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Abstract. We use Jacobi theta functions to construct examples of Jacobi forms over number fields.
We determine the behavior under modular transformations by regarding certain coefficients of the
Jacobi theta functions as specializations of symplectic theta functions. In addition, we show how sums
of those Jacobi theta functions appear as a single coefficient of a symplectic theta function.
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1. Introduction

Eichler and Zagier [2] develop a theory of holomorphic Jacobi forms and show
that Jacobi theta functions corresponding to positive definite quadratic forms are
examples of such forms. Skoruppa [14] introduces skew-holomorphic Jacobi
forms and presents examples using Jacobi theta functions corresponding to indef-
inite quadratic forms with signature ð1; n� 1Þ. In this paper, we use Jacobi theta
functions to create examples of Jacobi forms and skew-holomorphic Jacobi forms
over number fields. More precisely, we define �

ðKÞ
Q;R;wð�; zÞ, a Jacobi theta function

attached to an arbitrary quadratic form defined over a number field K. We present
two different methods to determine the behavior of �

ðKÞ
Q;R;wð�; zÞ under modular

transformations.
The first approach is based on Eichler’s ‘‘embedding trick’’ (see Eichler [1], for

example). Friedberg [3] and Richter [8] prove transformation laws for
#
�
Z;
�

r
s

�
;w; f

�
, a modified version of the usual symplectic theta function. We

proceed as in [8] and regard certain coefficients of �
ðKÞ
Q;R;wð�; zÞ as specializations

of #ðZ;
�

0
0

�
;w; f

�
. As an immediate consequence, we obtain the transformation

law of �
ðKÞ
Q;R;wð�; zÞ under modular transformations. A similar idea has been used in

the literature to construct modular forms over number fields using theta functions
(see for example, Stark [16], Imamo�gglu [5] and [6], Richter [9], [10], and [11]).

In the second approach, we follow Skogman [12] and [13] and present a
different construction of Jacobi forms over number fields. We show how sums
of �

ðKÞ
Q;R;wð�; zÞ appear as a single coefficient of #

�
Z;
�

0
0

�
;w; 0

�
, which determines



how these sums behave under modular transformations. This is a very natural
construction: In analogy, Jacobi forms (over Q) appear as Fourier coefficients of
Siegel modular forms (see Eichler and Zagier [2]).

2. Notation and Terminology

Let K be an algebraic number field with r1 real conjugates and r2 pairs of
complex conjugates. The real conjugates of an element a in K are denoted by
að1Þ; . . . ; aðr1Þ and the complex conjugates by aðr1þ1Þ; . . . ; aðr1þ2r2Þ, where aðjþr2Þ ¼
aðjÞ for r1 þ 14 j4 r1 þ r2. Let �K be the different of K, and OK be the ring of
integers of K, and set � ¼ SL2ðOKÞ. The Jacobi group of K is given by

�JðKÞ ¼ � n O2
K :

Denote the field of complex numbers by C and let H be the usual upper half plane.
Let Q ¼ fuþ vk j u; v2C; k2 ¼ �1; ak ¼ ka; 8 a2Cg be the full ring of quater-
nions and HQ ¼ fxþ yk 2Q j x2C; y2Rþg be the quaternionic upper half plane
consisting of quaternions with no j-component and positive k-component. Set
Z ¼ Cr1Qr2 . We write a typical element z2Z as z ¼ ðz1; . . . ; zr1þr2

Þ, where
zj2C for j ¼ 1; . . . ; r1, and zj ¼ uj þ vjk2Q for j ¼ r1 þ 1; . . . ; r1 þ r2. The cor-
responding upper half space is H ¼ Hr1Hr2

Q and we write a typical element as � ¼
ð�1; . . . ; �r1þr2

Þ2H where �j ¼ xj þ yj2H for j ¼ 1; . . . ; r1, and �j ¼ xj þ yjk2HQ

for j ¼ r1 þ 1; . . . ; r1 þ r2. We have � ¼ ð�1; . . . ; �r1þr2
Þ where, as usual, �j ¼ xj�

iyj for j ¼ 1; . . . ; r1 and �j ¼ xj � yjk for j ¼ r1 þ 1; . . . ; r1 þ r2. A matrix�
� �
� �

�
2� acts on � 2H by

� �
� �

� �
� � ¼ � �

� �

� �ð1Þ
� �1; . . . ;

� �
� �

� �ðr1þr2Þ
� �r1þr2

 !

ð1Þ

where

� �
� �

� �ðjÞ
� �j ¼ ð�ðjÞ�j þ �ðjÞÞð�ðjÞ�j þ �ðjÞÞ�1:

An element
� �
� �

� �
; ð�; �Þ

� �
2�JðKÞ acts on ð�; zÞ2H�Z by

�
� �

� �

�
� ð�; zÞ

¼
 �

� �

� �

�ð1Þ
� �1; . . . ;

�
� �

� �

�ðr1þr2Þ
� �r1þr2

; ð�ð1Þ�1 þ �ð1ÞÞ�1
z1; . . .

. . . ; ð�ðr1þr2Þ�r1þr2
þ �ðr1þr2ÞÞ�1

zr1þr2

!

