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1. INTRODUCTION

The theory of non-analytic modular forms has a rich history and is closely
connected with Siegel’s theory of indefinite quadratic forms (see [9], [10], and
[11] $)$ .

For a discrete subgroup $\Gamma$ of $SL(2, \mathbb{R})$ , a non-analytic modular form $f$ of
weight $(\alpha, \beta)$ is a real analytic function which satisfies the following condi-
tions:
(1) $\Omega_{\alpha,\beta}f=0$ ,

(2) $f|_{(\alpha,\beta)}M=f$ for all $M\in\Gamma$ ,

(3) $\int_{\Gamma\backslash \mathbb{H}}f(z)\overline{f(z)}y^{(\alpha+\beta)-2}dxdy<\infty$ .

Here the slash operator is defined as

$f|_{(\alpha,\beta)} (\begin{array}{l}abcd\end{array});=f(\frac{az+b}{cz+d})(cz+d)^{-\alpha}(c\overline{z}+d)^{-\beta}$

and
$\Omega_{\alpha,\beta}:=(z-\overline{z})^{2}\frac{\partial^{2}}{\partial z\partial\overline{z}}-\beta(z-\overline{z})\frac{\partial}{\partial z}+\alpha(z-\overline{z})\frac{\partial}{\partial\overline{z}}$ .

For $\alpha+\beta>2$ , a prototype of such a form is given by the Eisenstein series

$E_{\alpha,\beta}(z):= \sum_{M\in\Gamma_{\infty}\backslash \Gamma}1|_{(\alpha,\beta)}M$
.

We let
$M_{\alpha}:= \alpha+(z-\overline{z})\frac{\partial}{\partial z}$

and
$N_{\beta}:=- \beta+(z-\overline{z})\frac{\partial}{\partial\overline{z}}$

be the Maass operators. They commute with the slash operator and shift
the weight $(\alpha, \beta)$ to $(\alpha+1, \beta-1)$ and $(\alpha-1, \beta+1)$ , respectively. In the
case of the Eisenstein series, it follows from the definitions that

$M_{\alpha}E_{\alpha,\beta}(z)=\alpha E_{\alpha+1,\beta-1}(z)$
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and
$N_{\beta}E_{\alpha,\beta}(z)=-\beta E_{\alpha-1,\beta+1}(z)$ .

We note that for $\alpha=0$ (resp. $\beta=0$ ) the operator $M_{0}$ (resp. $N_{0}$ ) an-
nihilates the Eisenstein series $E_{0,\beta}$ (resp. $E_{\alpha,0}$ ). Moreover, the space of
holomorphic modular forms of weight $\alpha$ is contained in the space of non-
analytic modular forms of weight $(\alpha, 0)$ and is distinguished in this space
by the condition that $N_{0}f=0$ . (Similarly, the space of anti-holomorphic
forms can be distinguished by the condition $M_{0}f=0.$ ) Indeed, the classical
modular forms of weight $\alpha$ are typically introduced without any reference
to the operator $\Omega_{\alpha,0}$ and instead by the conditions

(4) $\frac{\partial}{z}f=0$ ,

(5) $f|_{\alpha}M=f$ for all $M\in\Gamma$ ,

(6) $\int_{\Gamma\backslash \mathbb{H}}f(z)\overline{f(z)}y^{\alpha-2}dxdy<\infty$ .

The purpose of this note is to point out a simple observation and use it to
define subspaces of non-analytic Siegel modular forms in terms of a Maass
operator.

For $Z\in \mathbb{H}_{n}$ , the Siegel upper half plane of degree $n$ , let $E_{\alpha,\beta}(Z)$ be
the non-analytic Siegel Eisenstein series of weight $(\alpha, \beta)$ and $M_{\alpha}$ be the
corresponding Maass operator. It follows from the definitions (for details,
see section \S 19 of [8] $)$ that

$M_{\alpha}E_{\alpha,\beta}(Z)= \alpha(\alpha-\frac{1}{2})\cdots(\alpha-\frac{n-1}{2})E_{\alpha+1,\beta-1}(Z)$ .

