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Abstract

We investigate differential operators and their compatibility with subgroups of SL, (R)". In particular, we
construct Rankin—Cohen brackets for Hilbert modular forms, and more generally, multilinear differential
operators on the space of Hilbert modular forms. As an application, we explicitly determine the Rankin—
Cohen bracket of a Hilbert—Eisenstein series and an arbitrary Hilbert modular form. We use this result to
compute the Petersson inner product of such a bracket and a Hilbert modular cusp form.
© 2006 Elsevier Inc. All rights reserved.

MSC: primary 11F55; secondary 11F41, 11F60

1. Introduction

It is well known how to obtain modular forms from the derivative of N modular forms.
In 1956, Rankin [14] discussed this in detail for N = 1 and in 1975, Cohen [7] explored
the case N =2 and he constructed a bilinear operator to obtain modular forms. Later, Zagier
[19] investigated algebraic properties of this operator and called it the Rankin—Cohen bracket.
Rankin—Cohen brackets have been studied for elliptic modular forms, Jacobi forms, and Siegel
modular forms. For more details, see [1-5,10,19].

In this paper, we use differential operators to construct various maps between spaces of holo-
morphic functions which are equivariant under the action of subgroups of SL,(R)". Our results

* Corresponding author.
E-mail addresses: yjc@postech.ac.kr (Y.J. Choie), kimhs @future.co.kr (H. Kim), richter @unt.edu (O.K. Richter).
! The author was partially supported by KOSEF R01-2003-00011596-0 and ITRC.

0022-314X/$ — see front matter © 2006 Elsevier Inc. All rights reserved.
doi:10.1016/j.jnt.2006.03.005



26 Y.J. Choie et al. / Journal of Number Theory 122 (2007) 25-36

include a construction of Hilbert modular forms, which then allows us to define Rankin—Cohen
brackets for Hilbert modular forms, and furthermore, multilinear differential operators on the
space of Hilbert modular forms. In the last section, we give an explicit application: We compute
the Petersson inner product of a Rankin—Cohen bracket against a Hilbert modular cusp form. We
proceed as in Zagier [18] and Choie and Kohnen [6], where such an application is presented for
elliptic modular forms and Jacobi forms, respectively.

2. Hilbert modular forms and Jacobi-like forms of several variables

In this section, we briefly discuss modular forms and Jacobi-like forms of several vari-

ables. Let H C C be the usual complex upper half plane. For variables 7 = (1, ..., t,) € H",
z=(z1,...,2,) € C*, and for (‘c‘ j) = ((‘;: 2’:), e (?Z 3:)) € SLy(R)", define the actions
a b a1ty + by anTy + by
oT = Yooy (D
c d 1ty +di cnTy +dy
and
a b a1ty + by anTy + by 21 n
o(t,z)= e, , e, . 2)
c d cn +di ety +dy 1T +dy Ty +dy

The trace and the norm of an element o € C" are given by the sum and by the product of its
components, respectively. More generally, if c = (c1,...,¢), d = (d1, ..., dp), ¢ = (k1, ..., k),

and m = (my,...,m,) € R"?, then the norm and trace are given by
n
Nt +d)' =]t +dph ?3)
j=1
and
2 n ciz2
CcZ J%j
t = —. 4
r(mcr—i—c) Zm]cjrj +d; @
j=1

We define the following two slash operators. For functions f:H" — C, for fixed
= (ki.....ky) € N, and for all (* %) € SLy(R)", set

a b _ —e a b
(1 (2 2))w=ntraris((® 2)er). 5

Furthermore, for functions ¢:H" x C" — C, for fixed ¢ = (k1,...,k,) € Ng and
m=(m,....m,) €Ny, and forall () € SLy(R)", set

(4.0 5o
£,m

—N(ct+d) aite(m e @ b 6
=N(ct +d) exp) —2itr{ m——— N o(r,z2)). (6)
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The slash operators (5) and (6) define (for each £, m € Ng) a group action of SL,(R)" on the set
of functions f:H" — C and on the set of functions ¢ :H" x C" — C, respectively. We write
Mg ={f:H" — C holomorphic} and J¢ m = {¢ :H" x C* — C holomorphic} to indicate the
specific group actions given in (5) and (6), which depend on fixed €, m € Nj.