ð2Þ

and

ð�; �Þ � ð�; zÞ ¼ ð�1; . . . ; �r1þr2
; z1 þ �1�

ð1Þ þ �ð1Þ; . . .

. . . ; zr1þr2
þ �r1þr2

�ðr1þr2Þ þ �ðr1þr2ÞÞ: ð3Þ
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As in the classical case (see Eichler and Zagier [2]), (2) and (3) jointly define a
group action of �JðKÞ on H�Z.

Furthermore, for � and � in K and � in H, we define

Nð�� þ �Þ ¼
Yr1

j¼1

ð�ðjÞ�j þ �ðjÞÞ
Yr1þr2

j¼r1þ1

k�ðjÞ�j þ �ðjÞk2

where k�ðjÞ�j þ �ðjÞk2 ¼ j�ðjÞxj þ �ðjÞj2 þ j�ðjÞj2y2
j is the usual norm of the quater-

nion. In particular,

Nð�� þ �Þ1=2 ¼
Yr1

j¼1

ð�ðjÞ�j þ �ðjÞÞ1=2
Yr1þr2

j¼r1þ1

k�ðjÞ�j þ �ðjÞk;

where each of the r1 square roots on the right is given by the principal value.
For uþ vk2Q, define kuþ vkkC ¼ uþ iv and kuþ vkk

C
¼ uþ i v. Let

m ¼ tðtm1; . . . ; tmr1þ2r2
Þ, where m1; . . . ;mr1þ2r2

are vectors in Cl (for some l2N),
such that mjþr2

¼ mj for j ¼ r1 þ 1; . . . ; r1 þ r2. Furthermore, set emjmj ¼ tmjmj and
emm ¼ tmm. For, �, �, � in K, and ð�; zÞ2H�Z, it will be useful to define

TR½ tmzð�� þ �Þ�1�zm�

¼
Xr1

j¼1

emmj

�ðjÞðzjÞ2

�ðjÞ�j þ �ðjÞ

þ
Xr1þr2

j¼r1þ1

ktmjðuj þ vjkÞð�ðjÞ�j þ �ðjÞÞ�1�ðjÞðuj þ vjkÞmjkC

þ
Xr1þr2

j¼r1þ1

ktmjðuj þ vjkÞð�ðjÞ�j þ �ðjÞÞ�1�ðjÞðuj þ vjkÞmjkC
;

and

TR½tmð���þ 2�zÞm� ¼
Xr1

j¼1

emmjð�ðjÞ
2

�j þ 2�ðjÞzjÞ

þ
Xr1þr2

j¼r1þ1

ktmjð�ðjÞ�j�
ðjÞ þ 2�ðjÞzjÞmjkC

þ
Xr1þr2

j¼r1þ1

ktmjð�ðjÞ�j�
ðjÞ þ 2�ðjÞzjÞmjkC

:

Note that if K ¼ Q, then

TR½tmzð�� þ �Þ�1�zm� ¼ emm �z2

�� þ � ; TR½tmð���þ 2�zÞm� ¼ emmð�2� þ 2�zÞ:
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We will construct functions f : H�Z! C which satisfy the following transfor-

mation properties: For
� �
� �

� �
; ð�; �Þ

� �
2�JðKÞ,

f
� �

� �

� �
� ð�; zÞ

� �
¼ �

� �

� �

� �� �
Nð�� þ �Þk1Nð�� þ �Þk2

� expf2	iTR½tmzð�� þ �Þ�1�zm�gf ð�; zÞ ð4Þ
and

f ðð�; �Þ � ð�; zÞÞ ¼ expf�2	iTR½tmð���þ 2�zÞm�gf ð�; zÞ; ð5Þ

where �
� �
� �

� �� �
is a root of unity, and m as above. Obviously, equations (4)

and (5) generalize the transformation laws for Jacobi forms and skew-holomorphic
Jacobi forms. Hence functions f : H�Z! C satisfying (4) and (5) are general-
izations of Jacobi forms and skew-holomorphic Jacobi forms.

3. Symplectic Theta Function

It will be useful to define U½V� ¼ tVUV for any vector or matrix V and any
matrix U. The symplectic group,

SpnðRÞ ¼
�

M ¼
�

A B

C D

�����M2M2n;2nðRÞ such that J½M� ¼ J ¼
�

0 �In

In 0

�	

where In is the n� n identity matrix, acts on the Siegel upper half plane

HðnÞ ¼ fZ 2Mn;nðCÞ j Z ¼ tZ and ImðZÞ> 0g:
The action of M on Z is given by

M � Z ¼ ðAZ þ BÞðCZ þ DÞ�1:

Let �ðnÞ ¼ SpnðZÞ. The theta subgroup

�
ðnÞ
# ¼

A B

C D

� �
2�ðnÞ

����A
tB; C tD have even diagonal entries

� 	
;

acts on the symplectic theta function,

#

�
Z;

�
r

s

��
¼
X

m 2 Zn

expf	iðZ½mþ s� � 2 tmr � tsrÞg; ð6Þ

where r and s are column vectors in Cn. It is well known (see Eichler [1], for

example) that for M ¼ A B

C D

� �
2�

ðnÞ
# ,

#

�
M � Z;M

�
r

s

��
¼ �ðMÞfdetðCZ þ DÞg1=2#

�
Z;

�
r

s

��
ð7Þ

where �ðMÞ is an eighth root of unity which depends upon the chosen square root
of detðCZ þ DÞ, but which is otherwise independent of Z, r, and s. Stark [15]
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determines �ðMÞ in the important special case that both C and D are nonsingular
and that pD�1 is integral for some odd prime p. The main result in [15] is

Theorem 1. Suppose M ¼
�

A B

C D

�
is in �

ðnÞ
# where C�1 and D�1 exist.

