 2 \s

520 TEgN) Uy —ha)

r'=8=1rserd -rl

lim§ 3 \H,(2)| —%2
FO.s {

Hence, in fact, the contribution of F,,22F,, tends to zero as s tends to 0.
The author was informed of this fact by H. Shimizu.

§6. Vanishing of some integrals
In this section we shall prove that some integrals in Theorem 3 are zero.

6.1. The absolutely convergent case
THEOREM 4. Let the notation be as in Theorem 3 in the last section. Sup-
pose k=27. Then we have

SF S Hy(2)|dZ< oo,

where v runs over all elements of I',(N) that are conjugate in Sp(2, R) to

cosd O sini 0

(i) 0 2 0 0 ) niz0 arsl)
—sind 0 cos2 O
0 0 o a!
or
0w O
(i) #1
0 a! ¢
0 a’?
or
0s A sin 2
g S; 0 -—:in i ios A 0 .
(iii) I cos2 sin2 (21, sin 2:#0).
0 0

0 g —8ind cosi
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We shall show one application of this theorem before proving it. So let us
assume Theorem 4. Then, since H.-1,.(Z)=H,(eZ){r,e€ 8p(2, R}), we see that the
contribution to the dimension formula in Theorem 3 of the above types of con-
jugacy classes is equal to

all) S Hew@ZdZ=aty ¥ S| Hewd2idz,

OQI”Q(N) ~_[’2(1)SF 7 a5 nbove 5!1['2(.’\’)\[’2(1) YA 6"‘17’0

where 7’ runs over all Sp(2,Z) conjugacy classes in I',(N} whose Sp(2, R) con-
jugacy classes are as in the above theorem and Fjy-1,; is a fundamental domain
of the eentralizer 7770 in I',(1)=Sp(2, Z)/+1.

Now we can prove the following theorem:

THEOREM 5. Let the notation and assumption be as in Theorem 3. Then the
contribution to the dimension formula in Theorem 3 of the elements of I'(N)
which are conjugate in Sp2, R) to

cosA 0 sina 0
(i) 0 a0 (sin 20, a% 1)
-g8ind 0 cosi O
0 0 0 at
or
a; 0O
()1 (e 0
{i1) #1
0 arlt 0
0 a;!
or
cos 2 sin2
g O,u 0 —sind cond 0
(iii) . {(*#1, sin 10)
[ cosd sin2
0 0 ut 0 —gin 2 cosi

ts zero. Hence we may disregard in the dimension formula in Theorem 8 terms
such that 7’ is conjugate in Sp(2, R} to one of the above types of elements.
Proor OF THEOREM 5. By the preceding remark, it is enough to show that

S H,(Z)dZ=0,
Fy

if r is the above type. Hence it is a special case of the conjecture of A. Selberg.
Let C, (resp. Cf) be the centralizer of 7 in Sp(2, Z)/+1 (resp. Sp2, R}/ +1).
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Then we see that the above integral is equal to

d,Z'xS H(Z)dZ",

SCT C:? Cf‘ 7(

where dZ! (resp. dZ?) is the restriction of dZ on Cf (resp. the induced measure
on Cf\,@). Hence it is enough to prove

S . H(2)d2*=0
cReo

and so we may replace 7 by any conjugate element. Let r be

cosd 0 sini 0

0 a 0 O
-sind 0 cosi 0
0 0 0 a!

{sin A#0, a# +1). Then it follows from Proposition 2 that

cho= {("‘ Z”) € M,(C)

=1, ?lx?lz‘“?/\%>0}

22 2 2 =0, y.=1
H,(Z)=det <y1 ym)"‘ {(z. zlg\)(—sin AZ;-+cos A —sin 2212>
Yiz Y2 Zi2 % 0 a!
+<cos AzZ,+sin i, cos 2212>}"‘
Az az

= —k'" power of a non-constant linear form in .
Therefore, rewriting the above integral as a multiple integral, we see that
S H,(Z)dZ=0.
c/Fve
Let 7 be

0 a,

(a,2#1). Then it follows from Proposition 8 and Proposition 4 that

cto=((, e

212

{( o 2’) € M(C)

h=y=1 } if ai+#1, a;#ait
Y= 3>0 o

or

Il

v izl it a1,
22-:1
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;;{("‘1 z")eM <”‘ y”)( >}...if a=a
Z12 2 Y12

and, by Theorem 1, that these three cover all cases.

Since
(G 26 )G )G
1 Zyy R O a;l 0 2 212

k
H,(Z)rzdet(m %2)
= --k™ power of a non-constant linear form in zv,

or

_ W
i e
e

SN’

[yt
|

"

Yz Yz

we see that

Let v be
r 0 , cosid sin2i
0 . ) 0
0 —s8ind eosi
gt 0 cos 2 sin2
0 0 .
0 pt ~Sind cos4i

{#2+#1, sin 2:20). Then it follows from Proposition 6 that

NN e A2 22 M 1, >0, ?Jx’l/z"?/%z>0}
(JT ‘94{(212 22>€ +(C) and (#) ’

1,(z)=det [ (* ””)‘(“ o
Yiz Y2
% {(z, 212) (;z- 0 X cos A sin ,IX zm‘)(cosz —sin 2)}"‘]
N —~sind eo8 A/\%;; sin 2 €0s 2 ?

where (#) means that <y vy ‘2> belongs to a fundamental domain of
Yz Y
(yl ym> <a2 0 X cf)s A sin ﬁ)(yl y,Qch)sﬁ - gin ﬂ)
Yiz U2 0 a®/\—sing cosB/\¥yiz % /\SInp cos
(@€ R*, BER).
Now put