Special consideration belongs to the invariant elements of Mg and J¢ . Let I be a subgroup
of SL>(R)". A modular form f:H" — C of weight ¢ € Njj with respect to I" is an element of

M invariant under the action of I', i.e., for (‘Z 5) erl,

(f ? (‘C’ 2))(” = /(). ™)

A Jacobi-like form ¢ : H" x C" — C of weight £ € Njj and index m € Njj on I" is an element of

Je.m invariant under the action of I, i.e., for (‘: S) erlr

(¢ (¢75))mo=swa. ®)
gm

Jacobi-like forms where n = 1 were introduced by Zagier [19] and Cohen, Manin, and Zagier
[9]. Note that Jacobi forms satisfy (8) and also an elliptic transformation law (see [10,17]). For
our purposes, it will suffice to consider only Jacobi-like forms.

We denote the vector space of holomorphic modular forms of weight £ on I" by M¢(I") and
the vector space of holomorphic Jacobi-like forms of weight £ and index m on I" by J¢ m (I7). Of
particular interest is the case when I is a subgroup of finite index of SL>(Og), where Ok is the
ring of integers of a totally real number field K of degree n, and where SL;(Ok) is embedded
into SL,(R)” using the n different embeddings of K into R. In that case, the elements of M (1)
are called Hilbert modular forms (see [11,12]).

3. Taylor expansions of Jacobi-like forms

In this section we investigate Taylor coefficients of functions ¢ (7, z) around z = 0 using ideas
from §3 of Eichler and Zagier [10]. We use linear combinations of these Taylor coefficients to
define an equivariant map from J¢ m to Mgy, which provides a construction of Hilbert modular
forms. In addition, we construct equivariant maps which yield (see Section 4) Rankin—Cohen
brackets and multilinear operators on the space of Hilbert modular forms.

As before, let I" be a subgroup of SL;(R)". We use standard notation with multi-indices: If
0=(v1,...,0,) eNg and z = (z1,...,2,) € C", then

n n n
= ; | = +l n:l_[ 'U]
1 Zv/, o! l_[vj. and z z;
j=1 j=1 j=1

Furthermore, for an integer x € Ny, we set X = (x,...,x) € Ng and with a slight abuse of
. . 4l . .
notation, we write x V(1) = ﬁ x(7), where x :H" — C is holomorphic. We have the
-rn”

U
following theorem:

Theorem 1. Let ¢ (7, 7) = Z|n|>0 X0 (T)z° be holomorphic and set
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(—2mim) (E+0—2 — D! L0
Eoldl(x) = = (1), 9)
’ 2[: (140 —2)! Kot
0<l;<H
where the sum on the right side is over all vectors | = (I1,...,1,) € Ng such that 0 <1; <w;/2

for j=1,...,n. Then for all M € SL,(R)",

£ol9l|p oM = E0[¢], WM,

i.e., the map &y:Je.m — Meqo is equivariant. In particular, if ¢ € Jem(I"), then
Eold] € Mo (D).

Proof. We follow the proof of Theorem 3.2 in FEichler and Zagier [10]. Let
Jem = jg'm ® j{m, where jg'm is the subset of J¢ i consisting of all functions ¢(z, z)
whose Taylor series expansion around z = 0 is only over multi-indices of the form 2v. If
¢ (1,2) € ng, then ¢~ (7,2) = thﬁ] (t,72), where h #£ 0 is a vector of zeros and ones and
¢1(7,2) € j;;b’m. Note that the corresponding functions x,(t) and &, [¢p](7) for ¢~ (7, z) and
¢1(t, z) are the same except for the shift £ — £ + h and v — v — h. Thus, it will suffice to
consider jgm and deduce that & [¢] |E+20M =&y [¢|E,mM]'
For1<j<n,sete;=(0,...,0,1,0,...,0) Ng and define the differential operator

