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HOMEOMORPHIC BERNOULLI TRIAL MEASURES
AND ERGODIC THEORY

R. DANIEL MAULDIN AND ANDREW YINGST

Abstract. We survey the some of the main results, ideas and
conjectures concerning two problems and their connections. The
first problem concerns determining when two Bernoulli trial mea-
sures are homeomorphic to each other, i.e. when one is the image
measure of the other via a homeomorphism of the Cantor space.
The second problem concerns the following. Given a positive inte-
ger k characterize those Bernoulli trial measures m for which there
is a homeomorphism preserving m and which has exactly k ergodic
measures with m being one of them. We will also discuss some of
the history leading to these problems.

A measure on a Cantor space is taken to mean a probability mea-
sure on the Borel subsets of a space homeomorphic to Cantor space
which gives non-empty open sets positive measure and gives points
measure zero. That is, all measures are assumed to be full, non-atomic
probability measures. In this paper, C is a Cantor space means it is
a topological space homeomorphic to {0, 1}N provided with the prod-
uct topology where {0, 1} has the discrete topology. Some particular
representations of the Cantor space will hold our attention. We are
interested in two problems. One is to determine when two such mea-
sures or two measures of a given type, µ on a Cantor space X, and ν
on a Cantor space Y are “homeomorphic,” i.e., when is there a home-
omorphism h of X onto Y such that µ = ν ◦ h−1? The second problem
concerns the ergodic properties of such measures. When is there a
homeomorphism h preserving µ for which µ is the unique ergodic mea-
sure or when is µ one of exactly k ergodic measures for h? Besides
presenting some new results and recounting some previously obtained,
we will indicate some of the origins of these problems particularly as
they concern Bernoulli trial measures on {0, 1}N or {0, 1}Z.
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2 R. DANIEL MAULDIN AND ANDREW YINGST

One of the main sources for our problems came from the foundational
1941 work of Oxtoby and Ulam [13]. A particular case of one of their
main theorems is the following:

Theorem 1. Let n ≥ 2 and consider the space Hλ([0, 1]n) consisting of
all autohomeomorphisms of the cube which preserve λ, Lebesgue mea-
sure on [0, 1]n. As Hλ([0, 1]n) is a dense-in-itself Gδ set in the space
of all automorphisms of the cube, it is itself a Polish space. The set of
all elements of Hλ([0, 1]n) which are ergodic with respect to Lebesgue
measure forms a co-meager set in this space.

Thus, Oxtoby and Ulam showed that among the measure preserving
homeomorphisms the ergodic ones are generic. At that time essentially
the only known ergodic flows were irrational rotations on tori and the
geodesic flows on spaces of negative curvature. Their result has been
extended to manifolds and many other spaces. There is an excellent
book on the subject by Alpern and Prasad [3].

One of the main ingredients for proving Theorem 1 is their charac-
terization of those measures on the cube which are homeomorphic to
Lebesgue measure.

Theorem 2. Let n be a positive integer. Let µ be a probability measure
defined on the Borel subsets of [0, 1]n. Then µ is homeomorphic to λ
if and only if µ gives every nonempty open set positive measure, µ is
non-atomic, and µ gives the boundary of the cube measure zero.

Thus, if we consider the equivalence relation on the space of prob-
ability measures induced by two measures being homeomorphic, their
theorem characterizes the measures equivalent to Lebesgue measure.
This theorem has been extended to the Hilbert cube [12], and mani-
folds [3], and to Lebesgue measure on the Baire space, consisting of the
irrational numbers in the unit interval, [10].

On the other hand the situation for the Cantor space turns out to
be quite different. The Cantor space is “rigid.” At first sight this may
seem surprising. For example, it is amusing to show the following fact
of Bernoulli trial measures: There does not exist a continuous map f
of {0, 1, }N to itself such that µ1/2 = µ1/4 ◦f−1. Indeed, µr, the measure
generated by independent Bernoulli trials with probability of success
r, is homeomorphic to µ1/2 if and only if r = 1/2. (To be clear, in this
paper µr denotes the Bernoulli trial measure on {0, 1}N of weight r:
the unique probability measure for which digits are independent and
each has probability r of being ‘1’. This is defined for all 0 ≤ r ≤ 1.)
In fact, we have:
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BERNOULLI TRIAL MEASURES 3

Theorem 3. ([9],[5]) Let r be rational, transcendental, or an algebraic
integer of degree 2. Then µr is homeomorphic to µs if and only if r = s
or r = 1− s.

