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THE SET OF CONTINUOUS NOWHERE
DIFFERENTIABLE FUNCTIONS

R. DANIEL MAULDIN

Let M be the set of all continuous real-valued func-
tions defined on the interval [0,1] which do not have a finite
derivative anywhere. It is shown that M forms a coanalytic,
non-Borel, subset in the space of all real-valued continuous
functions on [0, 1] provided with the uniform norm.

Let C be the space of all real-valued continuous functions defined
on the unit interval provided with the uniform norm. In the
Scottish Book, Banach raised the question of the descriptive class
of the subset D of C consisting of all functions which are dif-
ferentiable at each point of [0,1]. Banach pointed out that D
forms a coanalytic subset of C and asked whether D is a Borel set.
Later Mazurkiewicz showed that D is not a Borel set [3].

In this paper, we shall investigate the subset M of C consisting
of all functions which do not have a finite derivative at any point
of [0,1]. It is well known that M is residual in C [2]. We shall
prove the following theorem.

THEOREM A. Let M = {f €C: f does not have a finite derivative
at any point of [0,1]}. The set M is a coanalytic subset of C which
is mot a Borel set.

In order to see that C — M is an analytic set, notice that a
continuous function f has a finite derivative at some point z of
[0, 1] if and only if for each positive integer =, there is a positive
integer m so that (*) if 0 < |h,|, |h| <1/m and « + h, and = + h,
are both in [0, 1], then

f@ +h) — fl&) _ flx+ h) — f®)
h, h,

IA

1
=

For each pair of positive integers (n, m), let E(n, m) = {(f, x) €
C x [0,1]: (*) holds}. Then C — M is the projection into C of
Ne= Us-, E(n, m). It may be checked that each set E(n, m) is a
closed subset of C x [0,1]. Thus, M is a coanalytic subset of C.
The remainder of this paper is devoted to demonstrating that M is
not a Borel set.

Let us make the following conventions. The set of positive
integers will be denoted by N; by N* shall be meant the set of all
finite sequences of positive integers. We shall denote elements of
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J = N¥ by Greek letters and the terms of such a sequence by its
nearest Roman equivalent. Also, if ¢ = (s,);-,€J and ne N, then
Gln = <319 ) Sn>‘

For each element s = (s, ---, s,» of N*, let I(s) be the left open,
right closed interval with left end point

a(s) = 27 4 27t L. O (et
and with right end point
b(8) = a(s) + 27w

NOtice) that (O, 1] = U;o=1 I(<p>), I(<819 Tty sk>) = U;o=1 I(<317 *r oty Spy p>)
and if s and ¢ are distinct elements of N* having the same length,
then I(s) and I(t) are disjoint. For each o< J, let x(c) be the point
of intersection of Ni-, I(c|k). We have x(g) = > 2,27t For
each interval (a, b], set

x—a, if a<z=(a+0b)2,
Pup(®) =10 —2, if (a+b)2=2=b,
0, otherwise .

For each positive integer =, let h, = 39,,, where the summa-
tion is taken over all elements of N* which have length n. Also,
let us set ho(x) =1/2 — |x — 1/2|, for x€[0,1]. For each =, h, is a
“sawtooth” function on [0, 1]. First we give three lemmas concern-
ing these functions.

LemMMA 1. For each m, h, is nonnegative and h,(x) < x/2** — 1),
Jfor each x in [0, 1].

Proof. It can be checked that the line through (0, 0) and the
highest point of the graph of h, over the interval I({s,, ---, s,>) has
slope 1/1 + 2(1 + >yr, 2%+ +%) < 1/2"" — 1). This means h,(x) <
x/2** — 1), for x€]0, 1].

We will also require the fact that the action of the functions
h, is being reproduced on each of the intervals I({q,, - -, ¢,»). This
is the content of the next lemma which may be proven by induction.

LeEMMA 2. Let {q,, -+, q,y € N* and let

o(e) = amreng — (s LY,

2q1 2q1+~-+q,,

Then g maps I(<q,, -+, ¢.)) onto (0, 1] and for each p = 0, h,(g(x)) =
(2uttan)p, (), for we I({q, -+, q.).
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LemMmA 3. Let {q,, -, q;x) € N*, then

1 1 1
h2k+1($) = ﬁ'(x - <E + -+ Qi+ +agk >> !
Jor each xeI({q,, -+, q).

Proof. By Lemma 2, for xe I({q, -, Q)
1

2q1+m+q2k

B = ( Jhata@)

where ¢ is the appropriate function defined in Lemma 2. According
to Lemma 1,

1 9(x)
h2k+1(x) é <2q1+~-~+q2k>22k+1 . 1 .