We explore the following observation alluded to above: In each degree $n$ ,
the Eisenstein series $E_{\alpha,\beta}(Z)$ with $\alpha=0,$ $\frac{1}{2},$

$\ldots,$
$\frac{n-1}{2}$ are annihilated by the

Maass operator $M_{\alpha}$ . Hence, in analogy with the case of holomorphic mod-
ular forms in degree 1, each subspace of non-holomorphic modular forms of
weights $(0, \beta)$ , $($ -, $\beta),$

$\ldots,$
$( \frac{n-1}{2},$ $\beta)$ that are annihilated by the Maass opera-

tor is distinguished. These are the subspaces whose further study we would
like to motivate with this note.

In the next section, we introduce the notation and give the definition of
the space of non-analytic Siegel modular forms. The rest of the paper is
devoted to examples of forms in these spaces.

2. NOTATION

Let A be a commutative ring with unity and $M_{m,n}(A)$ be the set of
$m\cross n$ matrices with entries in A. For any matrices $U,$ $V\in M_{m,n}(A)$ , set
$U[V]:={}^{t}VUV$ where ${}^{t}V$ is the transpose of $V$ . If $U\in M_{n,n}(A)$ , let $tr(U)$
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be the trace of $U$ . We denote the symplectic group of degree $n$ over the
integers by $\Gamma_{n}:=Sp_{n}(\mathbb{Z})$ and for $1\leq j<n$ , we define the subgroups

$\Gamma_{n,j}:=\{(_{CD}^{AB})\in\Gamma_{n}|A=(_{**}),$ $C=(_{00}),$ $D=(_{0*}^{**})\}$

and
$A_{n,j}:=\{(_{CD}^{AB})\in\Gamma_{n}|A=(^{\pm I_{j}0}**),$ $C=0,$ $D=(^{\pm I_{j}*}0*)\}$ .

The subgroups $\Gamma_{n,j}$ (denoted by $C_{n,j}$ in [6]) and $A_{n,j}$ play an important
role in the theory of Siegel modular forms. For more details, see Chapter
I, \S 5 and Chapter II, \S 2 of IFhreitag [3] and Chapter II, \S 5 and Chapter III,
\S 7 of Klingen [6]. Let $\Gamma$ be a subgroup of $\Gamma_{n},$ $\mathbb{H}_{n}$ be the Siegel upper half
plane of degree $n$ , and $Z=(z_{ij})=X+iY\in \mathbb{H}_{n}$ be a typical variable. As
usual, if $M=(_{CD}^{AB})\in\Gamma$ and $Z\in \mathbb{H}_{n}$ , then we set

$MoZ$ $:=(AZ+B)(CZ+D)^{-1}$ .
Furthermore, for functions $G$ : $\mathbb{H}_{n}arrow \mathbb{C}$ and for fixed $\alpha,$ $\beta\in \mathbb{C}$ such that
$\alpha-\beta\in \mathbb{Z}$ , we define the slash operator

(7) $G|_{(\alpha,\beta)}M$ $:=\det(CZ+D)^{-\prime}\det(C\overline{Z}+D)^{-\beta}G(MoZ)$

for all $M=(_{CD}^{AB})\in$ F. Finally, let $\mathcal{M}_{\frac{n-1}{2}}$
$:=\det(Z-\overline{Z})\det(\partial_{Z})$ where

$\partial_{Z};=(1+\delta_{ij})\frac{\partial}{\partial z_{ij}}$ . Note that $\mathcal{M}_{\frac{n-1}{2}}$ is the Maass operator (as in section

\S 19 of [8] $)$ corresponding to the weight $( \frac{n-1}{2},$ $\beta)$ .

DEFINITION 1. Let $\alpha$ and $\beta$ be half-integers such that $\alpha-\beta\in \mathbb{Z},$ $0\leq$

$\alpha\leq\frac{n-1}{2}$ , and $\beta\geq 0$ . A Siegel-Maass form of weight $(\alpha, \beta)$ on $\Gamma$ is a
real-analytic function $F:\mathbb{H}_{n}arrow \mathbb{C}$ satisfying the following conditions:

(8) $F|_{(\alpha,\beta)}M=F$ for all $M\in\Gamma$ ,

(9) $\mathcal{M}_{\frac{n-1}{2}}(F)=0$ ,

(10) $f$ is bounded on domains of type $Y\geq Y_{0},$ $Y_{0}>0$ .

