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Abstract

Let G = H × Rn be a semidirect product Lie group. We reduce
the problem of deciding which indecomposable representations of G may
be realized in subquotients of spaces of sections of vector bundles over
infinitesimal neighborhoods of orbits of H in the dual of Rn, to a problem
involving only representations of the H-stabilizers of the orbits.

0 Introduction

Let P be the Poincare group, SL2C ×s R1,3, and let X+
0 be the forward light

cone, a massless orbit of SL2C in the dual of R1,3. The Gupta-Bleuler theory of
quantum electrodynamics is based on the natural representation, W0, of P in
the space of R1,3-valued functions on X+

0 . It is neither unitary nor irreducible;
it is an indecomposable representation that is induced from the inhomogeneous
stabilizer, or little group, of X+

0 . In [9], G. Rideau considered the problem of
constructing alternate theories of quantum electrodynamics based on other in-
decomposable representations W having the same composition series as W0. It
is a well known consequence of the Mackey machine that all irreducible repre-
sentations of semidirect product groups such as P are induced, but this project
led Rideau to discover that there are non-induced indecomposable representa-
tions of P. He found that W0 admits deformations whose moduli space is CP1,
none of which is induced, and at the end of [9] he proposed a general study
of non-induced indecomposable representations of semidirect products, which is
the framework into which this paper fits.

Let G = H ×s A be the semidirect product Lie group formed by a real Lie
group H acting linearly on a real vector group A, and assume that the orbits
of the dual action of H on A∗ are locally closed. Fix an orbit O of H in A∗

and a point p0 in O, and let S be the subgroup of H stabilizing p0. Given any
representation σ of S in a finite dimensional complex vector space V , let IndH

S σ
be the representation of H induced by σ in the space C∞c (O : H×S V ) of smooth
compactly supported sections of the H-vector bundle over O associated to V .
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For any element p of A∗, let eip denote the character a 7→ exp i〈a, p〉 of A, and
note that σ ⊗ eip0 is a representation of the inhomogeneous stabilizer S ×s A
in the space V . Here we consider smooth representations of finite length of G,
having a topologically split composition series of representations of the form
IndG

SA(σ⊗ eip0). We will view such composition series representations as acting
in the space C∞c (O : H×S V ), where the action of H is the induced one and the
action of a ∈ A is multiplication by the character function ξa : p 7→ exp i〈a, p〉.

The first general results on this category of representations were obtained
by A. Guichardet. In [6], he proved (among many other things) that it contains
no indecomposable representations having in their composition series represen-
tations associated to more than one orbit O, and so in this paper we restrict our
study to the category ExtGO of smooth topologically split representations of G
whose composition series elements are all induced from the stabilizer of O. This
category is defined more precisely in Section 2. In [7], he proved that when the
tangent bundle TO admits an H-covariant complementary bundle in the trivial
bundle O × A∗ over O, all representations in ExtGO are induced and ExtGO
is categorically isomorphic to the category of representations of finite length of
S ×s (Tp0O)⊥, such that Tp0O⊥ acts by the character eip0 on each element of
the composition series. This is a very strong result which completes the study
proposed by Rideau for such orbits, which are generic for most G. For example,
if G = P then Guichardet’s theorem applies to all orbits except the two light
cones.

Our approach stems from the work of Cassinelli, Truini, and Varadarajan,
who discovered that the non-induced deformations of W0 found by Rideau may
be realized in subquotients of the space of R1,3-valued functions on the first-
order infinitesimal neighborhood of the light cone in its ambient space (R1,3)∗

[2]. This suggests that there is a generalization of the Mackey machine which
realizes the representations from ExtGO in H-vector bundles over infinitesimal
neighborhoods of O in its ambient space A∗. In order to decide this question,
it will be necessary to define the appropriate notion of homogeneous vector
bundles over infinitesimal neighborhoods. Using the results of the present paper,
we have proven in [5] the following preliminary version. Let C∞c O(n) be the
the functions on the nth-order infinitesimal neighborhood of O, which carry a
natural representation V(n) of G. Under the assumption that H is an algebraic
group whose finite dimensional representations are all rational, any element of
ExtGO of length n + 1 may be realized as a subquotient of the representation
V(n) ⊗ V , where V is some finite dimensional representation of H, extended
trivially to G.