LD _ Srim d _ 0 _2kj—1 d ’
jom() i 92 zj 0z
where € = (kq, ..., k). Then (as in [10])
m) Em m(/) E+2€ ,m

for all M € SL,(R)", which shows that L]((j_?m(j) :ng — jéizej’m
Note that v = (vy,...,v,) = Z;zl vjej. As in [10], one can construct a map
Lemo: T m = Jeiop.m that sends

2
> A (0
[to| =0
to

— D! (v +£+20 -3 D!
8 4yl t|< >(m+0 ) 0
|r§>:o( Z[ rim 9 ! (+tto—2) s (@ )2

0<l;<v;

Composing with the map ¢ (t, z) — ¢ (7, 0) yields

§20(¢] |?+20M = &2 [¢|B,mM]’

which completes the proof. O



Y.J. Choie et al. / Journal of Number Theory 122 (2007) 25-36 29

Remark. In [10, §7], Eichler and Zagier show that Jacobi theta functions are Jacobi forms. The
“2vth development coefficient” is (up to a constant factor) the analog of the &y [¢](7). In the
case of a Jacobi theta function, one can show that this coefficient is given by a theta function
with harmonic coefficients. In [16], the authors use Jacobi theta functions over a number field
K to construct Jacobi forms over K. When K is totally real, then one finds that the correspond-
ing &y [¢](T) are (up to a constant factor) given by theta functions with harmonic coefficients
over K, which are indeed Hilbert modular forms (see [15] for more details).

Note that (9) can be inverted. We find that

Qrim) (¢ +b—1—20) o
= = _ . 11
Xo(T) ; ooy et @ (11)
<<

We choose &)[¢](t) = f(r) and &x[¢](r) = 0 for v # 0, and we extend a result by Cohen and
Kuznetsov (see, for example, [10, Theorem 3.3]):

Theorem 2. For a holomorphic function f:H" — C and for ¢, m € N}, set

Qrim)° € — 1

. . 1
f(r,2)=fE,m1,2) = Z )'f(n)(t)zzn. (12)

=) oleto—T1)
Then for all M € SL,(R)",
(f|EM)=ﬂE,mM’ (13)

i.e., the map ~: Mg — Jp.m is equivariant. In particular, if f € Me(I"), then f € Jem ().
Remarks.

(a) Note that Theorem 2 also follows directly from the following identity:

© a b\ _ v c \"'tt+o-1)! a b\\"
! ‘H%(c d)_ Z ([)(cr+d> E+1—T1)! fé c d (9

0<!j<v;
which is easily proved by an induction on |v| (as before, v = (v, ..., vy)).

(b) We should also point out that both Theorems 1 and 2 can be deduced from the classical n = 1
case (see [10, Theorems 3.2 and 3.3]): Write an arbitrary M = (M|, ..., M) € SLp(R)" as
a product of the (commutative) elements (1,...,1,M;,1,...,1) and apply the n =1 case
to each pair of variables (7}, z;) separately.
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4. Generalized Rankin—Cohen brackets

Theorems 1 and 2 can be combined to give various types of brackets of Hilbert modular
forms. The first one is a direct generalization of the classical Rankin—Cohen bracket to the Hilbert
modular case.

Corollary 1. Let f,:H" — C be holomorphic and ¢. € Nj for r = 1,2. For all
v=(vy,...,v,) €N, define the Rankin—Cohen bracket

i flo= Y (—D'”(E‘j“[ )(E”f )f”)( @ as)
Oglj[gvj

Then for all M € SL,(R)",

[(f1|e1M)’ (f2|e2M)]n =L/, f2]°|e.+ez+2uM’ (16)

i.e., the map [-,-]p : Mg, @ My, = Mg, ye,420 is equivariant. In particular, if I is a subgroup
of SLo(R)" and f, € My, (I') forr = 1,2, then [ f1, f2]lo € M, 4e,+20 ().

Proof. Compute the coefficient of 72% in fl &, m, T, z)fz(’éz, m,t,iz). O

Remarks.