Xy «p> ut 0 cos i sin A\/x, :L'mXcosZ —sin,2>=<:r1 wi)
Xi2 —sin 1 eosAN\Z &: /\Sin 2 cos 2 Ty Ta

Then we have
= (1— p? cos? A)x, — 242 sin 4 €08 4 3, — 2% 8in? A2y,
Tya' == g sin A €08 Ax;+ (1— 22 eos? 2+ p? sin® A)a,— p27 sin 2 o8 Az,
xy =~ p?sin? Ax, + 22 sin 2 €08 Az + (1— p? cos? AT,
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and
1—p?cosa, —2p°sin i cos 2, — p?sin A |
pPsin2cos2, 1—p®cos®i+p*sin?l, -—pPsindcosd
—p%sin® 2, 242 sin 2 ¢os 2, 1—pcos®a

={1— % {(1—p?cos? 2+ p?sin? 2)*+ 4 p* sin? 2 cos? 2} #0.
Hence, replacing the variables z,,xp,%: by 2f,20, 2", we see that our integral
vanishes also in this case. Q.E.D.
Now we shall prove Theorem 4.
By the proof of Proposition 8 and Proposition 9, we see that, if 7 is conjugate
in Sp2, R) to

cos A sinl 0 a, 0

0
0 a 0 0 0 a 0
(1) ) (sin A#0, = +1) or (ii) ¢ £1 or
—sind 0 cosa 0 0 a0
0 0 0 a~! 0 a,!
0 cosd sind
g 0 sind cos 2 0
e n S .
(ifi) g 1 |21, sin 240),
0 gt 0 0 cos i sini
0 g —sind cos2

7 is contained in I'S (resp. I'L) only if 7 is conjugate in Sp(2, R) to

0 a 0
; a?! 0 01 0
o {a®+#1) { resp. S (a*+1)
a” a
0 0 a 0 0 1

Therefore it is enough to check these two cases since we have already proved in
the proof of Theorem 3 that the integral
X S H2)1dZ
Fyer-rl-rl,

is finite. Now put

(U Syt o __:<a b) 2(31 3:2)
r—(o (g )6[’«,, U c d and S sy 5

A0

. . 0 2
and suppose that 7 is conjugate in Sp(2, R) to . (A#=x1). Put

0
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¢ —etd-+ia+d)—4
Viat+dr-14  2v(g+d)—4
V== € SL{2,R).
1 —a+d++v(a+d)’~4
2¢
Then we have
2

0
L VStUY
(V 0 XU S'U—lxw o>$ 0 4

0 v A0 Ut N0 Y 0

0
0
Put V:—'(vl 'Ug>’ T:<tl 0 ), tl = (22“‘1) -l('vfsl +27}1v2312+'v%33)
Vs Uy 0 i
and t,== (372 —1)"Y{wis, +2v,v,8:. +0%s,). Then we have
0 . 10 0 &, ,20
-1t 0
(1 N[0 271 VEUTY 1 -7\ [0 1 & 0}[0 27!
01 10 (0 1 )” 1 0 o)’
0 0 0
0 y 0 1 0 A

where (%) =,v38,+ (V05 + v,24) 812+ ¥:2,8,.  Since this is conjugate in GL4,C) to

A 0

it is semi-simple if and only if
(#) = 01038+ (V03 + 0,0,) 81+ V20,8,
N S P —
_«/(a+d)2:4{csl {a—d)sys+bs,} =0.
Since A#+1, b#0. Hence s, is determined by a,b,¢,d, s, and s,.. Hence we have

I= = H(Z)|s 2 2 |H/2),

rerd, { b
¢
- : ,?—1 0 _ b#0
T 1-1 g ) (kw21
0 o
7= (Zl 212)
21z 2

where

belongs to F,
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:<1 S)(U 0) :<s, sw>
o 1/\o )’ S 8/

8y==~b"Yes,—{@—d}s;:}. Therefore, by Lemma 7, we have

I s ,mmemﬂ(‘?}_x?l‘o:’{/}7)7(?11717—?!12\—’f B
_{U=(Z J) L+ 2(yhy— i) ek i yher)® oyl R
b0
’j 52
where
o oy ‘Y Yae a N/ v:\/a ¢
7 ' +
Yz Y2 Y2 Ye ¢ d/\ts ¥ b d
and
(5 )= M 20 D0 26 9
23{2 xé S12 8 Lo Do c d Tya &o b d ’
Since

t '
(yf y,”) 2 (yl y”) . YAy - yhl .
Yz Y2 Yiz Y2

Moreover, yi=y, = 2{"2“3“ Hence

I< const. Z Y 2/12) i
{ i (-l
4Lo

v

by Lemma 5. Sinece 2<y, y) (y, y’(">>‘1~< 0 > , we see that
2

Yie Y2/ 2\0

N/y, 0N\/a ¢ Y Y
(g 5)72C )@ )6 920k 0
2 2 D0
2_,_ o
“2(0 y2+2 ¢ d/\0 .
Hence we have
Y <8 (1+sz2)?ll+b,?/9
Wy =y T {(+ady+baety+ U+ dY Y. — {acy, +bdy.)®
=8 {14 a%y:+ b, .
i+ L+ a+d2+ (ad —be) Yyy. + bys
<5l

Y2

a ¢

b d

).

