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THE ACTION OF THE HEAT OPERATOR ON JACOBI FORMS
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ABSTRACT. We investigate the action of the heat operator on Jacobi forms.
In particular, we present two explicit characterizations of this action on Jacobi
forms of index 1. Furthermore, we study congruences and filtrations of Jacobi
forms. As an application, we determine when an analog of Atkin’s U-operator
applied to a Jacobi form is nonzero modulo a prime.

1. INTRODUCTION

The Ramanujan theta operator © := qd% = 2%1% plays an important role in

the theory of modular forms. If f is a modular form of weight k, then it is easy to
see that

1) Of) = = 1By + ],

where Fs is the “quasimodular” Eisenstein series of weight 2 and f is a modular
form of weight k 4+ 2. In 1916, Ramanujan [I4] noticed the identities
1 1

(2) @(E4) = g(E4E2 - E6) and @(E@) = E(EﬁEQ - Es),
where Ey, Eg, and Eg are the usual (modular) Eisenstein series of weights 4, 6, and
8, respectively. However, for an arbitrary modular form f, an explicit description
of f in Equation (l) was not known until 2004 when Bruiner, Ono, and Kohnen [3]
established an exact formula.

In this paper, we consider an analogous situation for Jacobi forms. The heat

operator L,, := ﬁ (SWim% — g—;) is a natural tool in the study of Jacobi
forms (see, for example, §3 of Eichler and Zagier [7] and Choie [4], [5], among

others). If ¢ is a Jacobi form of weight k& and index m, then a direct computation
reveals that
(2k — 1)

(3) L) = == 6E2 + 6,

where Fs is again the “quasimodular” FEisenstein series of weight 2 and (]5 is a
Jacobi form of weight k£ + 2 and index m. This observation justifies the following
two remarks:

a) If p > 5 is a prime, then Fj is a p-adic modular form of weight 2 in the sense
of Serre [15]. Hence Equation (B)) implies that if ¢ is a Jacobi form of weight k and
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index m, then L,,(¢) is a p-adic Jacobi form of weight k£ + 2 and index m in the
sense of Guerzhoy [9].

b) The Ramanujan theta operator preserves the ring of quasimodular forms (see
Kaneko and Zagier [11]). Equation (B]) shows that the heat operator preserves the
ring of quasi-Jacobi forms (in the sense of Kawai and Yoshioka [12]).

In this paper, we take a closer look at the action of L := L; on Jacobi forms of
weight k£ and index 1. Section 2 gives two different explicit characterizations of é
in Equation (B when m = 1. In particular, we have the following generalizations
of the Ramanujan identities (2):

11
(4) L(E4’1) = % (E4’1E2 — EG,I) and L(Eﬁ’l) = ? (E6’1E2 — E&l) 5

where E, 1, Eg 1, and Eg 1 denote the Jacobi Eisenstein series of index 1 and weights
4, 6, and 8, respectively.

In Section 3, we investigate congruences of Jacobi forms. We prove two results
on filtrations of Jacobi forms, which allow us to generalize work of Ahlgren and
Omno [1I]. More specifically, we define an analog of Atkin’s U-operator for Jacobi
forms and we determine when that operator applied to a Jacobi form is nonzero
modulo a prime.

2. EXPLICIT DESCRIPTION OF THE ACTION OF L

We introduce some standard notation. Let Z and N denote the sets of inte-
gers and nonnegative integers, respectively, and let H C C be the complex up-
per half plane. Set I' := SLy(Z), I'o(N) := {(24) €T'|¢=0 (mod N)}, and let
My (To(N)) be the vector space of modular forms of weight k on T'o(N). If N =1,
then we write M}, := M, (Fo(l)). Now let us recall the definition of a Jacobi form
(for more details, see [1]).

