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ABSTRACT. In 1950 Maharam asked whether every disintegration of a o-finite
measure into o-finite measures is necessarily uniformly o-finite. Over the years
under special conditions on the disintegration, the answer was shown to be
yes. We show here that the question is equivalent to the existence of a Borel
uniformization of a certain set defined from the disintegration. Moreover, we
show that the answer may depend on the axioms of set theory in the following
sense. If CH, the continuum hypothesis holds, then the answer is no. Our
proof of this leads to some interesting problems in infinitary combinatorics.
Also, if Gédel’s axiom of constructibility V' = L holds, then not only is the
answer no, but, of equal interest is the construction of H% sets with very special
properties.

1. INTRODUCTION AND BACKGROUND

Disintegration of a measure has long been a very useful tool in ergodic the-
ory (see, for examples, [14] and [1]) and in the theory of conditional probabilities
[15]. The origins of disintegration are hazy but the first rigorous definitions and
results seem to be due to von Neumann [14]. We recall the formal definition of a
disintegration considered in this paper.

Let (Y,B(Y)) and (X, B(X)) be uncountable Polish spaces each equipped with
the o-algebra of Borel sets, let ¢ : ¥ — X be measurable, and let p and v be
measures on B(Y') and B(X) respectively.

Definition 1.1. A disintegration of u with respect to (v, @) is a family, {p, : x €
X}, of measures on (Y, B(Y)) satisfying:

(1) VB € B(Y), x+— u,(B) is B(X)-measurable
(2) Vr € X, (Y \ ¢~ (z)) =0 and
(3) VB € B(Y), u(B) = [ o (B)du(a).

One could consider disintegrations in more general settings but we will consider
only this setting or the setting where X and Y are standard Borel spaces, i.e., mea-
sure spaces isomorphic to uncountable Polish spaces equipped with the o-algebra
of Borel sets.

Let us recall that if {p, : © € X} is a disintegration of p with respect to (v, ¢),
then the image measure, ;1 o0 ¢!, is absolutely continuous with respect to v in the
following sense. If N € B(X) with v(N) = 0, then combining properties (2) and
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(3) we have
po ¢ I(I) = / 1o (67N ()

— [ o My
N
=0.
As is well known, the converse also holds in our setting.

Theorem 1.2. Suppose (Y,B(Y)) and (X, B(X)) are standard Borel spaces, p is
a o-finite measure on B(Y), v is a o-finite measure on B(X), and ¢:Y — X is a
Borel measurable function. If po¢~' << v then there exists a o-finite disintegration
{pz : © € X} of p with respect to (v,d). Moreover this disintegration is unique in
the sense that if {fir : * € X} is any o-finite disintegration of p with respect to
(v, ®), then there exists N C X such that v(N) =0 and V& & N py = fiy.

In the late 1940’s Rokhlin [16] and independently, Maharam [9] introduced canon-
ical representations of disintegrations of a finite measure into finite measures. This
situation naturally arises when one is considering a dynamical system with an in-
variant finite measure or when one obtains the conditional probability distribution
induced by a given probability measure. Maharam also considered disintegrations
of o-finite measures. This situation arises when one has a dynamical system with a
o-finite invariant measure, but no finite invariant measure (see, for example, [3]). In
her investigation of o-finite disintegrations, Maharam found a basic problem which
does not occur in the case of disintegrations of a finite measure. To explain this
problem we make the following definitions.

Definition 1.3. If {u, : € X} is a disintegration of p with respect to (v, ¢)
such that Vx € X, u, is o-finite, then we say that the disintegration is o-finite. If
{phz : * € X} is a o-finite disintegration of p with respect to (v, ¢) we say that the
disintegration is uniformly o-finite provided there exists a sequence, (B,,), from
B(Y') such that

(1) Vne NVz € X, u,(B,) < oo and

(2) Vo € X, (Y \U, Ba) = 0.

Problem 1.4. Maharam [9, 10]: Let {u, : x € X} be a o-finite disintegration of
w with respect to (v, @). Is this disintegration uniformly o-finite?

The following theorem demonstrates in what manner a given disintegration is
“almost” uniformly o-finite.

Theorem 1.5. Suppose {u, : x € X} is a o-finite disintegration of the o-finite
measure p with respect to (v, ¢). Then there exists a sequence, (D), from B(Y)
such that

(1) Vi € X, (Dn) < o0
(2) forv-ae z€X, pu, (Y \U, Dn)=0.

Proof. Define F : B(Y) — B(X) by
F(B)={z € X : py(B) < oo}

Note that VB € B(Y), F(B) = |, {z € X : uy(B) < n}. Thus F does map B(Y)
into B(X).
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Let (B,) be a sequence from B(Y) such that Vn € N, u(B,) < co and Y =
U,, Bn- Note that for every n we have that u(B,) = [ pz(By)dv(z) < co. Thus
te(Bn) < oo for v-a.e. x and therefore v(X \ F(B,)) = 0. Let E =, F(B,).
Note that

VX\E)=v (X \ ﬂF(Bn)> —v (UX \ F(Bn)>
<Y WX\ F(B.) =0,
and consequently

WY\ 1 (B)) = (¢ (X \ B)) = / 1o (V) (z) = 0.

X\E

For each n € N define D,, = ¢~*(E) N B,,. For every x € E we have yu,(D,,)
pz (6" H(E) N By) < pe(By) < oo and for every x € X \ E we have pu,(D,,)
pz (0 HENB)) < (¢~ (E)) = 0. Furthermore

o (Y \ UD) = i (Y \ <¢1(E> N UB))

—ue (e (s,
<pip (Y\ ¢ UE)) + po (Y \ UB”> = 0 for v-a.e. .

O

Corollary 1.6. Suppose {p, : * € X} is a o-finite disintegration of the o-finite
measure p with respect to (v,¢). There exists a uniformly o-finite disintegration
{fiz : ¢ € X} of p with respect to (v,d) such that u, = [, for v-almost every
reX.

