
THETA BLOCKS

MARTIN RAUM FOLLOWING A TALK BY D. ZAGIER

The theory of Theta Blocks is based on work by V. Gritsenko, N. Skoruppa, and
Z.

Jacobi Forms (Eichler-Z.)

τ ∈ H, z ∈ C, q = e2πiτ = e(τ), ζ = e2πiz = e(z).

Θ(τ, z) =
∑
n∈Z
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2/8ζn/2
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1
2
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8 ζ
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∞∏
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(1− qn)(1− qnζ)(1− qn−1ζ−1) (Jacobi triple product identity).

where (−4

n

)
=

{
±1 n ≡ ±1 (mod 4)

0 2 |n
.

Θ(τ,−z) = Θ(τ, z)

Θ(τ + 1, z) = e(
1

8
)Θ(τ, z)

Θ(τ, z + 1) = −Θ(τ, z)

Θ(τ, z + τ) = −q−
1
2 ζ−1Θ(τ, z)

Θ(−1

τ
,
z

τ
) =

√
τ

i
e
( z2

2τ

)
Θ(τ, z).

η(τ) =
1

2
sumn∈Z

(12

n

)
q
n2

24 .

De�nition 0.1. A Jacobi form is a (holomorphic) function φ(τ, z) satisfying (k =
weight, m = index)

(i) φ
(
aτ+b
cτ+d

, z
cτ+d

)
= (cτ + d)ke

(
mcz2

cτ+d

)
φ(τ, z).

(ii) φ(τ, z + rτ + s) = e(−mr2τ − 2mrz)φ(τ, z).
(iii) holomorphy at in�nity: φ(τ, z) =

∑
4nm−r2≥0 c(n, r)q

nζr.

Notation: Jk,m.

Θ ∈ J 1
2
, 1
2
.

weak Jacobi forms: φ(τ, z) =
∑

n≥0 c(n, r)q
nζr; weakly holomorphic: φ(τ, z) =∑

n≥n0
c(n, r)qnζr; Notation: Jk,m ⊂ J̃k,m ⊂ J !

k,m.
1
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Examples 0.2. k > 2

Ek,m =
∑

SL2(Z

nZ21
∣∣ . . . ∈ Jk,m.

E4,1(τ, 0) = E4(τ) E6,1(τ, 0) = E6(τ)

φ10,1(τ, z) = E4,1E6 − E6,1E4 ∈ Jcusp

10,1

φ11,1 = E4,1E
′
6,1 − E6,1E

′
4,1.

A =
φ10,1

∆
∈ J̃−2,1 B =

φ12,1

∆
∈ J̃0,1

C =
φ11,1

∆
∈ J̃−1,2.

M∗ =
⊕

Mk(SL2(Z)) = C[E4, E6].

J̃even,∗ = C[E4, E6, A,B] = M∗[A,B]

J̃∗,∗ = M∗[A,B,C] /(432C2 = A(B3 − 3E4BA
2 + 2E6A

4)).

B

A
=
φ12,1

φ10,1

=
6= 0

O(z2)
= c√

C

A2
= √′.

√′2 = √3 + E4√+ E6.

0.1. �Jacobi like�. k even ⇒ φ(τ,−z) = φ(τ, z).

φ(τ, z) = ξ0(τ) +
(ξ1(τ)

2
− mξ′0(τ)

k

)
(2πiz)2 +

(xi2(τ)

24
+

mξ′1(τ)

2(k + 2)
+

m2ξ′′0 (τ)

2k(k + 1)

)
(2πiz)4 + · · · ,

where (f(τ) =
∑
anq

n, f ′(τ) :=
∑
nanq

n)

ξ0 ∈Mk ξ1 ∈Mk+2 ξν ∈Mk+2ν .

Cohen-Kuznetsov

ξ0 → x̂i0(τ, z) = ξ0 +
m

k
ξ′0(2πiz)2 + · · ·

is Jacobi-like (satis�es (1)).

φ =
∑

ξ̂νz
2ν .

J
(like)
k,m

∼=
( ∞∏
ν=0

Mk+2ν (convergent part).

k odd

phi(τ, z) = ξ0(τ)(2πiz) + (ξ′0 +
xi1
6

)(2πiz)3 + · · · .
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Odd weight forms have zeros at τ+1
2
, τ

2
, and 1

2
.

Any Jacobi function has at most 2m zeros in a fundamental domain. So we get

Theorem 0.3. k even

J̃k,m
∼=
↪→

m⊕
ν=0

Mk+2ν.

k odd

J̃k,m
∼=
↪→

m−2⊕
ν=0

Mk+2ν+1.

