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introduction

Let S be a set, X a o-algebra of subsets of S, X a Banach space having the
Radon-Nikodym property. Let bu(S, Z, X) be the space of all countably
additive functions from ¥ into X which are of bounded variation. An integral
of a function ¥ from X into X* with respect a function u from % into X is
defined by taking the limit over the net of Z-subdivisions of S. It is shown that
if cardinality of ca(S, £) £ 2" and 2% = ¥, then for each linear functional
T'on bu(S, Z, X) there is a function ¥ from X into X* such that T(x) = ¢ ¥ du,
for all uin Bv(S, I, X). Also, a space of functions from ¥ in X* is constructed
which is linearly isometric to the dual of bv(S, ¥, X) via this representation.

2. Results

This paper may be considered as a generalization of [2].

Let S be a set, X a o-algebra of subsets of S and let ca(S, X} be the space of all
real-valued countably additive set functions on X. Let H be a maximal subset
of ca(S, X) consisting of mutually singular positive measures.

Let X be a Banach space. Let bu(S, X, X) be the space of all countably addi-
tive functions from £ into X which are of bounded variation. We consider
bu(S, Z, X) as a Banach space under the variation norm.

THEOREM 1. The space bo(S, X, X) is isometrically isomorphic to the substitu-
tion space Py )N, where for each p in H, N, is the subspace of bu(S, X, X}
consisting of all measures which are absolutely continuous with respect to u
[L, p. 31]. _

Proof. Suppose w e bv(S, Z, X). Then there is a positive measure A in
ca(S, X} such that @ « A. It follows that there is a sequence {u,}2., from H
and a sequence {4,};.; of nonnegative measures such that (1) for each n,
I < pyand ) [ — S0y Al - 0.

Therefore, there is a sequence of disjoint sets {B;}2, in T such that A, is
~ concentrated on B; and 1,(B;) = 0if j # [, for all { and j. For each { and each

set Ein X, let o, (F) = w(E n B,). We have

1) ;< i < iy, for each i,
2 o - 2i-; of > ¢ and
(3) o = 22, lodl.
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Now, if f& Py, mNu, then fis a function from H into bu(S, Z, X) such that
for each pin H, f(w)e N, and 3, . p /(] < c0. So, for each such f, let
¢(f) = 3, cuf(1). The mapping ¢ is linear and [$(/)| = [f|, and the
previous paragraph shows that ¢ is onto.

As a consequence of Theorem 1 and the theory of substitution spaces [1,
p. 31], we have:

THEOREM 2. The dual of bu(S, %, X) is isometrically isomorphic to the
substitution space Py N’

One of the main objectives of this paper is to represent the dual of bu(S, Z, X)
by an integral. This will be done provided X has the Radon-Nikodym property.
However, even under this assumption, it seems that the problem of an integral
representation is tied up with some problems of general set theory.

For the remainder of this paper two types of integrals are used. First, let us
make the following conventions, If E e Z, then we say that D subdivides F
provided D is a finite collection of disjoint sets in X filling up F and we say that
D' refines D provided D’ subdivides E and each set in D' is a subset of some set
in D,

Let @ map X into X, v map X into X'¥, and u map X into the nonnegative
numbers.

DermviTiON 1. The statement that the form (dv dw)/du is Hellinger integrable
over a set F in £ means there is a number & such that if ¢ > 0, then there is a
subdivision D of E such that if D’ refines D, then

WBo(B) _ .
¥ 4 < v

where the sum is taken over all sets Bin D’ with u(B) > 0.
In case the form (dv dw)/dy is integrable, the number k of () may be denoted
by [g (dv dw)/dp.

DErNITION 2. The statement that the form v do is integrable over a set £
in ¥ means there is a number k such that if ¢ > 0, then there is a subdivision
D of E such that if ¥ refines D, then

;(V(B))w(B) — k| < (+)

where the sum is taken over all sets B in D',

In case the form v dw is integrable, the number & of (+) may be denoted
by §p v do.

