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1. Introduction and Statement of Results

Congruences in the coefficients of automorphic forms have been the subject of much
study. A famous early example involves the partition function p(n) which counts the
number of ways of writing n as a sum of non-increasing positive integers. Ramanujan
established

p(5n+4) =0 (mod 5)
p(Tn+5)=0 (mod 7) (1.1)
p(1ln+6) =0 (mod 11),

which are now simply called Ramanujan congruences. More generally, an elliptic
modular form with Fourier coefficients a(n) is said to have a Ramanugjan-type con-
gruence at b (mod p) if a(pn + b) = 0 (mod p), where p is a prime. Ahlgren and
Boylan ([1]) build on work by Kiming and Olsson ([9]) to prove that (1.1) are
the only such congruences for the partition function. Nevertheless, congruences of
non-Ramanujan-type also exist, as Ono ([13]) demonstrates. (See also [14, Chap. 5]

1677


http://dx.doi.org/10.1142/S179304211000371X

1678 M. Dewar & O. K. Richter

for an account of congruences for the partition function.) The existence and non-
existence of Ramanujan-type congruences for elliptic modular forms have recently
been studied by Cooper, Wage, and Wang ([4]) and Sinick ([20]). See also [5], which
generalizes [1] to provide a method to find all Ramanujan-type congruences in cer-
tain weakly holomorphic modular forms.

In this paper, we investigate Ramanujan-type congruences for Siegel mod-

ular forms of degree 2. Throughout, Z := (] %) is a variable in the Siegel
upper half-space of degree 2, ¢ := e2™7 (¢ = €2mz ¢ = 2T and

D:= (2m,i)"2 (48% 8‘2, - g—;) is the generalized theta operator, which acts on
Fourier expansions of Siegel modular forms as follows:

D > a@em D [ = N det(T)a(T)e™ ),
T="1'T>0 T=1'T>0
T even T even
where tr denotes the trace, and where the sum is over all symmetric, semi-positive
definite, integral, and even 2 x 2 matrices. Additionally, we always let p > 5 be a
prime and (for simplicity) we always assume that the weight & is an even integer.

Definition 1.1. A Siegel modular form F = 3" a(T)e™ "(T%) with p-integral ratio-
nal coefficients has a Ramanujan-type congruence at b (mod p) if a(T") = 0 (mod p)
for all T with det T = b (mod p).

Note that such congruences at 0 (mod p) have already been studied in [3] and
our main result in this paper complements [3] by giving the case b Z 0 (mod p).

Theorem 1.2. Let

FZ)= 3 Anrm)g'¢g"

n,r,me”z
n,m,4nm7r2 >0

be a Siegel modular form of degree 2 and even weight k with p-integral rational

coefficients and let b % 0 (mod p). Then F has a Ramanujan-type congruence at
b (mod p) if and only if

D" ()= (1) BF)  (od 1) (12)

p

where (1—)) is the Legendre symbol. Moreover, if p > k, p # 2k — 1, and there exists
an A(n,r,m) with p{ged(n,m) such that A(n,r,m) Z 0 (mod p), then F does not
have a Ramanugjan-type congruence at b (mod p).

Remarks. (1) If F' in Theorem 1.2 has a Ramanujan-type congruence at b # 0

(mod p), then it also has such congruences at b’ (mod p) whenever () = (%),
i.e. there are % or p — 1 such congruences.
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(2) The condition p # 2k — 1 in the second part of Theorem 1.2 is necessary since
there are Siegel modular forms F' of weight p%l such that F' # 0 (mod p)
and D(F) = 0 (mod p). For example, let F' be the Siegel Eisenstein series of
weight 4 normalized by a((j g)) = 1 and take p = 7. Such Siegel modular
forms satisfy (1.2) for any b and hence have Ramanujan-type congruences at
all b £ 0 (mod p). The condition that there exists an A(n,r,m) #Z 0 (mod p)
where p f ged(n, m) is also necessary since there exist Siegel modular forms F
of weight p — 1 such that ' = 1 (mod p) (see [12, Theorem 4.5]). Such forms

have Ramanujan-type congruences at all b #Z 0 (mod p).

