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U ON THE STIRLTIES INTEGRABILITY OF DENSE
| SUBSETS OF Cla, )]

STANLEY HAYES and R. DANIEL MAULDIN
(USA)

Tn this paper the funoctions considered are real-valued funetions
and the method of integration considered is the Riemann-Stieltjes type
defined by a refinement limit [1, P. 277,

‘ I8 ¢ is a function over the interval [a, b], then the collection of

)l -conbinuous g-integrable functions, ¢,la, b), is Cla, b} if and only

it ¢ is of bounded variation over the interval [, b1 I ¢ is not of bounded
vayiation, then C,[a, b] is of the first category in Cle, b]. [2]. But
even if ¢ is not of bounded variabion, C,[a, b] may be dense in Ula,b],
as would be the case if ¢ were continuous over [o b}, but not ol
bounded vaviation. In this paper, Wwe show that O,{e, b] is demse in
([a, b] if and only if g is continnous at o dense set of points in [a, b]
Of course, this theorem implies that g iz continuous except at a set of
the first category in [a, D] if and only it C,fa, b} is dense in Ule, b,
[3, p. 33].

TuEorky. If C,la, b is dense in C [q4, b], then g s conlinuous
at o dense sel of points in [ay b . ‘

Proof. Suppose there Is no dense subset of [, b] ab which g 18
continuons. There exists a subinterval I of [«, b] such that g iz discon-
{imaons ab each point of I. It follows that there ig a subinterval [¢, d]
of I and a positive number e such. thatb $he discontinnity of g at each
point of [e, @] is greater thane . Suppose f is g-integrable over {e, 813
then ¢ is f-integrable over [a, b], and so g is f-integrable over [¢, d].
TF § > 0, there is a subdivision D of [e, ] such that if B is & refine-
wmend of D, then ¥, 1flq) — flp)| <&, where the sum is taken over all
intervals [p, ¢} of & for which [p, g} contains numbers and v such
that | g{w) — gly)] >e [4, . 86] Since every subinterval of [e¢, d] con-
taing such nwnbers, it follows thatb f is of bounded wariation over [e, d]
and that Vif =0. Therefore, if f is g-integrable over [a, b, then [ i
congtant over ¢, d]: It follows that, if g is not continuous ab a dense
set of points in [a, b}, then G (4, b7 is not dense in C[a, b].

TaroREM, If g is continuous ai o dense scb of poimts n [, b,
then ¢, [a, b} is dense in Cla, b}
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Proof. Sappose ¢ is confinnous at a dense set of points in (@, b7
IF [w, 1 Js a subinterval of [a, 4] then there exists an interval [w, o)
i the interior of [, y] over which ¢ is bounded, The set of pointi
between « and v at which g is contiovous is an inner limiting (&)
sob dense in [u, v], 50 there exists a perfect subset K of [#, »] such that
g is continuous at each point of K. Let f be a continuous nondecrensing
funetion over [a, b] such that flw) =0 if w is in fa, ], fle) =1 i
238 in [v, b], and f is constant over each component of [o, 8] — K. Since
fis constant over [a, u] and [v, b], ¢ is f-integrable over these infor-
vals, fince the seb of points at which g is discontinwowus is a seb of- p-me-
asure U, where u 18 the Borel measure determined by f and ¢ is bounded
on [u, v, g is f-integrable over [, »]. By integration by parts, f is
g-integrable over [a, O] T

Thus, if » and y are numbers in [a, b] there exists a nondscroazing
funetion f in C,la, b] such that f{#)s= fly). Let I be the collection of
all functions of bouwnded wvariation in C,{e, 5]. The collection I is
linear subspace of Cla, b] containing all the constant functions over
{o, 0]. M f is in L, then ¢ is f-inflegrable and VY|f|=s Vif, for each
subinterval [@, 4] of [, 0]; bence g is |f|-integrable over [¢, b3 ({1},
page 60), and [f is in L. By the Stone-Weierstrass approximation theo-
rem, such- a lattice of funciions is dense in C[a, b]. Since ,[a, b
containg L, C,[a, b] also iy dense in C[a, b]. - S
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