(a) Asexamples, ifn =2, ¢ = (ki, 121), and & = (kp, 122), then we have

0
Lf1, f2l0,00 = f1 /2, Lf1, f2la,00 =K1 fi LT - kzifz,

-0
[f1, f2]0,1) —klfl% —kzifz,

812 aTy 811 k%) 071012

2f2 Wi, 100 g Ahd 9% f1

Lf1, 2. —k1k1f1 fa,  etc.

(b) It is well known that the vector space of Hilbert modular forms has the structure of a
commutative graded ring, which corresponds to the Oth bracket. Note that [',']e_,, where
e;j=(0,...,0,1,0,...,0) Ng satisfies the Jacobi identity, which gives the vector space of
Hilbert modular forms the structure of a graded Lie algebra in n different ways (but with the
grading shifted by a different amount for each structure).

(c) Note that Lee [13] discovered Corollary 1 independently in the case where I is a discrete
subgroup of SLy(R)" and f, € Mg, (I') forr =1, 2.

The next corollary, which is more general than Corollary 1, is an application of Theorems 1
and 2 and shows how to construct multilinear operators on the space of Hilbert modular forms,
depending on a number of auxiliary parameters. It seems to be new even if n = 1.
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Corollary 2. Let a = (ay, ...,a5) € C%, ¢, € Ng, freMe forr=1,...,s and sett = Zi:l g, .
For all v € Njj define

— _5 ~ Ty 10

[a] Z (—lapME+20=2—D! [ & & — D'a,
Lfi oo fide = ['({’+2U—§)' II[!(? —I+[)v
[ ++l+I=b : : req v (tr )l

« (fl([‘)---fs““))(r)’ (17)

where the sum is over all vectors 1, ..., [, | € Ng with 1 + --- + [y + [ = v. Then for all
M e SLr(R)",

[(Aile, M), (B M = £ M. (18)

i.e., the map [-,...,- La] Mg, ® - @ My, = Moy is equivariant. In particular, if I is a
subgroup of SLy(R)" and f, € My (I') forr=1,....s, then [fi. ..., fs]: € Myiao (D).

Proof. Note that Theorems 1 and 2 hold actually for all m € C" (using (6) for m € C") and not
just for m € Njj. Set

N
$Lfi .. =[] A el n =) xo(®2®, (19)
r=1 [0]>0
where fr({?r, arT, 7,z) (forr =1, ...,s)is as in Theorem 2. One finds that

. b}
xw@=0r) Y [[———=——d" " ).
l4-4l=0 r= 1 I —1+0

Theorem 2 implies

o[(file, M), ... (Sl M) = oL )l apjanM

.....

and our claim then follows from Theorem 1. O

Remark. If s =2 and |a| = 0, then the multilinear bracket (17) reduces by definition to the
Rankin—Cohen bracket (15).

The fact that the classical Rankin—Cohen brackets are the unique differential operators com-
patible with modularity implies that the generalized brackets (17) can be expressed (in many
ways!) in terms of the standard 2-variable brackets [-,-]y. In particular, there is a formula

[flv-“vfs E)a]z Z C(a;Ulv-"vns—l;élvcuaes)

v+t 1=b

<[ (U1 o By o,y il 20
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expressing [ f1, ..., fs]La] for any s and any a = (ay,...,as) as a linear combination of iter-
ated 2-argument Rankin—Cohen brackets. It might be of interest to compute the coefficients
c(a;01,...,05_1; ¥, ..., &) and study their combinatorial structure explicitly.

In the special case where s = 2, (20) simply says that the bracket [f, g]L(“’b)J (where
(f,8) € Mg x My and (a, b) € C?) is a scalar-multiple of the bracket [ f, g],. More specifi-
cally, we find that

Hy (&, ;a,b)
[ ) ][(a,b)]: Y _
-8l ©o(ot++0—T)e

L/, &lo, 2

where

. _ N E+U—T [+U—T I 7 lo—1|
Hy (8, a,b) = Z:( 1) ( i )( : al'lp

0<l; <v;
is the Rankin—Cohen polynomial and

E+v— 1)
E -
®)o €)1

is the ascending Pochhammer symbol. Note that if n = 1, then (21) is given implicitly in [19, §3].

