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ABSTRACT	 We answer questions of Haight and of Weizs
acker by proving the following
theorem� Theorem � There exists a measurable function f � ����� � f�� �g and two
nonempty intervals IF � I� � � �

�
� �� such that for every x � I� we have

P�

n�� f�nx� �
� and for almost every x � IF we have

P�

n�� f�nx� � �� The function f is the
characteristic function of an open set E	
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INTRODUCTION

Recently one of us was reminded of a problem of Weizs
acker �W�� Given a Lebesgue
measurable function f � R� � R�� is it true that either for Lebesgue measure almost every
x � �� the series ��n��f�nx� converges or� else for Lebesgue measure almost every x � ��
the series ��n��f�nx� diverges� Weizs
acker investigated this problem in his Diplomarbeit
and in particular showed that if the function f is in L�� then the series converges almost
surely	 At about the same time� Haight �H�� showed that there is a Lebesgue measurable
subset E of the positive real line with in�nite measure such that if t and s are two distinct
numbers in E then t�s �� N and for each positive x� there are only �nitely many positive
integers n such that nx � E	 Thus� letting f be the characteristic function of E� we
have a measurable function which is not integrable and yet the series ��n��f�nx� converges
for all x � �	 Haight generalized his construction in �H�� and reiterated his question�
If E is a Lebesgue measurable subset of the positive real line with in�nite measure and
N�x�E� � cardfn � N j nx � Eg� is it true that either N�x�E� � � for almost all x or
else N�x�E� � � for almost all x� In this note we shall construct an open set E which
shows that the answer to both questions is no	

DEFINITIONS AND NOTATION

For x � ����� we set ��x� � � �
�
� �� � f x

n
� n � Ng�

The intervals used in the Theorem will be de�ned as IF � ��
�
� �� and I� � � ��

��
� ��
�	
��

For � �� � we set jjxjj� � minfjx � n�j � n � Zg� If � � �� we simply write jjxjj
instead of jjxjj�� Observe that jj�xjj� � jjxjj�� jjxyjj� � jjxjj�jjyjj� and jjxjj � qjjx

q
jj��q

when q � ��

The Lebesgue measure of the set A is denoted by jAj� We denote by �A�x� the
characteristic function of A� that is� �A�x� � � for x � A� and �A�x� � � otherwise	

In this paper we denote by logx the logarithm in base �	

PRELIMINARY RESULT

We will use Kronecker�s Theorem on simultaneous inhomogenous approximation �C�
p	 ���	 Here we state a special case of it which will be used later	

Kronecker�s Theorem� Assume 	�� ���� 	L � R and �
�� ���� 
L� is a real vector�
The following two statements are equivalent�

A� For every � � �� there exists p � Z such that

jj	jp� 
j jj � �� for � � j � L�
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B� If �u�� ���� uL� is a vector consisting of integers and

u�	�  ��� uL	L � Z�

then
u�
�  ��� uL
L � Z�

MAIN RESULT

Theorem � easily follows from the following Lemma	

Lemma� There exists K
 � N such that for every k 	 K
� there exists Nk with
the property that for each integer � 	 Nk� there is an open set Hk � ������ ��� for which
I� � ��Hk� and jIF � ��Hk�j � � 
 ��k�

Proof of Theorem  based on the Lemma� Using the Lemma� choose a sequence
of integers �K�

� �K��� � ��� such that for each �k� �k 	 K
�� there exists an Hk satisfying
the conclusions of the Lemma for � � �k�

Let f�x� �
P�

k�K�
�Hk

�x�	 It is clear that for every x � I� and for each k �
K
� K
  �� ��� there exists nk such that nkx � Hk� Since the sets Hk are pairwise disjoint�
nk �� nk� � if k �� k� and therefore

P�

n�� f�nx� � � on I�� On the other hand� by the
Borel�Cantelli Lemma for almost every x � IF � there exists Kx such that nx �� Hk for all
k 	 Kx and n � N� Hence�

P�

n�� f�nx� is �nite almost everywhere on IF � This completes
the proof of Theorem �	

Proof of the Lemma� Fix k� It is clear from the Prime Number Theorem that
there is a positive integer Nk 	 � such that if � 	 Nk� then there are �k primes p�� ���� p�k
with

��

��
�� � p� � ��� � p�k �

��

��
�� �

For each � 	 Nk� set L � �k  ����  � and de�ne 
j and 	j as follows�


j �

� j
�k

j � �� ���� �k�

� �k � j � L�

and

	j �

�
log pj j � �� ���� �k�
lognj �k � j � L�

where nj � ��� 
 ��  j � �k � �� for �k � j � L	 We note that nj runs through
all the ����  � integers beginning with ��� 
 �� and ending with ��� 
 �� 	 We show
that condition B of Kronecker�s theorem holds	 Indeed� if a vector �u�� ���� uL� consists of
integers and u�	�  ���  uL	L � t � Z� then pu�� 
 
 
p

u
�k

�k


Q

�k�j�L n
uj
j � �t� Note that
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if � � j � �k � j� � L� then pj �
��

��
�� � �

�
�� 	 nj� 	 It follows from the Fundamental

Theorem of Arithmetic that uj � � for all j� � � j � �k	 Since 
j � � for �k � j � L� we
have

u�
�  ��� uL
L � � � Z�

This shows that Condition B of Kronecker�s Theorem holds and hence Condition A is also
true	 Thus� for � � �

	��k
� we can choose q � Z such that

jj	jq � 
j jj � � holds for all j � L�

The choice of � and 
j � j
�k

for j � �k implies that q �� �� If q � �� set q� � q
and 
�j � 
j � If q � �� set q� � �q and 
�j � � � 
j � Then in both cases jj	jq

� � 
�j jj � �

holds for j � I� Observe that in both cases the set f
�j � j � �kg equals �modulo �� the set

f j
�k

� j � �� ���� �kg� and for �k � j � L� � � 
j equals �modulo �� 
�j � �	 Since these are
the only properties we use� we can assume without limiting generality� that q � � and in
the sequel we use q and 
j instead of q� and 
�j � Dividing by q we �nd that

jj	j �

j
q
jj �
q
�

�

q
holds for j � L�

This means that if j � �k� we have

jj log pj �
j

q 
 �k
jj �
q
�

�

q 
 � 
 �k
�

while for �k � j � L� we have

jj lognj jj �
q
�

�

q 
 � 
 �k
�

Set

G � fx � �log
�

�
 �� �� � jjxjj �

q
�

�

q 
 �k
g�

Clearly� G is open as is Hk � ������ ��� which is de�ned by Hk � f�x � x � Gg�
We next show I� � ��Hk�	 Let y � I� and let x � log y	 Since f
j � j � �kg

equals �modulo �� the set f j
�k

� j � �� ���� �kg� we can choose jx � �k such that

jjx
jx

q 
 �k
jj �
q
�

�

q 
 � 
 �k
�

Then

jjx log pjx jj �
q
� jjx

jx
q 
 �k

jj �
q
 jj log pjx �

jx
q 
 �k

jj �
q
�

�

q 
 � 
 �k


�

q 
 � 
 �k
�

�

q 
 �k
�
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Since log ��

��
� x � log ��

�	
and log� ��

��
��� � log pjx � log� �	

��
���� we obtain

�  log
�

�
� �  log

��

��
� x log pjx � ��

Thus� x log pjx � G which means pjxy � Hk� Hence� I� � ��Hk��
Finally� we show jIF � ��Hk�j � � 
 ��k� if k is su�ciently large	 Towards this end�

set G� � �log �

�
� �� � fx � jjxjj �

q
� �

q��k
g� We have the estimate

jG�j � cardfn � q log
�

�
�

�

�k
� n �

�

�k
g 


�

q 
 �k
� �

�

�k
 q log

�

�
� 


�

q 
 �k
�

Thus� for large values of k �that is� k 	 K
�� we have jG�j � �

�k
and letting H � � f�x �

x � G�g� we have jH �j � �

�k
as well	 We claim IF � ��Hk� � H �	 To see this� suppose

y � IF ���Hk�� that is� there exists n such that ny � Hk� Set x � log y� Since log �

�
� x � �

and x logn � G� we have

jjx lognjj �
q
�

�

q 
 �k
�

and

�  log
�

�
� x logn � ��

Hence�

� � x log
�

�
� logn � � � x�

and using � � �x � log �

�
� we obtain

�  log
�

�
� logn � �  log

�

�
�

Thus�
�

�
�� �

�

�
�� � n �

�

�
�� �

This implies n � nj � for some j� �k � j � L and therefore�

jj � lognjj �
q
� jj lognjj �

q
�

�

q 
 � 
 �k
�

so

jjxjj �
q
� jjx lognjj �

q
 jj � lognjj �

q
�

�

q 
 �k


�

� 
 q 
 �k
�

�

q 
 �k
�

We infer that x � G� and y � H �	 This completes the proof of the Lemma	

Questions
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�	 Is there a continous function f from the positive reals to the positive reals such
that jfx �

P�
n�� f�nx� � �gj � � and jfx �

P�
n�� f�nx� � �gj � ��

This �rst question relates back to the solutions of a problem of K	 L	 Chung �H�F�	
�	 Is there an unbounded countable subset G of the positive reals such that for every

measurable map f of the positive reals into the nonnegative reals either for almost every
x�
P

g�G f�gx� � �g or else for almost every x�
P

g�G f�gx� ��g

This second question is directly related to Haight�s question in �H��	
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