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ABSTRACT. We determine a class of functions spanned by theta series of higher
degree. We give two applications: A simple proof of the inversion formula of
such theta series and a classification of skew-holomorphic Jacobi forms.

1. INTRODUCTION

Theta functions play an important role in the study of holomorphic and skew-
holomorphic Jacobi forms. In particular, Jacobi forms decompose into theta func-
tions and certain half-integral weight modular forms (see [§] and [I4]; for Jacobi
forms of higher degree, see [16], [12], and Theorem 3 below). The theta functions
in this decomposition have the form

92/\/(, #(T, Z)
(1) = > exp {2mitr (M(Y(k+ p)r(5+ ) + 245+ p)2)) }
KEZ(n1

where tr denotes the trace, 2M € ZtY is symmetric and positive definite,
i € N, where N is a complete system of representatives for the set of cosets
2D (2 M)~z | and finally, 7 and z are variables in H,, (Siegel upper half
plane of degree n) and C(™" | respectively.

The Poisson summation formula is a standard tool in determining the inversion
formula for 621, (7, z). Bellman and Lehman [] (for { =1, M = 1, and arbitrary
n), Couwenberg [6] (for n =1 =1 and M = 1), and Choie and Taguchi [5] (for
n = 1 = 1 and arbitrary 2M € Z) discovered a proof of the inversion formula
which does not require Poisson summation and instead uses the heat operator.
In this paper, we identify functions spanned by 0, (7, 2) (Theorem [), which
allows us to establish the inversion formula for Oap4, (7, 2) for arbitrary n, [, and
2M € 7D (Theorem ). More specifically, we extend the approach in [5], and we
use a (matrix-valued) generalization of the classical heat operator instead of the
Poisson summation formula.

Various types of theta functions can be regarded as specializations of the sym-
plectic theta function ¥(7) = 01 o(7,0) (i.e., I = 1) as first observed by Eichler [7],
and then also by many others (see for example [I], [2], [I5], [10], and [I3]). This
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yields an elegant way to prove transformation laws for such theta functions. Note
that such proofs contain no “hidden” Poisson summation formula, since our proof
(as well as the proof in [4]) of the inversion formula for ¥(7) does not require it.
As another application of Theorem [Il we classify the space of skew-holomorphic
Jacobi forms of higher degree (Theorem [B]). This allows us to show that some
combinations of theta functions in ([Il) and also theta functions attached to certain
indefinite quadratic forms are examples of skew-holomorphic Jacobi forms.

2. CLASS OF FUNCTIONS SPANNED BY THETA SERIES
As in the previous section, let 2M € Z(*D be symmetric and positive definite.
For variables 7 = (7;;) € H, and z = (z;;) € CV . we write 9, = (1 +5ij)a%” and
0, = %M. The differential operator
(2) Ly =870, — . M1,
(see [I1]) is a generalization of the classical heat operator. We have the following

theorem.

Theorem 1. Let f : H, x C™) — C be real analytic in 7 € H,, and holomorphic
in z € C™Y and suppose that for all \ € Z(™,
(i) (shift property) f(r,z+ ) = f(1,2),
(ii) (elliptic property) f(,z+4 7)) = e *™ tr(M(t’\”Ht)‘z))f(
(iii) (heat kernel) L (f(7,2)) =0.
Then f(7,z) belongs to the vector space spanned by

{b,(=T) Oopmt, (7, 2) | p € N'}

over C, and where b,(—T) is a holomorphic function in 7.

T, z),

Proof. Since f is periodic in z (shift property), f has a Fourier series with respect
to z. It is easy to verify that the elliptic property implies that

f(Ta Z) = Z bu('ra 7?) QZM,M(Ta Z)a
HEN

where b, is a function of 7 and 7. Property (iii) together with the fact that
L g (Oopm, u(T, 2)) = 0 imply that O, (b, (7, —7)) = 0, which completes the proof. [J

Remarks. a) If f is also holomorphic in 7, then f(7,2) = 3_ cnr ¢u 0o, (7, 2) for
some constants ¢, € C.

b) It is clear that the converse of Theorem [ also holds, i.e., any element that
belongs to the vector space spanned by

{bu(=7) b2, (75 2) | p € N}

over C, where b, (—7) is real analytic in 7, and satisfies conditions (i), (ii), and (iii)
of Theorem [11

3. APPLICATIONS

3.1. A simple proof of the inversion formula for theta series. We apply
Theorem [ to prove (without using the Poisson summation formula) the following
well-known inversion formula for 6ap4, (T, 2).
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Theorem 2. We have