Equation (20) yields s!/2 ways of writing [ fi, ..., fS]E,a] as a linear combination of iterated
2-argument Rankin—Cohen brackets (permute the functions fi, ..., fs in any way, except that the
order of the first two functions does not matter). However, there are other expressions in terms
of 2-argument brackets. If 1 <r < s, then @[ f1,..., fs]=0[f1,..., [r1O[fr+1,-.., fs], where
¢ is as in (19), and applying Theorems 2 and 1 implies that

VA
= Z C(a;U11027U3;E11"'1ES)

bi+or+03=0

X [[fl’ e fr]ln(flsnnar)]’ [fr+lv o, f:y]L(ZrJrlwwas)]][n(:l+“‘+arvar+]+“'+ax)]’ (22)
where the coefficients C(a; vy, 0,,03;€,...,¥) can be computed explicitly. Iterating (22)
yields a large variety of expressions in terms of 2-argument brackets. In particular, iterating
the special case r =s — 1 in (22) gives (20).

We conclude this section with a slight generalization of Corollaries 1 and 2. This gives in

particular maps from Hilbert modular forms over L to Hilbert modular forms over K, where L is
a totally real extension field of a totally real number field K .

Corollary 3. Let a = (aj,...,a5) € C* and ¢ =) _)_, & where ¥, € Ng. For a holomorphic
function f:H" — C and for v € N}, define

[
a 9 glo—tl
ol = c(rl,...,rs,r)<za> [, ) . (23)

L s =ty ==t
[+ + I+ =0 r=1 ot -+ 0ty =4 s
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where T, 4, ..., t; are variables in H" and where

[l

(—laDE+20 -2 -0 & (6 — Dlal
oo D) = _ .
e % (1(t+ 20 — 2)! [1 LICE, — 140!

Then for all M € SL(R)",

q>t[aa][f|(el e M- s M) = qjt[’a][f”HZUM

.....

i.e., the map th[,a] s M, e = Megoo is equivariant. In particular, if I is a subgroup of
SLr(R)" and f € Mg,,....e)(AUI")), where A:SLy(R)" — (SLo(R)")* is the diagonal map,
then @19[ f1€ Mo ().

Proof. We apply Theorems 1 and 2. Let t = (¢, ..., t) e H" and Z = (Z4, ..., Z;) € C*" be
variables. Set

1=K AL D cmmmy, = D X2 (@), (24)
=Z1==2  |o|>0
where = (¢, ..., &), A= (ali, e, asi), and where f is as in Theorem 2. Then (compare the
proof of Corollary 2)
( ) (2 -)\UI Z 1—[ — 1) It Ia”r\f(t)
X20(T) = (Zmi ———a, ——
[14+l=0 r=1 ‘(E _1+[ )! ' at;[*r T=t|==t;
Theorem 2 implies
¢[f|(el,..‘,és)(M"' ] oLf] |E(\u| ,,,,, |a|)M

and Theorem 1 then yields (23). O

Corollary 3 can be specialized in many ways. If n = 1, s =2, and |a| = 0, then Corollary 3
reduces to Theorem 2.2(a) in [8]. If f = ]_[;: 1 fr where f, € Mg, then (23) coincides with the
multilinear bracket (17). At the other extreme, we can take f to be a Hilbert modular form of
multiweight (8, ..., €) on a totally real field extension L of K of degree s, where [K : Q] = n;
then Corollary 3 gives a collection of maps

M,....t) (SL2(OL)) = M, 4oy, +20 (SL2(Ok)).

More generally, we also get multilinear maps from tensor products of Hilbert modular forms on
Ly,..., L, to Hilbert modular forms on K, where Ly, ..., L, are totally real extensions of K
with Y7 [L; : K]=s.
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5. Rankin—-Cohen brackets and the Petersson inner product

In this section we present an application of Corollary 1. We explicitly determine the Rankin—
Cohen bracket of a Hilbert—Eisenstein series and an arbitrary Hilbert modular form. Furthermore,
we compute the Petersson inner product of such a bracket and a Hilbert modular cusp form. We
follow Zagier [18] and Choie and Kohnen [6], where a similar computation is shown for elliptic
modular forms and Jacobi forms, respectively.