225
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Therefore, by Lemma 5, Lemma 8 and Lemma 9, we have

{ L)k
I< const, X Witz 2{12'),‘_3,2
{Uf(c B Yulyiye—yi)

b£0

< const. X (WY —yi)**

=Y {U(;‘ 3) y {1+ag+ Y2 be y‘~c?+d2}k_3;2
b0 2 " Yo

W:?lz”“?/f‘z:)s’.z
=% const. ey T
seomt. 3 S

e~y

< const. -
Y2
Since
5. y;'(y,yr?ifz)““dziig y;z—l(yjyzmyfg}“312dy1dy12d?/2<00 s
F Io;:zumfivli-vg
l‘/zﬂsyl .

we have proved our assertion in the first case. Next put

1 00 s, ,1 0 0 a 0 b 0
0 1 s, % a; 1 01 00
y= ers
0 1 0 0 1 —a;lle 0 d 0
0 1 0 1 0 0 01
and suppose that 7 conjugate in Sp(2, R) to
A0
0 1 0
(A25£1).
2““1
0

0

Then we can prove in the same manner as before that s, is determined by sy, a,,
a, b, ¢ and d and that b, ¢:£0. Hence we have

I= z !H?(ZHT(Z“) Z |H:(2)|

e#+0

v oy o vty Hentdlt
TN agng {14+ 20iys—yid) Tl i yld) gl o
{(rz d)

el
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<const. (12— i) ez + Al
) {Ca (yiyl—yid Lyt e
ex0
< const, 3 (e —yitlez+di™
= ’ a iz 2ty .
{(c 3) (ylyz)k'1f2<ﬁL> (1+y:*'~‘l‘(-)k;'2-—1,12
c#0 Yo
- const yeyi 1+ lez+dI7)F
(it ezl e i
e
k-1
U
< const. [ > - _ w],!: )
{(g S)QSL(Z.Z; 121‘-(fox+b}(c§1+d)“i“‘iczl+di*’" 4
c#0

Since the sum in the bracket is bounded (which is a result of Shimizu), we have
I< const. y, .
Since
S vdZ £ j. yz(’?/l?/z"?/fﬁrsd?/;d?/lzdyz<°O ,
F

052,105 Y 5V
V3

5 =y

we have checked our assertion in the second case. Consequently, we have
completed the proof of Theorem 4, and hence the proof of Theorem 5 also.

6.2. Another case.

THEOREM 6. Let the notation and assumption be as in Theorem 3. Then
the contribution to the dimension formula in Theorem 3 of the clements of I'y(N)
whichk are conjugate in Sp2, R) to

10060
0100 0
) Lo ¢ . (@,b+0) or
-
0 o /N0 ¢ 4
0 b a O
. -1
i) I; g) O o] @10 or
a
0 0 1 0 0 a
0 0
Giii) 0 b} 21 b0)
0 a0
0 1



228 Yasuo MoRrITA

is zero. Hence we may disregard in the dimension formula in Theorem 8 the
terms such that ¥’ is conjugate in Sp(2, R) to one of the above types of elements.

We need one more lemma to prove this theorem:
LEMMA 13. Let 3 be a positive number <271 and put

pom =i, E)emiofuon oz (3))

1z 2

Then B, containg U eF,, and is contained in U F,,.

€ Pio e€ 'p(1)

a 0 b =

) % % k¥
PROOF OF LEMMA 13. Let Z¢ F,,andec 'L, Put e= 0 d . Then we

I *

0 0 0 =

- o 1
Itave det {Im (¢(Z))} = — !cz,+d| det {Im (Z)} and Im {{az,+b) (cz,+d) 1}:m1m (z4).
2
Hence their quotient Yo Y= Ly zy_‘_?!}z)_ is invariant by the operation of the
1
elements of I’L. Therefore B,,2 U ¢F,,.
serl,

w, w U, U N
Next, suppose that W= ( ! ”> = < ! 12) +z< ! ”) (w1, w2, w2 € C, Uy,
Wy W Uz Us Viz U2

WUy, o, V1, Uiz, V2 € R) belongs to By, . Then there is an element §,=

[T T I Y
[ R R )
D B O oo
-0 OO

of Sp2, Z) such that
(aw,-+b) (e, +d) 1 E {21ly1>0, - %_ <m,§-;‘, {z,lgl} .

Since (aw,+b)(ceo,+d)~! is the (1,1) component of & W=W =U+iV’, we have
e, ’l?l(henee v’\‘/3,>, vé—vf“vﬁ:vy—v(’v?@exp(»;)>1 and det {Im(W)}=

v (v~ 2 V3 e\p< >>1 Hence abs {det(CW + D)} =1 for any (C D)E

Sp(2, Z), since abs{det (CW’+D)}=\V'|21 if [C|#0 (resp. 2lewi+d|=1if C=

(c)‘ g), ¢, #0, D=<g‘ (D)(resp. Svh—vi"wh=1 if |C|=0, C+0, C¢(0 g)
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v S

Therefore there is an element §.= 0 U

‘) € Sp@, Z) such that 5, W € F. Put

Z=8,W', U*1=<:1 Z) Then V'=U-1Y*U~ and v} =iy, +2a,a2912+ady, . Since
v ay
02y, . S SYs, ay, a:€Z and (o, a2) #(0,0), we have
v, = adyy — 2len] ey + ot = (ln] — lea )2 291
if la;l#|a;] and
M=l £ 2+ 1Y) el 2 a2y,

if |ayl=]a.]. Therefore vi=y, in any case, hence we have

2
~-1 2 YiYas—Yse
Yoy Y= LY2THR
W
! 7 72
VW2 — 7V - 1
=BT Syl > exp(mj .
Y1 s?