The proof of this depends on the results of [3], [4], and as mentioned, this
paper. The main result of [4] is the construction of a category equivalence F
from ExtGO to a certain subcategory C of the finite dimensional representations
of SA. The definition of C is complicated: if U is an object of ExtGO, then
as an object of C, the representation FU of SA is given with several additional
structures. Our results here are the proof that the representation V(n)⊗V above
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lies in ExtGO, the calculation of F(V(n) ⊗ V ), and our main theorem, which
gives a condition for U to be a subquotient of V(n) ⊗ V in terms of FU and
F(V(n) ⊗ V ).

In order to handle the extra structures attached to FU , we have found it
convenient to define a notion of “representations of the infinitesimal neighbor-
hood S∞ of a Lie subgroup S in its ambient group H” (we remark that we do
not feel that these objects are worth study for their own sake). It turns out
that FU is a representation of (SA)∞, where the ambient group is G, and that
it can be restricted to a representation of S∞, where the ambient group is H.
Any representation V of H can also be restricted to a representation of S∞, and
our main theorem is that U is a subquotient of V(n) ⊗ V if as a representation
of S∞, FU is a subquotient of V .

It is well known that if S is an algebraic subgroup of an algebraic group
H, then any rational representation of S is a subquotient of the restriction of a
rational representation of H to S; see for example [1]. In [5] we prove the analog
of this with S∞ replacing S. Coupled with the main theorem of this paper, this
gives the subquotient theorem of [5] stated above.

Our results are organized as follows. In Section 1 we define representations
of S∞, and in Section 2 we review our prior results in [3] and [4]. In Section 3 we
link subquotients in ExtGO to subquotients in C, and in Section 4 we associate a
representation of S∞ to each object in C. In Section 5 we give a precise definition
of C∞c O(n), and Section 6 we show that V(n) is in ExtGO. In Section 7 we give
explicit formulae for F(V(n) ⊗ V ), in Section 8 we prove the main theorem
described above, and in Section 9 we apply it to Rideau’s original example.

We thank the UC Berkeley Mathematics Department, and in particular
J. A. Wolf, for their support while these results were obtained.

1 Representations of Neighborhoods of Subgroups

We begin with some definitions which are motivated by our main results. Through-
out this paper, we will use gothic letters for complexified Lie algebras of real
Lie groups, and we will write U(h) and Ur(h) for the universal enveloping alge-
bra of a Lie algebra h and its standard filtration, respectively. Wherever it is
convenient, we will write 1 for the identity map of any set with itself, and if π
is a representation of some group K 3 k we will write πk for π(k) whenever it
abbreviates the notation.

Definition. Let H be a real Lie group, and let S be a Lie subgroup. A representa-
tion of the infinitesimal neighborhood of S in H, or more briefly a representation
of S∞, is a complex finite dimensional vector space W0, a representation σ of
S on W0, an S-invariant subspace W1 of W0, and for each X ∈ h a linear map
σ(X) : W1 → W0 such that
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1. Let dσ : s → End(W0) be the differential of σ|S . Then for all X ∈ s,
dσ(X)|W1 = σ(X).

2. For all s ∈ S and X ∈ h, σ(s) ◦ σ(X) ◦ σ(s−1) = σ(Ads X) on W1.

3. For all X, Y ∈ h, [σ(X), σ(Y )] = σ([X, Y ]) wherever the left hand side
is defined, i.e., on the intersection of the inverse images of W1 under the
maps σ(X) and σ(Y ).

We will often refer to such representations simply as σ,W , where it is under-
stood that W denotes the flag W0 ⊃ W1 and σ denotes the actions of both S and
h. Associated to any representation σ,W of S∞ is a flag W0 ⊃ W1 ⊃ W2 ⊃ · · ·
which extends the given flag W0 ⊃ W1, defined inductively by

Wk =
⋂

X∈h

σ(X)−1(Wk−1),

the intersection of the inverse images of Wk−1 under σ(X) as X runs over h.
Note that the inverse image of W0 under σ(X) is W1 for all X ∈ h by definition,
so this definition is consistent when k = 1. It follows from an inductive argument
that Wk is indeed a subspace of Wk−1 for all k, and another inductive argument
using condition (2) in the definition of representations of S∞ shows that Wk is
S-invariant for all k ≥ 0.

The flag {Wk} has the property that σ(X)Wk ⊂ Wk−1 for all X ∈ h, and
in fact its definition is the same as defining it to be the finest such flag. It fol-
lows from conditions (1) and (3) above that for each Z in U(s)Ur(h), there
is a map σ(Z) : Wr → W0 such that σ(Z)(Wk) ⊂ Wk−r for all k, and
σ(Z)σ(Z ′) = σ(ZZ ′) wherever both sides are defined for all Z and Z ′ in U(h).
The point is that for X1, . . . , Xp in h, we may define σ(X1 · · ·Xp) : Wp → W0

to be σ(X1) · · ·σ(Xp); this definition is unambiguous by condition (3) and the
Poincare-Birkhoff-Witt (PBW) theorem. Furthermore, if all but r of the Xi’s
lie in s, σ(X1 · · ·Xp) is defined from Wr to W0.