Proof. Let (D,,) be the sequence from B(Y) that is constructed in Theorem 1.5.
Let N € B(X) be such that ¥(N) = 0 and such that (Y \ ,, Dn) = 0 for every

x € N. Define fi, by
N Pt & N
«(B) =
fe(B) {O rx €N
Clearly, {/i, : * € X} has the required properties. a

Maharam’s question is whether a given o-finite disintegration must be altered
in some fashion to be uniformly o-finite or is it automatically already uniform.
In view of Corollary 1.6, one might think that Maharam’s question is not really
about the interaction between measure theory and descriptive set theory. However,
as we show in Theorem 5.3, the problem is equivalent to the existence of a Borel
uniformization of a certain set defined measure theoretically.

In [5], it was noted that if each member of a disintegration, u, is locally finite,
then the disintegration is uniformly o-finite. Also, a canonical representation of
uniformly o-finite disintegrations was developed. We also point out that in [11]
Maharam showed how spectral representations could be carried out for uniformly
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o-finite kernels. Whether these tools can be carried over the kernels that are not
necessarily uniform remains open.

In section 2, we show that the continuum hypothesis implies the answer to Ma-
haram’s question is no. We note that after sending David Fremlin an earlier version
of this work where we used V = L, but did not discuss the use of CH, he com-
mented, [4], and may have independently proved, the answer is no assuming CH.
Our argument leads to some interesting infinitary combinatorial questions.

In section 3, we begin a more detailed investigation of the relation between Ma-
haram’s problem and descriptive set theory. In particular, we assume the existence
of a “special” coanalytic set, a coanalytic set with some specific properties in the
product of the Baire space with itself. This assumption leads to a more descriptive
o-finite disintegration which is not uniformly o-finite for X =Y = w*. Of course,
this result extends to any pair of uncountable Polish spaces.

In section 4, assuming Godel’s axiom of constructibility, V = L, we show that
special coanalytic sets exist. As the existence of such sets is of perhaps equal
interest as Maharam’s problem, we present the construction of such a set in some
detail from basic principles. Since our argument involves methods from logic and
set theory that some readers may not be familiar with, we give specific references
to Kunen’s book where the necessary background may be found.

In section 5, we show that uniformly o-finite kernels are jointly measurable. We
don’t know whether the converse holds. In this section we also show the equivalence
of Marharam’s problem with the existence of a certain Borel uniformization.

2. CH IMPLIES THE ANSWER IS NO

We show that the answer to Maharam’s question is no assuming CH. The proof
will involve the construction of a subset of the plane with some specific properties.
We first show that such a construction is necessary and sufficient for a nonuniformly
o-finite disintegration into purely atomic measures (by a nonuniformly o-finite dis-
integration we mean a o-finite disintegration which is not uniformly o-finite).

Theorem 2.1. Let X and Y be Polish spaces, let ¢ :' Y — X be Borel measurable,
and let {p, : * € X} be a family of purely atomic measures each of which is
supported on ¢~1(x). There exist measures u on B(Y) and v on B(X), such that
{phz : € X'} forms a nonuniformly o-finite disintegration of u with respect to (v, P)
if and only if

(1) VB € B(Y) the mapping x +— u,(B) is B(X)-measurable
(2) The set W ={(z,y) € X xY : u,({y}) > 0} is not the union of countably
many graphs of Borel functions f, : X — Y.

Proof. Suppose conditions 1 and 2 are satisfied. Fix o € X and let v be the Dirac
measure concentrated at zg. For each B € B(Y') define u(B) = [ pa(B)dv(z).

By 1, the measures u, form a disintegration of p with respect to (v, ¢) into o-
finite measures supported on the sections W, = {y : u.({y}) > 0} C ¢~!(x). This
disintegration is not uniformly o-finite. If it were, then by theorem 5.3 which is
proven later, the mapping (z,y) — p.({y}) would be measurable in X x Y. Thus
W would be a Borel set with countable sections and would be a countable union of
Borel graphs, contradicting 2.
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Now suppose {p, : © € X} is a nonuniformly o-finite disintegration of p with
respect to (v, @) into purely atomic measures. Let W = {(z,y) : p.({y}) > 0}.
Condition 1 is satisfied by the definition of a disintegration.

Suppose W fails condition 2 and f, : X — Y is a sequence of Borel functions
such that W = {J, {(z, fn(x)) : © € X}. Since the sections W, are disjoint, each
fn is one-to-one. Then E,, = f,(X) is a Borel subset of Y. For every z, u,(E,) =
po({ fr(2)}) < 0o and p, (Y '\ U,, £n) = 0 a contradiction.

O

Restating theorem 2.1 gives the following corollary.

Corollary 2.2. A given disintegration into purely atomic measures is uniformly
o-finite if and only if the set W = {(z,y) : us({y}) > 0} of atoms is a countable
union of Borel graphs.

To aid the discussion we make the following definition.

Definition 2.3. Given Polish spaces (X, B(X)), (Y,B(Y)), a measure kernel is a
map x — i, which assigns to z € X a o-finite measure p, on Y and is such that
for every B € B(Y'), the map x — pu,(B) is Borel measurable.

Note that being a measure kernel is part of the definition of a disintegration, but
here we do not necessarily have a function ¢: Y — X such that u, is supported
on ¢~ 1(x). In particular, for 1 # x5, we do not necessarily have that p,, and p,
have disjoint supports.

The next fact show that from a wellordering of the reals of type w; we get
measure kernels which are not uniformly o-finite (the definition of uniformly o-
finite immediately generalizes to measure kernels).

Fact 2.4. Suppose < is a wellordering of the Polish space X of type w;. Define
W CXxXbyW={(x,y): y < a}. For each z, let y, be counting measure on
the section W,. Then x — pu, is a measure kernel which is not uniformly o-finite.