We call this the Taylor expansion of a weak Jacobi form.

0.2. Elliptic forms. Functions satisfying only (2).

φ =
∑

c(n, r)qnζr.

(2) tells us

φ(τ, z) = qmλ
2

ζ2mλφ(τ, z + λτ + µ) =
∑

c(n, r)qn+λr+mλ2

ζr+2mλ.

So we have

c(n, r) = c(n+ λr +mλ2, r + 2mλ) ∀λ ∈ Z.

Set

∆ := 4nm− r2 = 4m(mλ2 + rλ+ n)− (2mλ+ r)2.

c(n, r) = C(∆, r (mod 2m))

φ =
∑

l (mod 2m)

( ∑
∆≡−l2 (mod 4m)

C(∆, l)q
Delta
4m

)( ∑
r≡l (mod 2m)

q
r2

4m ζr
)

=
∑

l (mod 2m)

hl(τ) Θm,l(τ, z)︸ ︷︷ ︸ universal.
φ 7→ (h0, h1, . . . , h2m−1) = vector.

φ ∈ Jk,m ⇒ hl ∈Mk− 1
2
(some level).

Summary: (1) (�Jacobi-like�) ⇔ φ = ξ0 + (ξ1 + . . .)z2 + · · · . (2) (�elliptic�)
⇔ φ =

∑2m
l=1 hl(τ)Θm,l(τ, z).

ξν =
∑

l (mod 2m)

[hlΘ
0
m,l]ν ∈Mk+2ν .

m = 1 then J̃k,m = Mk+2A⊕MkB, Jk,1 ∼= Mk ⊕ Sk+2, J
cusp
k,1 = Sk ⊕ Sk+2.

Coe�cients

∆ -1 0 3 4 7 8 11 12 15

φ10,1 0 0 1 -2 -16 36 99 -272 -240
φ12,1 0 0 1 10 -88 -132 1275
A 1 -2 8 -12 39 -56 153
B 1 10 -64 108
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A =
Θ(τ, z)2

η(τ)6
B = A√ = 4

4∑
j=2

Θj(τ, z)2

Θj(τ, 0)2
C =

Θ(τ, 2z)

ητ 3
.

First weight 2 Jacobi form at m = 25, �rst cusp form at m = 37.

Theorem 0.4 (Sk. - Z.).

Jk,m ∼= M︸︷︷︸ �pure�
Mnew

k (Γ0(N)) ⊂Mk(N) ⊂Mk(Γ0(N)).

Connection to elliptic curves X∗0 (37) = E37 with odd function equation. L′(E, 1) ∼=
h(P ), P a Heegner point. Heegner points P∆ are labeled by discriminants. To
compute the corresponding Jacobi form φ use projection to S2.

φ =
Θ(z)3Θ(2z)3Θ(3z)2Θ(4z)Θ(5z)

η(τ)6
.

Example 0.5. J̃2,1 = M4A⊕M2B = 〈E4A〉
∆ -1 0 3 4 7 8 11

C(E4A; ∆ 1 -2 248 -492 4119 -7256 33512

j(τ) =
E3

4

∆
= q−1 + 744 + 196884q + · · ·

is a Hauptmodule H/Γ→ P1(C). Set J = j − 744.

3
√
J(τ) =

E4(τ)

η(τ)8
= q−

1
3 + 248q

2
3 + · · · .

We �nd

J
(1 + i

√
3

3

)
=

0− 744

3
= −248

J(i)

2
=

1728− 744

2
= 492 J

(1 + i
√

7

2

)
= −3375− 744 = −4119.

This is the above coe�cients.

φ ∈ J !
k,m order at ∞: Ord∞(φ) = min{n − r2

4m
: c(n, r) 6= 0} = minl Ord∞(hl).

weak order : Õrd∞(φ) = min{n : c(n, r) 6= 0}.
Õrd∞(φ) ≥ 0⇔ φ ∈ J̃k,m Ord∞(φ) ≥ 0⇔ φ ∈ Jk,m.
Right notion of order is a function on R/Z.

De�nition 0.6.

Ord(φ)(x) = min{mx2 + rx+ n : c(n, r) 6= 0}.

minx∈R/Z Ord(φ)(x) = Ord∞(φ). We have Ord(φ1φ2)(x) = Ord(φ1)+Ord(φ2). The
minimum in the de�nition are attained at x = −r

2m
∈ 1

2m
Z/Z.