The representations of S∞ form a category, for which we write RS∞. A
morphism T from an object σ,W to an object σ′, W ′ is a linear map T : W0 →
W ′

0 such that T (W1) ⊂ W ′
1 and T intertwines both the S and h actions. An

inductive argument shows that T respects the flags associated to W and W ′,
i.e., T (Wk) ⊂ W ′

k for all k ≥ 0. We now generalize some of the standard
constructions for representations of S to RS∞.

There is an obvious notion of subobjects in RS∞. If σ,W is as above and
V = {V0 ⊃ V1} is a subflag of W0 ⊃ W1, such that Vk is an S-invariant subspace
of Wk for k = 0, 1 and σ(X)(V1) ⊂ V0 for all X ∈ h, then V is a subobject of
σ,W . In this case one checks that for all k ≥ 0 the associated flag space Vk is
an S-invariant subspace of Wk.

There is also a notion of quotient objects, but only certain subobjects are
permitted as factors. Specifically, if σ,W and V are as above and V1 = V0∩W1,
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then we define the quotient representation σ, W/V of S∞ by (W/V )k = Wk/Vk

for k = 0, 1 and σ the obvious quotient map. The property V1 = V0 ∩ W1

is necessary and sufficient to insure that (W/V )1 is canonically a subspace of
(W/V )0. We will refer to this property as “the quotient property.” An inductive
argument shows that if V has this property then Vk = Wk ∩ V0 for all k, and
also that Wk/Vk is canonically a subspace of (W/V )k for all k. Note that in
general (W/V )k may not be equal to Wk/Vk. Our first lemma shows that with
these definitions morphisms have the usual property. The proof is left as an
exercise.

Lemma 1.1 Let σ,W and σ′,W ′ be representations of S∞, and let T : W →
W ′ be a morphism. Then the subflag T (W ) of W ′ is σ′-invariant, and so is a
subobject of σ′, W ′. The kernel subflag Kk = T−1(0) ∩Wk (k = 0, 1) of W is
a subobject of σ,W having the quotient property, and T factors through to an
isomorphism T : W/K → T (W ). 2

Retain σ,W and σ′,W ′ as representations of S∞. We define the direct
sum object σ ⊕ σ′,W ⊕ W ′ to be the obvious direct sum action on the flag
(W ⊕W ′)k = Wk ⊕W ′

k. We also define the tensor product object σ⊗ σ′ acting
in the flag (W ⊗W ′)k = Wk ⊗W ′

k, k = 0, 1, by
(
σ ⊗ σ′

)
(s) = σ(s) ⊗ σ′(s) for

s ∈ S, and
(
σ⊗σ′

)
(X) = σ(X)⊗1⊕1⊗σ′(X) for X ∈ h. It is easy to check that

this definition makes σ⊗σ′ a representation of S∞. Here (W⊗W ′)k ⊃ Wk⊗W ′
k

for all k ≥ 0, but in general the containment may be proper.
This tensor product has the usual properties of associativity and commuta-

tivity, and the trivial object W triv
0 = W triv

1 = C, σtriv|S = 1, σtriv|h = 0 is
a unit for it. For us, its most important property is that W ⊗ W ′ contains a
subobject V defined by

Vk =
∑

i+j=n−k

Wi ⊗W ′
j , k = 0, 1.

If k ≥ 2, the associated flag space Vk is easily seen to contain the space∑
i+j=n−k Wi ⊗W ′

j , although the containment may be proper.
A few comments are in order regarding the category RS∞. First, we do not

have dual objects, because for an object σ,W of RS∞, W ∗
1 is not a subspace

of W ∗
0 . Also, it is not possible to divide by subrepresentations unless they have

the quotient property, and so RS∞ is not an abelian category. Finally, it is
not clear which objects should be thought of as irreducible. Objects with no
subrepresentations of any kind take the form that W0 is an irreducible repre-
sentation of S and W1 = 0, but objects with no subrepresentations that have
the quotient property are more difficult to describe. Thus we suspect that the
definition of RS∞ can be improved upon, but it will do for our applications.
We will conclude this section with some examples of objects of S∞ that will be
useful later on.