In 1988, it was shown that there is a nontrivial homeomorphism class
of product measures.

Theorem 4. [11]. Let r be the solution of

r3 + r2 − 1 = 0

lying in the open interval (0, 1). The Bernoulli trial measures generated
by the four distinct numbers r, r2, 1−r and 1−r2 are all homeomorphic
to each other.

Recently, Yingst completely characterized when two Bernoulli trial
measures are homeomorphic, [16]. However, the following question
remains unanswered.

Question 5. Is it true that if 0 < r < 1, then there are only finitely
many s so that µs is homeomorphic to µr?

Remark. In [16], Yingst points out that if r is an algebraic integer,
then the answer to question 5 is yes. However, even in this case it is
still unknown how many there are. For example, it is unknown how
many product measures are homeomorphic to µr when r is the solution
in [0, 1] to r3 + r2 − 1 = 0.

Next, we discuss two properties a measure on the Cantor space may
have which are important for both of our main problems, goodness and
refinability.

Definition 6. Let µ be a measure on a Cantor space C.
A clopen set V is good when for any clopen set U with µ(U) < µ(V ),

there is a clopen subset U ′ ⊂ V with µ(U) = µ(U ′). The measure µ is
good when every clopen set is good.

A clopen set V is refinable when given clopen sets U1, U2, . . . , Un with∑n
j=1 µ(Uj) = µ(V ), there is a partition {U ′

1, . . . , U
′
n} of V into clopen

sets with µ(U ′
j) = µ(Uj) for 1 ≤ j ≤ n. The measure µ is refinable if

every clopen set is refinable. The measure µ is weakly refinable if the
clopen set C is refinable, and if every clopen set can be partitioned into
(finitely many) refinable clopen sets.

Note that good implies refinable, and refinable implies weakly refin-
able. The notions of goodness and refinability arose in very different
contexts. The term “good” was coined by Ethan Akin, when examining
uniquely ergodic transformations. The two directions of the following
theorem were proved by Glasner and Weiss in [7] and by Akin in [1].
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Theorem 7. Let µ be a measure on Cantor space. Then µ is good
if and only if there is a uniquely ergodic, minimal homeomorphism of
Cantor space for which µ is the uniquely preserved measure.

On the other hand, the term “refinable” was coined by Dougherty,
Mauldin and Yingst in [6] when considering the problem of when two
measures on Cantor space might be homeomorphic. There, the follow-
ing theorem was shown in the refinable case, and this was generalized
to the weakly refinable case in [2] by Akin, Dougherty, Mauldin and
Yingst.

Theorem 8. Let µ and ν be weakly refinable measures on Cantor space.
If µ and ν have the same clopen values set, then there is a homeomor-
phism of Cantor space h so that µ ◦ h = ν.

Further, if µ is refinable, and if {C1, . . . , Cn} and {D1, . . . , Dn} are
clopen partitions of Cantor space so that µ(Ci) = ν(Di) for each i, then
h may be chosen so that h(Di) = Ci for each i.

Here, the clopen values set of a measure µ on Cantor Space is {µ(E) :
E is clopen}. The clopen values set of µ will be denoted by S(µ).

In [6], Dougherty, Mauldin and Yingst characterized goodness and
refinability for Bernoulli trial measures.

Theorem 9. Let 0 < r < 1. The measure µr is refinable if and
only if r is transcendental, or there is an integer polynomial R with
R(0) ∈ {−1, 1}, R(1) ∈ {−1, 1}, and R(r) = 0. Further, µr is good if
and only if r is algebraic, and there is such an R which has only one
root in (0, 1).

Note that above we may assume R is the irreducible polynomial
polynomial of r, where ‘irreducible’ is taken over the ring Z[x]. So for
example 2x2 − 1 is irreducible, but 4x2 − 2 is not, since 2(2x2 − 1)
is a factorization into two non-units. In this sense, the irreducible
polynomial of r is unique up to sign.

The question of how weak refinability relates to refinability and good-
ness has not been well understood. Historically, the definition of weak
refinability was chosen as the minimum property for which Theorem 8
could be proved, but this has been applied only to simplify an argu-
ment that two refinable measures are homeomorphic: Given a refinable
measure, µ, to show that µ ≈ ν it is sufficient to show that S(µ) = S(ν)
and that ν is weakly refinable. But, since µ and ν are homeomorphic,
we actually have the stronger statement that ν is refinable. this leads
to the following:

Question 10. Are the refinability and weak refinability equivalent?
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BERNOULLI TRIAL MEASURES 5

We conjecture that they are not equivalent, but the following new
theorem shows that they are equivalent for µr.