Substituting for g(z) and noting that 22* < 2+ — 1:

1 1 1
hzk“(x) = 22k <x - (241 ot 201+---+qz’°>> ’

It can be shown that Xh, does not have a finite derivative at
any « in the (0, 1], although we shall not use this fact. However,
Theorem A will be demonstrated by continuously modifying a sub-
sequence of {A,}7-,. We proceed as follows.

Let E be an analytic subset of the Cantor set K. Let H be a
map from N* into the clopen subsets of K so that

E=U ﬁﬂ(alk) .
We may assume that H(o|k) 2 H(o|n) if n > k and diam (H(o|k)) <

1/k [2]. .
For each q¢ = {q,, ¢, -+, ¢::) € N, set

Ny = 1- XA(q)UH((qJ,--',m—D)

where A(q) = U{H(s): se N* and |a(s) — b(g)| < 2¢/(2¥+ — 1 + 2)}. Of
course, X denotes the characteristic function of B on the Cantor set
K.

For each ne N, set

fn(w9 t) = 2)"3({")¢I(s)(x) ’

where summation is taken over all elements s of N* of length 2.
Let Gz, t) = X2, fu(x,t) and F(z,t)=t +1V z + Gz, ), for
(xz, t)€[0,1] x K. Finally, define the map I" from K into C by
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setting I'(t) = F(-, t), for each t in K. We next note three elementary
properties of I'.

First, notice that since f,(x,¢) < h,,(x) < 27", for each =, the
series 3f,(x, t) converges uniformly over [0, 1] x K. Since, for each
t, the functions f,(-, t) are continuous, the function I'(t) is an ele-
ment of C. Since F(0,t) = t, I' is one-to-one.

Second, notice that I'(t) does not have a finite derivative at 0.
This is because (1z )'(0) = + oo and G(zx, t) — G(0, t) = 0.

Third, notice that I" is a Borel measurable map of K into C.
This may be seen by as follows. Define I',: K— C by

(@) =t + VT + S f@, 1) -

Then {I",};-, converges uniformly to I". Also, note that if (X, M) is
a measurable space, Y is a metric space and {f,};-, is a sequence of
measurable maps from X into Y and this sequence converges uniform-
ly to f, then f is a measurable map. This last fact may be used
to verify that each function I", is Borel measurable and then applied
once again to show that I" is Borel measurable.

We shall require some deeper properties of the function I'.

LEMMA 4. Suppose oe€J and {t} = Ng-. Hd|n) and x, = x(o).
Then I'(t) has a left derivative at x, and G(-, t) has left derivative
zero at «,.

Proof. It suffices to show that G(-,t) has left derivative zero
at x,.

Let ¢ > 0. Let m» be a positive integer so that 27" <e. Let &
be a positive number so that (x, — 9, z,] & I(¢|2"). Since fi(x,, t) = 0,
for all 1,

Sz, t)

w_xo

G(xy t) - G(xo; t)’ zn:

T — @,

Z Suin(2, t)

m—xo

p=1

Let 2, —0d<ae<w. If 1L=<it1=mn, then f(x,t) =0. Suppose
p=1 Seta=2"""—-1, 8=2""7and d = (a/a + B)x,. If x<d,
then

h2n+p(x) .
Xy — X

f”"'z’(w’ t) é

x—xo

Using Lemma 1 and the fact that 1/(x, — z) < 1/(z, — d), we have

fn+p(xy t) S d 1 — 2—(n+p) .
T—2 | a x—d

If d <2 < x, then there is some z = (2, -+, 2,,.,) S0 that
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fn+p(x’ t) = )“z<t)¢1(z)(x) .

If z = ¢|2"'7 then f, ,(, t) = 0. Otherwise, d < b(z) < a(o|2""?) < ,.
Thus, |a(c]|2"?) — b(z)| < %, — d = 2,1 — a/(a + B)) < B/(ae + B). This
implies that ¢ is in A(z) and therefore f,,,(x, t) = 0. These considera-
tions lead to the conclusion that G(-, ¢) has left derivative zero at

Ly O

Let us make the following conventions. The set of all elements
of J which are equal to one from some term on will be denoted by
Q. Let R(Q) denote the set of all x in [0, 1] such that there is some
element 6@ for which « = x(g). Notice that @ and R(Q) are
countable sets and ceJ — Q if and only if x(¢) is in the interior of
I(o|k), for each F£.

LEMMA 5. Suppose geJd — Q, {t} = NH(ol|k), and x, = x(0o).
Then I'(t) is differentiable at wx,.

Proof. In view of Lemma 4, it suffices to show that G(-, t) has
right derivative zero at x,.