Therefore we have completed the proof of Lemma 13.
Now we start the proof of Theorem 6. First put
By, = U eFy, .

cerd
Then we see that there exists a set Bj,2R® such that Z=X+1Y€ B,,, if and only if

Y= (g‘ §”> € Bj.,. Let y be an element of I',(N) that is conjugate in Sp(2, R) to
12 2

® 9

{a, b+#0).
-a

0 1

- o O O

0 0

[ B

Since we are going to show that the contribution of Sp(2, Z) conjugacy classes of
elements of I";(N) which are conjugate in Sp(2, R) to any representative of the
above form is zero, we may replace 7 by any element that is conjugate in Sp(2, Z)

1 0 b by ,10

0
0 1 b, b 1
to 7. So, by Lemma 1, we may assume that r= 7o ¢
0 1 0 0 1 ~a
0 1 0 1

erenrL. Here ere € Sp2, Z)) belongs to I'S, (resp. I'L) if and only if e be-



230 Yasuo MoORITA

longs to 1'% {resp. 'L} by Proposition 12. Moreover, the centralizer C, of 7 in
Sp(2, Z)/+1 is contained in /'4,n/"L. Hence B, and B, are stable by the opera-
tion of an element of C,. Let F,, be the fundamental domain of C, in $—B,,—
B,,,. Then, by the remark after the proof of Theorem 3 and by Lemma 12, the
contribution of Spi2, Z)/+1 conjugacy classes containing some 7 of the above type
is equal to & {/"(N) I,(1)} times

.

I= lim 2 HZ)dZ ,
s-r 0 7 tabuve type Fy.a
BOS-COOJUERLE '

1 0 ¢t ¢,
which we shall prove to be zero. Let d,= ) be an element of
0
’ 0 1
1 0 b 0 0
' 0\
. ) . o el 0 1 0\la )
Sp2, R) satisfying d,y0, = , whose existence was
0 1 0 0 1 —a
0 1 0 1

proved in the proof of Theorem 1. Then we have

= lim zj | Hywp'(2)dZ,
Fy,n

g+ +40 T

where F, ,=6,F,, is a fundamental domain of 4,C;6;" in $~6,B,,~B,.,. By
Proposition 7, there is a set F7.,0R* such that Z belongs to F7, if and only if
(471, Yuu, Us, o) belongs to Fy.. Since

i k
Hyyyo1(Z) =det (1/1 ?/12)
‘ y]? y3

1 1 1 1, 1, ) ( 1 1 )}“k
X —i Ya— == Ayt = QYo — = A0+ a7y )~ [ Yo = QT+ -
{(?}1 2?;61)(!!‘ 2 ax -+ 9 Y12 2 1 5 W i1 2 s 2 3
= L power of a non-constant linear form in z,,
we have

. © e dY
R R I s

=0 .

Hence we have checked our assertion in the first case.
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Next let 7 be an element of I',(N) that is conjugate in Sp2, R} to

1 00656 ,a 0 0 , a 0 0 0
0 1% 0 0 at 1 {
1 0 ¢ o (@*#1, b=0)| resp. 0 0 X {: (@*+1, b-+0)
a” a”
0 0 0 )
01 0 a’ ' ' ’

If 7 is not conjugate in Spi2,Z)/=1 to any element of £ (resp. /L), we ecan
prove the assertion more simply, so we omit the proof in such a ¢ase nnd assume
that 7 is conjugate in Sp(2, Z)/=1 to an element of 7°% (resp. I'L). Now suppose
that 7 itself is contained in 7' (resp. /°4). Then eye™ < Spi2, Z2)) belongs to 779
(resp. ['%) if and only if ¢ belongs to /7% (resp. I'L) by Proposition 10 (resp. Proposi-
tion 11). Moreover, the centralizer C, of y in Sp(2, Z)/+1 is contained in /™, {resp.
I't). Henee B, (resp. B,,,) is stable by the operation of an element of C,. Let
F, , be the fundamental domain of C; in H—B,, (resp. $—B,..). Then we rce that
the contribution of Sp(2, Z)/+1 conjugacy classes containing some 7 of the above
type is equal to ¥ {I",{N}\7,(1)} times
I= lim > H,(Z)dZ .

g 40 7 :above type Fro
non-con jugate o

By the proof of Theorem 1, there is an element

* O % %

a7e{<* *)esz,m} vesp. 0,4 " |cSpe,R)
00 0 =
such that
1 0O b, ,a 0O
Vo0 0 at 0
6,707 = (@1, b +0)
0 1 0 0 a0
0 1 0 a
a 0 0 0
01 90 b
resp. . (@1, b 0)
a
0 0 1
Therefore
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where F?, is a fundamental domain of 6,C,37! in $—48,B,,. (resp. $—B,,,). By

Proposition 5 (resp. Proposition 4), there is a set F'7,& R* such that Z belongs to
to if and only if (4, Yie Yz, %12 (X€SD. (Y, Y12, Yo, 2)) belongs to F,. Since

II,,”;‘(Z) is the —k™ power of a non-constant linear form in z,, we see that

S I[grm;l(Z)dZ:O .
Fye

Therefore we have completed the proof of Theorem 6.

§7. An explicit formula

We have proved in section 6 that, if 7 is an element of

1'2<N)z{(§ z esmz,m{(g §>E<é (1))modN}/i1

(N may be any natural number) and y is conjugate in Sp(2, R) to

cosi 0 sini 0
0 0
() voe (sin 20, a#1) ,
—sin2 0 cosd O
0 0 0 a
a 0 0 a 0 0 O
.. 0 010 b
{ii) - X (@i, a3, @, 1) , (iii} (@®+1) ,
0 ar- 0 0 atl 0
0 as’ 0 1
1000 ,0a 0
. 0 1 b 0{/0 at
{iv) “ (@+1) ,
0 1 0 0 a?t 0
01 0 a
1 b 0 1 0 0
0100 1
v o {a,b£0) or
0 10 0 1 —a
0 1 0 1
0 \ cosd sini
g 0 sind cos 0
(vi) £ Lo ) 2 sing (1?1, sin 2+£0) ,
e cosd sin
0o 0

0 gt —sind cosi
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r has no contribution to the dimension formula.
Now let us assume that N is not less than 3. Then, in view of Theorem 1
and Lemma 1, it is enough to caleulate the contribution of elements y of I':(N)

1 0 8y 82
. . . . o 1 S 0 1 82 s
such that 7 is conjugate in Sp(@, Z) to o=<0 1>: 0 (We do
0
0 1

not need this assumption (i.e. N=3) hereafter.)