Theorem 11. The Bernoulli trial measure µr is weakly refinable if and
only if it is refinable.

Before proving this theorem, we recall some of the main tools for
working with Bernoulli trial measures. Recall that if E is a clopen
set in {0, 1}N, then E is expressible in the form ∪k

j=1[wj], where [wj]

represents the set of all sequences in {0, 1}N which begin with a word
wj over the alphabet {0, 1}. Since the clopen cylinder [wj] can be
expressed as the disjoint union [wj0]∪ [wj1] we assume without loss of
generality that the cylinders [wj] comprising E are disjoint and that the
words wj have a common length n. Among those cylinders of length n
with exactly k 1’s, each has µr measure rk(1− r)n−k, and the number
of them used in the expression of E is an integer between 0 and

(
n
k

)
.

This motivates the following definition:
A polynomial p ∈ Z[x] is called a partition polynomial if there is

some n ≥ 0 for which p may be expressed in the form

p(x) =
n∑

k=0

ckx
k(1− x)n−k,

where each ck is an integer with 0 ≤ ck ≤
(

n
k

)
. With the discussion

of clopen sets above, we see easily that if E is a clopen set in {0, 1}N,
then there is a partition polynomial p which gives the Bernoulli trial
measure of E: p(x) = µx(E) for all x ∈ [0, 1]. Likewise given a partition
polynomial, there is such a clopen set. We refer to p as the partition
polynomial associated with E, or E is a clopen set associated with p.
(Note that p is determined by E, but E is not uniquely determened
by p unless p = 0 or p = 1.) We let P denote the set of all partition
polynomials, and if 0 ≤ r ≤ 1, we let P(r) denote {p(r) : p ∈ P}. So
P(r) is the clopen values set of the measure µr: P(r) = S(µr).

The following statements of partition polynomials are proved by
Dougherty, Mauldin and Yingst in [6] and by Yingst in [16]

Theorem 12. If p is a polynomial with integer coefficients, then p is
a partition polynomial if and only if p satisfies 0 < p(x) < 1 for all
x ∈ (0, 1), or p = 0 or p = 1.

If C is a clopen set in {0, 1}N whose associated partition polynomial
is p, and if q is an integer polynomial satisfying 0 < q < p on the
interval (0, 1), then there is a clopen set C ′ ⊂ C whose associated
partition polynomial is q.
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6 R. DANIEL MAULDIN AND ANDREW YINGST

We now prove Theorem 11. This argument is a generalization of one
of the directions of Theorem 9.

Proof. It’s clear that weakly refinable implies refinable. Also, if r is
transcendental then µr is both refinable and weakly refinable. So, sup-
pose that r is an algebraic number for which µr is weakly refinable.
Let R(x) be the irreducible polynomial of r. Let k be a positive inte-
ger such that R(x)2 + 1 < ( 1

x(1−x)
)k holds on (0, 1). This will hold, as

1
x(1−x)

≥ 4 on (0, 1), while R is continuous on [0, 1].

Consider the clopen set C = [1k+10k]. This set has xk+1(1 − x)k

as its associated partition polynomial. By weak refinability, there is
a refinable clopen set D ⊆ C. Let f(x) be the partition polynomial
associated with D. Then 0 < f(x) ≤ xk+1(1 − x)k holds on (0, 1). So
we have that

R(x)2 <
1

xk(1− x)k
− 1 <

1

xk(1− x)k
− f(x)

xk(1− x)k

holds on (0, 1).
Next we argue that there is some j > k so that the inequality

(1− x)j < (1− x)kR(x)2 +
f(x)

xk

holds on (0, 1). Note that R(x) is irreducible and isn’t x, so we cannot
have R(0) = 0. First, for sufficiently large j, we will have that (1−x)j <
(1 − x)kR(x)2 holds for x in (0, δ) for sufficiently small δ > 0. If
R(0)2 > 1, then this is trivial; if R(0)2 = 1, then we may note that
for large j, the derivative of (1 − x)j at 0 will be less than that of
(1−x)kR(x)2 at zero. So for some large j, the desired inequality holds
on (0, δ), and will continue to hold on (0, δ) for larger j. Next we
observe that the right-hand side of the above inequality is positive on
(0, 1), so we have that the right-hand side may decrease to 0 as x → 1−