Definition 1. A Jacobi form of weight k& and index m (k,m € N) on I' is a
holomorphic function ¢ : H x C — C satisfying the transformation laws

6 (A 2] = s )t g, forall (1) €T,
and

o(ryz+ At +p) = efzmm(AZTH)‘z)qﬁ(T, z), for all (\, u) € Z2.
Furthermore, one requires that a Jacobi form has a Fourier expansion of the form

br= Y i,
n,rez
4nm7r220
where here (and in the following) ¢ := 2™ and ¢ := €*™* (1 € H, 2 € C). A
Jacobi form that satisfies the stronger condition c(n,r) # 0 = 4nm > r? is called
a cusp form. We denote the vector space of Jacobi forms of weight k& and index m
by Ji.m and the space of Jacobi cusp forms of weight k and index m by J.“°7

km *
Basic examples of Jacobi forms are given by the Jacobi-Eisenstein series Ej, p,

(see §2 of [7]). In particular, if m = 1, then one has the following Fourier expansions:
Eyi(r,2) = 1+ (2 +56¢+126+56¢ 1+ ) qg+...
Egi(m,z) = 1+ (¢*—88¢—330-88¢C ' +(H)g+...
Egi(m,z) = 1+ (¢ +56¢+366+56¢"+¢2)g+....
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Apply L to the Fourier expansions of F4; and Eg 1, observe that
Ey(r)=1-24q+...,

and note that Js; and Jg; are one-dimensional to verify that the generalizations
of the Ramanujan identities in (@) hold.

Let ¢ be an arbitrary Jacobi form of weight £ and index 1. We seek an ex-
plicit formula for the Jacobi form (;3 in Equation ([@). Note that there exist unique
f € My_y and g € My_¢ (see Theorem 3.5 in [7]) such that ¢ = fEs1 + gEg1. As
an immediate consequence of the identities in (), we obtain the following charac-
terization of ¢ in Equation @).

Theorem 1. If ¢ = fE41 +gEs1 € Jy1 (f € Mg—a, g € My_g), then

O L) = ekt (1f - Gabi) Bt (19 01 ) B

where f and § are defined by Equation @) and ezplicitly determined in [3).

Alternatively, we can also use the results in Atkinson [2] to describe ¢ in Equa-
tion @) in terms of its theta decomposition. We give this description in the next
theorem, after introducing necessary notation. For p = 0, 1, set

2

01,,(7,2) := Z q%CT.

reZL
r=p (mod 2)
If ¢ € Ji 1, then
(6) A(7,2) = ho(1)01,0(7, 2) + ha(7)01,1(7, 2),
where
") ho() = 3 w)g" and m()=g¢t Y a(N)g
N:Ng N:Nl

are, loosely speaking, modular forms of weights sz% (for details, see §5 of [7]). Note
that if ¢ # 0, then there exist minimal Ny, N1 € N such that Cy(Ng) # 0 # C1(Ny).

Set M := min(4Ny, 4N; — 1) and set
5 1 1 8 4

2
8 = 2 (k—Z) +2Ny +2M = (k-2) - Ny — M
(8)  an, 6( 2)-1— o+2M, [, 3( 2) 5 N0 — M,

5 1 2 1\ 8. 4
=2 (k- =) 42N +2M = (k-2)-SN - S
0 an, 6( 2>+ 1+ 2M, B 3( 2) 37173

Finally, let F be a fundamental domain for I'y(4), let H,/(7) be the (meromorphic)
modular form of weight 2 discussed in detail in [2], and let

(10) (hu)o == Z ord, (h,)H:.
T'EF

Now we are in a position to characterize qAﬁ in Equation @) in terms of its theta
decomposition.
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Theorem 2. Let ¢(7,z) = ho(7)01,0(7,2) + h1(7)611(7,2) € Jg1. Then

1
2k —1
(11) L(¢) = 6 pEy —4 Z hy, ((hu)e + OéhHEéQ) + 5@11754)) 01,45
pn=0

where ap, and By, are as in @) and @), (hy)e is as in [I0), and EéQ)(T) =
Ey(2r) — L E5(1) € My (To(2)) and ESY (1) := Ey(47) — L E5(r) € My (T'o(4)).

Proof. One can proceed exactly as in Atkinson [2]. More precisely, one can modify
the proof of Theorem 3 in [2] to determine the action of the Ramanujan theta
operator on h, in Equation (7). For brevity, we omit the detailed proof and only
state the final result:

(12) ———(7) = —(hw)o(7) — an, E2(27) — B, E2(47) — yn, Ea(T),

where 7, = % (k— %) — %NO — %M and 7y, = % (k— %) — %Nl — %M Now,

L(61,,(7,2)) = 0, and hence
(13) L((b(T, Z)) = 4®(h0(7'))9170(7', Z) + 4@(h1 (7'))91,1(7'7 Z)
Thus Equations (I2) and (I3) imply Equation (). O

Remark. Choie and Kohnen [6] (following [3]) give an explicit characterization of
9

%(;’Z) (¢ € Ji.m), which also involves the “quasimodular” Eisenstein series Es.