Proof. Each section W, is countable as < has length wi, so each pu, is a o-finite
measure. To see this defines a measure kernel, fix a Borel B C Y = X, and fix
n€w. If |B| > n+1, let b,y1 € B be the n + 15 element of B in the wellordering
<. Then if b,11 < = we have that [W, N B| > n+ 1, and so {z: uy(B) < n}is
co-countable (hence Borel). If |B| < n, then {z: u,(B) < n} is all of X, hence
Borel. Finally, this measure kernel cannot be uniformly o-finite, for otherwise the
relation W (z,y), that is the relation y < x, would be Borel (being a countable union
of Borel graphs). Thus the wellordering < would be Borel, hence measurable, a
contradiction to Fubini. g

It is tempting to think that a variation of the above argument might produce
a nonuniformly o-finite disintegration. Namely, fix Polish spaces X and Y = X,
and let m: X XY — Z be a Borel bijection, for some Polish space Z. Suppose
again that < is a wellordering of X of type w;. Let p, be counting measure on
{m(z,y): y < z}. Then each p, is a o-finite measure on Z, and if we let ¢: Z — X
be defined by ¢(z) = mx o m~*(z), then p, is supported on ¢~ (x). However, such
a construction cannot give a measure kernel. To see this, suppose that the map
T — g as constructed was a measure kernel. Suppose B C X x Y is Borel, and let
B’ = w(B), so B’ is a Borel subset of Z (as 7 is a one-to-one Borel map). Define
RC X by
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R(z) & Jy < = B(z,y)
& uy(B) >0

Since x — p, is assumed to be a measure kernel, the second equivalence shows that
R is Borel. In other words, this would give a wellordering of the Polish space X
for which bounded quantification over Borel sets produces Borel sets (this means
precisely a set defined as the set R above). However, this is impossible by the
following fact. This fact is likely folklore, though we are unable to locate a reference.

Fact 2.5. Let < be a wellordering of an uncountable Polish space X. Then there is
a Borel set B C X x X such that the relation R defined by R(z) < Jy < = B(x,y)
is not Borel. In fact, there is a single Borel set B such that for every wellordering
< of X, the corresponding set R~ is not Borel.

Proof. Let ~ be a Borel equivalence relation on X which is not smooth, that is,
such that there is no Borel transversal for the equivalence relation (i.e., a Borel set
meeting each equivalence class in exactly one point). For example, we could take
the Vitali equivalence relation on R (so z ~ y iff z —y € Q). Given the wellordering
=<, let S be the corresponding transversal for ~, namely

Si(z)eVy (y~axAy#z—x=<y).

So, x ¢ S5 iff Jy <z (x ~ y) and so X — S5 (which cannot be Borel), is defined
by a bounded quantification over the Borel set ~. (Il

Part of the difficulty in dealing with Maharam’s problem and related questions
is the fact that the set of o-finite measures on a Polish space X does not admit a
reasonable Borel structure. We make this precise in the following theorem. Recall
that if X is a Polish space, then the set of Borel probability measures M(X) is a
standard Borel space in such a way that for every Borel B C X the map p — u(B)
is a Borel function on M(X) (recall that a standard Borel space is a set with a
o-algebra B which is the collection of Borel subsets of X for some Polish topology
on X).

Theorem 2.6. Let X be an uncountable Polish space and M} (X) the set of positive
o-finite Borel measures on X. Then there does not exists a o-algebra ¥ on M} (X)
such that (MF(X),X) is a standard Borel space and the map (u, B) — p(B) from
MF(X) x B(X) to [0,400] (with the standard one-point compactification topology)
is Borel on the codes for Borel sets (that is, there are X7, TI} relations S, R C
MF(X) x B(X) x [0,4+00] such that for p € MZF(X), y a codes of a Borel set
By € B(X), and r € [0,+00|, we have S(p,y,7) <> R(1,y, z) <> p(By) =1).

Proof. Let X, MF(X) be as in the statement, and suppose toward a contradiction
that 3 a standard Borel structure on Mx as in the statement. Let {U,}ne, be a
base for the Polish topology on X (where we assume U, # @ for all n). Without
loss of generality we may assume X = 2“ (as all standard Borel spaces are Borel
isomorphic). When referring to M} (X), “Borel” will refer to this Borel structure.
Let A= {u € M} (X): puis atomic}. Then A is a 37 set in M} (X) as we have

uE A+ Jyew® [pis supported on {y, tnew)
< Jy € w” (WX = {Yn}new) = 0]
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Since there is a recursive function mapping y € w* to a Borel (even Gy) code for
the set X — {9 }new, our hypothesis on ¥ gives that A € 21. In fact, A € MF(X)
is a Borel set since we can compute M} (X) — A to be X} as follows:

€ MF(X)— A< IP C X [P is non-empty, perfect A u(P) > 0A u(P) < oo
AYn (PNU, # 0 — u(PNU,) >0)

AVn (PNU, #0— Yk 3m Vp (U, C U, Adiam(U,) < !

> u(PAT,) < )]

Consider the relation R C M7 (X)x X defined by R(u,z) <> (u € A)Au({x}) >
0. By our hypothesis, the second conjunct is Borel, and so the relation R is Borel.
Note that each section or R is countable, and if 4 € A then the section R, is just
the support of the atomic measure p. So, there are countably many Borel functions
fn: A — X such that for all 4 € A we have that R, = {fn(1t) }new-

Let A" C A be defined by p € A" <> (u € A) AVn(u(fn(n)) =1. So, A’ is also a
Borel set in M} (X), so it too is a standard Borel space. Note that A’ is just the
set of atomic measures on X which give each atom a measure of 1. Clearly A’ is in
bijection with the set of countable subsets of X (identifying a countable set with
counting measure on it). This is a contradiction as A’ cannot be a standard Borel
space.