but can do so only at most polynomial speed. So for large j, we will
have that (1− x)j decreases to zero even faster, and we will have that
the desired inequality holds on (δ′, 1) for some small δ′ > 0, and again
for a fixed δ′ this will continue to hold for even larger j. Finally, the
right-hand side is positive on (0, 1), so is greater than ε > 0 on [δ, δ′].
For large j, we will have that (1− δ)j < ε, and so we will have that the
decreasing function (1−x)j is less than ε on [δ, δ′]. So we now have for
large j that the desired inequality holds on (0, 1), and we may assume
that j > k.
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Combining our inequalities we have

(1− x)j−k − f(x)

xk(1− x)k
< R(x)2 <

1

xk(1− x)k
− f(x)

xk(1− x)k

on (0, 1). Manipulating this yields

0 < xk(1− x)kR(x)2 + f(x)− xk(1− x)j < 1− xk(1− x)j < 1.

Let g(x) be the second expression of the above inequality. By the first
statement of Theorem 12, we have that g(x) is a partition polynomial,
and so g(r) is a clopen value for µr. Also, the clopen [1k0j] witnesses
that rk(1 − r)j is a clopen value for µr. We have the equation g(r) +
rk(1 − r)j = f(r) = µr(D). Since D is refinable, there is a clopen
partition {C1, C2} of D so that µr(C1) = g(r), and µr(C2) = rk(1−r)j.
Let h be the partition polynomial of C2. (So h(r) = rk(1− r)j.) Since
C2 ⊆ D ⊆ [1k+10k], it follows that 0 < h(x) ≤ xk+1(1 − x)k holds
on (0, 1). Thus h has a root at 0 of multiplicity at least k + 1. We

may let ĥ(x) = h(x)
xk , and ĥ is a polynomial with ĥ(0) = 0. We have

ĥ(r) = (1 − r)j. Therefore, h(x) − (1 − x)j is an integer polynomial
with a root at r, and by Gauss’ lemma there is an integer polynomial
Q(x) so that h(x) − (1 − x)j = Q(x)R(x). Evaluating this at 0 yields
0− 1 = Q(0)R(0), so we must have R(0) = ±1.

Applying the same argument to the measure µ1−r, which is homeo-
morphic to µr and is thus also weakly refinable, we see that the irredi-
cible polynomial R̂ of 1 − r has R̂(0) = ±1. But R̂(x) = R(1− x), so
we have R(1) = ±1. By Theorem 9, we have that µr is refinable. ¤

The results we have stated give rise to the following statement: Let
R(x) be an irreducible polynomial with R(0) = ±1, R(1) = ±1 so that
R has exactly one root r in (0, 1). Then there is a uniquely ergodic
minimal homeomorphism of {0, 1}N whose unique ergodic measure is
µr. Noticing this, Dan Mauldin asked whether ‘exactly one’ could be
replaced by any finite number:

Question 13. Let R(x) be an irreducible polynomial with R(0) = ±1,
R(1) = ±1. If R has exactly k roots, r1, . . . , rk in (0, 1), does there exist
a minimal homeomorphism of {0, 1}N with exactly k ergodic measures,
µr1 , . . . , µrk

?

This question is one of the main motivations for this paper. A posi-
tive answer would give another natural example of transformations with
exactly k ergodic measures, see e.g., [4]. One indication that this ques-
tion may have an affirmative answer is the following theorem, which
states that for the group action on {0, 1}N of all homeomorphisms which
preserve one of the µri

, the ergodic measures are precisely {µri
}k

i=1.
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8 R. DANIEL MAULDIN AND ANDREW YINGST

Theorem 14. Let r be an algebraic number for which µr is refinable.
Let G be the group of all homeomorphisms of {0, 1}N for which the
measure µr is invariant. (So G = {h ∈ Hom({0, 1}N) : µr◦h−1 = µr}.)
Then the ergodic measures for G are the measures of the form µs where
s is an algebraic conjugate of r in (0, 1).

(A measure said to be invariant under a group action G of bimea-
surable bijections of a space if it invariant under each element of G.
Such a measure µ is said to be ergodic for G if any measurable E with
g(E) = E for all g ∈ G, we have µ(E) is 0 or 1.)