However, our discussion of the action of the heat operator on Jacobi forms seems

quite unrelated to the results in [6].

3. CONGRUENCES AND REDUCTION MOD p

For the remainder of our work, let p > 5 be a prime and (for simplicity) assume
throughout that k is even. For Jacobi forms ¢(7,2) =Y ¢(n,r)¢"¢" and ¢(7,2) =
> (n,r)g"¢" with p-integral rational coefficients, we write ¢ = ¢ (mod p) when
c(n,r) = (n,r) (mod p) for all n,r. Recall the following fundamental fact regard-
ing congruences of Jacobi forms.

Proposition 1 (Sofer [16]). Let ¢(7,2) € Jipm NZ[[g,(]] and ¥(7,2) € Jgrm N
Z([q, ¢]] such that 0 £ ¢ = (mod p). Then k =k (modp—1) and m =m'.

Since there are congruences among Jacobi forms of different weights, it is desir-
able to find the smallest weight in which the (coefficient-wise) reduction of a Jacobi
form modulo p exists.

Definition 2. Let M := {f (mod p) : f(r) € MyNZ[[q]]}. Similarly, let Jem =
{¢ (mod p) : ¢(7,2) € JpmNZ[[g,¢]]}. For modular forms and Jacobi forms with
p-integral rational coefficients, we define the filtrations modulo p by

w(f) = inf{k : f (mod p) € Mk}
and

() = inf{kz . ¢ (mod p) € Jk,m}.
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Serre [I5] and Swinnerton-Dyer [I7] thoroughly investigate filtrations of modular
forms. Omno [I3] gives a good overview of this theory and, in addition, discusses
many interesting applications. Several of these applications rely on the crucial fact
that if f(7) € My NZ[[q]], then w(O(f)) < w(f)+ p+ 1, with equality if and only
if p t w(f) (see Lemma 5 of [I7]). Our next proposition gives an analogous result
for Jacobi forms.

Proposition 2. If ¢(7,z2) € Jgm NZ[[g,(]], then Ly, (¢) (mod p) is the reduction
of a Jacobi form modulo p. Moreover, we have

(14) QLm(9)) < Qo) +p+1,
with equality if and only if p ¥ (2Q2(4) — 1) m.

Proof. Note that E,_1 =1 (mod p) and Ey = Epyq (mod p). If Q(¢) = k' <k,
then k — k’ = I(p — 1) by Proposition Ml and ¢ = (E,_1)'¢ (mod p), where ¢ €
Je.m with Q(¢) = k. We find that L,,(¢) = L, (¢p) (mod p), i.e., Q(Lm(¢)) =
Q(Lm (1)), and hence we may (and do) assume that (@) = k. Equation (@) shows
that Ly, (¢) (mod p) € Jyipi1.m, 16y Q(Lin(0)) <k +p+1.

If p divides (2k — 1) m, then Q(Lm(¢)) <k+2<k+p+1 by Equation (@).

On the other hand, if Q(Ly,(¢)) < k+p + 1, then Q (@ ¢E2) <k+p+1

by Equation (3). It remains to show that Q (¢FE2) = k + p + 1, which then implies
that p divides (2k — 1) m. Recall that every Jacobi form (of even weight) can be
written as

(15) 6= fi(p—21) (o)™,

Jj=0

where ¢_o 1(7, 2) € Z[[g,(]] and ¢ 1(T, 2) € Z][g, (]] are weak Jacobi forms of index
1 and weights —2 and 0, respectively, and where each f; € My 2; has p-integral
rational coefficients and is uniquely determined (see §8 and §9 of [7] for details and
also for the corresponding result for Jacobi forms of odd weight). Moreover, there
exists an f; such that w(f;) = k + 2j, since otherwise Q(¢) < k. Hence (using
Theorem 2 and Lemma 5 of [17]), w(f;E2) =k + 2j +p+ 1, and we find that (by
Lemma 2.2 of [I6]) Q (¢E2) = k + p + 1, which completes the proof. O

Let us introduce an analog of Atkin’s U-operator for Jacobi forms:

Definition 3. For ¢(r,z) = Z e(n,r)q"C¢" € Jk.m, we define
4nmri:220
(16) P(7,2) | Up = Z c(n,r)g"¢".
n,r

dnm—r2>0
p| (4nm—r?)