7.1. The contribution of the identity element.

THEOREM 7. Let the notation and assumption be as in Theorem 3. Thon
the contribution of the identity element to the dimension formula in Theorem 3 is
ak)[I"x(1) :Fz(M]g dZ= Eré,j—[l”ul) 2 (N)}2k—2) 2k—3) 2k—4) .

8

270

ProoF. Since H;-1,5(Z)=1 and S aZ = (ef. Siegel [14]), we immediately

have our assertion.
7.2. The contribation of degenerate quadratic forms.

THEOREM 8. Let the notation and assumption be as in Theorem 3. Then
we have

G zgler(Z) dZ<co |

7

where v runs over all elements of I';{1) that are conjugete in Sp2, Z) to
1000
010d de 2z, d+0);
0 1
0 1
(ii) the contribution to the dimension formula of elements of I'}(N) which
1000
. . 010 .
are conjugate in Sp@2, Z) to 1o (de Z, d+0) 1s
0 01

eWIrm): T3, | Hiz)as
;

<o Cs

22
3tk—1)(k—

—af)I",(1): I'e(N)]

4["]8

l()
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A LNV (N) IN(2E -3,

24‘)”
0 0 .
0 Nd} ., . . . .
where 6= Lo P Cs is a fundamental domain of the centralizer of & in
0 o 1

Sp@2,Z) and 1 (N) is the number of inzquivalent 1-dimensional cusps of I'2(N)\D.
ProoF. Since H, ., (Z)=H,(cZ)(c€ Sp(2, R)), it follows from Proposition 14
and Proposition 15 that

I~ 2735 \H,(Z)|dZ

ZS \H(2)|dZ
< e,

(yl?lz‘-’y:'z)"‘:’
:ZS dz,dx,.d2,dydy 20y,
s 1Us o (L/20)d) —gftalr 1 Y

where Co={ZCH| ~1/25 a2y, T1s, 2.51/2,052y,, <91, [2:]21}.  Therefore, we have

L= zg W g dudyudy,
N PR
{j/z(zlsm
P-4
1 o
“2 za:S G @y s

r“g(ﬁ"”
2

22 j‘ dx,dy; r’ W 3duy <oo
de { 12 2172

,ylz o (u2+1)k/2

So we have proved the first assertion.
By the assertion (i), the contribution of elements of I',(N) which are conjugate
10 0 0

in Sp2,Z) to {dEN,d+0) is equal to

0 d

10

0 1

L=al) ¥ zS H_,.(2)dZ.
F

CCra(NNFptl) 7
2 2

Here, by Proposition 14 and Proposition 15, we have

L=a{l)[:(1):I":(N)] Hy(Z)dZ.

x|
izt Jo
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Here we have

HyZ)dZ= W=V g e dedydysdys
565 @ SQ syt (N2 LD ety dy,

[ wr
- ——— dy . dudr,d}
S{S?”%H (ot (Nd /2y, )* et andd

;'i;zgleguz

|31!:_»

= lg e dudxr.d
2 { 03;1;49< <12 fu+ (Nd/Z}zy!)k Heys
PN

2 [ drdy,
{

B (Nd)? Jo (u+1)* :~l,’|2.§,x151!2 KB
17yl

-2 1
3k—1){k—2) N*’

Hence we have

QT - 2z = 1
L= oIl : PN & TNy
= —mi—t}g?(zk-a)mm : I'(N)IN-2.
Since
(L) : T(NI= 5N T (1=p 8 (0=p),
p}.‘Npl' me
mm:mzv)]:%«w T d-p
p: prime
{NN
and

#a(N) =—;—N~* I (1-p,

{p: primo
pIN
we have our assertion.

7.3 The contribution of non-degenerate quadratic forms. In 7.3 we shall
caleulate the contribution of non-degenerate quadratic forms. For this purpose
we need a few more preparatory lemmas.

LEMMA 14. Let k& be a positive number =7. Then we have

j S H(Z)|dZ< oo,
F A

where 7 runs over all elements of I'—Ie that are conjugate in Sp(2, R) to
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((1) f)e Sp(2, Z) with det (S)#0.
\ Proor. Let r be as above. In view of assertion (ij of Theorem 8, we may

agsume that 7 is conjugate in Sp(2, R) to (é S)eSp 2, Z) with det (S)#0. Hence,
by Proposition 14, Proposition 18 and Proposition 19, there exist <c d)e SL2,Z)

and (3 8”)6 M.,(Z) such that
"

82

a 0 b 0 1 0 8 8 d 0 -b 0
{01 0 00 1 82 s 01 00
e o do o L 0fl-c 0 e 0
0 0 0 1 0 1 00 01
Therefore we may write
1—aesy, 0 a®s; a8z
| ese 1 asyz 8
= —c%s, 0 1l+acs;y cs;
0 0 0 1
10 O sy 1 0 0 l—qes, O a*s, 0
. 0 1 asp sr-acsfe —~C82 1 0 1 0 0
- 0 1 0 0 1 csy; —c%s, 0 l1+4acs, O
0 1 0 1 0 0 0 1