Proof. First note that G contains the every homeomorphism of {0, 1}N
which is a permutation of finitely many indices. Any measure which
is invariant under G is invariant under these maps, and is said to be
exchangable. (In the more common definition, the random variables
πn, the nth projection maps are exchangable.) By de Finetti’s theorem
if the probability measure ν on {0, 1}N is exchangable, then there is a
probability measure m on [0, 1] so that

ν(E) =

∫

[0,1]

µx(E)dm(x),

for every clopen set E. (Thus, this holds for every Borel set as well.)
Here µx is as usual the Bernoulli trial measure with weight x. In
other words, an exchangable measure is some weighted average of the
Bernoulli trial measures. Now, we show that there are particular maps
in G which allow us to conclude that a measure which is invariant under
G has such an integral representation using only those µx where x is
an algebraic conjugate of r.

Let R(x) be the irreducible polynomial of r, and recall from Theorem
9 that the refinability of µr implies that R(0) = ±1 and R(0) = ±1.
For sufficiently large j we will have that

[1− x(1− x)]j−1 <
1

R(x)2

holds on (0, 1). Here, we have equality at 0 and 1, but as before we
may consider derivatives of each side at 0 and 1 and we will have for
large j that this inequality holds on (0, δ] ∪ [1− δ, 1). For some δ > 0.
The right-hand side is positive on [δ, 1− δ] and so is greater than some
ε > 0 while the left-hand side decreases to zero pointwise and hence
uniformly, so the inequality does hold for all large j. Fix some such
j > 1 and we now have

R(x)2[1− x(1− x)]j < 1− x(1− x).
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Manipulating this yields

0 < x(1− x) + R(x)2[1− x(1− x)]j < 1.

Let g(x) be the middle expression of the above inequality and let f(x) =
x(1 − x). By the first statement of Theorem 12 we have that both f
and g are partition polynomials, and we also have that f(x) ≤ g(x)
holds on [0, 1], with equality only at roots of r. Let C and D be
clopen sets associated with f and g respectively. We then have that
µx(C) ≤ µx(D) for all x ∈ [0, 1], with equality only when x is an
algebraic conjugate of r. Since C and D have the same µr measure, we
may apply the strong statement of Theorem 8 (using µ = ν = µr) to
obtain a homeomorphism h on {0, 1}N which sends C to D and which
preserves µr.

Suppose ν is a probability measure which is invariant under G. We
have shown that ν is expressible as integral of Bernoulli trial measures
with respect to some measure m. Combining this with the sets C and
D, and the homeomorphism h above and the fact that ν is invariant
under h, we have∫

[0,1]

µx(D)dm(x) = ν(D) = ν(h−1(D)) = ν(C) =

∫

[0,1]

µx(C)dm(x).

But the functions µx(C) and µx(D) satisfy µx(C) ≤ µx(D) on [0, 1],
so the measure m must be supported on those x’s for which equality
holds. Thus m is supported on the finite set of conjugates of r in [0, 1],
and any probability measure which is invariant under G is a convex
combination of those µs where s is an algebraic conjugate of r in (0, 1).

We now show that each such µs is ergodic for G. Note that it is
sufficient to show that each µs is invariant under G, as G contains the
two-sided shift, σ, and each Bernoulli trial measure is ergodic for this
map. (This is a slight abuse, as σ is a map on {0, 1}Z, but we may use
a bijection between N and Z to view {0, 1}N and {0, 1}Z as equivalent.)
Let g be in G. Then for any clopen set E, we may consider p1 and p2,
the partition polynomials of E and g−1(E), respectively. We have that
G preserves µr, so that µr(E) = µr(g

−1(E)), so that p1(r) = p2(r).
This is an integer polynomial equation satisfied by r, and so is satisfied
by any algebraic conjugate s of r. So we have p1(s) = p2(s) and hence
µs(E) = µs(g

−1(E)). This holds for each clopen set E, and so holds
for every Borel set, and we have that µs preserves g for each g ∈ G and
each algebraic conjugate s of r in (0, 1). ¤

It is worth noting that when showing this theorem, the only mea-
sures in G required were the finite permutations of indices, and one
additional measure. If we again view {0, 1}N and {0, 1}Z as equivalent,
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10 R. DANIEL MAULDIN AND ANDREW YINGST

we may note that any finite permutation of indices is expressible as a
composition of σ, σ−1, and τ where σ is the two-sided shift, and τ is a
transposition of two consecutive symbols. Thus, there is a set of only
three homeomorphisms {σ, τ, h} so that the only measures which pre-
serve all three of these are the convex combinations of those Bernoulli
trial measures associate with the algebraic conugates of r. This will be
useful in a strategy toward answering Question 13.

