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ABSTRACT. We define theta functions attached to indefinite quadratic forms
over real number fields and prove that these theta functions are Hilbert mod-
ular forms by regarding them as specializations of symplectic theta functions.
The eighth root of unity which arises under modular transformations is deter-
mined explicitly.

1. INTRODUCTION

We construct a theta function attached to a quadratic form over a totally real
number field and show that this theta function is a modular form. If the quadratic
form is not totally positive, the usual sum over some ideal in the ring of integers
will not converge. Stopple [8] solves this problem by introducing the analogue of
a spherical harmonic for the theta function to ensure convergence. Furthermore,
he follows Eichler [2] to show that his theta function is a modular form on some
I'§ subgroups. Following Siegel [5] and [6], Friedberg [3] defines a theta function of
indefinite quadratic forms over C by using the majorants of the quadratic forms to
guarantee that the theta function will converge. By converting this theta function
into a symplectic theta function, Friedberg proves that his theta function is indeed
a modular form on some special subgroups of SL2(R). The advantage of his method
is that one can compute the theta multiplier explicitly without too much effort using
the main result of Stark [7]. We will follow his method and obtain results similar
to his over totally real number fields, i.e. we will prove that the theta function we
will construct is a Hilbert modular form on some I'g subgroups and also compute
the theta multiplier explicitly using the main result of [7].

2. SYMPLECTIC THETA FUNCTIONS

The symplectic group, Sp, (R), consists of those 2n x 2n real matrices

A B
v=(&5)
(each entry is n x m) such that
t _ _ 0 _In
MJM =J = ( I, 0 .
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The corresponding symmetric space is the Siegel upper half plane $(™ which
consists of n X n symmetric complex matrices Z with Im(Z) > 0 (positive definite).
The action of M on Z is given by

MoZ=(AZ + B)(CZ + D)™ L.

Let T™ = Sp, (7). The theta subgroup 1-‘1(;1) of ™ is the set of all (& B) in T'™
such that both A*B and C'!D have even diagonal entries. The subgroup acts on
the symplectic theta function,

19<Z,< Z )) = > exp{mi["(m+v)Z(m+v) —2'mu— "vu]},

mez"

where u and v are column vectors in C™. It is well known (see Eichler [1], for

example) that for
M= < c D > inTy",

(1) 9 (MoZ,M( Z )) = x(M)[det(CZ + D))* 9 (Z( Z ))

where x(M) is an eighth root of unity which depends upon the chosen square root
of det(C'Z + D), but which is otherwise independent of Z, u, and v. It is also known
that x(M) can be expressed in terms of Gaussian sums. Stark [7] determined x (M)
in the important special case that pD~! is integral for some odd prime p. The main
result in [7] is

Theorem 1. Suppose M = (4 B) is in FI(;I) where C~1 and D1 exist. Suppose
further that for some odd prime p, pD~! is integral. Then (mod p), the symmetric

matriz pD~'C has rank h where det(D) = £p". Let (pD_lC')(h) be a nonsingular
(mod p) hx h principal submatriz of pD~*C and let s be the signature (the number
of positive eigenvalues minus the number of negative eigenvalues) of C~1D. Then

x(M) [det(CZ + D)]"?

2" det [(pD~1C) "]
p

Tis
e 4

det(C)|Y2{det[—iC~1(CZ 4+ D)]}'/2,

Il
™
S

where e, = 1 for p = 1 mod 4, €, = i for p = 3 mod 4, (5) is the Legendre

symbol, | det(C)|*/? is positive and {det [-iC~1(CZ + D)] }1/2 is given by analytic
continuation from the principal value when Z = —C 1D +iY . Alternatively, if just
C~1 exists and pC~' is integral, det(C) = +p", then pC~1D (mod p) has rank h
and

X(M) [det(CZ + D)]'?

(2 (2l

o 12 det—iC—1 12
» » » | det(C)|*“{det[—iC~*(CZ + D)|}
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3. THETA FUNCTIONS ATTACHED TO INDEFINITE QUADRATIC FORMS

Let K be a totally real number field of degree ;. Let Ax be the discriminant
of K, let dx be the different of K, and let D be the ring of integers of K. The
algebraic conjugates of an algebraic number « in K are given by a®, ... a(™).
Furthermore, let ' = SLy(O k) and as usual, for an integral ideal N, let

FO(‘II):{M:<: ?) MeFandvG‘ﬁ}.