5



Examples. The (complex finite dimensional) representations of S sit inside
RS∞ as the full subcategory of objects σ,W such that W1 = 0. At the opposite
extreme, the ordinary (S, h)-representations sit inside RS∞ as the subcategory
of objects σ,W such that W1 = W0; these representations of S∞ are called
restrictions of representations of S, h. We will need the following lemma in
Section 9.

Lemma 1.2 If σ̃ is a representation of S on a space W0 and W1 = WS
0 is

the subspace of invariant vectors, then there is a representation σ of S∞ on
W0 ⊃ W1 defined by σ|S = σ̃ and σ|h = 0.

If π is a representation of H on a space V0, let σ̃ = π|S, let V1 = V S
0 , and

let σ be the representation of S∞ on V0 ⊃ V1 defined as in the last paragraph.
Let Ṽ1 be a linearly isomorphic copy of V1, and define a representation π̃ of H
in V0 ⊕ Ṽ1 by π̃ = π ⊕ 1. Then σ is isomorphic to an S∞-subquotient of the
restriction of π̃ to the S∞ representation π̃|S∞ .

Proof. The first sentence is easy. For the second, let j : V1 → Ṽ1 be an
isomorphism, and let Y0 = {(v, jv) : v ∈ V1} ⊂ V0 ⊕ Ṽ1. By definition, π̃|S∞
acts in the flag V0 ⊕ Ṽ1 ⊃ V0 ⊕ Ṽ1, and the flag V0 ⊕ Ṽ1 ⊃ Ṽ1 is an S∞-
subrepresentation of π̃|S∞ on which h acts trivially (and which does not have
the quotient property). Furthermore, the flag Y0 ⊃ 0 is an S∞-subrepresentation
of V0⊕ Ṽ1 ⊃ Ṽ1 which does have the quotient property, and one checks that the
quotient is isomorphic to σ. Note that σ is usually not a subrepresentation of
π|S∞ , because V1 is usually not V H

0 . 2

If N, π is any representation of S and n is any non-negative integer, then we
may define a representation W,σ of S∞ by W0 = Un(h)⊗s N , W1 = Un−1(h)⊗s

N , σ|S = Ad⊗π, and σ|h the usual left action on the first factor. In this case
it is an exercise to prove that Wk = Un−k(h)⊗s N for k ≤ n.

An interesting example for us is the following. Let A be a real representation
of H, let O be the orbit under H of a point p0 in the dual A∗ of A, and let
S be the stabilizer of p0. Assume that O is locally closed in A. Let ∆n

p0
A∗ be

the space of differential operators of order ≤ n on A∗ supported at p0, so that
elements of ∆n

p0
A∗ are linear maps δ : C∞c (A∗) → C such that δf depends only

on the n-jet of f at p0. Then there is a natural (S, h)-action on ∆∞
p0

A∗ such that
S leaves ∆n

p0
A∗ invariant and h maps it into ∆n+1

p0
A∗, and so we get for each n

a representation W of S∞ such that Wk = ∆n−k
p0

A∗ for k = 0, 1. Later we will
develop a more explicit description of W , and prove that in fact Wk = ∆n−k

p0
A∗

for all k.

2 Review of Prior Results

Throughout this paper fix G = H×s A and O, p0, and S as in the introduction.
In this section we define the category of smooth representations of G of finite
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length with a topologically split composition series as described in the intro-
duction, and we recall the main results of [3] and [4]. We will use Schwartz’
notations D and E in place of C∞c and C∞, and if B is a vector bundle over
a space O then D(B) and E(B) will always denote the sections of B, equipped
with their usual topologies of uniform convergence of all derivatives on all com-
pact sets [10]. We will write DB instead of D(B) whenever it simplifies the
notation, and similarly for E . We will write B(p) or Bp for the fiber of B at
p ∈ O.

Definition. Let ExtGO be the category of smooth representations of G in topo-
logical vector spaces V that admit a G-invariant flag

V = V0 ⊃ · · · ⊃ Vn ⊃ Vn+1 = 0

with the following properties. First, for each i there is a closed subspace of Vi

complementary to Vi+1, and second, each subquotient Vi/Vi+1 is topologically
equivalent to the representation IndG

SA(σ ⊗ eip0) for some finite dimensional
complex representation σ of S. Morphisms are continuous linear intertwining
maps.

Henceforth fix a real subbundle C of the vector bundle O ×A∗ over O that
is complementary to the tangent bundle TO. As we said in the introduction,
when C can be chosen to be an H-bundle Guichardet has completely described
ExtGO [7], and so our previous work was concerned mainly with the exceptional
cases where this cannot be done. However, it applies in all cases, and so what
follows is general. Associated to C there is a full subcategory ExtC

GO of ExtGO
such that the inclusion functor is an equivalence of categories, and which is
much easier to study.