Θ(τ, z) =
∑(−4

n

)
q
n2

8 ζ
n
2

Ord(Θ)(x) = min
n odd

(1

2
x2 +

n

2
x+

n2

8

)
=

1

2
‖x+

1

2
‖2.
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Example 0.7. The above theta block corresponds to (a1, . . . , a10) = (1, 1, 1, 2, 2, 2, 3, 3, 4, 5).

min
x

( 10∑
i=1

1

2
‖aix−

1

2
‖2 ≥ 6

24
.

So we can divide by η6.

Second lecture

ordφ(x) = min
c(n,r)6=0

(mx2 + nx+ r).

φ hol. ⇒ 4mn ≥ r2 ⇒ mx2 + rx+ n = (2mx+r)2+(4mn−r2)
4m

≥ 0.
φ hol ⇔ ordφ(x) ≥ 0∀x, because

min
x∈R

(ordφ(x)) = min
x

min
c(n,r)6=0

(mx2 + rx+ n) = min
n,r

min
x

(mx2 + rx+ n) = min
n,r

4mn− r2

4m
=

∆min

4m
= Ord∞(φ).

Since ordφ has discontinuities at non-minimal points only, it the minimum is attained
at x ∈ 1

2m
Z/Z.

Properties of g(x) = ordφ(x):

• continuous.
• g(x+ 1) = g(x).
• g(−x) = g(x).
• g′′(x) = 2m a.e.
• ordφ1φ2 = ordφ1 + ordφ2 .

The order is multiplicative, because for φ ∈ Jk,m, then φ(τ, 0) ∈ Mk, φ(τ, 2
5
) ∈ Mk,

but φ(τ, 2τ−3
7

) 6∈Mk, q
4m
49 φ(τ, 2τ−3

7
) ∈Mk. Generally, q

mλ2
φ(τ, λτ + ν). Thus

ordφ(x) = limiting value as λ→ x ∈ R, µ→ 0 of Ord∞
(
qmλ

2

φ(τ, λτ + µ)
)
.

1. Theta Blocks

De�nition 1.1 (temporary). A theta block is:

Θli · · ·ΘlN

η∗
,

where li ∈ Z, ∗ ∈ Q and Θl(τ, z) = Θ(τ, lz).
More generally: allow Θ±1

l .

Example of the more general case: η(τ)Θ(2z)
Θ(z)

, which is holomorphic, since all zeros

cancel.

Θ0
l :=

∏
d | l

Θ
µ(d)
l/d

Θl =
∏
d | l

Θ0
d,

which are holomorphic.
Notation: a = a = (a1, . . . , aN). Θa =

∏N
i=1 Θ(τ, aiz). M(a) = 24Ord∞(Θa) ∈ Q

M(a) is the biggest power of η by which Θa can be divided and remain holomorphic.

Example 1.2.

η−6Θ(1,1,1,2,2,2,3,3,4,5) ∈ Jcusp
2,37
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Question: How good does this get?
Open question: Does N −M(a) have to go to ∞ as N → ∞? Assuming it does,

what is the biggest N you can �nd where
Θl1 ···ΘlN
ηN−4 has weight 2?

Record: N = 37, Θ1(Θ1Θ2Θ3)(Θ1···Θ33)
η33.02 .

Fact: M(a) < N . η−MΘ1 · · ·ΘN hol ⇒ N−M
2

= weight > 0.
a = (a1, . . . , aN) ∈ ZN . WLOG a ∈ NN , since Θ−l = −Θl, gcd(a) = 1, and

1 ≥ a1 ≥ . . . ≥ aN .

Example 1.3 (�Theta quarks�). a, b ∈ Z⇒ ΘaΘbΘa+b is divisible by η, i.e. Ord∞(ΘaΘbΘa+b) ≥
1
24
. m = a2

2
+ b2

2
+ (a+b)2

2
= a2 + ab+ b2 ∈ Z. η−MΘa ∈ JN

2
,m(ε3N−Mv2m

H ).

Ord∞ =

{
1
24

if 3 |m
1
24

(1 + 2
m

) if 3 -m.

Proof 1: Show ord(ΘaΘbΘa+b)(x) ≥ 1
24
.

ord(θ)(x) =
1

2
‖x− 1

2
‖2,

‖x‖ = d(x,Z).

orda = min
x∈R

(1

2

N∑
i=1

‖aix−
1

2
‖2.