We define the upper half plane $ = H™', where H = {z € C, Imz > 0} is the
usual upper half plane. The matrix

_(a B
2\4_(7 5>€SL2(K)
acts on z = (21,... ,2r,) € 9 by

Moz= (M(l)ozl,... ,M(Tl)ozrl),

‘ @ 5o
W@ 8
M= ( F0) 60) )

where

and
MW oz, = (au)zj I 5(3‘)) (W)zj I 5(3‘))_1 .

For v and § in K and z in §, we define

71

N(yz+6) = H (V(j)zj + 5(]‘))

and a
@) It [(vz N 5)1/2} :H (szj n 5(1‘))1/27

where each of the r; square roots is given by the principal value.

Let @ be a symmetric n x n matrix defining the quadratic form Q[z] = 'zQw,
where z € R™. If @ has entries in D and diagonal entries which are divisible by
2, we say that @ is of level N (N € O k) whenever the following two conditions are
satisfied:

a) The matrix NQ~! has entries in Ok, and 2 divides the diagonal entries of

NQ~ .

b) For any M € O, N divides M whenever M Q™! has entries in O and 2

divides the diagonal entries of MQ~".

If QU has signature (p,q) for j = 1,...,71, then there exist matrices L; in
GL,(R) such that Q) = 'L,E, ,L;, where

1,
Ep7q = ( P _Iq) )

and I, and I, are the p x p and ¢ x ¢ identity matrices, respectively.
Set Rj = 'L;L;. Then R; is a majorant of QY ie.

R;QY 'R, = QY and 'R; = R, > 0.
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For the vector A = {(\1,...,\,), we set AU) = t(/\gj), . 7A5f)) where Ai,..., A\,
are in K. We define the theta function ©¢ of an indefinite quadratic form by

Definition 1. Let @ be a symmetric n X n matrix with entries in 9 g such that 2
divides the diagonal entries of ) and such that @ is of level N. Furthermore, assume

that each Q) has the same signature (p,q) for j=1,...,r1. Let uy,...,u,, and
V1,...,0r be vectorsin C™. For anideal 3 C Ok and z = (z1,...,2,,) € 9 set
T1 q/Q T1
O¢ <z, ( v )) = Hyj Z exp{m [Z QWD) + vj)z;
(3) j=1 AETn j=1

LR 4y — 2200 QU — tUjQu)uj} }
where A = *(A1,..., \), u= Y(tuy,..., ) and v = Yoy, ..., ).
Tl . . .
Note that for any algebraic integer ¢ € K, ZQU)[)\(J)]t(]) = tr (Q[N]t) is an

Jj=1
even rational integer, and thus ©¢(z) is invariant under linear transformations, i.e.

(4) @Q<z+t,<“+v“’ )):@«;G,(ZL)).

The first task is to convert ©¢ into a symplectic theta function. Let wq,... ,wy,
be an integral basis of the ideal J C O x and define the vector w/) = (wij), . ,wg)).
We define the n X nr; matrix

w@
W; =
w@
and the nry x nr; matrix W = ¥(‘Wy,..., 'W,,). Note that W~1! has entries in
Al
For z = (z1,... ,2r,) € 9, set
7% = <ijp _ )
! —Zjly
and
Z
Z* _ ..
Zr
where Z; is the complex conjugate of z;. Define
Ly
L =
L.,

and set

7
T=LW and Z = tTZ*T:( g qu )oz*.
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Observe that ( tg T91 ) is in Sppy, (R). Furthermore, Z* is in the Siegel upper half
plane $(1) and therefore Z is in ™) as well. We have

r —a/2 PP
o (i) e () (%)

where

Q(l)

Q =
Q(Tl)

In order to apply Theorem 1, we need a symplectic matrix which expresses the
action of (7§ g) € I' = SLy(Oy) on our new variables u, v and Z. For (7 g) erl,
set

a(l)In B(l)Ep,q

(6) A BT ™I, ﬂ(rl)Ep,q
c* D~ YV E,, sV,

’y(”)Ep’q o,
It is easy to check that the diagrams
z ( @ /8 ) oz
)
(e

and

WQu A
w1ty C
commute, where

A B\ (T 0 A* B* o0\
) C D) 0o 7! c* D* 0 71!
B tTA* tT—l tTB*T
“\ 7 tcxtr—t T-'D*T )

a B
~(30)-

Hence
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A B
Z»—>(C D )OZ
in §r),

Let us introduce some more notation to show conditions under which the ma-
trix in (7) is in the theta subgroup. Assume that S = (si)ii=1,..,» and R =
(Tkm ) k,m=1,... n are matrices with entries in K. We define the matrix R® S =
((tr(remSit)ii=1,... .71 ))k,m=1,... n- Note that the entries of R ® S are rational num-
bers. Computation shows that A = I, © A/, B= Qo B, C =Q '®C’" and
D =1,® D where A’, B’, C' and D’ are given by

in $ corresponds to

w1« wilr, &
/

A = ,
Wr V1O - We Up O
wiw B o wiwr

/

B = : : ’

w’r‘lwlﬁ e wrlwrlﬂ
nviy o Vil
!