We note that both integrals are linearin v and in w. Also, the forms (dv dw)/du
and v dw are integrable if and only if they satisfy a corresponding Cauchy type
condition.
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THEOREM 3. Suppose {w,}5~ | is a sequence of functions from X into X which
are of bounded variation and there is a positive number o such that |W(A)|| < au(A)
Jor every A in X with u(4) > 0. If jw, — ol — 0 and for each n, (dv dw,)/du is
integrable, then (dv dw)/dp is integrable. Moreover,

dv dw, dv dw dv dw
——T and < allewl].
s dp s du s dp

Proof. If D is a subdivision of S, then
v(B)w,(B) ~ w(B))|

WB)oB) < WB)o(B)
2B % am) | S

H(B)

By, 5y
Ll @ - o®)

< fx%] leon(B) — o(B)]

A

< aflw, — o].

Lete > 0. Let N be a positive integer so thatif n = N, then e, — o] < &/3a.
Let D’ be a subdivision of S such that if D’ refines D, then

WB)oy(B) ¢ v(B)wy(B) &
¥ B 5w | 3
It can now be shown that

WB)o(B) _ < v(E)o(E)
?; u(B) ; WE)

Thus, the form (dv dw)/du is integrable. Also, since each approximating sum
to §s (dv dw)/du is bounded in absolute value by al|w|l, we have

Jdv dwi < Ao,
s du

Thus, [g (dv dw,)/du converges to {5 (dv dw)/dp.
In a similar fashion, one can prove:

< &

e

THEOREM 4.  Suppose that for each n, the form v dw, is integrable and v is
bounded. If for each n, w, is of bounded variation and |w, — w| = 0, then v do
is integrable. Moreover,

j y dco’ < sup {WE) | E inZ}w| and j
s

5

vdw,,—aj v dw.
s

DeriniTion 3, If p is a positive measure in ca(S, X), then let H(E, u, X'¥),
be the space of all additive functions v from X into X* for which there is a
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number « such that Jv(E)| < au(E), for every E in L. Also, for each
ve H(E, p, X*), let
Iv(E)|
o] = sup {—m—  W(E) > o).
H(E)
The space H(Z, 1, X*) is a Banach space [3].
We will need the following theorem of J. J. Uhl [3].

THEOREM 5. Suppose X has the Radon-Nikodym property and p is a positive
measure in ca(S, ). Then for each Te N ﬁ, there is only one function v in
H(Z, p, X*) such that

T(w) = j d‘;ﬁ“’, )

Jor all ® in Nu. Moreover, if (U) holds, then |T| = |v|| and the mapping of N*%
into H(Z, u, X*) defined by (U) is onto.

We give an argument here for completeness.

Progf. For each 4 in T and x € X, let o 4(E) = xp(E v A), for all
Ee3. Of course, w, 4€N, Let (AN = T, 4)- For each 4,
v(4) € X*, since v(4) is linear and

W) = [T (@, o)l < T o, ol = 1T xlp(4)-

It follows that v is an additive function from % into X'*, v is bounded by
|T|#(S) and for each 4, [v(A] = |Tu(4).

We now show that T(w,, ) = fs (dv dw)/dp.

Tet D' be a refinement of the subdivision {4, 4’}. Let {B;}}-, be all the
members of D’ which are subsets of 4 and having positive p measure. Then

y (VBN @, 4(B)) - o (B, 4)(B) )
D (B) i=1 By

Since

i
O, 4y = ‘21 Dx, B3)
Jm

we have

5 WB)w, 4(B) _ i (VB =1 @, B
& u(B) = #(B;)

- z": (VBN @, 5x(BY)
=1 #(B;)

= (VB xp(BY)
igl #(B;)

= v(4)(x)

= T (0, A))'

i
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Thus, T(w) = fs (dv dw)/dy, for all w in J, the span of the set of all D, 4y
But, X has the Radon-Nikodym property means that J is dense in N,. Thus, it
follows from Theorem 3 that v has the properties listed in the conclusion of
Theorem 5.

If v" also has these properties, then for every x € X and 4 € £, (W(A))(x) =
T(wy, 4) = {5 (@' dw,, »fdu = (v'(4))(x). Thus, v is unique.