Average of function is N
24
, giving an upper bound for the minimum ord∞. So

M(a) = 24Ord∞(Θa) = 12 min
x

N∑
i=1

‖aix−
1

2
‖2

M

12
= min

x
min

k∈(Z+ 1
2

)N
‖ax− k

‖

2

= min
k∈(Z+ 1

2
)N
‖πa(k)‖2 = d

(
πa(

1

2
, . . . ,

1

2
), πa(ZN)

)2
,

where πa : RN = 〈a〉 ⊕ 〈a〉⊥ →πa 〈a〉⊥.
Receipt: extend a = a(1) to an orthogonal basis of RN , a(1), . . . , a(N).

‖k‖2 =
N∑
i=2

(k, a(i))2

(a(i), a(i))
.

Apply this to a(1) = (a, b, a+ b): a(2) = (1, 1,−1).

k = (k1 + 1
2
, k2 + 1

2
, k3 + 1

2
), so ‖π(a,b,a+b)(k)‖2 ≥ (k,(1,1,−1))2

‖(1,1,−1)‖2 =
(k1+k2−k3+ 1

2
)2

3
.

−ΘaΘbΘa+b
η

∈ J1,m(ε8) is a quark. The character becomes trivial if we multiply three
Q1, Q2, Q3 of them. Q1Q2Q3 ∈ J3,m1+m2+m3.
In�nite families

(i) η−1ΘaΘbΘa+b.
(ii) η−2ΘaΘbΘa+bΘa−b. Here, a(1) = (a, b, a + b, a − b), a(2) = (1, 1,−1, 0), and

a(3) = (−1, 1, 0, 1). So ‖πa(k)‖2 = (k,a(2))

(a(2),a(2))
+ · · · ≥ (1/2)2

3
+ (1/2)2

3
.

(iii) η−4ΘaΘbΘa+bΘa−bΘ2a−bΘa−2b.
(iv) η−3ΘaΘbΘcΘa+bΘb+cΘa+b+c specializes to the above if c = a − 2b (up to the

η power).
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(v) η−6ΘaΘbΘcΘdΘa+bΘb+cΘc+dΘa+b+cΘb+c+dΘa+b+c+d.

(vi) η−
s(s−1)

2 Θa1 · · ·ΘasΘa1+a2 · · ·Θa1+···+as. N = s(s+1)
2

and M = s(s−1)
2

, so that

N −M = s ∼=
√
N .

Proof 2: Actually do it!

Proposition 1.4. For a, b ∈ N de�ne

Θa,b(τ, z) =
∑
r,s∈Z

(s
3

)
qr

2+rs+ s2

3 ζ(a−b)r+as ∈ J1,a2+ab+b2(ε
8).

Then Θa,b = −ΘaΘbΘa+b
η

.

Proof. Trick:

∀s ∈ Z :
(−3

s

)
=

∑
t∈s+3Z

(−4
t

)
qt

2/24

η(τ)
.

Proof:

η =
1

2

(
−3
n

)(
−4
n

)︷ ︸︸ ︷(12

n

)
q
n2

24 =
∑

n≡1 (mod 4)

(−3

n

)
qn

2/24 +
∑

n≡3 (mod 4)

(−4

n

)
qn

2/24.

This is similar to a trick crucial to tread L(s, χ) (Gauss)

χ(n) =

∑
j (mod f) χ(j)e( jn

f
)∑

j (mod f) χ(j)e( j
f
)
.

Euler:

1

ns
=

∫∞
0
ts−1e−nt dt

Γ(s)
.

Now consider

{(l,m, n) ∈ Z3 : l ≡ m ≡ n (mod 2)} ∼= {(r, s, t) ∈ Z3 : s ≡ t (mod 3)} via

(l,m, n) 7→
(n−m

2
,
l +m

2
− n,−l −m− n

)
We have

(l2 +m2 + n2)/8 = (r2 + rs+ s2/3) + t2/24.

We have

−ΘaΘbΘa+b =
∑

l,m,n∈Z

( −4

lmn

)
q
l2+m2+n2

8 ζ
al+bm−(a+b)m

2 =
∑

r,s,t∈Z, s≡t (mod 3)

(−4

t

)
qr

2+rs+s2/3qt
2/24ζ

al+bm−(a+b)m
2 =

∑
r,s∈Z

qr
2+rs+s2/3ζ(a−b)r+as)

( ∑
t≡s (mod 3)

(−t
4

)
qt

2/24
)
.

�



8 MARTIN RAUM FOLLOWING A TALK BY D. ZAGIER

2. 3. Lecture

a = (a1, . . . , aN) ∈ ZN

gives us a theta block

Θa(τ, z) =
N∏
j=1

Θ(τ, aiz).