Let ¢ > 0. Let » be a positive integer so that 2™ < ¢. Since
ced —Q, x, is in the interior of I(cd|2"'). Let 0 be a positive
number so that [z, «, + 6) S I(¢|2"™*) and let 2 be between z, and
x, + 0. Since f,(x, t) = 0, for all k, we have

6, ) = Gla )] < £ 1AED] 4 5 | sl )

T — T — X, T — X,

=3

=1

It can be checked that if 1 < ¢ < n, then f(z,t) = 0.

Suppose p = 1. If xel(o|2"**™"), then f,.,(x,t) =0. Suppose
b(o|2"*™) < x < x, + 0. There is some q = {q,, ‘- -, Q,n+,—.) SO that
x e l(q). Using Lemma 3, we have

fn+p(x, t) < h

w_wo

2n+p(x) — h2n+p(m) L2 — a’(Q) < 2—2(”+P_1) < Qi)
T —x, x — a(q) T — X,

It follows from these considerations that G(-, ¢) has right derivative
zero at x,.

LEemMMA 6. If t is in K — E, then I'(t) does mot have a finite
derivative at any point of [0, 1] — R(Q).

Proof. We have already noted that I'(t) does not have a finite
derivative at 0. Thus, it suffices to show that G(-, t) does not have
a finite derivative at any point of (0, 1) — R(Q).

Let o be an element of J — @ and let z, = x(0).
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Suppose there is a positive integer p, so that if p = p,, then
Noizo(t) = 0. If p=p, then ¢t is in A(g|2?) or £ lis in H(o|277%).
If ¢ were in H(c|2?™%), for infinitely many p, then ¢ would be in
E. Thus, we may assume that if p = p, then ¢ is in A(o|2?).
For each p = p,, there is a point ¢” = (¢, ---, ¢%> in N** so that ¢
is in H(g®) and |a(g®?) — b(c|27)| < 27/(2**+* — 1 + 2?). This implies
that the sequence {a(q®)};_, converges to x,. Since z, is in the interior
of I(o|l), this implies that there is a positive integer n, so that if
» > n,, then ¢? =s,. This means that ¢ is in H(s|l). Similar con-
siderations show that for each 4, ¢ is in H(o|4). This implies that
tisin E. This contradicts the assumption that ¢ is not in E. Thus,
there are infinitely many » such that M\, ,(¢) = 1.

Let 6 > 0. Choose p so that \,.»(¢) =1 and (a, b] = I(d]2?) is a
subset of (x, — 0/2, x, + 6/2). Let m = (a + b)/2. Since m == x, and

G, t) — Gla,t) _ Gb,t) — Glm, t)

b—a b—m

— G(by t) - G(ay t) - G(mv t) _ G(a, t)
b—a m— a

— fp(b, t)”‘f?(a’y t)__fp(b’ t)"fp(m’ t)
b—a b—m

— fp(b,t)—"fp(art)_fp(m,t)—'fp(a’t) =1
b—a m—a ’

it follows that G(-, t) does not have a finite derivative at x, [4, pPp.
114-116].

Let us collect the preceding lemmas together.

THEOREM B. There is a countable subset Y of [0, 1] such that
for each analytic subset E of K there is a one-to-one Borel measura-
ble map I of K into C and a countable subset S of E so that (1)
if t is vn E — S, then I'(t) has a finite derivative at some point of
[0,1] — Yand (2) if t is in K — E, then I'(t) does not have a finite
derivative at any point of [0,1] — Y.

A proof of Theorem A can now be given. Let Y = {y,}., be a
countable subset of [0, 1] so that Theorem B holds. Let D(Y) =
{f eC: f has a finite derivative at some point of [0, 1] — Y}. It can
be shown that D(Y) is an analytic subset of C (in fact, if Y is any
coanalytic subset of [0, 1], then D(Y) is an analytic subset of C).
Now, if D(Y) were a Borel subset of C, then by applying Theorem
B, every analytic subset of K would be a Borel subset of K. This
contradiction establishes that D(Y) is not a Borel subset of C. If
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M were a Borel subset of C, then D(Y) would be a Borel set, since
D(Y)=(C— M)~ UD.,

where D, = {f € C: f has a finite derivative at y,}, and each set D,
is an F,; subset of C. This contradiction establishes Theorem A.

REFERENCES

1. R. P. Boas, A Primer of Real Functions, Carus Mathematical Monographs, No. 13,
Math. Assoc. Amer.; distributed by Johy Wiley and Sons, New York, 1960.

2. K. Kuratowski, Topology, Volume 1, Academic Press, New York, 1962.

3. S. Mazurkiewicz, Uber die Menge der differenzierbaren Functionen, Fund. Math.,
27 (1936), 244-249.

4. J. C. Oxtoby, Measure and Category, Springer-Verlag, New York, 1970.

Received August 14, 1978. Research partially supported by NSF grant MCS 78-04376.

NorTH TEXAS STATE UNIVERSITY
DeNTON, TX 76203