In trying to answer this question, it is useful to recall the construction
in the known case when r has no other algebraic conjugates in (0, 1),
or equivalently, when µr is good:

Theorem 15. (Akin) Let µ be a good measure on Cantor space. Then
there is a uniquely ergodic minimal homeomorphism of Cantor space
for which µ is the unique ergodic measure.

Proof. First, notice that goodness shows that if a, b are in the clopen
values set S(µ) with a < b, then b − a ∈ S(µ). From this, it fol-
lows that S(µ) is a countable subgroup of [0, 1] with addition mod 1.
Since µ is non-atomic and full, we know that this subroup is dense.
Consider adjusting the topology of [0, 1] in the following way: replace
each x ∈ S(µ) \ {0, 1} with two values x− < x+, otherwise leaving
the usual order of [0, 1] unchanged. Endowing this set with the order
topology yields a space, F , which is homeomorphic to Cantor space,
the clopen sets of which are finite disjoint unions of intervals of the
form [x+, y−], [0, y−], [x+, 1], or [0, 1]. We allow F to inherit Lebesgue
measure λ from [0, 1]. (There are only countably many points of dis-
crepancy, so this is well defined.) Then the clopen values set of λ is the
set of all finite sums of differences of elements of S(µ). But S(µ) is a
group, so we find that S(µ) = S(λ). That S(µ) is a group also makes
it easy to see that λ is a good measure: Given U, V clopen in F with
λ(U) < λ(V ), there is an x ∈ [0, 1] so that in the real sense we have
λ(V ∩ [0, x]) = λ(U). By the group properties we can show x ∈ S(µ),
so U ′ = V ∩ [0, x−] is clopen as desired.

So µ and λ are good (and hence refinable) measures which have the
same clopen values sets. So µ and λ are homeomorphic.

If S(µ) contains an irrational value α, we have that adding α mod
1 is a homeomorphism of F . (We have x ∈ S(µ) iff x + α mod 1
∈ S(µ), so we naturally interpret (x+ + α) mod 1 as (x + α mod 1)+,
and similar for x−. We regard 0 = 0+ and 1 = 0−.) By using the well-
known properties of an irrational rotation, we easily find that this map
is a uniquely ergodic minimal homeomorphism, whose unique ergodic
measure is λ. Such a map for λ implies the existence of such a map for
the equivalent measure µ.
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In the event that S(µ) ⊂ Q, we can show that there is an odome-
ter system with the same clopen values set as µ. The most elegant
construction of such a system is via an inverse limit of groups, but we
present a more concrete representation for readers unfamiliar with the
techniques.

Using the fact that S(µ) is a group, it can easily be shown that
S(µ) = {n

d
: d ∈ D, 0 ≤ n ≤ D} for some set D of positive integers.

We may assume that D is closed under divisors, meaning that if d1 ∈ D
and d2|d1 then d2 ∈ D. Since S(µ) is dense in [0, 1], we have that D
is infinite. Let (m1,m2, . . .) be a sequence of elements of D with the
property that every product m1 ·. . .·mn is in D, and that every element
of D divides such a product. Then we let X =

∏∞
n=1{0, 1, . . . , mn}

with the product topology, so that X is a Cantor space, and we define
a group structure on X by “addition with carries.”

The formal definition of this group is inductive: Let x, y ∈ X, and
let c0 = 0. (Here (cn) will denote the sequence of ‘carries’.) For n ≥ 1,
let (x+y)n = xn +yn +cn mod mn, and let cn = 1 if xn +yn +cn ≥ mn,
with cn = 0 otherwise.

The odometer map here is Od(x) = x+1 = x+(1, 0, 0, . . .). This well
chosen name indicates how such a map is obtained by visualizing a car
odometer which goes forever to the left. To apply Od to the sequence,
one would drive one mile. This example corresponds with the choice
of mn = 10 for each n.

It is known that this system is uniquely ergodic, and its unique
ergodic measure is the product of uniform measures on {0, . . . , mn−1}.
It is easy to verify in this case that the clopen values set will be the set
of rationals with denominators in D, that this measure is good, and
hence that this unique ergodic measure is homeomorphic to µ. ¤

This argument began by examining the group S(µ) and constructing
a good measure in a known space with the same clopen values set. The
only requirements of this group were that it be countable and dense,
so we have the following corollary.