Definition. An object of the category ExtC
GO is a representation U in ExtGO,

together with an integer n and an ordered set σ0, . . . , σn of finite dimensional
representations of S in spaces Vi, which are related to U as follows. Let Fi be the
H-vector bundle H ×S Vi over O, and let U i be the representation IndG

SA(σi ⊗
eip0) acting in DFi as in the introduction.

1. The representation U acts in the topological vector space
⊕n

0 DFi, and so
for all g ∈ G we may view Ug as a matrix with entries

U ij
g : DFj → DFi.

2. The flag
⊕n

j DFi, 0 ≤ j ≤ n, is G-invariant, and U defines the represen-
tations Uj in the subquotients DFj . In other words, for all g in G the
matrix U ij

g is lower triangular, with diagonal entries U ii
g = U i

g.

3. For all a ∈ A, U ij
a is a smooth section of Hom(Fj , Fi), i.e., Ua acts fiberwise.

It has the form Ua = ξa exp la, where ξa is defined in the introduction and
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la is a continuous endomorphism of
⊕n

0 DFi depending linearly on a such
that lija is 0 for i ≤ j and is a smooth section of Hom(Fj , Fi) for i > j.
Furthermore, for all p ∈ O, la(p) = 0 for all a in the subspace C⊥p of A
that annihilates Cp. Note that exp la is polynomial in la, as la is nilpotent.

Let U , F0, . . . , Fn and U ′, F ′0, . . . , F
′
n′ be two objects of ExtC

GO. A morphism
between them is a continuous linear map

T :
n⊕
0

DFi →
n′⊕
0

DF ′i

intertwining the actions of U and U ′, such that the matrix entries T ij : DFj →
DF ′i are smooth sections of Hom(Fj , F

′
i ), i.e., such that T acts fiberwise.

Theorem 2.1 The forgetful functor from ExtC
GO to ExtGO which maps an

object U , F0, . . . , Fn to U is an equivalence of categories. If U , F0, . . . , Fn is any
object of ExtC

GO, then for all h ∈ H and 0 ≤ j ≤ i ≤ n the matrix entry U ij
h is

an order ≤ i − j differential operator from Fj to Fi above the diffeomorphism
h : O → O, and for all X ∈ h the matrix entry U ij

X is an order ≤ 1 differential
operator above the identity map from O to O.

Proof. A proof of this theorem is given mainly in [3], but first see Section 2 of [4].
By a differential operator of order ≤ r from Fj to Fi above the diffeomorphism
h : O → O, we mean a continuous linear map D : DFj → DFi such that for
any s ∈ DFj and p ∈ O, Ds(p) depends only on the rth jet of s at h−1p. For a
more detailed definition, see Section 1 of [4]. 2

This theorem is the starting point of [4]. It shows that any object U ,
F0, . . . , Fn of ExtC

GO acts locally, and this may be used to associate to U a
representation of SA. This is complicated because H can act by differential
operators, and so U may not be induced, but Theorem 2.1 allows us to proceed
as in Sections 3 and 4 of [4], which we will now review.

For any vector bundle B over O, let ∆rB be the vector bundle over O whose
sections are differential operators of order ≤ r from DB to DO. Let λ be the
quasiregular representation of H on DO, and extend it to G by making A act
so that λa is multiplication by the character function ξa. Fix an object U ,
F0, . . . , Fn of ExtC

GO, and for 0 ≤ l ≤ k < ∞ define vector bundles

Ẽkl(U) =
l⊕

i=0

∆k−iFi.

We will usually write simply Ẽkl for Ẽkl(U), and similarly for all the other
maps and spaces we will associate to U . Note that Ẽkl ⊂ Ẽk′l′ if k ≤ k′ and
l ≤ l′, so that {Ẽkl} is a biflag. A section D of Ẽkl is a differential operator
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from ⊕n
i=0DFi to DO in an obvious way, and its order is graded in a way

compatible with the grading of the order of the differential operator Uh given
by Theorem 2.1. Consequently, λh ◦D ◦ U−1

h is again a section of Ẽkl, and we
define a representation ∆U of G on the biflag {DẼkl} by

∆Ug(D) = λg ◦D ◦ U−1
g .

It is easy to see that ∆U is induced from SA, and we will write σ(U) or simply
σ for the inducing representation, which acts in the biflag of fibers {Ẽkl(p0)}.
This is the representation of SA which is associated to U in [4].