Recall

M(a) = 24Ord∞(Θa) = 12 min
x∈R

n∑
i=1

d(aix,Z +
1

2
)2 = biggest M s.t. η−MΘa is holomorphic.

We �nd M = 0 if and only if all ai are odd.

M(a) = 12 min
x∈R

min
k∈(Z+ 1

2
)N
‖ax− k‖2 = 12 min

k∈(Z+ 1
2

)N
‖πa(k)‖2 = 12d

(
πa(

1

2
, . . . ,

1

2
), πa(ZN)

)2
.

We are interested in theta blocks with N as large as possible. There were �ve families

(i) a = (a, b, a+ b), N = 3, M(a) ≥ 1, k = 1.
(ii) a = (a, b, a− b, a+ b), N = 4, M(a) ≥ 2, k = 1.
(iii) a = (a, b, b− a, a+ b, 2b− a, 2a− b), N = 6, M(a) ≥ 4, k = 1.
(iv) a = (a, b, c, a+ b, b+ c, a+ b+ c), N = 6, M(a) ge3, k = 3

2
.

(v) a = (a, b, c, d, a + b, b + c, c + d, a + b + c, b + c + d, a + b + c + d), N = 10,
M(a) ≥ 6, k = 2.

For (1) we can form the matrix (rows a, a′, r1, and r2)
a b a− b a+ b
b −a b+ a b− a
1 −1 −1 0
1 1 0 −1


which gives an orthogonal basis of R4. With k = (α, β, γ, δ) ∈ (Z + 1

2
)4 we have

πa(k) =
(k, r1)2

(r1, r1)
+

(k, r2)2

(r2, r2)
=

(α− β − γ)2

3
+

(α + β − δ)2

3
≥ (1/2)2

3
+

(1/2)2

3
=

2

12
.

a a b a− b a+ b 2a− b a− 2b
a′

r0 −1 1 1 0 0 0
r1 −1 −1 0 1 0 0
r2 −1 0 −1 0 1 0
r3 0 −1 1 0 0 −1
r4 0 0 0 −1 1 −1
For k ∈ 〈r0, . . . , r4〉 we get

‖k‖2 =
(k, r0)2

3
+

(k, r1)2

4
+

(k, r2)2

4
+

(k, r3)2

4
+

(k, r4)2

4
≥ (1/2)2

3
+ 4

(1/2)2

4
=

4

12
.

We consider ((n0, . . . , ns) ∈ Zs+1)∏
0≤i<j≤s

Θ(τ, (ni − nj)z)

We have N =
(
s+1

2

)
= s(s+1)

2
.
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Claim: M =
(
s
2

)
= s(s−1)

2
. We give 3 proofs of this

(i) Ord ≥ . . ..
(ii) quotient = explicit Θ series

a) by comparing transformation properties.
b) explicitly.

Fix s

V = {H ∈Ms+1 : Htr = −H}

dimV = N =

(
s+ 1

2

)
.

We write V (R), V (Z) for the real and integral points. Orthogonal decomposition
V (R) = V0(R)⊕ V1(R). Set

‖H‖2 = Q(H) =
∑

0≤i<j≤s

h2
ij =

1

2

∑
i,j

h2
ij = −1

2

∑
i,j

hijhji = −1

2
tr(H2).

Notation: u = (1, . . . , 1︸ ︷︷ ︸
s+1

). β = ( s
2
, s−2

2
, . . . ,− s

2
), βi = s

2
− i for 0 ≥ i ≥ s.

S =


0 1 1 · · · 1

−1 0
...

...
−1 · · · · · · −1 0



G =


0 1 2 3 · · · s
−1 0 1 2 · · · s− 1
...
−s · · · 0

 .

We have

V0 = {(yi − yj)i,j=0,...,s : y ∈ Rs+1/Ru}
V1 = {H ∈ V : uH = 0 or Hutr = 0}
V0 = {ytru− utry} y = (0 . . . 1 . . . 0),

where H = H0 +H1 ∈ V0 ⊕ V1. We have Q(H) = Q0(H) +Q1(H).

Proposition 2.1. We have Q0(H) = 1
s+1
‖uH‖2, Q1(H) = 1

s+1

∑
0≥i<j<k≥s(hij+hjk+

hki)
2.

Proof. We have Q0 = 0 on V1, Q1 = 0 on V0.