In Sec. 2, we investigate congruences of Jacobi forms and, in particular, we
establish criteria for the existence and non-existence of Ramanujan-type congru-
ences for Jacobi forms. In Sec. 3, we use such congruences for Jacobi forms to prove
Theorem 1.2. Using our results, it is now a finite computation to find Ramanujan-
type congruences at all b # 0 (mod p) for any Siegel modular form. We give several
explicit examples. Finally, we present a construction of Siegel modular forms that
have Ramanujan-type congruences at b (mod p) for arbitrary primes p > 5.

2. Congruences and Filtrations of Jacobi Forms

Let Ji,m be the vector space of Jacobi forms of even weight k£ and index m (for
details on Jacobi forms, see [6]). The heat operator Ly, = (2mi)~2(8mim 2 — 5—;)
is a natural tool in the theory of Jacobi forms and plays an important role in this

section. In particular, if ¢ = > ¢(n,r)¢"¢", then

Ly,¢:=Ly(¢) = Z(4nm —1%)e(n,r)g"¢". (2.1)
Set
T = {6 (mod p) : (7, 2) € Jim N Zip [, ¢l
where Z,) := Z, N Q denotes the local ring of p-integral rational numbers. If

¢ € Jim, then we denote its filtration modulo p by
Q(¢) := inf{k : ¢ (mod p) € Jpm}-
Recall the following facts on Jacobi forms modulo p:

Proposition 2.1 ([21]). Let ¢(1,2) € Jem NZ[¢, ¢ Y[ql] and (7, 2) € Jir g N
Z[¢, ¢ Y[q]] such that 0 # ¢ =1 (mod p). Then k =k’ (mod p — 1) and m = m’.

Proposition 2.2 ([18]). If ¢(7,2) € Jxm N Z[C,¢][[g]];, then Ly¢ (mod p) €
Jktpt+1,m- Moreover, we have

QL) < Qo) +p+1,

with equality if and only if p1 (2Q(¢) — 1)m.
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We will now explore Ramanujan-type congruences for Jacobi forms.

Definition 2.3. For ¢(T7z)zzc(n,r)qngrejk,m, we say that ¢ has a
Ramanujan-type congruence at b (mod p) if ¢(n,7) = 0 (mod p) whenever
dnm —r? = b (mod p).

Equation (2.1) implies that a Jacobi form ¢ has a Ramanujan-type congruence
at 0 (mod p) if and only if L 1¢ = ¢ (mod p). More generally, ¢ has a Ramanujan-
type congruence at b (mod p) if and only if

LP7 g ™g)=q ¢ (mod p).

Ramanujan-type congruences at 0 (mod p) for Jacobi forms have been considered
in [17, 18]. The following proposition determines when Ramanujan-type congruences
at b Z 0 (mod p) for Jacobi forms exist.

Proposition 2.4. Let ¢ € jk,m and b # 0 (mod p). Then ¢ has a Ramanujan-type

p+1

congruence at b (mod p) if and only if Ln? ¢ = —(%)ngb (mod p).

Proof. 1f ¢ € Z,[¢, ¢ [lg]] and f € Zqy)[[g]], then Lyn(f8) = Lin(f)é+ fLun(6)-
This implies

p—1
e = Y (M) e

=0
p—1 1
- —1—i, —> 74
=3 (") ot
=0
p—1
=q¢ @Y WL 6 (mod p).
=0

In particular, ¢ has a Ramanujan-type congruence at b #Z 0 (mod p) if and only if
p—1

