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Abstract. Assuming'the continuum hypothesis is true and the cardinality of
ca(S, X) is 2%, (as is the case in 0_* [0, 1), an integral representation of the func-
tionals, T, of the dual of ca(§, X) is given- T{p) = f wdp. Here, v is a real-valued

funection defined on X and the appromm&tmg sums are of the form Xy (¥)p (H), where
the sum is over all sets F of some partition of the space S. The integral is the limit
of the approximating sums over the directed set of partitions. :

Let M[0, 1] denote the space of all real-valued, countably é,dditiw,
regular set functions defined on the o-algebra, B, of all Borel subsets
of the closed interval [0, 1], with the norm of a funection, u, being the
total variation of u. Let C[0; 1] denote the space of all real-valued contin-
unous functions on [0, 1], with the norm of a function f being the leagt
upper bound of |f| on [¢, 1]. The space N[0, 1] is isomefrically isomor-
phic to C*[0, 1], the first dual of [0, 1], ([2], p. 2562).

. Kakutani has shown that there is a compact Hausdortf space K
such that 9" [0, 1] is isometric and lattice isomorphic to C(XK) [3]. Yu
Sreider has shown [7 ] that each functional T in IM*[0, 1] can be repre-
sented as follows: . -

| J L0 ap),
[0, 1] _
where f,(#) is a “generalized function” meaning a function of points ¢
in [0, 1] and of measures p in M[0, 1].

A. P. Artemenko [1] proved that if {u. ). < EZR[O 1] is a maximal
set of mutually singular measures (all measures of the form “a value
at a point” belong to which), then

1) For each meaéure #eIM[0, 1] there exist meagures 7 e IR[0, 1],

v K fho, Such that u == Z Ve

2) For any functional T eim*[() 1] there exist functions fael} {#,)
sueh that :

o]

T T N

=1 0 f=1
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The purpose of this paper is to show that assuming the continuum
hypothesis is-true, each functional T in 9RX°[0, 1] can be represented as:

T(u) = [ vau,
f0, 1]
where v is a bounded real-valued function defined on the Borel subsets
of [0, 1] and the integral is the limit of approximating sums on the di-
rected set of subdivisions or partitions on [0, ¥].

Remark. The techniques employed here can be exfended to give
an integral representation of the same type of the bounded linear functions
on the space ca(S, Z) of all real-valued countably additive set functions
defined on a o-algebra, X, of subsets of a set &S, provided that the cardi-
nality of ca(8, X) is 2™,

DEFINITIONS. “I} is a subdivision of [0,1]” means that D is a finite

collection of disjoint Borel sets filling up the interval [0, 1] and “D’
refines D means D' is a subdivision of [0, 1] and each set in D' is a subset
of some set in D[ 1. If v and p are real-valued functions on B, then “lhe
nwmber w is the integral of v with respect to u”° means that if &> 0, then -
there is a subdivision D of [0, 1] such that if D’ refines D, then

i yp(B)u(B) —_ﬂw|< €.

all Bin ¥

1
The integral of ¢ with respect to p is denoted by f wdp. This iy an

mtegral of the Kolmogorov—-Burkhﬂl type [6]. This mtegra,l is linear
in both wvariables.

The main result of this paper is the following theorem.

TaroREM. Suppose 270 = N,. Then T is a bounded linear functional
on N[0, 1] if and only if there is a bounded, real-valued function v defined
on B such that for each p in IN{0, 1], zp 8 pz -integrable on [0, 1] and

(1) () = f yip. R

Remark. If a functional 7 on [0, 1] is defined by equation (1),
where vy is a bounded real-valued function on B, then T is linear and it
is bounded, since

T(uh =] [ yap| <@ w Dlv(B)- ol
o Bin®B

In order to prove the converse, let {ﬂa}.dc IR[0, 1] be a maximal
set of mutually singular measures. We can assume that the measures
are positive. Since card I == 2% and the continuum hypothesm is assumed,

the index set I can be ordered into type 2. Let F' = {u = 2 i vy K )
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Of course, F is dense in [0, 1]. Let T<IN*[0,1] be a non-negative
* funetional, and (f,)..; & sequence of functions defined by T (by Artemenko’s-
characterization). Obviously, f.=0.

For each y and o, 1<y <a< 2, let B, be a Borel set such that
py(B,,) =0 and p (B ya) = 0, where B denotes the complement of B, .

For each a,1 <a< £, 1et B, = ﬂB},‘, s (B, = 0,ify < a and
y<a
x“a(B;) = 0 ” -
1f B is a Borel set and there is some «,1 << a<< £ such that Bc B,
and u,(B)> 0, then 5 does not have these properties with respect to
any other ordinal number y,1 < y < 2 and py(B) = 0. It follows that
the following function is well-defined for each Borel set B:

g.1Lb. fi(B), if m(B)>0,
g. lL.b. £,(B), if B< B, and u,(B)> 0

B) =
viE) for some o,1 < a< £,

0, otherwise.

The function y is a nonnegative, real-valued function defined on B
and y(B) < |, for each Borel set B.

Suppose ¥ i3 @ nonnegative measure and » <€ p,,forsome a, 1 < ¢ < Q.
Let ¢ > 0 and let D be a subdivision of [0, 1] which is a refinement of the
subdivision {B,, B.} and such that if D’ refines D, then

&> T(v)— Z(g. L. b. f,(B))»(B).
. Iy

Suppose D' refines D. If »(B)> 0, then u,(B)> 0 and B < B,.
Hence, > {g:1 b. f,(B))»(B) = 3 w(B)»(B). Thus,
D’ Fa

8>|T(1})-~ZQ})(B)1J(B)’.

Using linearity arguments, it follows that y is integrable for all ueF
and using cenvergence arguments, u is integrable for all ueIR[O, 11.

Let T'( f’tpd,u for ,uesm[o 11 Slnee T e M”‘[o 1] and T'(u) = T ()
for p;EF we have T(p) = T(p f’tpdﬂ for pe [0, 1].

The general representation theorem follows from the facts that
every bounded linear functional on [0, 1] is the difference of two nonneg-
ative bounded linear functionals on M[0, 1] [4], and that the integral
is linear in the first variable.

- The author would like to thank the referee for his comments a;nd.
suggestions.
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