C = : : 9
Vp 17y - VpUp Y
wivid - wp 6

D' =
Wilp, 0 o0 Wy Ve O

Clearly, *AC = 'CA, 'BD = 'DB, and 'DA — 'BC = I,,,. Hence (25) €
SPpr, (R). Furthermore, A'B = TA*B*T = Q®(aB’) and C'D = T~'C*D* 'T!
= Q1O (6C"). Tt follows that the entries of A, B, C and D are rational integers and
that A'B and C'D have even diagonal entries if 7 is in the ideal J25x N. Hence
for

( : ? ) €F0(325KN),

A B (nr1)
< C D ) by
It is easy to verify that

det(CZ + D) = det(C*Z* + D*) = N (2 + )P N (vz + 9)7,
and therefore by equations (1) and (5),

(0 0 (2)
{(o Do (1))

we have

(®)
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where x((‘;‘ g),Q) is an eighth root of unity depending on (: g) and (. Thus,

©¢(z, (%)) is a (nonanalytic) Hilbert modular form on I'g (J25xN) of weight
(P —a)/2.

4. THE EIGHTH ROOT OF UNITY
ap
)
in O}, of norm d, where d is a positive odd prime in Z. In this case, dD~! is integral.
Note that det(D) = det(D*) = d", and thus by Theorem 1, dD~'C has rank n

(mod d). Hence for Q' = (ri;)ii=1,... n, we see that

Now we determine x((2 %), @). Let us assume that § > 0 is a first degree prime

tr (riandély) - tr (rininddTly)
(a070)™ = z z
tr (riprinddty) oo tr (rpninddTly)
and
—1 (n) _ —1_1\n n —1
det (dD™'C)" = (do~ 1) (v1v1)" det(Q) (mod 9).
Some computation shows that
| det(C)[*/?{det[—iC~1(CZ + D)]}"/?e

Hence

o (s ) ()

We have proved

TS

T =N (yz+ 5)(p_q)/2 IN(vz +8)|7.

Theorem 2. Suppose that (‘;‘ g) ely (325KN), where § is a first degree prime in
Ok of norm d (d is a positive odd prime in Z). For z € §), we have

oa((5 5= 9())

(10)
—egn ((dé* 272;1 dot(Q))N(7Z+5)(p—q)/2 90 (z, ( u )) :

v
where g =1 ford=1 mod 4 and ¢4 =i for d =3 mod 4.

Actually, we have determined the eighth root of unity more explicitly than it
seems. In (4), we showed that for all algebraic integers ¢,

oa((o 1)== 6 1) (7)) =ee(=(1))

Together with (8) this implies that for (75) € T'o (3%6xN) and for all algebraic
integers t,

o (3203 2))

Furthermore, Hecke [4] gives a proof of Dirichlet’s primes in progression theorem for
number fields. Hence for algebraic integers v and 0 with (v, ) = 1, the arithmetic
progression {7t +d},. contains infinitely many primes 7 > 0 such that N ()
is a positive odd prime in Z. Hence the theta multiplier is determined explicitly
after locating a totally positive first degree prime in the arithmetic progression

{7t + 6}t60k'
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There is a special case which also should be mentioned. Let § > 0 be a prime in
Ok with N (8) = d™, where d is a positive odd prime in Z. As before, we observe
that dD~! has rational integers as entries and hence D is of level d. We see that
det(D) = det(D*) = d"™* and by Theorem 1, dD~'C has rank nry (mod d). Thus,

det (dD'C) = (M(det(@))) " (Ax (N(If))_" WN(y™)-

i; x ((3 ?) ,Q) _ ez <<AK>"N <<§l~y>"det<@>>> |

In the case that n is even, we should see that (9) and (12) yield the same result.
For an odd rational prime d, an element a is a square in Fgri (the field of d™
elements) iff Ng ., /r,(a) is a square in Fyq (the field of d elements). This can be seen
by observing that the mapping N : F}., — Fg given by a — N(a) := Ny, /r,(a)
is an epimorphism. Hence in the special case that n is even, (9) becomes

(13) X ((3 ?) ,Q) = <_(—1)”/zdet(Q))

and (12) becomes

o (0 2).e) - (Mm@

) d
and the result from (9) coincides with the result from (12).
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