Remarks:
1 $)$ If $F$ is holomorphic on $\mathbb{H}_{n}$ (hence $\beta=0$), then $F$ is a singular Siegel
modular form of weight $\alpha$ . In particular, if $F\not\equiv 0$ , then $F$ is not a cusp
form. On the other hand, if $G$ is a holomorphic Siegel modular form of
weight $\beta$ , then $F=\overline{G}$ is a Siegel-Maass form of weight $(0, \beta)$ . Hence the
space of holomorphic Siegel modular forms can be viewed as a subspace of
Siegel-Maass forms.
2 $)$ Of particular interest is the case where $\alpha=\frac{n-1}{2}$ . In this special case, the

space of functions $\{F:F|_{(\frac{n-1}{2},\beta)}M=F$ $\forall M\in\Gamma$ and $\mathcal{M}_{\frac{n-1}{2}}(F)=0\}$ is
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invariant under the action of the Hecke operators (for details on Hecke oper-
ators, see Chapter IV of Freitag [3] $)$ : The definition of the Hecke operators
implies that $G=F|T$ has the correct transformation property whenever $T$

is a Hecke operator, and, in addition, $\mathcal{M}_{\frac{n-1}{2}}(G)=0$ , since the Maass op-

erator $\mathcal{M}_{\frac{n-1}{2}}$ commutes with the slash action in (7) when (and only when)

$\alpha=\frac{n-1}{2}$ .

3. EXAMPLES

In this section we present examples of non-holomorphic Siegel-Maass
forms.

Eisenstein series
Let $\alpha$ and $\beta$ be half-integers such that $\alpha-\beta\in \mathbb{Z},$ $\alpha+\beta>n+1$ , and

$0 \leq\alpha\leq\frac{n-1}{2}$ . Then (see also [8]) the non-analytic Eisenstein series

$E_{\alpha,\beta}(Z):= \sum_{M\in\Gamma_{n,0}\backslash \Gamma_{n}}1|_{(\alpha,\beta)}M$

satisfies (9), since $\det(\partial_{Z})\det(CZ+D)^{-\alpha}\det(C\overline{Z}+D)^{-\beta}=0$ (see also
Anhang IV of [3] $)$ implies that each term of $E_{\alpha,\beta}$ is annihilated by $\mathcal{M}_{\frac{n-1}{2}}$ .
Hence $E_{\alpha,\beta}$ is a Siegel-Maass form of weight $(\alpha, \beta)$ on $\Gamma_{n}$ .

Theta serx es
Let $Q\in M_{m,m}(\mathbb{Z})$ be symmetric, even, and unimodular of type $(k, l)$ and

let $R$ be a majorant of $Q$ , i.e., $RQ^{-1}R=Q$ and ${}^{t}R=R>0$ . Furthermore,

let $\Phi(N)$ $:=\det({}^{t}NQ\zeta_{+})^{\kappa}\det({}^{t}NQ\zeta_{-})^{\lambda}$ be a spherical function of weight
$(\kappa, \lambda)\in N_{0}^{2}$ relative to the pair $(Q, R)$ , i.e, $Q\zeta+=R\zeta+,$ $Q\zeta_{-}=-R\zeta_{-}$ , and
$R[\zeta_{+}]=R[\zeta_{-}]=0$ , where $\zeta+,$ $\zeta_{-}\in M_{m,n}(\mathbb{C})$ (with $m>n$). Note that
if $\kappa\neq 0\neq\lambda$ and if $n\geq k$ or if $n\geq l$ , then $\Phi(N)\equiv 0$ . Andrianov and
Maloletkin [1] define the theta series

$\theta_{Q,R,\Phi}(Z):=\sum_{N\in M_{m,n}(\mathbb{Z})}\Phi(N)\exp\{\pi itr(Q[N]X+iR[N]Y)\}$

$= \sum_{N\in M_{m,n}(\mathbb{Z})}\Phi(N)\exp\{z\}$ ,

and they show that for all $M\in\Gamma_{n}$ ,

(11) $\theta_{Q,R,\Phi}|_{(\frac{k}{2}+\kappa,\frac{l}{2}+\lambda)}M=\theta_{Q,R,\Phi}$.