Throughout this section, let I” be a subgroup of finite index of SL»(Ok), where Ok is the
ring of integers of a totally real number field K of degree n. Let dx be the different of K.
If « € Ok, then « = 0 denotes that « = 0 or « is totally positive, and o >> 0 means that «
is totally positive. The trace and the norm of an element « € K are given by the sum and by
the product of its conjugates a1, ..., ™, respectively. We also use the more general defini-
tions of the trace and norm in (3) and (4) by identifying « € K with (D, .. a®). Finally,
MZUSP (I') is the vector space of Hilbert modular cusp forms of weight £ on I" (for more details
see [11,12]).

Set I'o ={(} /) e I' |t € Ok }. Let k € Ny, then

01
E@= Y o= Y Ner+o™ (25)
Mel\I" MZ(: ;‘)eroo\r

is the Hilbert-Eisenstein series of weight k on I'. It is well known that Ex(t) € My(I) if
k > 2 (see, for example, Freitag [11]). For v € Ok, v = 0, set p,(t) = exp{2witr(vt)}. Let
t=(,...,1ly) € Nj. Then

Po@m= Y (pliM)(1)

MeTs\TI

= Z N(yr+8)_[exp{27ritr(v(Mof))} (26)

¥ *)eroo\r

M=(V5

is the vth Hilbert—Poincaré series of weight [ with respect to I". It is well known that
Pru(r) € Mf"SP(F) ifv>»0and/; >2for j=1,...,n (see, for example, Garrett [12]). Note
that if / € No, then Py ((7) = Ej (7).

Let f, g € M¢(I") such that fg is cuspidal. Then the Petersson inner product is given by

(fog) = / FOFOY 2 dxdy. @7

r \Hn

where T =x +1iy,dx =dx;---dx,, and dy =dy - - - dy,. Note that the space (MzuSp(F), ™))
is a finite-dimensional Hilbert space. It is also well known (see, for example, Garrett [12]) that
if

f(r)= Z anexp|2mi tr(nt)} € MM (),

neD}l
n>0
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then
(f, PLyv) =ay V01(A\R”)(4nv)i_[([—§)!, (28)
where A ={teR" | ((1) f) ert.
We will use the following lemma to compute the Rankin—Cohen bracket of a Hilbert—

Eisenstein series and an arbitrary Hilbert modular form.

Lemma 1. For k and ¢ € Ng, we have

3 . k-1 !
E'm= ) ((—y) %)(H,;HM)@). (29)
M:(: ;)ef‘m\[‘

Proof. Direct computation. O

The following proposition is an application of Corollary 1 and gives an explicit formula for
the Rankin—Cohen bracket of a Hilbert—Eisenstein series and an arbitrary Hilbert modular form.

Proposition 1. Let Ey(t) be the Hilbert—Eisenstein series in (25) and let

gi(t) = Z bn exp{2m’tr(nr)} e M(I').

nea}l
n>=0
Then, for all v € N, we have
k+ov—1 .
[Eegdo=(" " ) D2 @rin 6Py, (0. (30)

v=0

Proof. One can check that

> @)’ by Py a0, (D)

v=0

= Y D @riv)° (L 1y M)(®)by exp{2ri tr(v(M o0 7))}

Mels\I" v3=0

= Z (1|]‘('M)(T)(g[(n)|[+20M)(r)

Mels\I"

(k — 1)lo!
= ———=—[Ex, gilo.
Gto_T1) k> 8o

Note that Lemma 1 and Eq. (14) justify the last equation. O

As an immediate consequence of Theorem 1 and Eq. (28), we record:
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Theorem 3. Let to = k + [+ 2v, where k > 2 and [, v € Njj. Suppose that

fo(@= ) anexp(2rit(nn)} e My ()

nea}l
n>0
and
gi(t) = Z by exp{2mitr(nt)} € M((I).
neb}l
n=0
Then

w (0 = D)1k + 10— ! 3 avby

(fro- [Ex. gilo) = vol (A \ R") 27i)® (47)!~ (k — D)o ko1

(3D

v>0 VY
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