Hence by Lemma 5 and Lemma 7, we have,
I= Zr | H(Z)|

s 2 |HA(2)]
G,6,8;,810,80
ik Y ~2 /2 12
eonst, 5 |11 [ absICZ+ DIty L) e
st Y+( )(CZ+D) ‘Y(CZ+D)“‘< ‘“CS*Z>
d 217 1 0 1

where C= < o ), D:(1+308‘ (1)> and

(1—acsy) (x, — 1) +a’s,
— %8, (v —1yy) + (L +acs)

atiyi= (2 iy, —

Therefore
-1/2 112 rk~1

I< const. Y Yoz Yy Yo
= aZ‘j’.l (xf 4y uri-nghg|CZ+ D1
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172, 372 Jk-}
2 1

1 1
< const. 2 Y k,y ,J —
{ez{‘;,' f;',,)gsL:.z,Z) 2=z, [F '+ JF 0
¢’ =0
< const. yi Vi,

»

here we have used the fact yi=vy,{1+(cz;-+d)"3<2y,. Therefore we have

=
=

j [dZ < const. j Az < oo Q.
F F
LEMMA 15. Let k be a positive number =7. Then we have
S S (H(2)ldZ <o,
FT

where 7 runs over all clements of Io—TI'% that are conjugate in Spi2,Z) to
1 0 0 s
01 81z 8

0
0 1
Since the proof of this lemma can be done in the same manner as the proof

€8p2,2Z).

of Lemma 14, we omit it.
LEMMA 16. Let k be a positive number =7. Then we have

j S | Hy(Z)|[dZ <co,
F T

1 0 8 5850
1 812 s . 2
where y= ) and 8, 815, 82 Tun over all integers such that — (8,8, sis)
0 1

belongs to (Q*)2
ProOF. First we consider the following Diophantine equation:
(%) ~ (818, —812) =N

Sinee this equation is equivalent t0 —s8,8,= (n—38.) {n+5,.), we can solve (¥ as fol-
lows: Let s, s; be any integers. Take any pair of integers ¢, t, satisfying (i)
tite= —8,8; and (ii) £,=¢t, (mod 2). Then n={(t,+1,)/2 and 8y, (—t,+1,)/2 give all
the solutions of (#). In particular, the number of solutions of (§) for given 3, and
38, is not greater than twice the number of positive divisors of [s;s,], which is not
greater than c(e){s,s:/°, where ¢ is any positive number and c(e) is a positive constant
depending only on e.
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By this remark, we have the following estimates:

I= % |H/(Z)|

7 as above
¥/ ]
= 3 Wiy 11; g
8]:812:8) absl(?/l y12>__m~:_< 1 12)
Y Yz 27\812 8¢
< 2%cle)] 8,8, 1°
= : 2 ki2
oy i tagt {4 e f?/z s =y 24 -2 2} :
TATHCALE ST
ylyz y‘:‘z i 2 1272 2 2
i) [3
+ >y P PAACIEIEN i
H - 2 -2 2
! {4_*_““2)2'147'{#(82—@(1 y1281)2+ yl SI}
yly2 ylZ
Since 052y 51 <y and (V' 372 =y, we have
yz ?/1
= -2y, 2y,
yyl-yt, = ey, T
4 4
—>1 —
3= Yoo, 3 2yi’,
(51— ) _‘(|sll_~xszl) ALY
and
-2 2 2.1 2
S2=y, Ypp8)*2 lszl‘_“‘“lsll gz‘sz (ENESEAB

Hence we have

I<2%¢e) e lelsnl ~
e “1"’%‘2' {44 (1/ 4)1;& 5|+7]3 32} k/2

) sk e
\)!sllglan! A+ Q) ys Pty Ssie

22 Cle ﬁ)(,y“l?h) 3
).,,a:’:ez L4y st -Hys lsdjuzde

< const. cle) (yyy2) 5.

A

Therefore we have

g > |5 (2)1dZ< const. c@)S ()i dZ < o, QED.
F

Now we state the main results in 7.3:
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THEOREM 9. Let the notation and assumption be as in Theovem 3. Then we
have the following results:
iy The contribution to the dimension formula of elements of I',(N) which

are conjugate in Sp2,Z) to 5:((1) JV18> Sz(s‘ S“")(mdet(S)rr%O, & Q)Y s
812 82

equal to

a®k)[13(0): HN)) lim 2

840§

S gy dZ

o

where & runs over all non-conjugate elements of the above form and Cs is a
Jundamental domain of the centralizer of § in Sp@2, Z).
iy If S is indefinite and —det(S)=0, & (Q*)?,

S iz — %
Cs Wy —y1a)°

=0.

iy If S iz definite,
[ o2
Cs (Y2 —y12)*

:{ 2 +0(s)} exp{iii(-—s—«zs)} 1
(2k—2) 2k —3) (2k—4) 2 w(S)|det(NS) |2+’

where the sign is + (resp. —) if S is positive (resp. megative) and w(S) is the
number of units of S. Hence their contribution is equal to

5_‘3 . 3
Zr 13 lim s§1<L, -2~—}-s>

GBI : PN e o N

= s NI : TN,

where &,(L, (3/2)+s) is the Dirichlet series defined in §3,2(N) is the number of
inequivalent zero dimensional cusps of I':(N)\D and I'(N) is the principal con-
gruence subgroup of SL(2,Z)/+1 of level N.