0=> v""""Li,¢ (modp). (2.2)
i=1

We now rewrite the L? ¢ appearing in (2.2) using a standard decomposition
of even weight Jacobi forms. See [6, §§8 and 9] for full details and also for the
corresponding result for Jacobi forms of odd weight. Let M, ,51) denote the space of
elliptic modular forms of weight k. Every even weight ¢ € Jj. ,,, can be written as

m

o= fi(¢-21) (¢o1)™ 7, (2.3)

j=0

where

po1(r,2) i =(C—2+C N+ (-2 +8C—12+8C ' —2¢C g+~
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and
G0.1(7,2) = (C+ 10+ 1) + (10¢% — 64¢ + 108 — 64¢ ™1 +10¢?)g +

are weak Jacobi forms with integer coefficients of index 1 and weights —2 and 0,
respectively, and where each f; € M, ,5 +)2 is uniquely determined. For any m > 1, the
set 7 := {gbj 2, 1(;50 1 } * o is linearly independent over [Fp. In fact, the coefficients
of ¢" of the clements of 7 are linearly independent for the following reason: Let
X = ¢ -2+ (" Tt suffices to show that S := {X™7/(X +12)7}7 is linearly
independent over F,. But X™ (X +12)7 = X™ + --- 4+ 127 X™~J and one finds
that S is linearly independent over F), since 12 is invertible. Returning to (2.3),
if ¢ has p-integral rational coefficients, then so do all of the f;’s, since otherwise
there is some ¢ > 1 such that 0 = pl¢ = Z;’;O(ptfj)(qb—z,l)j(¢0,1)m*j (mod p)
is a non-trivial linear independence relation for 7', contrary to what we have just
shown.

By Proposition 2.2, for every i there exists ¥; € Jyqi(p41),m such that Li¢=
1; (mod p). Hence there exist F; ; € M 15 )

Fi(p+1)42) with p-integral rational coeffi-
cients such that

Li,o=¢;=> Fij(¢-21)(do1)™ 7 (mod p)

Jj=0

and hence (2.2) is equivalent to

EZ (ibp - lFJ) (p—2.1) (¢0,1)™ 7 (mod p).

By the linear independence of the elements of 7, we deduce that (2.2) is equivalent
to > 7, Lppl-iE, 4 =0 (mod p) for every j. Elliptic modular forms modulo p have
a natural direct sum decomposition (see [22, Sec. 3] or [19, Theorem 2|) graded by
their weights modulo p — 1. Thus (2.2) is equivalent to

0= bp_l_iFi,j + b(p_l)/Q_iFi_i_(p_l)/Q,j (mod p)
and hence also

b
Firp-1)/25 =~ (5) Fi; (mod p)

for all 0 < j <m and 1 <4 < 2=, This implies, for alll<z<;

Lt = ¢= Z Fiivoa j(6-21) (do1)™ ™

=0

ol

- (3) Butoaayn

|||
/\ (=)

g) Li ¢ (mod p).
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We conclude that

which completes the proof. O

By (2.1), LP,¢ = L,,¢ (mod p). We call L,,¢, L2 ¢, ..., LP71¢ the heat cycle of
¢ and we say that ¢ is in its own heat cycle whenever LP1¢ = ¢ (mod p). Assume
L,,¢ # 0 (mod p) and pfm. By Proposition 2.2, applying L,, to ¢ increases the
filtration of ¢ by p+ 1 except when Q(¢) = % (mod p). If Q(LE ¢) = % (mod p),
then call Li ¢ a high point and L:t1¢ a low point of the heat cycle. By Proposi-
tions 2.1 and 2.2,

QLI ¢) =QULL,é)+p+1—s(p—1) (2.4)

where s > 1 if and only if L?, ¢ is a high point and s = 0 otherwise. The structure
of the heat cycle of a Jacobi form is similar to the structure of the theta cycle of a
modular form (see [8, §7]). We will now prove a few basic properties:

Lemma 2.5. Let ¢ € jk,m with ptm a prime such that L,,¢ £ 0 (mod p).