Bont,u(—7 17 2) = det(2M) 7 det (—ir)? 2 (MU=r2)

(3) % Z 6727ritr(2/v1 fup) HQM,V(T; Z),
veN

where det (—ir)% is positive if T =iy for positive definite y € R(™™),

Proof. Let A € Z™D . As an immediate consequence of (@) we record

(4) Ot (72 + M@M)L = 27 (M) gy (7, 2)

92./\/1’” (Tv z + T)\(QM)_l)
_ p2mitr(ATAAM) ™) —2mitr( A7)

(5)

Oam, i xemy -1 (T, 2).
Set
F(r,2) = det(2M) ¥ det (—ir) 2 ¢ 2mtr (M=) g, (=717 12).

Straightforward computations show that F' satisfies the conditions (i), (i), and (iii)
in Theorem [Il Hence there exist complex numbers ¢, ,, such that

Oarm, 1 (—T_I,T_IZ)
l

(6) = det(2M) % det (—ir)? 2T (M) NN 000 (r ).
veN

Replacing z by z + 7A(2M)~! in (@) and applying () leads to

Oort,u (=71 72+ A2M) )

(M _ det(2M)~% det (*Z'T)é e2mitr(M(‘zr~'2)) Z Cua@M)~1, p 020, 0 (T, 2).
veN

Using (@), we obtain

02, 1 (_T_laT_lz) = det(2M) ™2 det (—’iT)% (2 tr(M( 27 12))

(8) w e—2mitr(An) Z Cor@mM)-1, u o, (T, 2).
veN

Combing (@) and () gives us

0201, 1 (77'71’7'712) = det(2,/\/l)*% det (*i'r)é p2mitr(M('zr12))

(9) X Co. Z ef2m'tr(2/v[ tuu) 92./\/[,1/(7—7 Z)
veN



2312 YOUNGJU CHOIE AND OLAV K. RICHTER

It remains to show that ¢y , = 1. We replace z by 72z and then 7 by —7~! in (@)
(note that Oapq, (T, —2) = boaq, (7, 2)) and find that
Oom, (T 2)
= det(QM)_% det (2'7'_1)é e 2mitr(M('2r712)
X Co.p Z eQﬂ'itr(ZM i) Oant.y (77_71,7_712)
(10) veN

— det(2M) "¢, Z Z CO’ye2witr(2Mtu(M*n)) Oann, (7, 2)
@ neN veN

= det(2M)"co, Z co, v Oam, u(7, 2),
veN

where the last equality follows from the fact that the functions 0o, (7, 2) are
linearly independent over C. Hence

(11) 1 =det(2M) "¢y, Z o, v-
veN

In particular, ¢q, ,, does not depend on p and (Il simplifies to

(12) 1 = det(2M) " (co,.)* D 1= (co,p)
veN
Setting 7 = il,, and z = 0 in (@) shows that ¢y, > 0 and hence ¢, , = 1. O

3.2. Skew-holomorphic Jacobi forms. We recall the definition of skew-holomor-
phic Jacobi forms. For more details, see also [14], [3], [I1] and [12]. Denote the sym-
plectic group over the integers of degree n by Sp,,(Z). Let k € Ny and 2M € 74D
be symmetric and semi-positive definite.

Definition 1. A skew-holomorphic Jacobi form of weight k£ and index M is a
function F : H,, x C™!) — C that is real analytic in 7 € H,,, holomorphic in
z € C™Y | and which satisfies the following conditions:

(J1) Forall (%) € Sp,(Z),

F ((am +b)(cr + d)~L (et +d)712)
= det(c7 + )" [det(er + )| 2 (MUt iz )
(J2) For all Ay, Ay € Z("D),
F(r, 24 A + Ag) = e 2 tr(MINmAad22) prr ).

(J3) Lm(F(r,2))=0.
In addition, if n = 1, then the function
C™D | where v = Im(7) and y = Im(z).

e—2myMly/v

o F(7,2) is bounded on H;j x

Remark. Note that condition (J3) may be replaced by a condition requiring that
F have a certain Fourier series expansion, which yields an equivalent definition of
skew-holomorphic Jacobi forms.