If $k<n$ , then one can check that $\det((Q+R)[N])=0$ for all $N\in M_{m,n}(\mathbb{Z})$ .
Note that $\det(\partial_{Z})e^{\pi itr(AZ)}=(2\pi i)^{n}\det(A)e^{\pi itr(AZ)}$ for all $A\in M_{n,n}(\mathbb{Z})$ ,
implying that $\mathcal{M}_{\frac{n-1}{2}}(\theta_{Q,R,\Phi})=0$ . Hence if $k<n$ and if $\kappa=\lambda=0$ , i.e.,

$\Phi(N)\equiv 1$ , then $\theta_{Q,R,\Phi}$ is a Siegel-Maass form of weight $( \frac{k}{2}, \frac{l}{2})$ . Also, if
$k<n<l,$ $\lambda>0$ , and $\kappa=0$ (otherwise $\Phi(N)\equiv 0$), then $\theta_{Q,R,\Phi}$ is a
Siegel-Maass form of weight $( \frac{k}{2}, \frac{l}{2}+\lambda)$ .
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Poincar\’e series
1 $)$ Let $V^{*}\in M_{j_{)}j}(\mathbb{Z})$ be symmetric, even, and positive definite, and set

$V=(V^{*}000)\in M_{n,n}(\mathbb{Z})$ . Let $\alpha=\frac{n-1}{2}$ and let $\beta$ be a half-integer such that
$\alpha-\beta\in \mathbb{Z}$ and $\alpha+\beta>n+j+1$ . Then (generalizing our first example) the
Poincar\’e series

$P_{V,\beta}(Z):= \sum_{M\in A_{n,j}\backslash \Gamma_{n}}e^{\pi itr(VZ)}|_{(\frac{n-1}{2},\beta)}M$

is a Siegel-Maass form of weight $( \frac{n-1}{2}, \beta)$ on $\Gamma_{n}$ . We already pointed out that
the Maass operator $\mathcal{M}_{\frac{n-1}{2}}$ commutes with the action in (7) and shifts the

weight $(\alpha, \beta)$ to $(\alpha+1, \beta-1)$ when $\alpha=\frac{n-1}{2}$ . Moreover, $\det(\partial_{Z})e^{\pi itr(VZ)}=0$ ,
and, consequently, each term of $P_{V,\beta}$ is annihilated by $\mathcal{M}_{\frac{n-1}{2}}$ . Hence $P_{V,\beta}$

satisfies (9).
2 $)$ We use a different type of Poincar\’e series to construct another explicit

example of a Siegel-Maass form. Let $\mathcal{M}=(m_{st})\in M_{n-1,n-1}(\mathbb{Z})$ be of rank
$n-1$ , symmetric, positive definite, and even. Let $\tilde{\phi}_{\mathcal{M}}$ : $\mathbb{H}\cross \mathbb{C}^{n-1}arrow \mathbb{C}$ be a
skew-holomorphic Jacobi cusp form of weight $\tilde{k}$ and index $\mathcal{M}$ in the sense of
Arakawa [2] and Hayashida [4] (see also Skoruppa [12] for the case $n=2$).
Hence there exists a $C>0$ such that

(12) $|\tilde{\phi}_{\mathcal{M}}(\tau, z)|y_{1}^{\overline{k}/2}e^{-\frac{\pi}{y_{1}}tr(\mathcal{M}{}^{t}vv)}<C$ for all $(\tau, z)\in \mathbb{H}\cross \mathbb{C}^{n-1}$ ,

where $y_{1}={\rm Im}(\tau)$ and $v={\rm Im}(z)$ . In addition, $\tilde{\phi}_{\Lambda 4}$ is in the kernel of the
heat operator

(13) $L_{\mathcal{M}}:=4 \pi i\det(\mathcal{M})\frac{\partial}{\partial_{\tau}}-\sum_{1\leq s,t\leq n-1}\mathcal{M}_{st}\frac{\partial^{2}}{\partial_{z_{\epsilon}}\partial_{z_{t}}}$ ,

where $\mathcal{M}_{st}$ is the cofactor of the entry $m_{st}$ .
Let $f_{1}$ : $\mathbb{H}arrow \mathbb{C}$ be a holomorphic elliptic cusp form of weight $k_{1}$ .