6(s+ 1)Q1(H) =
s∑

i,j,k=0

(hij + hjk + hki)
2

= 3(s+ 1)
∑
i,j

h2
ij + 6

∑
i,j,k

hijhjk = 6(s+ 1)‖H‖2 − 6(s+ 1)Q0(H).

�

Theorem 2.2.
∏

0≤0i<j≤s Θ(τ, (ni − nj)z) is divisible by η(s2).
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Proof. k ↔ K is a matrix now.

M
(
(ni − nj)0≤i<j≤s

)
≥ 12 min

K
Q1(K) = 2(s+ 1)

∑
0≤i<j<k≤s

(hij + hjk + hki)
2 ≥ 2(s+ 1)(1/2)2

(
s+ 1

3

)
.

�

Consider τ ∈ H, z ∈ Cs+1/Cu

Ps(τ ; z0, . . . , zs) =
∏

0≤i<j≤s

Θ(τ, zj − zi).

Claim: η(τ)−(s2)Ps(τ ; z) is holomorphic. If you specialize to z = nz, z ∈ C, n ∈
Zs+1/Zu then this specializes to previous thing.

De�nition 2.3.

Qs(τ ; z) =
∑

x∈(Z+ s
2

)s+1
sum 0

ε(x)︸︷︷︸
±1 or 0

q
‖x‖2

2(s+1) ζx0
0 · · · ζxss .

ε(x) =

{
0 if any two xi's are equal (mod s+ 1),

sgn(π) if π(x) ≡ β (mod s+ 1) for some permutation π ∈ Ss+1

.

Theorem 2.4.

Ps(τ ; z) = η(τ)(
s
2)Qs(τ ; z).

Proof.

Ps(τ ; z0 + 1, z1, . . . , zs)

Ps(τ ; z0, . . . , zs)
=

s∏
i=1

Θ(τ ; z0 − zi + 1)

Θ(τ, z0 − zi)
= (−1)s.

On the other hand,

Qs(τ ; z0 + 1, z1, . . . , zs)

Q(τ, z)
= e
(s

2

)
= (−1)s.

Ps(τ ; z0 + τ, z1, . . . , zs)

Ps(τ ; z0, . . . , zs)
=

s∏
i=1

Θ(τ ; z0 − zi + τ)

Θ(τ, z0 − zi)
=

s∏
i=1

(
− q

1
2 ζ−1

0 ζi
)

= (−1)sq−
s
2 ζ−s0 ζ1 · · · ζs.

To get the analog behavior for Qs: In the de�nition of ε the permutation needed
changes by a cycle of length s, with sign (−1)s.

(−1)sQs(τ, z) =
∑
x

ε(x)q
‖x+A‖2
2(s+1)

∏
ζxi+Aii︸ ︷︷ ︸

ζs0ζ
−1
1 ···ζ

−1
s

Q
ζ
xi
i

= ζs0ζ
−1
1 · · · ζ−1

s q
s
2

∑
ε(x)q

‖x‖2
8 (qζ0)x0ζx1

1 · · · ζxss︸ ︷︷ ︸
Ps(τ ;z0+τ,z1,...,zs)

.

Also: Qs(τ, z) is antisymmetric in zi's, so it vanishes on all diagonals zi = zj. Thus
it is divisible by P as a function of z, τ �xed. We have shown that

Qs(τ, z)

Ps(τ, s)

is holomorphic in z and doubly periodic in each zi. That is, it is independent of z. �
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Remember β = ( s
2
, s−2

2
, . . . ,− s

2
). Easy: β and its permutations have minimal norm

in (Z + s
2
)s+1
sum 0. For example

• s = 2, β = (1, 0,−1).
• s = 3, β = (3

2
, 1

2
,−1

2
,−3

2
).

‖β‖2

2(s+ 1)
=
s(s− 1)

2

1

24
= Ord∞

(
η(s2)

)
.

Coe�cient of q(
s
2)/24 is∑

π∈Ss+1, x=π(β)

sgn(π)ζ
βπ(0)

0 · · · ζβπ(s)
s = det(ζ

βj
i ) =

∏
0≤i<j≤s

ζi − ζj√
ζiζj

.

Proof 2. Remember

Ps(τ, z) =
∏

Θ(τ, zj − zi) =
∏
i,j

(∑
n

(−4

n

)
q
n2

8 (ζi/ζj)
n/2
)

=
∑

H=−Htr

nij odd (i 6=j)

χ(N)q
‖H‖2

8 ζx0
0 · · · ζxss .

Since 2x = uN :∏
ζxii =

∏
i<j

(ζi/ζj)
nij/2 =

∏
i,j

(ζi/ζj)
nij/4 =

∏
i,j

ζ
nij/2
i =

∏
ζ

1
2

P
j nij=xj

i .