The following theorem classifies skew-holomorphic Jacobi forms.
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Theorem 3. A function G is a skew-holomorphic Jacobi form of weight k and
index M if and only if

(13) G(r,2) =Y bu(—7)0apm (T, 2),
HEN
where b, (—7) is holomorphic in —7 € Hl,, such that
() bu(F1) = (=) det(2M) 5 det ()% 1, T CM ) (-7,
(i) for all symmetric S € Z"™, b, (-7 — S) = 6_2””’“(/\4(%5"))()“(—?),

6727ryM ty/v
14+v—F
H; x COY | where again v = Im(1) and y = Im(z).

and in addition, if n = 1, then the function G(7,2) is bounded on

Proof. If G is a skew-holomorphic Jacobi form of weight k£ and index M, then
Theorem [ implies that G(7,2) = 3_ - bu(—T)0244,(7, 2) and conditions (i) and
(ii) are immediate consequences of (J1), Theorem 2] and the fact that

(14) 92./\/1,;1,(7— + S, Z) _ e2witr(M(quH))92M)M(7‘7 Z)

On the other hand, one can reverse the previous argument. If

G(r,2) = Z bﬂ(_?)QQMM(Tﬂ z),
neN
then conditions (i) and (ii), Theorem[2] and (I4]) guarantee that G satisfies condition
(J1) for (_ 5) and (% 7 ), where § € Z(™™ is symmetric. Note that Sp,(Z)
is generated by these matrices (see for example Anhang V of Freitag [9]). We
conclude that condition (J1) holds for all M € Sp,(Z). Moreover, oy, (T, 2)
satisfies conditions (J2) and (J3) in Definition 1 and hence so does G. O

Remarks. a) Equation ([I3) provides an isomorphism between the space of skew-
holomorphic Jacobi forms of weight k£ and index M and the space of vector-valued
Siegel modular forms of half-integral weight satisfying (i), (ii), and the additional
growth condition for n = 1 (see also Hayashida [12] for the case | = M =1).

b) Recall that a holomorphic Jacobi form of weight k and index M satisfies (J1)
and (J2) in Definition 1, except with the factor det(c7 +d)*~!|det(cr +d)|* in (J1)
replaced by det(cr +d)*. Ziegler [16] proves an analogous version of Theorem B for
holomorphic Jacobi forms, which yields an isomorphism between such Jacobi forms
and vector-valued Siegel modular forms of half-integral weight satisfying conditions
similar to (i) and (ii).

Finally, we apply Theorem [3 to construct some concrete examples of skew-
holomorphic Jacobi forms.

Examples. 1) We find that b,(—7) = 02, ,(—T, 0) satisfies conditions (i) and (ii)
in Theorem Bl with k = [ (observe that 6opq, ,(—T,0) = Oa2p1, -, (—T7,0)). Hence

(15) G(r,z) = Z Oart, (=T, 0) Oapq, (T, 2)

neN
is a skew-holomorphic Jacobi form of weight [ and index M. Note that this con-
struction does in general not produce holomorphic Jacobi forms. If F(r,z) =
Zue/\/ Oarm, 1u(7,0) B2 04, (T, 2), then only if 4 divides nl do we have F (—7'_1, 7'_12)
= det(—7)! e2mitr(M('=r712) p (7, 2) and only if IN| =1 do we have F(7 + S, z) =
F(r,2) for all S € Z(™™),



2314 YOUNGJU CHOIE AND OLAV K. RICHTER

2) Suppose that 2M € Z(EY is symmetric, positive definite, unimodular (i.e,
IN| = 1), and even. If b(7) is a Siegel modular form of weight k¥ — [/2, then
b(—T7) satisfies conditions (i) and (ii) in Theorem Bland G(7, z) = b(—T) Oap1,0(T, 2)
is a skew holomorphic Jacobi form of weight k£ and index M. In particular, if
q € Z3k=12k=1) i5 symmetric, positive definite, unimodular, and even, then it is
well known that the theta function

19(1(7_) _ Z eﬂ'itr(thN'r)

NeZ(2k—1,n)

is a Siegel modular form of weight k — 1/2. Set Q = (*}* %) € Z(**2%) and
R=(%19) € Z@*2%) Hence @ is symmetric, unimodular, even, of type (I, 2k—1),
and R is a corresponding majorant, i.e., RQ7'R = @ and R is symmetric and

positive definite. Set W = (f)’) € ZkD | Then

G(7,2) = Vg(=T) O2r,0(7, 2)

(16) Z em’tr(tNQNu-i-i INRNv+2 'NQW ‘z) (

T =u+ 1)
NeZ(2k,n)

is the Jacobi theta function attached to the indefinite quadratic form @ (studied
also in [3] and [13]), and by the above reasoning, G is a skew-holomorphic Jacobi
form of weight k and index M.
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