Suppose further that for some odd prime p, pD�1 is integral. Then (mod p), the sym-
metric matrix pD�1C has rank h where detðDÞ ¼ � ph. Let ðpD�1CÞðhÞ be a
nonsingular (mod p) h� h principal submatrix of pD�1C and 
 be the signature
(the number of positive eigenvalues minus the number of negative eigenvalues) of
C�1D. Then

�ðMÞfdetðCZ þ DÞg1=2

¼ "�h
p

 
2hdet½ðpD�1CÞðhÞ�

p

!

e
	i

4 jdetðCÞj1=2fdet½�iC�1ðCZ þ DÞ�g1=2;

where "p ¼ 1 for p� 1 mod 4, "p ¼ i for p� 3 mod 4,
� �

p

�
is the Legendre symbol,

jdetðCÞj1=2
is positive and fdet½�iC�1ðCZ þ DÞ�g1=2

is given by analytic continua-
tion from the principal value when Z ¼ �C�1Dþ iY . Alternatively, if just C�1

exists and pC�1 is integral, detðCÞ ¼ � ph, then pC�1D ðmod pÞ has rank h and

�ðMÞfdetðCZ þ DÞg1=2

¼ "�h
p

�
�2

p

�h
 

det½ðpC�1DÞðhÞ�
p

!

jdetðCÞj1=2fdet½�iC�1ðCZ þ DÞ�g1=2:

For w2Cn, f a nonnegative integer, and Z, r, and s as above, define

#

�
Z;

�
r

s

�
;w; f

�

¼
X

m 2 Zn

ðtwðmþ sÞÞf expf	iðZ½mþ s� � 2 tmr � tsrÞg: ð8Þ

Note that for f ¼ 0 the theta functions in (6) and (8) coincide. Friedberg [3] and
Richter [8] examine the transformation properties of #

�
Z;
�

r
s

�
;w; f

�
under mod-

ular transformations, and Richter [8] shows the following theorem:

Theorem 2. Let M ¼ A B

C D

� �
2�

ðnÞ
# : Then

#

�
M � Z;M

�
r

s

�
; tðCZ þ DÞ�1

w; f

�

¼ �ðMÞfdetðCZ þ DÞg1=2
X½

f
2
�

l¼0

f !

l!ðf � 2lÞ! ð	iÞ�l
2�2l

�ðððCZ þ DÞ�1
CÞ½w�Þl#

�
Z;

�
r

s

�
;w; f � 2l

�
; ð9Þ

where �ðMÞ is as in (7).
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Remark. Friedberg [3] proves Theorem 2 (phrased slightly differently) in the
special case where ððCZ þ DÞ�1

CÞ½w� ¼ 0, in which case the right hand side

in (9) reduces to �ðMÞfdetðCZ þ DÞg1=2#
�
Z;
�

r
s

�
;w; f

�
.

In the next section, we define �
ðKÞ
Q;R;wð�; zÞ, a theta function over a number field

K, and we will use Theorem 2 to determine the behavior of �
ðKÞ
Q;R;wð�; zÞ under

modular transformations.

4. Theta Functions of Quadratic Forms

Let K be an algebraic number field with r1 real conjugates and r2 pairs of
complex conjugates. We use the notation introduced in section 2. Also, we write
U½V� ¼ tVUV (as before) and UfVg ¼ tVUV for any vector or matrix V and any
matrix U. Let Q be a symmetric n� n matrix with entries in OK defining the
quadratic form Q½x�, where x2Cn. If, in addition, Q has diagonal entries which are
divisible by 2, we say that Q is of level N (N an ideal in OK) whenever the
following two conditions are satisfied:

a) The matrix NQ�1 has entries in OK and 2 divides the diagonal entries of
NQ�1 for all N 2N.

b) If M is any integral ideal satisfying a), i.e. MQ�1 has entries in OK and 2
divides the diagonal entries of MQ�1 for all M2M, then N divides M.

Suppose that all of the real conjugates of Q are of the same type ðp; qÞ. Hence
there exist matrices Lj in GLnðRÞ such that

QðjÞ ¼ tLjEp;qLj; j ¼ 1; . . . ; r1 ð10Þ

and there exist matrices Lj in GLnðCÞ such that

QðjÞ ¼ tLjLj; j ¼ r1 þ 1; . . . ; r1 þ r2; ð11Þ

where Ep;q ¼
�

Ip

�Iq

�
, and Ip and Iq are the p� p and q� q identity matrices,

respectively. We set

Rj ¼ tLjLj: ð12Þ

For all j, Rj is a majorant of QðjÞ, i.e.