(1) If j > 1, then Q(L],¢) # &2 (mod p).

(2) The heat cycle of ¢ has a single low point if and only if there is some j > 1
with Q(L) ¢) = % (mod p). Furthermore, L, ¢ is the low point.

(3) If j > 1, then Q(LIF1¢) # QLI ¢) + 2.

(4) The heat cycle of ¢ either has one or two high points.

Proof. (1) If Q(L7,¢) = 252 (mod p), then by (2.4) for 1 <n < p—1 we have
UL ) = (L7, ¢) +n(p + 1).
In particular, L P=*¢ # LI ¢ (mod p), which is impossible.
(2) If Q(L,¢) = 22 (mod p), then by (2.4), for 1 <n < p— 2 we have
QLI 9) = Q(L7,¢) +n(p + 1)
and
QL3 0) = QLT ¢) = QLI0) + (p— ) +1) —s(p— 1)

where s must be p+ 1 and there can be no other low point. On the other hand,
if there is a single low point, then the filtration must increase p — 2 consecutive
times. The only way this is possible is if the low point has filtration ’DQﬁ (mod p).

(3) By Proposition 2.2, Q(LiF1¢) = Q(LJ ¢) + 2 can only happen when Q(L/ ¢) =
2t (mod p). Suppose Q(LiF1¢) = Q(LI,¢) + 2 = Z2 (mod p). By part (2),
this implies that the filtration increases p — 2 more times before falling. Hence
Li+P=1¢ £ LI ¢ (mod p), which is impossible.
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(4) Suppose there are ¢ > 2 high points Lfilgb where 1 < iy < -+ <4 < p—1.
By (2.4) and part (3) above, there are s; > 2 such that

QLET ) = QL ¢) +p+1—si(p—1). (2.5)

Hence

ULm¢) = ALE) = ULmod) + (p—V)(p+1) = Y _s;(p— 1),
j=1
and so > s; = p+ 1. By (2.5), Q(Lii{|r1 ) = p%l + 1+ s; (mod p) and so
there will be p — 1 — s; increases before the next fall. That is, for 1 < j < ¢,
ij4+1 —ij = p — s; where we take 4411 = %1 +p — 1 for convenience. Thus
t t
p—l=ip1—ir =Y (ij1—i;) =Y (p—s;)=tp—(p+1),
j=1 j=1

i.e. t = 2. We conclude that the heat cycle of ¢ has at most two (i.e. one or
two) high points. |

The following corollary of Proposition 2.4 is a key ingredient in the proof of
Proposition 2.7 below.

Corollary 2.6. If ¢ € jk,m has a Ramanugjan-type congruence at b # 0 (mod p)
and L,,¢ # 0 (mod p), then the heat cycle of ¢ has two low points which both have
filtration congruent to 2 (mod p).

pi1 b ptl
Proof. Since L, ¢ = —(E)ngi) (mod p), we have Q(Lm2 qS) = Q(Lmo) =
Q(LP ¢). Hence there is a fall in the first half of the heat cycle and in the
second half of the heat cycle. Furthermore, after a low point, the filtration
p—3

increases *5= times and then falls once. Thus, the filtration of the low points is

2 (mod p). m|

Our final result in this section gives the non-existence of Ramanujan-type
congruences of Jacobi forms.

Proposition 2.7. Let ¢ € jkm where k > 4, Ly, (¢) #Z 0 (mod p) and let b #
0 (mod p). If p > k and p t m, then ¢ does not have a Ramanujan-type congruence
at b (mod p).

Proof. Assume that ¢ has a Ramanujan-type congruence at b (mod p). First sup-
pose k = %. Then Q(¢) = % and so we must have s > 1 in (2.4). Since we need
Q(Ly,¢) > 0, we must have s = 1 and hence Q(L,,¢) = %. But by Lemma 2.5(2),
this implies there is only one low point, contrary to Corollary 2.6.