Corollary 16. If S ⊆ [0, 1] is a countable dense subgroup of [0, 1] with
addition modulo 1, then there is a good measure µ on a Cantor space
so that S = S(µ).

An interesting question arises from this: By Theorem 8, we know
that a weakly refinable measure is determined (up to homeomorphism)
by its clopen values set. By the observation above that if µ is good,
then S(µ) is a countable dense subgroup of [0, 1], and by Theorem 16,
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we see that a weakly refinable measure is good if and only if S(µ) is a
subgroup of [0,1].

Question 17. Is there a similar characterization of those S(µ) for
which µ is refinable?

We have seen that a good measure can be viewed as living naturally
on an odometer, or as living on the irrational rotation with some ‘cuts’
inserted to adjust the topology. We’d like a similar understanding for
the refinable but not good Bernoulli trial measures. It is possible to
show the following theorem which gives a somewhat similar, though not
as clean, alternative way of viewing certain of the refinable Bernoulli
measures. The proof is quite technical, and we omit it from the current
paper.

Theorem 18. Suppose that R(x) is an irreducible integer polynomial
with R(0) = ±1, R(1) = ±1, and the roots of R in (0, 1) are r1, . . . , rk.
Suppose further that there exists an integer polynomial q so that q(r1) =
q(r2) = . . . = q(rk) 6∈ Z. Then there is a Cantor space C and a
good measure m on C so that the measures m× µrj

are simultaneously
homeomorphic to µrj

. That is, there is a single homeomorphism h :

C × {0, 1}N → {0, 1}N so that µrj
◦ h = m× µrj

for j = 1 . . . k.

In this theorem, m is a good measure whose clopen values set consists
of numbers of the form q(r1) where q is a polynomial with q(r1) =
. . . = q(rk) and with 0 < q(r1) < 1. The additional hypothesis of this
theorem which wasn’t present in Theorem 14 is necessary to insure that
such values exist.

This theorem shows a way of viewing a refinable but not good prod-
uct measure on {0, 1}N as living on the product of {0, 1}N with either
an odometer or what is essentially an irrational rotation. This result
may also provide a foothold for constructing an almost uniquely er-
godic measure, namely as a skew product which takes advantage of the
well known uniquely ergodic transformation.

As an example of the hypotheses of the theorem, we can use R(x) =
17x2(1− x)2 − 1. Then R has two roots in (0, 1), namely

r1, r2 =
1

2
±

√
1

4
−

√
1

17
.

We may take q(x) = x2(1− x)2, and we’ll have q(r1) = q(r2) = 1
17

. We

could also use q(x) = x(1− x), and have q(r1) = q(r2) =
√

1/17. This
will be significant later, as we’ll see we have some options determined
by whether q(rj) can be chosen to be rational or irrational.
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Before continuing, we note that Theorem 18 begs an interesting ques-
tion. In this theorem, we have a case of the product of a good and a
refinable measure being refinable (because the product m×µrj

is home-
omorphic to the refinable measure µrj

.) Is this always the case? Akin
et al. show that a product of two good measures is good in [2], while
the example of the above paragraph shows that Theorem 18 applies in
cases when µrj

is refinable but not good, and so a product of a refinable
measure and a good measure may not be good.

Question 19. Is a product of a refinable measure with a good measure
refinable?

Is a product of two refinable measures refinable?

We now examine a construction which can be made with Theorem
18. Recall that we are interested in the possibility that there is a min-
imal homeomorphism h of {0, 1}N so that the ergodic measures for h
are µr1 , . . . , µrk

. Under the hypotheses of the theorem, this question
is equivalent to the question of whether there is a minimal homeomor-
phism h of C×{0, 1}N whose ergodic measures are m×µr1 , . . . ,m×µrk

.
One attempt at constructing such an h is the following skew product:

As before, let σ, τ and h be three homeomorphisms of {0, 1}N so that
the only measures which are invariant under all three of these are the
convex combinations of µr1 , . . . , µrk

. Let ρ be a uniquely ergodic trans-
formation of C which preserves m. (So ρ may be either an odometer or
essentially an irrational rotation.)