χ(H) =
∏

0≤i<j≤s

(−4

hj

)
= (−1)

P
i<j nij = (−1)tr(NS)/2.

Here, H ∈ V (Z), N ≡ S (mod 2V (Z)), H = S + 2 N︸︷︷︸
∈V (Z)

, hij = sgn(j − i) + 2nij.

‖H‖2 = Q(H) = Q0(H) +Q1(H) = Q1(H) +
4‖x‖2

s+ 1
.

So we can continue

Ps(τ, z) =
∑

x∈(Z+ s
2

)s+1
sum 0

( ∑
H=S+2N,uH=2x

(−1)tr(SN)/2qQ1(H)/8
)

︸ ︷︷ ︸
function ∆s of τ alone

q
‖x‖2

2(s+1) ζx0
0 · · · ζxss

Claim: ∆s does change for x
′ ≡ x (mod s+1). Simply replace N by N+(ni−nj)i,j

with same Q1(H). ∆s is antisymmetric.
We get

Ps(τ, z) = ∆s(τ)Qs(τ, z)

∆s(τ) =
∑

H=S+2N, uH=2β

(−1)tr(SN)/2qQ1(H)/8 ?
= η(τ)(

s
2).

Example 2.5. s = 3

H =


0 1 + 2a− 2b 1− 2a+ c 1 + 2b− 2c
−1 0 1 + 2a 1− 2b
−1 −1− 2a 0 1 + 2c
−1 −1 + 2b −1− 2c 0


‖M1‖2 = 12(a2 + b2 + c2)− 8(ab+ ac+ bc) + 4(a− b+ c) + 1

3‖M1‖2 = (1 + · · · )2 + (1 + · · · )2 + (1 + · · · )2 ?
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�

3. Lecture 4 by Nils Skoruppa

How many Jacobi forms are theta blocks? We allow quotients of theta during
the whole lecture. ∏

c

∏
d | c

θ
µ( c
d

)

d

are the only admissible theta blocks.
The number of theta block of given index which are holomorphic in H×C (counted

up to multiplication by powers of η) is �nite. The lecture will deal with in�nite families
of theta block, which are the only hope � at least currently � to prove something
about this and related questions.
We have two families {

θ(τ, dz)
}
d≥1

,
{
θ∗(τ, dz)

}
d≥1

,

where θ∗(τ, z) = θ(τ,2z)
θ(τ,z)

η(τ) ∈ J 1
2
, 3
2
(ε).

Theorem 3.1. Every Jacobi form of weight 1
2
, any index, any character is a linear

combination of these theta blocks.

Jacobi forms of matrix index:

L = (L, β),

where β is a bilinear form β : L × L → Z which is non-degenerate. We will write
Q⊗ L,C⊗ L and then consider β as a form on these modules.
Given a lattice U ⊆ L, U# = {y ∈ Q ⊗ L : β(y, U) ⊆ Z}. We have L# ⊇ L of

�nite index.
We write β(x) = 1

2
β(x, x). This induces an element in Hom(L,Q/Z) of order 1

or 2. We say L is even, if β(x) ∈ Z f. a. x ∈ L, and L is odd otherwise. Set
Lev := ker(x 7→ β(x) + Z) ⊆ L ⊆ L# ⊆2 L

#
ev. We call the set

L• =
{
r ∈ L#

ev : β(r, x) ≡ β(x) (mod Z) for all x ∈ L
}
⊆ L#

ev

the set of special vectors (This is also called �shadow of L� (Quebbemann, Rains,
Sloane, Elkies, etc.)). If L is odd, then L#

ev /L
# = {L#, L•}.

Recall that we write ε for the multiplier system (not the character!) of η.

De�nition 3.2. Jk,L(εk), k ∈ 1
2
Z, h (mod 24), k ≡ h

2
(mod Z). φ ∈ Jk,L if and only

if φ : H⊕ (C⊗ L)→ C and

(i) φ
(
Aτ, z

cτ+d

)
= e
(
cβ(z)
cτ+d

)
(cτ + d)k−

h
2 εh(A)φ(τ, z) for A ∈ SL2(Z).

(ii) φ(τ, z + xτ + y) = e(β(x+ y))e(−τβ(x)− β(x, z))φ(τ, z) for x, y ∈ L.
(iii) φ =

∑
n∈h

2
+Z
∑

r∈L•, n≥β(r) c(n, r)q
ne(β(z, r)).