Now suppose k # %. Then Q(L,,¢) = k + p+ 1. There must be a low point
of the heat cycle with filtration either k + p + 1 or k. By Corollary 2.6, either
k+1=2 (mod p) or k =2 (mod p). Both of these alternatives are impossible since
p>k>4. O
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3. Proof of Theorem 1.2 and Examples

We employ the Fourier—Jacobi expansion of a Siegel modular form (as in [3]) to prove
Theorem 1.2. Let M ,52) denote the vector space of Siegel modular forms of degree 2
and even weight k (for details on Siegel modular forms, see, for example, [7, 10]).

Proof of Theorem 1.2. Let F € M}gz) be as in Theorem 1.2 with Fourier—Jacobi
expansion F(7,2,7') = 3.°0_ ¢ (7, 2)e>™™7 i, ¢y € Jpm. Let b # 0 (mod p).
Then F has a Ramanujan-type congruence at b (mod p) if and only if for all m, ¢,,
has a Ramanujan-type congruence at b. By Proposition 2.4, it is equivalent that for
all m

Lde)m = - (%) Lyom (HlOd p);

which is equivalent to (1.2), since

D(F) =Y Lin(¢m(r, 2)e> ™.
m=0

Now we turn to the second part of Theorem 1.2. Here we assume that p >
k, p # 2k — 1, and that there exists an A(n,r,m) with p { ged(n,m) such that
A(n,r,m) # 0 (mod p). Suppose that F' has a Ramanujan-type congruence at
b (mod p). Then all Fourier—Jacobi coefficients ¢,, have such a congruence at b.
We would like to apply Proposition 2.7. First, k£ > 4, since F' is non-constant and
M,EQ) C Cif k < 4. Moreover, if ¢,, Z 0 (mod p) with p t m, then Q(,,) = k by
Proposition 2.1 (since p > k and F' is non-constant modulo p) and Q(L,,¢m) =
k+p+ 1 by Proposition 2.2. In particular, L,,®,, Z 0 (mod p) and Proposition 2.7
implies that such a ¢,, does not have a Ramanujan-type congruence at b (mod p).
Hence, if p 1 m, then ¢, = 0 (mod p), i.e. A(n,r,m) =0 (mod p). By assumption,
there exists an A(n,r,m) £ 0 (mod p) with p t ged(n, m), which is only possible if
p | m and hence p { n. However, F(7,2,7") = F(7',2,7) and p { n together yield the
contradiction A(n,r,m) = A(m,r,n) = 0 (mod p). We conclude that F' does not
have a Ramanujan-type congruence at b (mod p). O

We will use Theorem 1.2 to discuss Ramanujan-type congruences for explicit
examples of Siegel modular forms after reviewing a few facts on Siegel modular
forms modulo p. Set

M,@ = {F (mod p) : F(Z) = Za(T)e““r(TZ) € M,g) where a(T) € Z(p)} .
Recall the following two theorems on Siegel modular forms modulo p:

Theorem 3.1 ([12]). There exists an E € Mf)l with p-integral rational coefficients
such that E =1 (mod p). Furthermore, if Fy € M,f) and F; € Mg) have p-integral
rational coefficients where 0 Z Fy = Fy (mod p), then ki = ko (mod p — 1).

Theorem 3.2 ([2]). If F € ]\7,52), then D(F) € Mlgi)pﬂ'
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Theorems 3.1 and 3.2 imply that for any F' € M ,EQ), we have

pil b ~(2
G = D5 (F) + (5) D(F) € M;i+)<z’+21>2 . (3.1)

Theorem 1.2 states that F e M, ,22) has a Ramanujan-type congruence at
b# 0 (mod p) if and only if G = 0 (mod p) in (3.1). One can apply the follow-
ing analog of Sturm’s theorem for Siegel modular forms of degree 2 to verify that
G =0 (mod p) in (3.1) for concrete examples of Siegel modular forms.