Remark. Note that the operator in Definition Blis different from the operator U; in
§4 of [7].

Our following result generalizes Proposition 6.3 of [I] and provides a useful tool
in studying congruences defined by the action of the operator U,.
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Proposition 3. Let ¢(1,2) = Z c(n,r)g"¢" € P N Z[g, (]| such that
4nm—77'220
n>ngo

pt mnoc(ng,0). Then for every s € N, we have Q (L3, (¢)) > 12ny — 2m.

Proof. To see that k > 12nyg — 2m, apply the valence formula to the cusp form
¢(1,0) € My, or to some f; # 0 in the decomposition ([IH]) of ¢ if ¢(7,0) = 0 (in
which case fo(7) =0, but f;(7) % 0 for some j # 0). Let A(7) := ¢ — 24¢* + ...
be the usual cusp form of weight 12. The Ramanujan identities (2)) imply that
O(A) = AE,, and a straightforward computation shows that

7];’52(7?3(7—’ ?) = (4mng)®c(no,0) + Z C(n,r)q"(",
(7) (n,1) £(0,0)

where C(n,r) € Z. In particular, A= L2 (¢) is congruent modulo p to a weak
Jacobi form 1 # 0 (mod p). Note that the weight of a nonzero weak Jacobi form
is at least —2m and hence Q(L%,(¢)) > 12ny — 2m. O

As an application of Propositions 2l and Bl we now determine when U,, applied to
a Jacobi form is nonzero modulo p. Our result is of the same flavor as Theorem 1.7
of Ahlgren and Ono [I] (see Elkies, Ono, and Yang [8] and Guerzhoy [10] for general
discussions of congruences that involve Atkin’s U-operator).

Theorem 3. Let ¢(7,2) = Z c(n,r)g"¢" € J' P N Z[g,C]]. Suppose that
n,r
dnm—r2>0
n>ngo

p > max (5,k — 12ng + 2m) is a prime such that p{ mngc(ng,0). If 2Q(Ly(¢)) =
3,5 (mod p), then (;5‘ Uy, 0 (mod p).

Proof. We proceed as in [I]. Suppose that ¢ ’ Up, =0 (mod p). Note that (;5‘ U, =
¢ — LP~Y(¢) (mod p) for any ¢ and hence

m
(17) 0% Lh 1 (¢) = ¢ (mod p).
If pf (2Q(LE7%(¢)) — 1), then Q (L271(¢)) = Q (L272%(¢)) + p + 1 by Propo-
sition @ However, Equation (I7) shows that Q (LE '(¢)) < k while Proposi-
tion Bl gives Q (LE72(¢)) > 12no — 2m, which contradicts the assumption that

m

p >k —12ng 4+ 2m.

Consequently, we have that p divides (QQ (Lﬁ{z(qb)) — 1). Let j < p—3 be
the smallest positive integer such that p divides (2Q (L{n+ 1((;5)) — 1). Proposition
implies that

20(LI71(9)) = 2 (UL () +i(p + 1)) = 2Q(Lin(¢)) +2j =1 (mod p),
which contradicts the assumption that 20Q(L,,(¢)) = 3,5 (mod p). We conclude
that ¢ | U, # 0 (mod p). O

For example, if

pr01(1,2) = ((—24+C ") q+... € Jip ¥ NZg,<]]
and p = 17, then 2Q(L(¢10,1)) = 56 = 5 (mod 17) and Theorem [ implies that
$101 | Urr # 0 (mod 17). Similarly, if

Gr2,1(7,2) = ((+10+ ¢ ) g+... € I3 ¥ NZ[[q,(]]
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d p = 7, then 2Q(L(¢121)) = 40 = 5 (mod 7) and Theorem Bl implies that

(;512,1 | U7 7_é 0 (HlOd 7)
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