To see this, consider the equivalence relation E. on w® giving equality on count-
able sets, more precisely, © E.y <> {Zn}tnew = {Un}ncw. Fec is a Borel equivalence
relation on w* and it is well-known that F. is not smooth, that is, has no Borel
selector (in fact, any countable Borel equivalence relation Borel embeds into E.).
Consider the relation C C A’ x w* defined by C(p, 2) <> {zn}new = {fa(1t) }necw-
Clearly C' is Borel. By Jankov-von Neumann uniformization, there is a function
g: A" — w* which uniformizes C, and such that g is measurable with respect to the
o-algebra generated by the 37 sets (and so g is universally measurable). Let Ey
be the Vitali equivalence relation on 2%, that is, a Egb <> 3k VI > k (a(l) = b(1)).
FEy is a non-smooth countable Borel equivalence relation, and so by Harrington-
Kechris-Louveau it Borel (even continuously) embeds into E., say by the Borel
function 7. That is, a Ey b iff w(a) E. 7(b). Let H = [ran(n)]g, be the saturation of
ran(7) under the equivalence relation E.. Note that ran(r) is Borel (being a Borel,
one-to-one image of a Borel set), and thus so is its saturation H under FE., as E, is
generated by a Polish group action (a theorem of Kuratowski and Ryll-Nardzewski).

Let D C H x 2% be defined by D(y,a) <> (y € H An(a) Ecy). Let h: H — 2¢
be Borel and uniformize D (as H is Borel with countable sections). We now define
a selector S C 2 for Ey by:

a €S 3Ipe MI(X) Iy ew [g(p) =y Ah(y) =d].
Note that we also have:

a¢ S 3Ipe Mg(X) Iy ew [g(n) =y Ah(y) EyaAh(y) # a.
These computations show that S is Aé, in fact they show that S is absolutely A%

(that is, there are 33, TI3 formulas ¢, 1 defining S such that ZF F Vz (p(z) <
Y(x))). If we let ¢ and —p be the statements from the above expressions, then it
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is not hard to check that it is a theorem of ZF that Vz (¢(x) <> t(x)). The main
point is that the definitions of the functions g and h arise from the uniformizations
of certain Borel sets, and it is a theorem of ZF that these definitions produce
uniformizations of these set. It is now a theorem of Solovay that S is (universally)
measurable, which is a contradiction as it is a selector for the Vitali equivalence
relation. O

Remark 2.7. It follows easily from Theorem 2.6 that there cannot be a countable
separating family for the space of o-finite measures, that is, there cannot exists a
sequence of Borel set B,, C X such that every o-finite measure p on X is determined
by its values u(B;) on the family (this would give a standard Borel structure on
M} (X), and one easily sees that the map (u, B) — pu(B) would be Borel in the
codes). However, this corollary is easy to see directly. Namely, given a sequence of
Borel set B, it is easy to construct directly a o-finite u # 0 such that u(B,) =0
or +oo for all n, and thus p and 2u agree on the B,,.

The following problem asks if we can weaken the hypotheses of Theorem 2.6.

Problem 2.8. Let X be an uncountable Polish space. Does there exists a standard
Borel structure 3 on the set MY (X) of positive o-finite measures on X satisfying:

(1) For every Borel set B C X the map pu— p(B) is Borel?

Does there exists one satisfying:

(2) The map (u, K) + u(K) on MF(X) x K(X) is Borel (K(X) denotes the
standard Borel space of compact subsets of X ).

We note that if M(X) is the standard Borel space of probability measures on
a Polish space X, then the map (p, B) — p(B) from M(X) x B(X) to [0,1] as in
the statement of Theorem 2.6 is Borel in the codes. Thus, Theorem 2.6 exhibits an
essential difference between the finite and the o-finite measures on an uncountable
Polish space.

Despite Fact 2.5, it is still true that under ZFC + CH there is a nonuniformly
o-finite disintegration. To see this, we introduce a combinatorial principle P(x) for
K an uncountable cardinal.

Definition 2.9. P(x) is the statement that for every sequence {Bg}a<x Of sets
B, C K, and every family {fo n: @ < K, n € w} of functions f, ,: kK — K, there is
a sequence {S, }a<k C P, (k) of countable subsets of x satisfying:

(1) Va <k 3B <k Sﬁ # {fa,n(ﬁ)}new-
(2) YVa < kVn € w [{B < k: |SgN By| = n} is countable or co-countable in ).

Theorem 2.10. P(2¥) implies there is a purely atomic o-finite disintegration which
is mot uniformly o-finite.

Proof. Take {Bg }a<2+ to consist of all Borel sets and take {fo n: @ < 2%, n € w} to
be the family of all sequences of Borel measurable functions. Then, by theorem 2.1,
taking p, to be counting measure on S,, we have such a disintegration. O

We are interested in the strength of P(k).
Theorem 2.11 (ZF). P(w1) holds. In particular, assuming CH we have P(2%).

Proof. Let the B, and f, , be as in the hypothesis of P(w;). We define the count-
able sets Sg, f < w1, as follows. Assume Sg has been defined for all 3’ < 5. We
let Sg be such that
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(i) min(Sg) > supg . 5sup(Sg).

(ii) for all B’ < B, if By is uncountable then [Sg N Bg/| = w.

(iii) Sg € {fan(B): n € w}.
Since there are only countably many 5’ less than 3, we can get a countable Sg
which meets the second requirement above, and adding an extra point will meet
the third requirement. It is now easy to verify the statements of P(w;). Property 1
of definition 2.9 follows from (iii) above (using 8 = «). To see property 2, fix B,
and n € w. If B, is countable then by (i) above we have that for large enough
that Sz N B, = 0, which gives 2 in definition 2.9. If B, is uncountable, then for
B > a we have B, N Sp is infinite. This again gives 2. O

We show that it is consistent that P(2%) fails.
Theorem 2.12. Assume 2% = 2“1 = wy. Then P(2%) fails.