RjQ
ðjÞ�1

Rj ¼ QðjÞ and tRj ¼ Rj > 0:

We define a theta function corresponding to an arbitrary quadratic form by

Definition 1. Let Q be a symmetric n� n matrix with entries in OK such that 2
divides the diagonal entries of Q and such that Q is of level N (N an ideal in OK).
Assume that all of the real conjugates QðjÞ of Q are of the same type ðp; qÞ and set
Lj as in (10) and (11) and Rj as in (12). Let w ¼ tðtw1; . . . ; twr1þ2r2

Þ, where
w1; . . . ;wr1þ2r2

are vectors in Cn such that wjþr2
¼ wj for j ¼ r1 þ 1; . . . ; r1 þ r2.

Let f be a nonnegative rational integer. For an ideal I � OK and for
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ð�; zÞ2H�Z ¼ Hr1 Hr2

Q �Cr1Qr2 , we set

�
ðKÞ
Q;R;w;f ð�; zÞ

¼
X

� 2 In

 
Xr1

j¼1

t�ðjÞQðjÞwjzj

þ
Xr1þr2

j¼r1þ1






t�ðjÞ tLjzjLjwj






C

þ






t�ðjÞ tLjzjLjwj






C

!f

� exp

(

	i

 
Xr1

j¼1

QðjÞ½�ðjÞ�xj þ iRj½�ðjÞ�yj

þ
Xr1þr2

j¼r1þ1






t�ðjÞ tLj�jLj�

ðjÞ






C

þ






t�ðjÞ tLj�jLj�
ðjÞ






C

!)

; ð13Þ

where � ¼ tð�1; . . . ; �nÞ and �ðjÞ ¼ tð�ðjÞ1 ; . . . ; �ðjÞn Þ. Furthermore, we define:

�
ðKÞ
Q;R;wð�; zÞ

¼
X

f 5 0

ð2	iÞ2f

ð2f Þ! �
ðKÞ
Q;R;w;2f ð�; zÞ

¼
X

� 2 In

exp

(

	i

 
Xr1

j¼1

QðjÞ½�ðjÞ�xj þ iRj½�ðjÞ�yj þ 2 t�ðjÞQðjÞwjzj

þ
Xr1þr2

j¼r1þ1






t�ðjÞ tLj�jLj�

ðjÞ þ 2 t�ðjÞ tLjzjLjwj






C

þ
Xr1þr2

j¼r1þ1






t�ðjÞ tLj�jLj�

ðjÞ þ 2 t�ðjÞ tLjzjLjwj






C

!)

: ð14Þ

Remarks. a) If K ¼ Q, then �
ðQÞ
Q;R;wð�; zÞ is the usual Jacobi theta function. If,

in addition, Q is of type (1; n� 1), then �
ðQÞ
Q;R;wð�; zÞ is a skew-holomorphic Jacobi

form in the sense of Skoruppa [14].

b) The theta function �
ðKÞ
Q;R;wð�; zÞ generalizes the theta functions in [12] and

[13].
c) If f is odd, then �

ðKÞ
Q;R;w;f ð�; zÞ is identically zero.

d) For 2OK, �
ðKÞ
Q;R;w;f ð�; zÞ (and hence also �

ðKÞ
Q;R;wð�; zÞ) is invariant under

linear transformations, i.e.

�
ðKÞ
Q;R;w;f ð� þ ; zÞ ¼ �

ðKÞ
Q;R;w;f ð�; zÞ: ð15Þ

Set

L ¼
L1

. .
.

Ldeg K

0

B@

1

CA; ð16Þ
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where Ljþr2
¼ Lj for j ¼ r1 þ 1; . . . ; r1 þ r2. We generalize and improve the main

results in [12] and [13] by the following theorem:

Theorem 3. Let w12In such that wj ¼ w
ðjÞ
1 for all j and such that QðjÞwj ¼

Rjwj for j ¼ 1; . . . ; r1. For
� �
� �

� �
; ð�; �Þ

� �
2�0ðI2�KNÞn O2

K we have

�
ðKÞ
Q;R;w

� �

� �

� �
� ð�; zÞ

� �
¼ �

� �

� �

� �
;Q

� �
Nð�� þ �Þp=2Nð�� þ �Þq=2

� expf	iTR½ tðLwÞzð�� þ �Þ�1�zLw�g�ðKÞQ;R;wð�; zÞ;
ð17Þ

and

�
ðKÞ
Q;R;w ð�; �Þ � ð�; zÞð Þ

¼ exp �	iTR
tðLwÞð���þ 2�zÞLw½ �f g�ðKÞQ;R;wð�; zÞ; ð18Þ

where �
� �
� �

� �
;Q

� �
is an eighth root of unity. If � 	 0 is a first degree prime

of norm d, then

�
� �
� �

� �
;Q

� �
¼ "�n

d

ðd��12�ÞndetðQÞ
�

� �
; ð19Þ

where Nð�Þ ¼ d, and "d ¼ 1 for d� 1 mod 4 and "d ¼ i for d� 3 mod 4 and
� �
�

�

is the quadratic symbol.