There is a similar construction for morphisms in ExtC
GO. Let U ′, F ′0, . . . , F

′
n′

be a second object of ExtC
GO, and write Ẽ′

kl for Ẽkl(U ′), and so on. If T : U → U ′
is a morphism, then there is an induced morphism ∆T : ∆U ′ → ∆U defined by
∆T (D) = D ◦T , i.e., ∆T is the transpose TT of T . Since morphisms in ExtC

GO
act fiberwise, we find that ∆T maps DẼ′

kl into DẼk+n,n for all 0 ≤ l ≤ k. We
will write µ(T ) or simply µ for the inducing morphism, and we will see later
in this section that it is closely related to T (p0)T . When n = n′ and T maps
the invariant subspace ⊕n

i=jDFi of U into the invariant subspace ⊕n
i=jDF ′i of

U ′ for 0 ≤ j ≤ n, we say that T is a flag morphism. In this case we find that
∆T (DẼ′

kl) ⊂ DẼkl.
The maps U 7→ σ(U) and T 7→ µ(T ) make up a functor from ExtC

GO to
the finite dimensional representations of SA, which is easily seen to be faithful.
However, in order to have a useful “little group method” for ExtC

GO it is nec-
essary to determine the range of this functor. This is done in [4]; the essential
idea is that the representation σ of SA on Ẽnn(p0) = ⊕n

i=0∆
n−iFi(p0) is deter-

mined by its restriction to the non-invariant subspace ⊕n
i=0F

∗
i (p0). To be more

precise, we need several definitions.
Let S′ = SA, s′ = s⊕ a, and Ur = Ur(g)U(s′) for 0 ≤ r. Choose a subspace

r of h complementary to s and an ordered basis r1, . . . , rq of r, and let Rr be
the the subspace of Ur(g) spanned by the monomials rI = rI1

1 · · · rIq
q such that

|I| = ∑q
1 Ii ≤ r. Note that Ur = U(s′)Ur(g) = U(s′)Rr.

Let Li(U) = F ∗i (p0), let Ekl(U) = Ẽkl(p0), and let Nk(U) = ⊕k
0Li. Define

biflags

Jkl(U) =
l⊕
0

Li ⊗ Uk−i, Mkl(U) =
l⊕
0

Li ⊗Rk−i.

An element ω ∈ Nn may be viewed as an order 0 differential operator at p0

on ⊕n
0DFi, and one checks that if ω ∈ Nl and Z ∈ Uk are such that ω ⊗ Z

is in Jkl, then ω ◦ UZ is in Ekl. Let ρ(U) : Jkl → Ekl be the resulting map
of biflags ω ⊗ Z 7→ ω ◦ UZ . It turns out that ρ(Jkl) = Ekl and that ρ maps
Mkl isomorphically onto Ekl, and so we may let q(U) : Ekl → Mkl be the right
inverse of ρ.

In order to understand the way in which σ is determined by its restriction
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to Nn, we will use some rather cumbersome constructions. Define a map

η(U) : S′ → HomC(Nn,Mnn)

by ηs = q ◦ σs|Nn for s ∈ S′. Note that Nn is a subspace of both Enn and Jnn,
and that ρ|Nn = 1, so ηs may also be written as q ◦ σs ◦ ρ|Nn . Let dη : s′ →
HomC(Nn,Mnn) be the differential, so that for X ∈ s′, dηX = q ◦ σX |Nn

=
q ◦ σX ◦ ρ|Nn . We will usually write simply η for dη.

For δ ∈ Jkl and Z ∈ Ur, let δ · Z ∈ Jk+r,l be the obvious product: when
δ = ω ⊗ Z ′, δ · Z = ω ⊗ Z ′Z. Define a map N (U) : S′ → EndC(

∑
kl Jkl) by

Ns(ω ⊗ Z) = (ηsω) ·Ads Z.

We will write N for the differential dN , so that if X ∈ s′ then NX(ω ⊗ Z) =
ηXω ·Z+ω⊗adX Z. Roughly, we may think of N as η⊗Ad, but this is imprecise
because η ⊗ 1 and 1⊗Ad do not commute.

Let r be the right regular representation of U(s′) on the biflag {Jkl}, so
that if Z ∈ U(s′) and δ ∈ Jkl, then rZδ = δ · ZT , where Z 7→ ZT is the
usual antiautomorphism of U. It is easy to check that η maps Nk into Mkk for
0 ≤ k ≤ n, that N and r both leave Jkl and also the space Kkl defined below
invariant for 0 ≤ l ≤ k, and that for s ∈ S′ and X ∈ s′ we have ρ ◦ Ns = σs ◦ ρ
and ρ ◦ rX = σX ◦ ρ. However, N is not usually a representation of S′ on Jkl.