Then $\phi_{\mathcal{M}}(\tau, z)$ $:=\tilde{\phi}_{\Lambda t}(\tau, z)\overline{f_{1}(\tau)}$ is a skew-holomorphic Jacobi cusp form
of weight $k=\tilde{k}+k_{1}$ and index $\mathcal{M}$ and $\phi_{\mathcal{M}[U]}(\tau, z)$

$:=\phi_{\mathcal{M}}(\tau, z{}^{t}U)$ (where
$U\in GL_{n-1}(\mathbb{Z}))$ is a skew-holomorphic Jacobi cusp form of weight $k$ and
index $M[U]$ . Write $Z=(t_{zW}\tau z)\in \mathbb{H}_{n}$ , where $\tau\in \mathbb{H}_{1},$ $z\in \mathbb{C}^{n-1},$ $W\in \mathbb{H}_{n-1}$ ,
and set

$F(Z);=$
$\sum_{\mathcal{M}’=\mathcal{M}[U]}$

$\phi_{\mathcal{M}’}(\tau, z)\exp\{\pi itr(\mathcal{M}’W)\}$ ,

$U\in GL_{n-1}(\mathbb{Z})$

where the sum is over all symmetric, positive definite, and even matrices
$\Lambda 4$

‘ such that $\mathcal{M}’=\mathcal{M}[U]$ for some $U\in GL_{n-1}(\mathbb{Z})$ . In particular, if $n=2$ ,
then $F(Z)=\phi_{\mathcal{M}}(\tau, z)\exp\{\pi i tr(\mathcal{M}W)\}$ . In general, $F$ does not satisfy (8)
for all $M\in\Gamma_{n}$ . However, the following proposition constructs a Poincar\’e
series (depending on $F$) which is a Siegel-Maass form on $\Gamma_{n}$ .
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PROPOSITION 1. If $k>2n^{2}-n+6$ , then

(14) $P_{F}(Z):= \sum_{M\in\Gamma_{n,1}\backslash \Gamma_{n}}F|_{(\frac{n-1}{2},k-\frac{n-1}{2})}M$

is a Siegel-Maass form of weight $( \frac{n-1}{2},$ $k- \frac{n-1}{2})$ on $\Gamma_{n}$ .

PROOF: It is easy to check that (see also [5])

$F|_{(\frac{n-1}{2},k-\frac{n-1}{2})}M=F$ for all $M\in\Gamma_{n,1}$ .

Furthermore,

$\det(\partial_{Z})(\rangle$ ,

i.e., $\mathcal{M}_{\frac{n-1}{2}}(F)=0$ .
We proceed as in [5] (see also IFhreitag [3]) to lift $F$ to a Siegel-Maass form

on $\Gamma_{n}$ . Clearly, if $P_{F}(Z)$ converges, then $P_{F}(Z)$ satisfies (8) and (9) with
$\alpha=\frac{n-1}{2}$ and $\beta=k-\frac{n-1}{2}$ . It remains to show that $P_{F}(Z)$ converges.

Set $G(Z)$ $:=y_{1}( \frac{k}{2}-N)\det(Y)^{N}|F(Z)|$ , where $N<k/2$ . With the help of
(12), one can show that $G(Z)$ is bounded on $H_{n}$ if $N>(n-1)^{2}+1$ (see

also [5] $)$ . Let $h(Z)$ $:=y_{1}^{-(\frac{k}{2}-N)}$ and $H(Z)$ $:=\det(Y)^{-N}$ . If $k-2N>n+2$ ,
then