Remark. We pointed out that �
ðKÞ
Q;R;wð�; zÞ is invariant under linear transforma-

tions. From (17), it follows that for
� �
� �

� �
2�0ðI2�KNÞ and for all algebraic

integers ,

�
� �
� �

� �
1 
0 1

� �
;Q

� �
¼ � � �

� �

� �
;Q

� �
: ð20Þ

Note that
� �
� �

� �
2�0ðI2�KNÞ implies that ð�; �Þ ¼ 1 and by Dirichlet’s primes

in progression theorem for number fields (see Hecke [4], for example) the arith-
metic progression f� þ �g 2Ok

contains infinitely many totally positive first
degree primes. Hence the eighth root of unity is determined explicitly by (20)
after locating a totally positive first degree prime with positive odd norm in the
arithmetic progression f� þ �g 2Ok

.

The following two subsections are devoted to proving (17) and (18).

4.1. The modular transformation. We use the method presented in Richter [11]
(for more details, see also [9] and [10]): We regard �

ðKÞ
Q;R;w;f ð�; zÞ as a specialization of

#
�
Z;
�

0
0

�
;w; f

�
and then apply Theorem 2, which will yield (17).
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Let �1; . . . ; �deg K be an integral basis of the ideal I � OK and define the vector

�ðjÞ ¼ ð�ðjÞ1 ; . . . ; �
ðjÞ
deg KÞ. We define the n� n deg K matrix

Wj ¼
�ðjÞ

. .
.

�ðjÞ

0

B@

1

CA

and the n deg K � n deg K matrix W ¼ tðtW1; . . . ; tWdeg KÞ. Note that W�1 has
entries in I�1��1

K .
Let � ¼ ð�1; . . . ; �r1þr2

Þ2H. For j ¼ 1; . . . ; r1 we set

Z
j ¼
�jIp

��jIq

� �
; ð21Þ

and for j ¼ r1 þ 1; . . . ; r1 þ r2, we define the n� n matrices Xj ¼ xjIn, Xj ¼ xjIn,
and Yj ¼ yjIn. We also define the n deg K� n deg K matrix

Z
 ¼

Z
1
. .

.

Z
r1

Xr1þ1 iYr1þ1

. .
. . .

.

Xr1þr2
iYr1þr2

iYr1þ1 Xr1þ1

. .
. . .

.

iYr1þr2
Xr1þr2

0

BBBBBBBBBBBBBBB@

1

CCCCCCCCCCCCCCCA

: ð22Þ

We set

T ¼ LW ð23Þ
and

Z ¼ tTZ
T : ð24Þ
It is not difficult to see that Z 2Hðn deg KÞ (see also [9] and [10]).

With ewwðzÞ ¼ tW tðteww1ðzÞ; . . . ; tewwr1þ2r2
ðzÞÞ2Cnðdeg KÞ, where

ewwjðzÞ ¼
zj QðjÞ wj for j ¼ 1; . . . ; r1;
ktLjzjLjwjkC for j ¼ r1 þ 1; . . . ; r1 þ r2;
ktLj�r2

zj�r2
Lj�r2

wj�r2
k

C
for j ¼ r1 þ r2 þ 1; . . . ; r1 þ 2r2;

8
<

:

we have

�
ðKÞ
Q;R;w;f ð�; zÞ ¼ #

�
Z;

�
0

0

�
; ewwðzÞ; f

�
: ð25Þ

In particular, (25) shows that �
ðKÞ
Q;R;w;f ð�; zÞ and hence also �

ðKÞ
Q;R;wð�; zÞ are not

identically zero.
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To determine the behavior of �
ðKÞ
Q;R;w;f ð�; zÞ under modular transformations, we

want to apply Theorem 2 and therefore need a symplectic matrix
A B

C D

� �
which

expresses the action of
� �
� �

� �
2� on Z. For

� �
� �

� �
2�, set

A
 ¼
�ð1ÞIn

. .
.

�ðdeg KÞIn

0

BB@

1

CCA; D
 ¼
�ð1ÞIn

. .
.

�ðdeg KÞIn

0

BB@

1

CCA;

B
 ¼

�ð1ÞEp;q

. .
.

�ðr1ÞEp;q

�ðr1þ1ÞIn

. .
.

�ðdeg KÞIn

0

BBBBBBBBBB@

1

CCCCCCCCCCA

and

C
 ¼

�ð1ÞEp;q

. .
.

�ðr1ÞEp;q

�ðr1þ1ÞIn

. .
.

�ðdeg KÞIn

0

BBBBBBBB@

1

CCCCCCCCA

:

Furthermore, we set

A B

C D

� �
¼

tTA
 tT�1 tTB
T
T�1C
 tT�1 T�1D
T

� �
: ð26Þ

It is easy to check that the diagram

� �!
� �

� �

� �
� �

j
#

j
#

Z
 �! A
 B


C
 D


� �
� Z


commutes. Hence

� 7! � �
� �

� �
� � 2H
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corresponds to

Z 7! A B

C D

� �
� Z 2Hðn deg KÞ:

Also, it is easy to verify that

tðCZ þ DÞ�1ewwðzÞ
¼ tWewwðð�ð1Þ�1 þ �ð1ÞÞ�1

z1; . . . ; ð�ðr1þr2Þ�r1þr2
þ �ðr1þr2ÞÞ�1

zr1þr2
Þ:

Hence

ðð�ð1Þ�1 þ �ð1ÞÞ�1
z1; . . . ; ð�ðr1þr2Þ�r1þr2

þ �ðr1þr2ÞÞ�1
zr1þr2

Þ2Z

corresponds to

tðCZ þ DÞ�1ewwðzÞ2Cn deg K :

The entries of A;B;C and D are rational integers and A tB and C tD have even
diagonal entries if � is in the ideal I2�KN (see also [9] and [10]). Hence, for

� �
� �

� �
2�0ðI2�KNÞ;

we have

A B

C D

� �
2�

ðn deg KÞ
# :

Straightforward computation shows that

detðCZ þ DÞ ¼
Yr1

j¼1

ð�ðjÞ�j þ �ðjÞÞpð�ðjÞ�j þ �ðjÞÞq
Yr1þr2

j¼r1þ1

k�ðjÞ�j þ �ðjÞk2n

¼Nð�� þ �ÞpNð�� þ �Þq;

and that

ðCZ þ DÞ�1
C ½ewwðzÞ� ¼TR½ tðLwÞzð�� þ �Þ�1�zLw�:

Hence by equations (9) and (25),

�
ðKÞ
Q;R;w;f

� �

� �

� �
� ð�; zÞ

� �

¼ �
� �

� �

� �
;Q

� �
Nð�� þ �Þp=2Nð�� þ �Þq=2

X½
f
2
�

l¼0

f ! ð	iÞ�l
2�2l

l!ðf � 2lÞ!

�ðTR½ tðLwÞzð�� þ �Þ�1�zLw�Þl�ðKÞQ;R;w;f�2lð�; zÞ; ð27Þ
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where �
� �
� �

� �
;Q

� �
is an eighth root of unity depending on

� �
� �

� �
and Q.

As an immediate consequence we obtain (17):

�
ðKÞ
Q;R;w

� �

� �

� �
� ð�; zÞ

� �

¼ �
� �

� �

� �
;Q

� �
Nð�� þ �Þp=2Nð�� þ �Þq=2

�
X

f 5 0

Xf

l¼0

ð	iTR½tðLwÞzð�� þ �Þ�1�zðLwÞ�Þl

l!

ð2	iÞ2f�2l

ð2f � 2lÞ! �
ðKÞ
Q;R;w;2f�2lð�; zÞ

¼ �
� �

� �

� �
;Q

� �
Nð�� þ �Þp=2Nð�� þ �Þq=2

� expf	iTR½tðLwÞzð�� þ �Þ�1�zLw�g�ðKÞQ;R;wð�; zÞ:

It remains to determine the eighth root of unity in (27). Suppose that

� �
� �

� �
2�0ðI2�KNÞ, where � 	 0 is a first degree prime in OK of norm d.

Then C�1 and D�1 exist, and dD�1 is integral. We apply Theorem 1 and we find
that (see section 3:3 of Richter [11] for details)

�
� �
� �

� �
;Q

� �
¼ "�n

d

ðd��12�Þn detðQÞ
�

� �
; ð28Þ

where "d ¼ 1 for d� 1 mod 4 and "d ¼ i for d� 3 mod 4 and
�
�
�

�
is the quadratic

symbol over OK.

4.2. The elliptic transformation. The elliptic transformation (18) can be proved
as in the classical case (see Eichler and Zagier [2]). Let w ¼ tðtw1; . . . ; twr1þ2r2

Þ be as
in Definition 1 and suppose further that w12In such that wj ¼ w

ðjÞ
1 for all j and

such that QðjÞwj ¼ Rjwj for j ¼ 1; . . . ; r1. Let ð�; �Þ2O2
K . Then it is easy to check

that

expf	iTR½tðLwÞð���þ 2�zÞLw�g�ðKÞQ;R;wðð�; �Þ � ð�; zÞÞ

¼
X

�¼ð�þ�w1Þ 2 In

exp

(

	i

 
Xr1

j¼1

QðjÞ½�ðjÞ�xj þ iRj½�ðjÞ�yj þ 2 t�ðjÞQðjÞwjzj

þ
Xr1þr2

j¼r1þ1






t�ðjÞ tLj�jLj�

ðjÞ þ 2 t�ðjÞ tLjzjLjwj






C

þ
Xr1þr2

j¼r1þ1






t�ðjÞ tLj�jLj�

ðjÞ þ 2 t�ðjÞ tLjzjLjwj






C

!)

¼ �
ðKÞ
Q;R;wð�; zÞ;

and this is the elliptic transformation (18).
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5. An Alternate Construction

It is well known that Jacobi forms (over Q) appear as Fourier coefficients of
Siegel modular forms (see Eichler and Zagier [2], and for Jacobi forms of higher
degree, see Krieg [7]). In this section, we follow Skogman [12] and [13] and we
present an example of an analogous situation over K. We show that sums of the
Jacobi theta function �

ðKÞ
Q;R;wð�; zÞ appear as coefficients of the symplectic theta

function #
�
Z;
�

0
0

��
(roughly speaking, a Siegel modular form of weight 1=2). Then

(7) yields another proof that sums of �
ðKÞ
Q;R;wð�; zÞ satisfy the transformation laws (17)

and (18). Note that this method is not sufficient to prove that each theta function
�
ðKÞ
Q;R;wð�; zÞ satisfies (17) and (18).