Let Kkl be the subspace of Jkl defined by

Kkl =
{
ηXω · Z + ω ⊗XZ : ω ∈ Ni, Z ∈ Uk−i, X ∈ s′, 0 ≤ i ≤ l

}
.

It is not too hard to prove that Kkl = kernel ρ|Jkl
, and hence that Jkl =

Mkl⊕Kkl. It follows from this that for any r, s ∈ S′ and X,Y ∈ s′, NrNs−Nrs

and [NX ,NY ]−N ([X, Y ]) both map Nk into Kk−1,k−1 for 0 ≤ k ≤ n.
We have seen that starting out knowing only the spaces Li and the map

η, we can construct the biflags Jkl, Mkl, and Kkl, and the map N . Since ρ is
essentially the quotient map which divides by Kkl, and ρ intertwines N and σ,
we can reconstruct the representation σ from η and the Li. This will serve as
motivation for the definition of the category C of representations of SA to which
ExtC

GO is isomorphic.

Definition An object σ of the category C is a representation of S′ = SA, along
with the following additional structures. First, we are given an integer n(σ) ≥ 0
and n(σ)+1 complex finite dimensional vector spaces L0(σ), . . . , Ln(σ)(σ). From
these we form biflags Jkl(σ) and Mkl(σ) and a flag Nk(σ), exactly as above. We
will usually suppress the argument σ on all the maps and spaces associated to
σ. Second, we are given a smooth map η(σ) : S′ → HomC(Nn,Mnn), such that
ηs(Nk) ⊂ Mkk for all s ∈ S′. From η we form a map N (σ) : S′ → EndC

∑
kl Jkl

and another biflag Kkl(σ), again exactly as above, and we also write η and N
for the differentials of η and N at e ∈ S′. It is easy to check that N leaves both
Jkl and Kkl invariant. The map η is required to have the following properties.
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1. For all r, t in SA, Nr ◦ Nt − Nrt maps Nk into Kk−1,k−1 for 1 ≤ k ≤ n,
and it maps N0 to 0.

2. There is a linear map L(σ) : A → End(Nn) such that for all a ∈ A,
ηa = e−i〈a,p0〉 expL−a. Furthermore, for all a ∈ A, La(Nk) ⊂ Nk−1 for
1 ≤ k ≤ n, La(N0) = 0, and if 〈a, Cp0〉 = 0, La = 0. Note that La is
nilpotent, and that ηa leaves Nk invariant.

Property 2 derives from Property 3 in the definition of ExtC
GO. In [4] we

prove (with considerable difficulty) that Property 1 is equivalent to requiring
that Jkl = Mkl ⊕ Kkl. It follows that Jkl/Kkl is naturally a subspace of
Jk′l′/Kk′l′ for k ≤ k′ and l ≤ l′, and so we may define a biflag Ekl(σ) = Jkl/Kkl.
As before, let ρ(σ) : Jkl → Ekl be the quotient map, and let q(σ) : Ekl → Mkl

be its right inverse. Since N leaves Kkl invariant, it factors through ρ to a
map from S′ to End

∑
Ekl. It is immediate from Property 1 that this map is a

representation leaving Ekl invariant, and we define σ itself by making it equal
to this representation. Note that if we are given only η and the Li, we can
reconstruct σ.

In order to define morphisms in C, let σ′ be another object and denote all
the associated maps and spaces by primes. A morphism µ : σ → σ′ is a linear
map µ :

∑
Ekl →

∑
E′

kl intertwining σ and σ′, given along with a linear map
τ(µ) : Nn → N ′

n′ such that ρ ◦ (τ ⊗ 1) = µ ◦ ρ. Here τ ⊗ 1 is the obvious
endomorphism of

∑
Jkl, and we have suppressed the argument µ of τ as usual.

The condition that µ be an S′-map is equivalent to (τ ⊗ 1) ◦ ηs = η′s ◦ τ
for all s ∈ S′, and it is a consequence of the relation between µ and τ that
µ(Ekl) ⊂ E′

k+n′,n′ . If n = n′ and τ(Nk) ⊂ N ′
k for 0 ≤ k ≤ n, then one checks

that µ(Ekl) ⊂ E′
kl and we say that µ is a flag morphism.