Now let C1, C2, C3 be any clopen partition of C, and we define our
skew product on C × {0, 1}N as follows: u(x, y) = (ρ(x), σ(y)) for x ∈
C1, u(x, y) = (ρ(x), τ(y)) for x ∈ C2, and u(x, y) = (ρ(x), h(y)) for
x ∈ C3. This homeomorphism has the property that among products
of measures on C and {0, 1}N, the only preserved measures are the
convex combinations of m×µr1 , . . . ,m×µrk

. To see this, first observe
that ρ is uniquely ergodic so any preserved product measure must be of
the form m×ν for some measure ν on {0, 1}N. Further, ν must preserve
the three maps σ, τ , and h, and so ν must be a convex combination of
µr1 , . . . , µrk

.
Of course, we have no motivation for assuming that an ergodic mea-

sure of h must be a product measure, but the freedom allowed in this
construction seems to give many places to finish an argument. For ex-
ample, in dividing C into three pieces, no assumptions were made, and
more pieces would have been fine. In particular, we used no knowledge
of the behavior of ρ on C which may lead to a very natural such division.
Another useful tool is the following theorem which will ensure that an
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invariant measure for u can be disintegrated along C. This theorem
was independently shown by Maharam in [8] and Rokhlin [15].

Theorem 20. Let X and Y be Polish spaces, and let ν be a probability
measure on X × Y . Then there exist probability measures m on X
and νx on Y for each x ∈ X so that µ can be expressed as µ(E) =∫

X
νx(Ex)dm(x) for each Borel set E ⊆ X×Y if and only if the measure

ν is absolutely continuous with respect to m ◦ π−1
1 .

Here π1 represents projection to the first coordinate, and Ex denotes
{y ∈ Y : (x, y) ∈ E}, the fiber of E at x.

In the case of µ a measure which preserves the map u above, we have
that

µ ◦ π−1(E) = µ((h−1π−1(E))) = µ ◦ π−1(ρ−1(E)),

so µ ◦ π−1 is a measure on C which preserves ρ. Since ρ is uniquely
ergodic, we have that µ ◦ π−1 is absolutely continuous with respect to
m because it equals m.

We therefore have that a measure µ which preserves u is expressible
as

µ(E) =

∫

C
νx(Ex)dm(x).

We would like an argument that if u is ergodic, then µ is a product
measure, or in this context, that there is a measure ν so that νx = ν
for almost all x ∈ C. We cannot argue this, but a nice beginning is as
follows:

Suppose E be a Borel subset of C1, and let D be a Borel subset of
{0, 1}N. We then have that

µ(D × E) = µ(u(D × E)) = µ(ρ(D)× σ(E)).

Using our disintegration of µ, we use this to write∫

D

νx(E)dm(x) =

∫

ρ(D)

νxσ(E)dm(x)

=

∫

D

νρ−1(x)σ(E)dmρ−1(x) =

∫

D

νρ−1(x)σ(E)dm(x).

This gives that two functions νx(E) and νρ−1(x) ◦σ(E) have the same
integral for every Borel subset of C1, and hence are equal almost every-
where in C1. The same arguments apply on C2 and C3, so we almost
surely have that νx = νρ−1(x) ◦ σ if x ∈ C1, we have νx = νρ−1(x) ◦ τ if
x ∈ C2, and νx = νρ−1(x) ◦ h if x ∈ C3. This gives a concrete place to
begin trying to understand the invariant measures for u.

Finally, we observe that Theorem 18 does not apply to all non-
trivially refinable measures µr. Namely, the q required in the theorem
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does not exist in all cases. For example, consider R(x) = x3 + 3x2 −
4x + 1. Then R is irreducible as any factorization would yield a ratio-
nal root, but the rational root test gives that the only possible rational
roots are ±1, which are not roots. We have that R(1) = 1, R(0) = 1,
and R(1

2
) = −1

8
, so that R has at least two roots in (0, 1), and since

R is cubic, R must have exactly two roots in (0, 1). Let r1, r2 be the
roots of R in (0, 1), and let r3 be the third root of R. Suppose q is an
integer polynomial with q(r1) = q(r2). Since r1 is an algebraic integer,
we have that q(r1) must be an algebraic integer. Also, the polynomial
h(x) = (x− q(r1))(x− q(r2))(x− q(r3)) has coefficients which are sym-
metric polynomials in r1, r2, r3 and so h has rational coefficients. Since
h has a repeated root, the factorization of h into irreducible factors
must split (x − q(r1)) and (x − q(r2)) which implies that h has three
linear factors, and q(r1) = q(r2) must be rational. So q(r1) = q(r2) is
a rational integer, and the hypothesis of Theorem 18 is not satisfied.
Even so, it is not clear in cases such as this whether the conclusion of
the theorem will hold.
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