Let �; � 0 2H, and z ¼ ðz1; . . . ; zr1þr2
Þ2Z, i.e. zj2C for j ¼ 1; . . . ; r1, and

zj ¼ uj þ vjk2Q for j ¼ r1 þ 1; . . . ; r1 þ r2. Let Z
 be as in (22) and let Z 0
 be
the matrix corresponding to � 0. For j ¼ 1; . . . ; r1, we set

cZ
jZ
j ¼
zjIp

�zjIq

� �
; ð29Þ

and for j ¼ r1 þ 1; . . . ; r1 þ r2, we define the n� n matrices bUUj ¼ ujIn, bUjUj ¼ ujIn,

bVjVj ¼ vjIn, bVjVj ¼ vjIn. We also define the n deg K� n deg K matrix

cZ
Z
 ¼

cZ
1Z
1
. .

.

cZ
r1
Z
r1

dUr1þ1Ur1þ1 i dVr1þ1Vr1þ1

. .
. . .

.

dUr1þr2
Ur1þr2

i dVr1þr2
Vr1þr2

i dVr1þ1Vr1þ1
dUr1þ1Ur1þ1

. .
. . .

.

i dVr1þr2
Vr1þr2

dUr1þr2
Ur1þr2

0

BBBBBBBBBBBBBBBBB@

1

CCCCCCCCCCCCCCCCCA

: ð30Þ

Furthermore, we define

fZ
Z
 ¼ Z
 cZ
Z

tcZ
Z
 Z 0


� �
: ð31Þ

With T as in (23), set

eTT ¼ T 0

0 T

� �
ð32Þ

and

eZZ ¼ teTTfZ
Z
eTT : ð33Þ
Note that eZZ ¼ teTTfS
S
fZ
Z
eTT , where

fS
S
 ¼ S

S


� �
ð34Þ
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and

S
 ¼
Inr1

Inr2

Inr2

0

@

1

A:

One can check that Im
�fS
S
fZ
Z


�
> 0 and hence Im eZZ > 0 and eZZ 2Hð2n deg KÞ. We find

that

# eZZ;
�

0

0

�� �
¼
X

! 2 In

�
ðKÞ
Q;R;�ð�; zÞexp

(

	i

 
Xr1

j¼1

QðjÞ½!ðjÞ�x0j þ iRj½!ðjÞ�y0j

þ
Xr1þr2

j¼r1þ1

QðjÞ½!ðjÞ�x0j þ QðjÞ½!ðjÞ�x0j þ 2iRjf!ðjÞgy0j

!)

; ð35Þ

where � ¼ t
�

t!ð1Þ; . . . ; t!ðr1þ2r2Þ
�
.

The representation in (35) shows that the Jacobi theta functions �
ðKÞ
Q;R;�ð�; zÞ

arise as Fourier coefficients with respect to the � 0 variables. However, there may be
a number of vectors ! in In which are all part of the same Fourier coefficient;
In some cases, QðjÞ½!ðjÞ1 � ¼ QðjÞ½!ðjÞ2 � and Rj½!ðjÞ1 � ¼ Rj½!ðjÞ2 � for all j, although
!1 6¼!2. Hence, (35) does not allow us to examine transformation properties of
the single theta function �

ðKÞ
Q;R;�ð�; zÞ. In addition, we require, as in Theorem 3, that

QðjÞ!ðjÞ ¼ Rj!
ðjÞ for j ¼ 1; . . . ; r1, and we determine transformation properties for

the following sums:

��ð�; zÞ ¼
X

� 2 In

QðjÞ½!ðjÞ�¼QðjÞ½�ðjÞ�; 14 j4 r1þ2r2

Rj½!ðjÞ�¼Rj½�ðjÞ�; 14 j4 r1þ2r2

QðjÞ!ðjÞ¼Rj!
ðjÞ; 14 j4 r1

�
ðKÞ
Q;R;�ð�; zÞ: ð36Þ

5.1. The modular transformation. We will show that ��ð�; zÞ satisfies (17).

We embed
� �
� �

� �
2� into the symplectic group and define

eAA eBB
eCC eDD

� �
¼

A 0 B 0

0 In 0 0

C 0 D 0

0 0 0 In

0

BB@

1

CCA; ð37Þ

where A, B, C, and D are given by (26). If

� �
� �

� �
2�0

�
I2�KN

�
;

we have

eAA eBB
eCC eDD

� �
2�

ð2n deg KÞ
# :
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The symplectic transformation
�eAAeZZ þ eBB

��eCCeZZ þ eDD
��1

corresponds to the transformations

ð�; zÞ�! � �
� �

� �
� ð�; zÞ;

� 0j �! � 0j �
�ðjÞz2

j

�ðjÞ�j þ �ðjÞ
; for 14 j4 r1;

and

� 0j �! � 0j � ðuj þ vjkÞð�ðjÞ�j þ �ðjÞÞ�1�ðjÞzj; for r1 þ 14 j4 r1 þ r2:

As in section 4.1, we have

detðCZ þ DÞ ¼Nð�� þ �Þp=2Nð�� þ �Þq=2:

The actual Fourier expansion in (35) is only with respect to the x0j variables.
However, it is easy to see that one can compare coefficients in (35) after applying
(7) (see also [12]). We find that

��

��
� �

� �

�
� ð�; zÞ

�

¼ �
��

� �

� �

�
;Q

�
Nð�� þ �Þp=2Nð�� þ �Þq=2

� exp f	iTR½tðLwÞzð�� þ �Þ�1�zLw�g��ð�; zÞ; ð38Þ

where �

��
� �
� �

�
;Q

�
is an eighth root of unity. Theorem 1 guarantees that

�

��
� �
� �

�
;Q

�
actually coincides with the root of unity in (28).