Now, suppose v € H(X, p, X*). It follows from the earlier part of the argu-
ment for this theorem that for each x € X and 4 € X, the form (dv dw, 4)/du
is integrable. Again, since X has the Radon-Nikodym property, the space J, the
span of all the measures w, 4 is dense in N,. Therefore, by linearity of the form
and by Theorem 3, the form (dv dw)/dy is integrable for all w € N, and thus the
mapping of N, into H(E, p, X*) defined by (U) is onto.

From this point on, it is assumed that X has the Radon-Nikodym property.

The remainder of this paper is based upon the following idea. Given
T'e bu(S, Z, X), we will restrict T to the subspace N, for each p in H and obtain
the corresponding function v. Then we will “paste together”, the functions
v/u, u € H to obtain ¥ from Z to X™* so that 7" may be represented by the form
¥ dw, for all w in bu(S, Z, X). '

In order to describe how these functions are to be pasted together, let i, be
some member of H and let I’ be an indexing set for H — {u,;}. Thus,

H={m}vislyell

DeFINITION 4. A function ¢ from {u, |y €T} into £ will be said to be a
selector for the set {u, | y € I'} provided

(1) foreachyeT, p, is concentrated on B, = ¢(u,) and g, is concentrated
on B, i

(2) ifeandyareinT and B < B, n B, p(B) > 0, and p,(B) > 0, then
o = .

THEOREM 6. If the cardinality of T is < W, then there is a selector for the
set {u, |yeTl.

Proof. Let us assume that the set I" consists of all ordinals &, 2 < « < w,.

Foreachyanda,1 <y < « < w, let B, be asetin X such that p1.(B,,) = 0
and p(B,) = 0. For each «, | < « < w,, let B, = (},., B,, Since each
proper initial segment of I" is countable, we have

1(B,) =0 and pu(B)) = 0.

So, for each y e I, , is concentrated on B, and p, is concentrated on B
Also, if w and y are in I" and B <€ B, n B, and p(B) > 0 and p(B) > 0,
then « = p. Thus, if ¢ is defined by setting ¢(u,) = B,, then ¢ is a selector for

{4y lyel}.

Question. If there is a selector for the set {, | 7 € I'}, does it follow that the
cardinality of T'is £ §,7
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DEFINITION 5. Let p be a positive measure in ca(S, L), and o a function
from X into a normed Jinear space ¥, and let B e Z. The function @ is said to
be p-additive over B provided that if B, and B, are digjoint subsets of B,
u(B) > 0 and u(B,) > 0, then w(By) + w(B;) = w(B; U B,).

THEOREM 7. Suppose the set {p, | v € T'} has a selector ¢, with o) = By,
and T e bv*(S, T, X). Then there is only one function ¥ from X into X* such
that:

(D) w, Y is py-additive on S.

) u,¥ is padditive on B, for each a € 1.

(3) If u(B) = 0 and there is no y € I such that both pfB) > 0and B < B,
then W(B) = Q.

@ (R): T(w) = [ ¥ do, for all ® in bv(S, X, X).

(5) 7| = sup {[¥(B)I: Be Z}.

Proof. Let v, be the unique function from X into X* having the properties
listed in the conclusion of Theorem 5, for each y € I" and for 1.

1t follows from the properties of a selector, the function ¥ described below is
well defined: :

B) e (B > 0

ui(B)
Y(B) = v(B) .
272 B e B,and p(B) > 0
1(B) ! !
0 otherwise.

It is clear that the function W has properties (1), (2), and (3) stated in the
conclusion of Theorem 7.

We show that W represents 7.

