Math 4050 Review #4
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If x > 0, explain why Inx = —.
1

State the definition of In z = log z if (a) z € R™, (b) z € C.

State the definition of e* if z € C.

. How does € simplify? Explain how this relates to the usual Taylor series expansions of €%,

cosx and sin z.
Suppose that z; = ri(cosf; +isinf;) and zy = r9(cos by + isinfy). Prove that

® 2129 = rire [cos(0y + ) + isin(6; + 6s)]
o 1t [cos(01 — 02) + isin(6y — 6,)]
Z9 T2

o 2 =1} [cos(nby) + isin(nd,)] if n is a nonnegative integer

o 2" =17 [cos(nby) + isin(nb)] if n is a negative integer

. Let |a|] < 1. Prove that

1 —acosf

1 —2acosf + a?’
asin 6

1 —2acosf +a?

1+ acosf+ a’cos20 +a®cos30 +... =

asinf + a’sin20 +a®sin30 + ... =

Simplify (1 + 7)212 4 (1 — §)2012,

Use DeMoivre’s theorem to derive identities for cos 46 and sin 46.

. Find all fourth roots of —8 4 8iv/3. Then find (—8 4 8iv/3)/*.

Find all fifth roots of —12 + 5i. Then find (—12 + 5i)'/°.

d" . .
Prove that - (e® cos ) = 22e” cos (m + %) . Hint: e® cosz = Re (e"€'™) = Re (el 7).
mn

Discuss how a calculator computes e* and In x.

Compute the following quantities using the definitions given in this class, or explain why the
number does not exist.

o /64 . V=61 . (—64)1/2

1
o 64'/3 . (61 ey
Compute the following quantities. Avoid using a calculator until absolutely necessary.
o ¢iT/3 o log(4 — 4i). o (3—3iV/3)%

o 215 e log(—5 + 12i) o (3 —41)%
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Prove that e'8* = 2.

Give an example of z so that log(e*) # z.

If z,y € R, prove that e”™ = e” (cosy + isiny).

Let z = z + iy, where z,y € R. Simplify |e*|.

If z € C, prove that e* # 0, so that the range of e* is C \ {0}.
Prove that e* is periodic with period 2mz.

Find conditions on z, w; and wy for the following to be true, and give a counterexample when
the conditions are not satisfied.

o Wiyw2 — switws
° (Zw1)w2 — Zw1w2
o wifwy® = (wiwy)*
State the definition of 2" under the following conditions:
e 2cC,weZ"
2ze C\{0},weZ

e :cR, w=1/n,n€Z" (Be carefull)

e 2 >0, wel
e :cC\{0},weQ
e zcC\{0},weC

e 2>0,we@

State three definitions of the number e, and explain why they work.
Consider (2 — 2i)*.

e For what values of z is |(2 — 2¢)%| = 17
e For what values of z is (2 — 2i)* a positive real number?
e For what values of z is (2 — 2¢)* a pure imaginary number?

Let z € C\ {0} and w € Q. Show that the two possible definitions of z* are equivalent.
eiz + e—iz

2
e Prove that this makes sense if z € R.

e Show that the only roots of cosz = 0 are z = (k + %) w, k € Z.
e Find all solutions of cos z = 2 in the complex plane.

For z € C, define cosz =

— etz
21

e Prove that this makes sense if z € R.

eiz
For z € C, define sin z =

e Show that the only roots of sinz = 0 are z = km, k € Z.
e Find all solutions of sin z = 2 in the complex plane.

Prove that e# = €.
Prove that sinz = sinz.

Prove that cosz = cosz.