(iv) The contribution to the dimension formula of elements of I':(N) which

are congugate in Sp2, Z) to 5;—(1 Nb), Sz(o S"") is equal to

0 1 Sz 82
. . e ) iz
all[ (1) NS > lim Hy(Z) P2
2=} 0Sepsleng =t 10 J (05y, vy {He—y1 Y12
{05‘4”1”2‘"12
~1/252,%19, 55112
95 o 1
=a(k)[ (1) : TL(N)] 2’z 12 1

2k —2)(2k—3)@k—4) N oy"1 g%,
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it AN (1) 2 TYN,

23.3
1 060 812
g 1 82 0
where r= 1 o
0
0 1

Proor. By Proposition 19, Proposition 24, Lemma 13 and Lemma 16, we see
that the contribution of elements y of /.(N) which are conjugate in Spi2, Z) to

6:((1) I?)(»det(S}:#O, & (Q¥)Y is equal to
. - o 4z
sza(lc)li‘g{l).l‘._,(N)Jl ¥ SH,(J;(IZ+ lim ¥ SH,(Z; - ]
el e oy de T gl

Now, since we have
5 f (2|~ < const. {&, <L,§—+s>+$2<L, §~+s>} <o,
8 Jeg Y1y yra)* 2 2

for any 8>0, we easily have the first assertion (i).

1 NS
Next let 5=
ex e (0 1

Let ¢, V,« be ag in Proposition 17, let w=w(S) be the index of the group of proper
units of S in the group of units of S, and let G= VG) ON ‘) V-1 be the generator
€

) and suppose that S is indefinite and —det(S)#0, ¢ (Q*)>.

of the group of proper units of S modulo 1. Then we have

A (s O 0t 2t

05¥yve—viy

S mz) 324 .1 S (e = o) *dy dy 10y,
Cs

W ) emtanse (W—itayn+(Eatl4)*

= 1 S ukﬂsg‘y{dd'y!dymdu
w {

05

1 oo e oo uk—“3-lyl—1
w S Sg o (Wbt (atid)ye TYRONEE
=0,

so that we have proved (ii).

1 NS
Next let o=
ext iet o (0 1

of SL(2,Z) such that VS'V=

and suppose that S is definite. Let V be an element

a 0

0 .3) with some a, B€R*. Then we have, by
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Proposition 16,

S Hilz) —32
cs Y2 yr2)*
__1 S (yry2— i)~y dyedys
w(S) J o5y, {1+ (12 a) (2 + (£/2)) —yia}*
{Oévlvrvfz
_ s+2e g (a2 —y1)* > *dydysodye
w(S)|det (NS) 1=+ 05y, {yxyz“y¥2ii(y1+y2)—l»}k

05v¥:-vg

93+2s u&—a—-yf“dudmd}h?

w(S)|det (NS)[?/2+* S{gé,’fl {(utiy, Dy Eilu+yia) )

23+2 INk—2—8)1"(2+s)
w{S)|det (NS) 22+ I'(k)

exp{i%z‘(—%-s)}

XS yf—l(%ii)‘““'(y%iiyﬂ‘y?‘z)_Qﬂ’d/yxd?hz
05y,

- 23+ [(k—2—8)I"(24s)
w(S)|det (NS)[3/2+ (k)

exp {i%i(—Z—s)}

xf UE N ) dy ) 2 dudy,

{520

_ gr+ns Tll—2— 82 312+ 8)
w(S) det (NS) e Tk

XS y’f—ﬁlz—n(ylii)—k+1/2dyl
0=y,
o Lk—2—-s MU T B2+ )"k ~3[2=8) "L +8)  g41
' I k—1/2)
exp { (z/2)i(~3—2s}}
w(S)|det (NS) |12+

B 95z exp (= (z/2)i(—3—28)}
‘{ 0k —2) 2k —83) (2k—4) +°(S)} w(S)|det (NS) [p/2+

exp {i i(—z—s)}

Therefore their contribution is equal to
287 1
2k —2)(2k—3)(2k—4) N°®
1
w(S) det (S)3/2+2 °

aB)[I",(1) : T',(N)]

X lirgx {27s+0(s?)} ‘,:—:

where S runs over all inequivalent integral positive symmetrie matrices of size
two. By the definition of £,(L,s) and Proposition 14, this is equal to
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962 1 3,0\
A lim s2 L, S+
2k —2)12k—3) 2k—4 N s ‘< 27%)

= _é} - (NG 1Y(INY,

alkil 1's(1) = ILINj]

where we have used the fact that lim s&,(L, (3/2) +s) ==/6,
80

0 PN = BN T dep - p N = N T (—pY
2 {v“N ; 2 (PIN
[1; [u"l!fi(: 11). [:J'li:‘C
and
0 DAN =SNG [ d-p.
2 wiN
pIoprime

Next we shall prove dv). By Proposition 18, the proof of Theorem 3, Lemma

14, Lemma 15 and Lemma 16, we have

7

5 S Lz dZ < oo,
.

where 7 runs over all elements of /L(N) which are conjugate in Spi2,Z) to

1 0 0 sy
0 1 sy 2 . . . .
some and which is not contained in
1 0
0
(1) (1) 0, 51 1 (1) 0 1
S12 82 a;
' 0 ‘ 1 g, 812, SEE Z, 30},
0 0 I
\ 1/ 0 1
1 0 0
. 0 0 . . . L.
Moreover, since 1 is contained in the center of I'L, it follows from
0
01

Proposition 18 and Proposition 25 that
5 [ | T H(Z)dZ<e,

syl J g TC dtegy)

where 4(s,,) is the subset consisting of all elements of 4’ which are conjugate in

1 0 0 812
1 8y Se . . -
Sp2, Z) to some 12 ; with a certain fixed s;.. Let ¢(s;») be a positive
0
0 1
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constant, which we shall determine later as a funetion of s.. Then, by the above
remark, the contribution of elements y of I.{N) which are conjugate in Sp{2, Z) to
1 00 812