First, assume o € N,, for some y € I'. Then T{(w) = is (dv, dw)/dy,. Since
u, is concentrated on B, T(w) = {3, (dv, dw)/dp, and © is zero on all sets lying
inB). Lete > O;thereisa subdivision D of B, such that if D’ refines D, then

_ v (B)a(B)
T(CD) Z "’17?('3;)— < E. :
If w(B) # 0, then u(B) > 0 and therefore v,(B)u(B) = ¥(B). So,

T(w) — Y, ¥(B)w(B)| < e.
o

Therefore, T(w) = [ ¥ dw, if w e N,, for some y. A similar argument
shows that this representation holds if w € N,,. And thus, this representation
holds for all @ in J, the span of N, U ({J,er N,,)- It follows from Theorem 1
that J is dense in bu(S, T, X) and therefore by Theorem 4, we have

(R) T(w) = J ¥ do.
s
for all w in bu(S, Z, X).
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Next, note that for all Be %, we have |W(B)| < |7] and that for each
w e bv(S, Z, X), :

[T ()] =

J. Y dco’ < sup {j¥(B)l: Be X} - [w].
s

Therefore |T| = sup {{Y(B)|: Be £},
Finally, assume ¥’ is a function from Z into X* having the properties of ¥
listed in the conclusion of Theorem 7. Let y € I" and define

v(E) = 0 if u(E) = O
and
vi(E) = p(En B) W (EnB) if pn(E) > 0.

The function vy & H(Z, p,, X*). Also,

fdvdm J“P’da)*f‘l’dwﬂj‘dv”dw
du, s 5 S Js du,

for. every w in N,. Therefore, v, = v; and if B = B, and p,(B) > 0, then

wB  p(B)

There is a similar argument to show that W'(B) = ¥(B), if u,(B) > 0.
Therefore, the function ¥ is unique.
In view of Theorem 5, we are lead to the following.definition.

DerNITION 6. Suppose ¢ is a selector for {u,|yeI}. The space
M(Z, ¢, X*) consists of all functions ¥ from X into X* which are bounded and
have properties (1), (2), and (3) of Theorem 7.

We note that M (Z, ¢, X*) is a linear space under the usual meaning of addi-
tion and scalar multiplication. Also, if we give this space the uniform norm,
then M (Z, ¢, X*) becomes a Banach space.

TeeoreM 8. If {u, iyel'} has a selector ¢, then each function ¥ in
M((E, ¢, X*) defines a bounded linear functional on bv(S, %, X).

Proof. Let ye[I. Since u, ¥ is p-additive and bounded, the function
¢, ¥ may be extended from the subsets of B, having positive p ~measure to all
of Z, as in the proof of Theorem 7, to be a function v, in H(Z, p,, X¥). By
Theorem 5, for each @ in N, ,-the form (dv, dw)/dy, is integrable. Therefore,
for each w in N, , the form ¥ dw is integrable. By a similar argument each func-
tion w in N, is P-integrable. By linearity of the integral, the fact that the space
J, the span of N, U {J,cr N, is dense in bu(S, X, X) (Theorem 1), and
Theorem 4, we have that for each w in bu(S, Z, X), the form ¥ dw is integrable
and thus T{w) = [; ¥ dow defines a member of bo*(S, Z, X).
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Theorems 7 and 8 are now combined to give:

TueoreM 9. Suppose X has the Radon-Nikodym property and there is a
selector for the set {u, | y € T}. Then the spaces bv*(S, Z, X) and M(Z, ¢, X*)
are isometrically isomorphic by the representation

(R) | T{(w) = J ¥ dow.

In connection with Theorem 6, we have

THEOREM 10, - Suppose X has the Radon-Nikodym property, the cardinality
of ca(S, L) is < 2% and the continuum hypothesis holds: %0 = .. Then the
conclusion of Theorem 9 holds. ‘

For example if S is a separable metric space, X is the g-algebra of all Borel
subsets of S, and the continuum hypothesis holds, then we have the representa-
tion given by Theorem 9.

Added in proof. It has been pointed out by Joe Diestel that if &v*(S, Z, X)
has a representation via (R), then X has the Radon-Nikodym property. Thus,
assuming the continuum hypothesis, a Banach space has the Radon-Nikodym
property if and only if the representation given by Theorem 9 holds.

The anthor would like to close with the following:

Question. Suppose that for each 7' e bo*(S, Z, X), there is some function ¥
from X into X'* such that

T(w) = j ¥ do

for all w € Bu(S, T, X). Does it follow that there is a maximal set H of mutually
singular positive measures from ca(S, X), a measure y, € # and a selector for
the set H — {p,}?

£
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