Remarks 3.3. (i) (x, y)︸ ︷︷ ︸
∈L×L

7→ e(β(x+ y)) is a character.

(ii) L not integral, then there are no Jacobi forms.
(iii) L not semi-positive de�nite, then there are no Jacobi forms.
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(iv) F ∈ (1
2
Z)n×n, F = F tr, F > 0.

Jk,F (εh) = Jk,(Zn,(x,y)7→xtr2Fy)(ε
h)

via C⊗ Zn →∼= Cn, z ⊗ x 7→ zx.

Jk,m( ) = Jk,(Z,2mxy)( ).

3.1. Embedding construction. α : L → M isometric gives α∗ : Jk,M(εh) →
Jk,L(εh), φ 7→ α∗φ(τ, z) = φ(τ, α(z)).
Special case:

α : L→ ZN

α∗
N∏
j=1

θ(τ, zj)︸ ︷︷ ︸
∈JN

2 ,Z
N (ε3N )

=
∏

θ(τ, αj(z))︸ ︷︷ ︸
∈JN

2 ,L
(ε3N )

.

Given x0 ∈ L, m = β(x0)

sx0 : Z(2m)→ L, t 7→ tx0

(s∗x0
φ)(τ, w) = φ(τ, x0w)︸ ︷︷ ︸

∈Jk,m(εh)

(w ∈ C)

In�nite family of theta blocks: Let φ as above and consider s∗x0
φ
x∈L,x6=0

= {φ(τ, xw)}x∈L,x6=0.

By what power of η can we divide φ? Typically: The power is at most ηN−n,
n = rk(L), L → ZN . ηn−Nα∗φ ∈ Jn

2
,L(εh) has singular weight, so that we cannot

divide by a higher power of η.

De�nition 3.4 (Eutactic star on L).

S = {sj}Nj=1, 0 6= sj ∈ L# s.t. x =
N∑
j=1

β(sj, x)sj (x ∈ Q⊗ L).

We have β(x, y) =
∑

j β(sj, x)β(sj, y) and β(x, x) =
∑

j β(sj, x)2.

Remark 3.5. We have an embedding

L 3 X 7→
(
β(s1, x), . . . , β(sN , x)

)
L→ ZN .

Vice verca, if α : L → ZN with all components 6= 0, then αj(x) = β(sj, x) for a
suitable sj ∈ L# and {sj}Nj=1 is a ES.

We let GS be the subgroup of all g ∈ O(L) s.t. there exists a permutation of indices
and sign εj = ±1 s.t. gsj = εjsσ(j). We set δS(g) =

∏
εj, δS : GS → {±1}.

De�nition 3.6. {sj}Nj=1 is extremal if L• /Lev has exactly one GS-orbit U whose
elements have stabilizer in ker δS.

Theorem 3.7. L = (L, β) of rank n, S and extremal ES on L of length N . Then

ηn−N
N∏
j=1

θ(τ, β(sj, z)) = γ
∑
x∈Lev

e
(
β(w + x)

) ∑
g∈GS

δS(g)e
(
β(w + x, gz)

)
for some constant γ. Here, w is a Weyl vector for {sj}. By de�nition, we have
w + Lev ∈ U , β(w) is minimal in w + U .
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3.2. Eutactic stars arising from irreducible root lattices. Classi�cation: An, Bn, Cn, Dn, E6, E7, E8, F2, G4.
R irreducible root lattice, R+ positive roots.
Let fj be a Z basis for

∑
Zr.

r =
n∑
j=1

ρr,jfj

θR(τ, z) =
∏
r∈R+

θ(τ,
n∑
j=1

ρr,jzj) ∈ Jn
2
,R(εn+2N).

In the case A2, we get

η−1θ(τ, z)θ(τ, z1 + z2)θ(τ, z2).

For An = {x ∈ Zn+1 : x0 + · · · + xn = 0, An = {x ∈ An : x2 = 2}, we set
R+ = {(0, · · · , 1, · · · ,−1, · · · 0)}, fj = (0, · · · , 1,−1, · · · , 0).

θAn = η−(n2)
n∏
j=1

θ(τ, zj)
∏

1≥i<j≥n

θ(τ, zi + zj).

Set

h =
∑
r∈R+

(r, r)/n,

where the scalar product comes from the ambient Euclidean space E.

L = weight lattice of R = {x ∈ E : (x, r) ∈ Z for all r ∈ R}.
We have

h(z, z) =
∑
r∈R+

(r, z)2,

and this give the above formula
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