Proof. Let k denote 2 = wy. We define the sets B, and functions f, , witnessing
the failure of P(x). Consider the collection of all w sequences (fo, f1,...) of func-
tions f: k — k which are eventually constant. Under our hypothesis there are only
k many such w sequences of functions, so we may fix the f,, so that every such
sequence occurs as (fa.0, fa,1,...) for some o < k. For o a successor ordinal let
B, = {a — 1}. From our hypothesis we may let {D,}, for a < x a limit ordinal,
enumerate all subsets D C k of order type wy. Let B, for a a limit ordinal, be
given by B, = D, U (sup(Dy,), k).

Suppose {53} 5« satisfied 1 and 2. We first claim that for any a, 5 < & there is
ay > [ such that S, ¢ a. To see this, suppose a, 3 were to the contrary. For every
o' < « we have that for large enough 71,72 that o' € S, <+ o/ € S,,. For otherwise
By +1 = {a’} would violate 2. But this then gives that for all large enough ~ that
S, = SyNa is the same. Let f,,: kK — k be such that Sg = {f,(8) }new for all 8 < k.
We may assume that the f,, are eventually constant, since the Sg are eventually
constant. So, there is an ag < k such that f,(8) = fao.n(8) for all n € w and
B < k. This ag then violates 1. This proves the claim. We next claim that there is
an ap < k such that for all o, 8 < k there is a v > /8 such that min(S, — o) > a.
Suppose this claim fails. We construct inductively an increasing sequence «,, for
1 < wi, such that for all 7 < w; and all large enough v we have o, € S,. This
will contradict the fact that all the S, are countable. Suppose «,, is defined for
n <n'. Let o = sup{ey,: n < n'}. By the assumed failure of the claim, there is
an o > a such that for k many v < x we have min(S, — o) < o/. We may then
fix a,y € (o, ') such that for £ many v we have a,y € S,. As in the proof of the
first claim above, 2 implies that for all large enough ~ that o, € S,. Thus, we
may continue to construct the a, for all n < w, a contradiction. This proves the
second claim. Fix & as in the second claim. From the second claim, we can get an
increasing wy sequence {7y }y<w, such that inf(S,, — &) > sup,, ., (sup Sy, ) for all
n <wi. Let ay € S, —aforallp <w. Let D= {y,:niseven }. Let ¢ be a
limit ordinal such that Bs = D U (sup(D), ). Then A = {8 < k: |Sg N Bs| = 0}
and k — A both meet {7,: 7 <wi} in a set of size wy, contradicting 2. O

Problem 2.13. Is it consistent that CH fails and P(2*) holds?

Problem 2.14. Is it consistent that every o-finite disintegration be uniformly o-
finite?
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3. CONSTRUCTION OF A NONUNIFORMLY 0-FINITE DISINTEGRATION ASSUMING
THE EXISTENCE OF A SPECIAL I} SET

In this section, let both X and Y be the Baire space. So, X =Y = w* where
w has the discrete topology and X and Y have the product topology. Let P be
a closed subset of X x Y such that Vx € X, P, is nonempty and perfect and if
x#1', P,N Py = (. We say G is a special coanalytic set for P provided G C P is
a I} set with the following properties:
Vr € X |G| = wo,

(1)

(2) G is not the union of countably many IT} graphs over X,

(3) for every n € w and for every B € B(Y), {x € X : |[BNG,| =n} € B(X).

(4) there is a nonempty Borel set ( or even perfect) H C X such that GN(H xY)
is the union of countably many pairwise disjoint Borel graphs over H.

We note that this last condition is not necessary to construct a nonuniformly o-
finite disintegration. One may simply take the set H to be a singleton and construct
a disintegration with respect to a Dirac measure v. However, we include this last
condition so that the measure ¥ may be chosen to be non-atomic.

Theorem 3.1. Let X =Y = w®. Let P = {((z:), (v:)) € w¥ X w¥ : Vi € wlya; =

If G is a special coanalytic set for P, then there exists a o-finite measure p on
Y, a o-finite measure v on X, a Borel measurable map ¢ : Y — X, and a o-
finite disintegration {u, : © € X} of p with respect to (v, ¢) which is not uniformly
o-finite.

Proof. Let m; : w* X w* — w* be the projection map onto the ith coordinate. Note
P is closed, m1(P) = w* = ma(P), and if z, 2’ € w¥ with z # 2’ then P, N Py = 0.
Note the sections P, are disjoint and perfect. Define the function ¢ : ¥ — X
by ¢(y) = x <= y € P,. The function ¢ is Borel measurable since its graph
is a Borel set. Next define a o-finite transition kernel {u, : * € X}. For each
x € X and B € B(Y) define py(B) = |B N G4|, i.e., counting measure on the
fibers of G. Since each fiber G, is countably infinite, p, is o-finite for all z in X.
Also since the fibers are pairwise disjoint, u, (Y \ ¢7(z)) = 0. If B € B(Y) then
{z : puy(B) > n} = {z : |BNG,| > n} which is a Borel subset of X since G is
special. Thus for every B € B(Y') the function x — p,(B) is B(X)-measurable and
{ptz : © € X} is a transition kernel.

Since G is special, there is a Borel set H C X and Borel functions f, : X =Y
with pairwise disjoint graphs such that for every x € H G, = |, {fn(x)}. Note
that since the sections of G are pairwise disjoint, each f, is 1-to-1 over H. Let v
be a probability measure on B(X) such that v(H) = 1.