0 1 s s . . .
"1 with a certain fixed 310 18 equal to

1
0
0 1
a(k)[l’e(l):l’ziN)][ 5 SH;(Z)CZZJr 5 S  Ihzuz
TEdso) JF TE dimyyh f'ﬂ(ug~v1‘1!i;g<ciﬂl;9}
+lim ¥ 5 ' }IT(Z)M,ELZ#TW}
ed0 7 Alae) JEnty—ur iz ey Yo=Y Y5

Now we are going to determine the normalizer of A{s,.) in Spi2,2Z). So let

71,72 be elements of 4(s;,) and suppese that € Spi2, 2) satisfies y,=6¢'y.6. Then,

;1 O 0 80
. . 0 1 s 8
by Propesition 18, there are ¢,e,€ 'L satisfying e '= L o and
0
0 1
1 0 0 s
B 0 1 s s -
N 1 . Moreover, it is easy to see that there are
0
0 1
1 0
0
a; 1
537546 ‘CZ}ER
0 1 —ay))
0 1 l
1 0 0 8in 1 0 0 812
0 1 5, 0 01 s, 0
satisfying (ese) 7 lese) 1= Sz and (se0)7alees) i= ! . It fol-
0 1 0 0 1 0
' 0 1 0 1
1 0 0 sy
. 0 1 s .
lows that ee,0(ee,) 7! centralize . Therefore we may write
0
0 1
a 0 0 a
0 y 0
Olesey) 1= 0 a or ¢ 0
£4€20 6381 =
at 0 0 a™?
0 0

0 a a 0
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In the first case, we see that & belongs to I'l. Since ed¢7! normalize

1 0 0 =
01

ge&mm
0

[

1

(whose normalizer is contained in I'Y), since SL(2,Z) is a subgroup of GL(2, Z)
of index two and since GL(2, Z) acts on the set

Kéfﬁ&@m%@a@mm@

in the obvious manner, we see that I'i, is a subgroup of the normalizer of

1 00 81z ‘
01 |
43 U{y= I I
1 0 1
0 |
0 170

in Sp2, Z) of index two.
Now let 7 be an element of 4(s;;) and suppose that 7 is conjugate in Sp(2, Z)
1 00 S1n 1 00 S12
0 1 s 3 01
to ;m ;2 . So let eyei= ?2 ;2 with ¢€S5p(2,Z). Then, by the
0 0 1 0 0 1
1 0

as 1
_a3

0 0 1

0 a 0 100 s

a0 0 1 0
or 0 -1 €.Sp(2, R) satisfying eger (o) "'= im 0 and ege =eaeqes.

a
0
a 0 0 0 1

Further, we see that there is a certain ¢ with ;1 and such ¢ is unique up to

the elements of I'., if we fix a conjugacy class.

Let Z:(Z‘ 2‘2> be an element of F and suppose y,—y: ‘yie=cls). Let
12 2

0

above remark, there are e;€ ', &1, &, 6,€ asE R} and eg=1

? 7
7€ 4(ss2) and ¢, g5, 66,67 and e be as above. Then we see that eseZ“—‘Z':(Z: :?)

12 2
satisfies
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fei 12 -
Ye—yi T ynzelsy)  and  yi<lees 0f e
or

yi—ys Yz atelsn)  and  yhsatto. if e=

In partieular, it is contained in {y,<a%.} or {y.=a%.} (which are fundamental

domains of &), if ¢(s;2) is greater than a=2 Solet us put c(si)= Max (al? |a}™2)
7€ diogy)

(we note that 4(s;;) has only finite intersections with the set of Sp(2, Z) conjugacy
classes in I",(N)). Here we have

2:12-1S yf’s(y?__y,“?ﬁz)"‘“" dyldy,(dy‘,

{ 05”1§“2V3 (Y192 — W2 — (1/26)8,0)2]F

Oéﬂlﬂg‘vig

=0

280~1 1

ey I N
Yyod
'22::o SHHS osusetyy  {(UiYe—yie+1/4)? +y2_"‘” Y1020y

12
0S¥y ¥p—¥ia

28,p—~1a? k- = 1y,2 \k~3—a
:< 1%; (l) : ,[ L dy,dy,:dys,
3“ 05u % V2, [yl

85=0 Yo— Y1 ?}12)-{-1/4}"'{'-?/12]"’9
=S o V12
28551 a? iy, —v; ,ym)k 3=ay k=
dy dy,.dy
=0 j 0gelyozy;  |Yilfa— (Yra— (1/24)8:15) 2% T
{0:-:1;172«11‘1‘2
28y5--1a? 1 (ul 'l/o ’y]'))k 8- -yk 3
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Therefore, the contribution of elements of I',(N) which are conjugate in Sp(2, Z)
1 0 0 N812
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1 0
0
0 1

to ()2 is a fixed number) is equal to
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here we have used the following formula (cf. Siegel [12]):

e e
—eo (21— 2aawp ety S 2l (A ) (12 -)

Re (2)>0,Re {¢1>>0, Re (11> Re (b} > —Re (2)).

0

Since

1 1 1

1
23

lim L+ i ~
Shs Ti—s2) e 2l (=82 +1)

the above formula is egual to

QB[ T5(1): To(Ny =2 L mPl k=232 k=3/2)

Since

&, N k=127 (k)
=alB)T51): ToN)] e 2E .-
(2hk—2) 2k ~3)(2k~4) N* &,
= 1z
852’1 si 6’

we have completed the proof of Theorem 9.

REMARK. T. Shintani has succeeded in simplifying the proof in this section.

He has, in fact, calculated the contribution of the conjugate classes of translations

under the eondition that the discrete subgroup 77 is the prinecipal congruence sub-
group of the Siegel medular group of degree =, using his results on the zeta

functions of pre-homogeneous vector spaces (ef. [18]).
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