$E_{hH}(Z):= \sum_{M\in\Gamma_{n,1}\backslash \Gamma_{n}}|(hH)|_{(k,0)}M|=H(Z)\sum_{M\in\Gamma_{n,1}\backslash \Gamma_{n}}|h|_{(k-2N,0)}M|$

converges absolutely (see I. $5.4_{1}$ in [3]). Hence $P_{F}(Z)$ converges if $k>$
$2n^{2}-n+6$ . We conclude that if $k>2n^{2}-n+6$ , then $P_{F}$ is a Siegel-Maass
form of weight $( \frac{n-1}{2},$ $k- \frac{n-1}{2})$ on $\Gamma_{n}$ . $\square$

Remarks:
1 $)$ Note that the Poincar\’e series $P_{F}$ discussed above, as well as $\theta_{Q,R,\Phi}$ in
the case where $k<n<l,$ $\lambda>0$ , and $\kappa=0$ , are in the kernel of the Siegel
$\phi$-operator.
2 $)$ Note that in degree 1, the corresponding examples of weight $(0, \beta)$ , namely
the Eisenstein series, the Poincare series, and the theta series attached to
quadratic forms of signature $(0,2\beta)$ , are indeed all anti-holomorphic and
annihilated by the Maass operator $M_{0}$ .

4. CONCLUSION

In this note, we have introduced and tried to motivate the further study of
a subspace of non-holomorphic Siegel forms. Some natural questions present
themselves:
1 $)$ What is the dimension of this distinguished subspace?
2 $)$ What can be said about the subspace spanned by the theta series? Is
there a basis theorem?
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3$)$ Can one characterize the Fourier coefficients of Siegel-Maass forms (at
least when $n=2$)?
4$)$ It would be interesting to find out if the construction of Poincar\’e series
in our last example can shed some light on Kohnen’s question (see [7]) on
how skew-holomorphic Jacobi forms are related to Siegel modular forms. Is
there a link between an arbitrary Siegel-Maass form and skew-holomorphic
Jacobi forms?

REFERENCES
[1] ANDRIANOV, A., AND MALOLETKIN, G. Behavior of theta series of genus $n$ of indefi-

nite quadratic forms under modular substitutions. Proc. Steklov Inst. Math. 4 (1980),
1-12.

[2] ARAKAWA, T. Siegel $s$ formula for Jacobi forms. Intemat. J. Math. 4, no. 5 (1993),
689-719.

[3] FREITAG, E. Siegelsche Modulfunktionen. Springer, Berlin, Heidelberg, New York,
1983.

[4] HAYASHIDA, S. Klingen type Eisenstein series of skew-holomorphic Jacobi forms.
Comment. Math. Univ. St. Pauli 52, no. 2 (2003), 219-228.

[5] IMAMOGLU, \"O., AND RICHTER, O. On Rankin-Cohen brackets for Siegel modular
forms. Proc. Amer. Math. Soc. 134, no. 4 (2006), 995-1001.

[6] KLINGEN, H. Introductory lectures on Siegel modular foms, vol. 20 of Cambridge
Studies in Advanced Mathematics. Cambridge University Press, 1990.

[7] KOHNEN, W. Jacobi forms and Siegel modular forms: Recent results and problems.
Enseign. Math. (2) 39 (1993), 121-136.

[8] MAASS, H. Siegel’s Modular forms and Dirichlet series, vol. 216 of Lecture Notes in
Math. Springer, 1971.

[9] SIEGEL, C. Indefinite quadratische Formen und Funktionentheorie I. Math. Ann. 124
(1951), 17-54.

[10] SIEGEL, C. Indefinite quadratische Formen und Funktionentheorie II. Math. Ann.
124 (1952), 364-387.

[11] SIEGEL, C. Lectures on quadratic forms. Tata Institute of Fundamental Research
Lectures on Mathematics 7. Bombay, 1967.

[12] SKORUPPA, N.-P. Developments in the theory of Jacobi forms. Acad. Sci. USSR,

Inst. Appl. Math., Khabarovsk (1990), 167-185.

ETH, MATHEMATICS DEPARTMENT, CH-8092, Z\"URICH, SWITZERLAND
E-mail address: ozlemQmath. ethz. ch

DEPARTMENT OF MATHEMATICS, UNIVERSITY OF NORTH TEXAS, DENTON, TX 76203,

USA
E-mail address: richter@unt. edu

115