Define a measure i on the Borel subsets of Y by

u(B) = [ n(B)iv(e)

We first show that p is o-finite. Let B, = f,(H) and note that Vo € H,
G. € U, Bn. Each B, is Borel since each f, is 1-to-1 over H, and Vo € H,
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U (Br) = |By, NGy = 1. Furthermore

H(Y\UBn> :/,U:c (Y\UBn> dv(z)
:/ (Y\U3n>m0$ dy(a;)+/ ‘(Y\UB,JHGI
X\H - H ~
:/ (Y\UBTL)mGI dv(z) = 0.

The measure p is thus a o-finite measure on Y and the family {u, : z € X} is
a disintegration of p with respect to (v, ¢) into o-finite measures. However, this
disintegration cannot be uniformly o-finite. If it were, there would exist countably
many Borel sets F,, C Y such that Vo € X, pu,(E,) < oo and p. (Y \ U, E,) = 0.
Thus for each z € X, |G,NE,| < coand G C |J,, X X E,,. For each n, GN(X X E,,) is
I} with finite sections and is thus a countable union of IT graphs (see [6]) implying
that G = J,, G N E, is a countable union of I} graphs, a contradiction. ([l

dv(zx)

This argument shows that in fact there does not exist countably many F, €
B(X xY) satisfying Vo pi,(Epne) < 0o and p, (Y \ U,, Enz) = 0.

4. CONSTRUCTION OF A “SPECIAL” II} SET ASSUMING V =L

In this section we consider the Polish spaces X = Y = w® and we prove the
existence of a “special” IT] set assuming V = L. In order to do this we first put in
place the formal logical structures which will be needed. We let ZF 5 denote a finite
fragment of ZF that is large enough such that I} and ¥} formulas are absolute for
transitive models of ZF .

It will be necessary to code models by elements of w*. We now make this coding
specific.

For each n let ¢,, be the n-th formula in the Godel numbering of the formulas
in the language £ (see [7] Def 1.4 pp 155). Given z € {0,1}* C w¥, we will
define the theory Th, by ¢, € Th, if and only if z(n) = 1. Let ¢, be a formula
defining the canonical well-ordering of L and let M € w be the integer such that
on = “¢<1 is a well ordering of the universe.”

Let C' C w* be the collection of codes of theories, i.e., x € C' iff:

(1) z € {0,1}¥
(2) Th, is a consistent and complete theory of ZFy + (V = L)
(3) x(M) =1.

Note that C is a A} set.

Given a formula ¢, (w,x1,...,x) with free variables w,z1,..., ) define the
Skolem term for ¢, to be the corresponding formula 7,(z,z1,...,z;) where
Tn(z,@1, ..., xy,) 18

(Fw ¢ (w, x1,...,25) A 2z is the <g, least such w) V

(3w op(w, 21, ..., 2) N2 =0).

For each x € {0,1}* if S is a collection of Skolem terms, define an equivalence
relation, =,, on S by

Tn =0 Tm <= Thy b7 =T
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For x € C, define M, to be the set of equivalence classes of all Skolem terms
arising from formulas ¢(w) such that Th, F Jw[p(w)]. We note the Skolem hull of
() inside of M, is all of M. In other words, M, is the smallest model of the theory
Th,. Define the relation E, on M, x M, by

[Ti]Ez[Tj] <— Th, b7 € Tj-

Recall that a structure M with binary relation E is well-founded if every non-
empty subset of M contains an F-minimal element (see [7] Ch. 3). For each = € C,
note that M, does not necessarily code a well-founded structure. However, if M,
is well-founded, then there exists a countable ordinal « such that M, = L, (see [7]
Thm. 3.9(b) p. 172). The following proposition shows that codings of well-founded
models are unique.

Proposition 4.1. Suppose z,2' € C and there is an ordinal « such that M, =
Lo =My . Thenx = 2.

Proof. Let T be the theory of L,. Since M, = L, and M, = L, both = and
a’ code T. Then for every n, z(n) =1 < ¢, € T <= 2'(n) = 1. Thus
z=2a. O

We next show that if an element of w* is constructed at an ordinal « then there
exists a code x € C for a structure (M, E,) that is isomorphic to L.

Proposition 4.2. If w* N Lay1 \ Lo # 0 then 3z € C such that M, = L.

Proof. Let T be the theory of L, and let z € C such that Th, = T. Then (M., E,)
is an elementary submodel of (L,, €) (see [7] Lemma 7.3 p.136). Since L, is well-
founded, M, is well-founded. Then € is well-founded on the transitive collapse
TC(My) (see [7] Thm. 5.14 p. 106) and thus (M,, E;) = (TC(M,),€) = (Lg, €)
for some 8 < a. Sow € Lgy1 and thus 5 = a. (]

Theorem 4.3. Assume V = L. Let X =Y = w¥. Let P be a closed subset of
X XY such that Vx € X, P, is nonempty and perfect and if v # x', Py N Py = (.
Then there exists a II set G C P with the following properties:
(1) Yo € X, |Gz| = Wwo
(2) For every n € w and for every Al set BC Y, {x € X : [BNGy| > n} is
Aj
(3) G is not the union of countably many II3 graphs over X.
(4) There is a nonempty Al (or even perfect) set H C X such that GN(H xY)
is the union of countably many pairwise disjoint Al graphs over H.

Proof. Fix a pair of recursive bijections, x — (™), from w* onto (w*)¥ and

x (29 21) from w® onto w® x w*. Denote the inverse of the second bijection by
(y,z) = (y,z). Call an ordinal 8 good if Lg = ZFy + (V = L).

Let p € w* be a code for P. In this regard, when we say “z codes the Borel
set B” we mean a coding such that the statement “w is in the set coded by 2”
is absolute to all transitive models of ZFy (for example, we could have z code a
wellfounded tree on w which gives an inductive construction of B from the basic
open sets).

For each n € w let f, : X — Y be a A}l function such that V2 € X and for
n#m fp(z) # fm(z) and such that Vo € X Vn € w f,(z) € Py.
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For a given w € w* and an z € C coding an w-model M, (i.e. w is in the
well-founded part of M, ), we will make frequent use of the shorthand “w € M,”
to mean (for convenience, we identify here w* with P(w))

dr e dom(M,) [(My = “7 CW) ANTC(T) = w.