Theorem 3.3 ([15]). Let F =Y a(T)e™™(T2) ¢ M]EQ) be such that for all T with
dyadic trace w(T) < % one has that a(T) € Z,) and a(T) = 0 (mod p). Then
F =0 (mod p).

Remark. If T'= (} l;) > 0 is Minkowski reduced (i.e. 2[b| < a < ¢), then w(T) =
a + ¢ — |b|. For more details on the dyadic trace w(T'), see [16].

The following table gives all Ramanujan-type congruences at b # 0 (mod p) for
Siegel cusp forms of weight 20 or less when p > 5. Let Ey, Fg, x10, and x12 denote
the usual generators of M. ,gQ) of weights 4, 6, 10, and 12, respectively, where the

Eisenstein series F4 and FEg are normalized by a((g 8)) = 1 and where the cusp

forms x19 and 12 are normalized by a((3 ,)) = 1. Poor and Yuen kindly provided

Fourier coefficients up to dyadic trace w(7T') = 74 of the basis vectors for M ,22) with
k < 20. We used Magma to check that G = 0 (mod p) in (3.1) for each of the forms
in Table 1 below. It is not difficult to verify that (up to scalar multiplication) no
further Ramanujan-type congruences at b # 0 (mod p) exist for Siegel cusp forms
of weights 20 or less.

Table 1.
b#0 (mod p)
X12 b=1,4 (modb5) and b=2,6,7,8,10 (mod 11)
Eaxi2 b=1,4 (mod 5)
Eix12 — Esx1o b=3,5,6 (mod 7)
Eex12 b=1,4 (mod 5)
E3x10 + TEsx12 b=1,2,4,8,9,13,15,16 (mod 17)
E2x12 b=1,4 (mod 5)
X3 + 2E3x12 — 2E1Esx10 b=23,8,10,12,13,14,15,18 (mod 19)

Remarks. (1) For x%,+2E%x12 — 2E4EsX10 (mod 19) we have G € Mg% in (3.1)

and we really do need Fourier coefficients up to dyadic trace w(7T) = 22 i.e.,

3
up to 74 in Theorem 3.3 to prove that G =0 (mod 19).
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(2) For Siegel modular forms in the Maass Spezialschar one could decide the
existence and non-existence of their Ramanujan-type congruences also using
Propositions 2.4 and 2.7 in combination with Maass’ lift [11] (see also [6, §6]).
However, Theorem 1.2 is an essential tool in establishing such results for Siegel
modular forms that are not in the Maass Spezialschar, such as Efx12 and
X3o + 2E3x12 — 2E4Egx10 for example.

The following construction generates infinitely many Siegel modular forms with
Ramanujan-type congruences. Note that this construction also works for elliptic
modular forms and for Jacobi forms by replacing D with © := #% and Ly,

respectively. For any F' € M ,22) and any prime p > 5, set

Fy:=F-D"'Fe M

k+p2—1
1 _ —_—
Fipi= 5(D'F +DTF) e MY,
1 _ —~
Foqi:= §(Dp_1F ~-D*TF) ¢ Mlgi)ptl'

Clearly F = Fy + F1 4+ F_1 and if F = 3 a(T)e™*(T2) | then for s = 0,=+1, one
finds that

Fo= > a(T)emr?), (3.2)
( det(T) ):s
P
Hence F; has Ramanujan-type congruences at all b with (%) #+ s. For example, if
F := x3,, then a computation (in combination with Theorem 3.3) reveals that

Fy = 3E)x%, + 2E{ Egx10X12 (mod 5)
Fiy = E§xio +4E{xToxi2 + 4E)x1s + 2E{Esxi0x12 + 3E{EgxT,  (mod 5)
Foy = Efxfoxaz + 3E9x3, + EiEsxioxiz + 2B Egxy (mod 5).

Since Ey =1 (mod 5), we actually have Fy € MQ(? and Fiq € Mg)
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