5.2. The elliptic transformation. It remains to show that ��ð�; zÞ also satisfies
(18). For ð�; �Þ2O2

K set

� ¼ tT

�ð1ÞIn

. .
.

�ðdeg KÞIn

0

B@

1

CAT

and

M ¼ tT

�ð1ÞEp;q

. .
.

�ðr1ÞEp;q

�ðr1þ1ÞIn

. .
.

�ðdeg KÞIn

0

BBBBBBBB@

1

CCCCCCCCA

T ;
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where T is as in (23). We embed ð�; �Þ into the symplectic group as

Inðdeg KÞ 0 0 M

� Inðdeg KÞ M �M

0 0 Inðdeg KÞ ��
0 0 0 Inðdeg KÞ

0

BB@

1

CCA: ð39Þ

The symplectic transformation
��

Inðdeg KÞ 0

� Inðdeg KÞ

�
eZZ þ

�
0 M

M �M

���
Inðdeg KÞ ��

0 Inðdeg KÞ

��1

corresponds to the transformations

�j�! �j; zj�! zj þ �j�
ðjÞ þ �ðjÞ;

� 0j �! � 0j þ �ðjÞ�j�
ðjÞ þ 2�ðjÞzj þ �ðjÞ�ðjÞ; 8j:

We apply (7), use Theorem 1, and compare coefficients in (35) to obtain

��ðð�; �Þ � ð�; zÞÞ
¼ expf�	iTR½tðL!Þð���þ 2�zÞL!�g�� �; zð Þ; ð40Þ

which is the transformation law (18).

6. Conclusion

We have presented two different ways to construct examples of complex-valued
functions over a number field K which satisfy transformation laws generalizing
those of Jacobi forms (as in Eichler and Zagier [2]) and skew-holomorphic Jacobi
forms (as in Skoruppa [14]). The first method was based on Eichler’s ‘‘embed-
ding trick’’: We regarded �

ðKÞ
Q;R;w;f ð�; zÞ (a certain coefficient of �

ðKÞ
Q;R;wð�; zÞ) as a

specialization of #
�
Z;
�

r
s

�
;w; f

�
, a modified version of the usual symplectic theta

function #
�
Z;
�

r
s

��
. The functional equation for #

�
Z;
�

r
s

�
;w; f

�
then yielded the

transformation law of �
ðKÞ
Q;R;wð�; zÞ under modular transformations. In the second

method, we showed how sums of �
ðKÞ
Q;R;wð�; zÞ appear as coefficients of #

�
Z;
�

0
0

��
.

This natural approach has the slight disadvantage that one can only determine
transformation laws for sums of �

ðKÞ
Q;R;wð�; zÞ and not for each theta function

�
ðKÞ
Q;R;wð�; zÞ directly.

We would like to remark that the first approach suggests a way to construct
examples of vector-valued functions over K which satisfy transformation properties
generalizing (4) and (5). More precisely, one can define �

ðKÞ
Q;R;w;f

�
�; z;

�
u
v

��
and

�
ðKÞ
Q;R;w

�
�; z;

�
u
v

��
, generalizations of (13) and (14) that also depend on u ¼

tðtu1; . . . ; tudeg K

�
, and v ¼ tðtv1; . . . ; tvdeg KÞ, where u1; . . . ; udeg K and v1; . . . ; vdeg K

are vectors in Cn (see Definition 1 of [11]). A version of our main result (Theorem
3) will also hold for �

ðKÞ
Q;R;w

�
�; z;

�
u
v

��
. We omit the details since the argument

follows that in section 4 with the exception that one has to consider a specialization
of #ðZ;

�
r
s

�
;w; f

�
for some vectors r and s instead of #

�
Z;
�

0
0

�
;w; f

�
. One may then

construct a more general class of Jacobi forms by proceeding as in [11] and applying
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the differential operators in the last section of [11] to equation (17) (of the slightly
generalized version of Theorem 3). In particular, when K is totally complex, one
can create vector-valued Jacobi forms over K, i.e., real analytic functions f :
Hr2

Q �Qr2 ! C�þ1 that satisfy transformation laws similar to (4) and (5). The only
difference is that the right hand side of (4) features an extra factor of �ð�Þð�� þ �Þ,
where

�ð�ÞðzÞ ¼
O

14 j4 r2

~��ð�ÞðzjÞ;

and ~��ðzÞð�Þ is the �-fold symmetric product representation of the quaternion z2Q.
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