Define U C C by = € U if and only if there exists an ordinal a(z) > wy such
that M, = Lo,y and p € Ly(y). Define V.C C by x € V iff M, is an w-model,
and “p € M,”. Note that U C V, V is A{, and that the elements of U code
well-founded structures.

Define the set G’ C X x Y by (z,y) € G' <~

[x gV AIn(y=fu(x)]VEzeV Ay ePA[“ye M,V
3 a well-founded extension M of M, 3o/, < wq
(Lar 2 My C M = Lo Ay € LoA
Vo' <~ < a (=(vy is good and a limit of good ordinals)V
3¢ € By 3Ir > v (Ly F ~¢ A L | 9)))]].

To clarify, if x € V and M, is ill-founded then G/, consists of all reals in M,.
If x € V and M, is well-founded then we continue adding reals to the section G,
until the truth of ¥ statements stabilize to be true.

Note that G’ is ¥3 and let '(z,y) be the above 3 formula defining G’.

We first show that the sections of G’ are countable. Clearly G’ is countable
for every ¢ V. Since each model M, is countable, G, is countable for every
x € V\U. Finally suppose « € U. Let M be a well-founded extension of M, as in
the definition above for G’. Let o be the ordinal such that M = L. Let 8 be the
least good ordinal less than w; such that Lg is a ¥y elementary substructure of L.
Then for every ' > 3 and every Y3 formula ¢ we have

Lk ¢ < Ly Fo < LE&.

We clearly have that [ is good and a limit of good ordinals, and by the definition
of G' we must have 8 > a. Thus G/, C Lg and is therefore countable.

Let G be a IT}-uniformization of G, i.e. a subset of w* x w® such that for every
T cwY

G (z,y) <= F2G(z,{y,2)) < N2G(x,(y, 2)).

Let © be a I1} formula defining G. We assume that ZF ; was chosen large enough
such that the following is a theorem of ZF .

Ve Vy[Q (z,y) <= F2Q(z, {y,2)) <= I2Q(z, (y,2))].

Note that since the sections of G’ are countable so too are the sections of G.
Note also that if H = X \ V then property (4) holds for G. Next we proceed to
show that the Borel condition in property (2) holds for G.

Fixa Al set BCY, fixann € w, let K, = {x € X : |IBN G| > n}, let b € w*
be a code for B, and since we are assuming V = L let 7 be the level of L at which
b is constructed. Then 7 is well-defined and 7 < w;. Partition V into the following
Alsetss E={z eV :“b¢gM,"yand D={x €V :“be M, }.

Define the formula

Y(x) = 3 distinct aq,...,a, [“a1,...,a, € M,” A(aq,...,a, € B)]
Clearly v (z) is a $1 statement about z.
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By the definition of G, ¢ correctly defines K,, on V\U. For x € UND, “b € M,”
and since ¥ statements are absolute between transitive models of ZF y, 1) correctly
defines K,, on U N D. Since 7 < w; and distinct € U determine distinct well-
founded L., there can be only countably many z € U which code L, with a < 7.
If x € UNFE then M, = L, where a < 7. Thus U N E is countable. Therefore the
formula 1 correctly defines K,, on V except for the countable set U N E.

To see that (K, NV)\ (UNE) is Al, note that the formula 1 is equivalent to
the X1 formula

Fiy, ..., Fiy €w,Jag,...,Jay, € WY [My | “i1,..., 0, € WY7A
TC(i1) = a1,...,TC(in) = an A a1,...,an € B]
which is equivalent to the I} formula
Fiy, ..., iy, €w,Vay,...,Va, € WY [My E “i1,... i, € WA
(TC(iy) = ay,...,TC(in) = an) = a1 € B,...,a, € BJ.

Thus 1 defines a Al set which gives K,, on V \ (U N E), and since (U N E) is
countable, K, NV is A}
For z € X \ V each section G = J,;2, fn(x). Thus for each x € X \ V we have

|[BNGy| >n <= Fdistinct kq, ..., kn[fx, () € B,..., fr,(x) € B]

—=ze |J '®n..nfB).
(k1,.skn)
Therefore K, N X \ V is Al

Finally we show that property (3) holds for G. Proceeding by contradiction
suppose that G could be written as a countable union of ITi graphs G,,. Choose
a sequence (z™) from w* and formulas ¥, (x,y) so that v, are II}(z™) formulas
defining the G,,,. Let 2’ € w® be such that 2’ codes the sequence (z™)$S_, and
choose x € U and « such that M, = L, and 2’ € L,. Next let 8 > « be the least
ordinal such that (3 is good and a limit of good ordinals) A V¢ € 33 (Ls = —¢ =
V> (B L; ': ﬁgb)

From the definition of G’ we have that w* N Lg C G,. Furthermore if y € Lg
then for some good ordinal § < 3, y € Ls. Since § was chosen to be minimal,
we have that Vy < §[=(v is good and a limit of good ordinals ) vV 3¢ € 31 (Ls =
—“¢AIT > v (L; = ¢))]. In fact we may replace “I7 > +” in the previous statement
with “Ir > ~,7 < 7. Thus ¢ witnesses that Lg = Q' (z, y).

Since 3 was chosen so that X1 statements are stabilized at 3, we have that
Lg E Ay : Imy(2™,y)} is countable”. However, Lg = “w“ is uncountable”.
Thus we may let y,z € Lg such that

Lﬂ ': Q(:L’, <y72>) and
Lg EYm —n(z™, (y, 2)).

Then by absoluteness L = VYm (2™, (y, z)). Thus Ym (z,(y,2)) € Gn,. How-
ever this contradicts the fact that L | Q(z, (y, z)) by absoluteness and therefore

(x,(y,2)) € G.
|

This naturally leads us to ask:

Problem 4.4. Can one show in ZFC that special II3 sets exist?
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5. UNIFORMLY 0-FINITE IMPLIES JOINT MEASURABILITY, AND AN EQUIVALENCE
TO MAHARAM’S PROBLEM

Let (X,B(X)) and (Y, B(Y)) be Polish spaces, let ¢: Y — X be B-measurable
and let 1 and v be measures on B(Y) and B(X). Let & — u, be a measure kernel,
that is, each u, is a measure on the Borel subsets of Y and such that for each Borel
set F in Y, the map z — u,(F) is Borel measurable (this is part of the definition of
a disintegration). Let I(Y") be the space of compact subsets of Y equipped with the
Vietoris topology or equivalently the topology generated by the Hausdorff metric.

Lemma 5.1. If for every x, u,(Y) < oo, then the map F: X x K(Y) — R, given
by F(z,K) = p.(K), is Borel measurable.

Proof. Fix a basis for the topology of Y, say {V,,}22 ;. Enumerate sets of the form
{K: K C Vi, U...UVy,}, say {Up}32,. U, is an open set in K(Y), and let
U, = Vi, U...UV;, be the corresponding open set in Y. Fix a number c. For each

n, let Dy, = {x: 1, (Uy,) < ¢}. We have {(z, K): pg(K) < c} =, (Dn xUy,). O

Lemma 5.2. If for every x, p,(X) < oo, then for each € > 0, there is a Borel
measurable map x — K € K(Y') such that for every x, u,(Y \ K;) <e.

Proof. This lemma follows from Theorem 2.2 of [12]. |

For the statement of the next theorem we introduce the following notations. Let
H C X x K(Y)¥ be the set:

H = {(z, {Kn}new): Y pta(Kp) < +00 A pa (Y = | Kn) = 0}

Let M denote the function (u, B) — u(B) defined on M} (Y) x K(Y).

Theorem 5.3. Suppose {j, : © € X} is a o-finite disintegration of u with respect
to (v, ¢). Consider the following statements.
(1) {ps : z € X} is uniformly o-finite.
(2) There is a Borel uniformization of H, that is, there is a sequence of Borel
mappings x — K, (z) from X into K(Y) satisfying
o VaVn p,(K,(x)) < oo
o Vo pu,(Y\U, Kn(x)) =0.
(3) M is Borel measurable and H is Borel.
(4) M is Borel measurable.

Then statements (1) and (2) are equivalent and each of them implies statement (3),
and (3) implies (4). Moreover, if each measure p,, is purely atomic, then statements
(1),(2), (3), and (4) are equivalent.

Proof. (1) = (2)
Fix {B,} witnessing the kernel x + p, is uniformly o-finite. We may and do
assume that for each n, B,, C By,41. For each n, let p,.(E) = p,(E N B,). then
by Lemma 5.2, we obtain Borel measurable maps z — Ky, € K(Y) such that for
every @, fnz(Y \ U,, Knmz) = 0. The implication follows.

(1) = (4)
Continuing with the preceding argument, we see that for each n, the map F, (z, K) =
e (B, N K) is Borel measurable and F,(x, K) converges up to F(z, K).
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(2) =)
For each n let G,, be the ‘epigraph’ of the mapping « — K, (z). By ‘epigraph’ we
mean

G ={(2,y) 1 y € Kn(2)}.
Note that a function f: X — K(Y) is Borel iff the epigraph, {(x,y): y € f(x)}
is Borel in X x Y.
Let B,, = 1y (G, N Graph(¢)). This projection is 1-to-1 therefore B,, is Borel.
Observe that

(B) (Kn(fv) ¢ (x))
+(Kn(2)) <oo and

Y\UB,, = Y\ )N¢- ()))

(Y\ Kn(z > =0.
(2) = (3)

We just need to show (2) imples that H is Borel. Let the Borel functions z — K, (x)
be as in (2). We have (x,{T,}) ¢ H iff In (u(T) = 4+00) or Im p, (K, (z) —
U,,T) > 0. The first disjunct clearly defines a Borel set (given (4), which we
have by the above (2) = (4)). The second disjunct is equivalent to (since each
fio (K ) < 00)

k
i 39 > 0 (| T B (0)) < (o) = 2

n=1
This is Borel by (4) and the fact that for each n, the map (Ki,...,K,) — K1 N
N K, from K(X)™ to £(X) is Borel (see, for example, page 180 of [8]).

Finally, let us assume that for every z, the measure u, is purely atomic and
statement (4) holds. Let W = {(z,K): p,(K) > 0 and card(K) = 1}. Then W
is a Borel subset of X x IC(Y') with countable sections. Therefore, there are Borel
functions x — K(Y) whose graphs fill up W. This means statement (2) holds.

Remark 5.4. Thus, if (1) and (4) are equivalent we have that H must be Borel. It
is not clear, however, if (3) implies (1). We thank the referee for mentioning (3) to
us.

O

Problem 5.5. Is it true that a disintegration is uniformly o-finite if and only if
the map (z, K) — u.(K) is jointly measurable?

We would like to mention the following problem concerning the mixture operator
defined by a measure transition kernel.

Problem 5.6. Suppose we are given a measure kernel x > p, (defined at the
beginning of this section). Consider the mizture operator T defined by

TONE) = [ el E)iAz).
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Suppose this operator has the property that it maps o-finite (signed) measures on

X

i.e.,

to o-finite (signed) measures on Y and the operator T is lattice preserving,
T takes mutually singular measures to mutually singular measures. Is there a

universally measurable map ¢ : Y — X such that for each x, pu,(Y \ ¢~(z)) =0?

We mention that it was shown in [13] that the answer is yes assuming Mar-

tin’s axiom or even weaker that a medial limit exists provided for each x, p, is a
probability measure.
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