That concludes the definition of C. It is clumsy, but it is useful for com-
putations. The reader may ask why we do not replace the strange Property 1
with the requirement that Jkl = Mkl ⊕ Kkl; the reason is that Property 1 is
more useful for treating the types of examples in [4]. We remark that Proper-
ties 1 and 2 together lead to the fact that for any X ∈ s′, ηX maps Nk into
Nk +(Nk−1⊗R1), which is expected from the form of UX given in Theorem 2.1.
The following theorem is the main result of [4].

Theorem 2.2 There is a functor F : ExtC
GO → C defined by

F(U) = {σ(U), η(U), L0(U), . . . , Ln(U)}
and F(T ) = {µ(T ), τ(T )}, where τ(T ) is the transpose T (p0)T of T (p0). This
functor is a contravariant equivalence of categories.

Definition. We conclude our review by defining an extension of any object
σ of C to a representation of S′∞ (see Section 1), where S′ is viewed as a
subgroup of G. We will write also σ for this extension. The flag for σ as a

11



representation of S′∞ is Enn ⊃ En−1,n−1, and for X ∈ g, σX is obtained by
factoring the right regular representation r of g on

∑
Jkl = Nn ⊗ U(g) through

ρ. The point is that rX(Jkl) ⊂ Jk+1,l and rX(Kkl) ⊂ Kk+1,l, so we may define
σX : Ekl → Ek+1,l by σX ◦ ρ = ρ ◦ rX . The compatibility conditions σ must
meet to be a representation of S′∞ follow from ρ ◦ rX = ρ ◦ NX = σX ◦ ρ for
all X ∈ s′. It is not hard to use the PBW Theorem to check that the flag
associated to σ is Enn ⊃ En−1,n−1 ⊃ · · · ⊃ E1,1 ⊃ E0,0 ⊃ 0. If µ : σ → σ′ is a
flag morphism between two objects of C, then it is also an S′∞-morphism. In
Section 4 we will describe those representations of S′∞ which arise from objects
of C in this way.

In Sections 7 and 8 we will need the following facts. First, (σα+i〈α, p0〉)(Ekk) ⊂
Ek−1,k−1 for any σ ∈ C and α ∈ a. This will be clear if we show thatNα+i〈α, p0〉
maps Jkk into Jk−1,k−1. Since Nα = ηα⊗1+1⊗ adα, and ηα + i〈α, p0〉 = −Lα

maps Nk into Nk−1 by the definition of C while adα maps Ur into Ur−1 because
a is an ideal in g, the result follows. Second, if σ = F(U) for some U in ExtC

GO,
then for X ∈ g the action of σX on En−1,n−1 is σXδ = −δ ◦ UX , as here ρ is
defined by ρ(δ ⊗Z) = δ ◦ UZ . Third, if σ ∈ C and we write σ̃ for the restriction
of the representation σ of S′∞ to a representation of S∞ with the same flag
Enn ⊃ En−1,n−1, then it follows again from the PBW theorem that the flag
associated to σ̃ is Enn ⊃ En−1,n−1 ⊃ · · · ⊃ E0,0 ⊃ 0, just as it is for σ.

3 Subquotients

Recall from the introduction that this paper is a step towards deciding which
objects of ExtGO are subquotients of certain geometrically natural representa-
tions of G. By Theorem 2.1 it is enough to do this for objects of ExtC

GO. To do
so we will use the functor F to move the problem to the category C, and so we
must study the relation between subquotients in ExtC

GO and in C. Throughout
this section fix an object U , F0, . . . , Fn of ExtC

GO, let σ, η, L0, . . . , Ln be the ob-
ject F(U) of C, and let Bj = ⊕n

j Fi so that U acts in the flag DB0 ⊃ · · · ⊃ DBn.
By refining the flag associated to U if necessary, we may and do assume in
this section that the H-bundles Fi are irreducible. Our first lemma shows that
ExtC

GO is closed under taking the natural type of subquotient.

Lemma 3.1 Suppose that B′
0 is a subbundle of B0 such that DB′

0 is a G-
invariant subspace of DB0, and let U ′ = U|DB′0 . Let B′

j = B′
0 ∩Bj, and choose

subbundles F ′i of B′
0 such that B′

j = ⊕n
j F ′i for 0 ≤ j ≤ n. Then F ′i is either 0

or isomorphic to Fi, and U ′, F ′0, . . . , F
′
n is an object of ExtC

GO.
Define a flag of bundles B′′

j = Bj/B′
j, let U ′′ be the quotient representation

on the flag DB′′
0 ⊃ · · · ⊃ DB′′

n, and choose subbundles F ′′i of B′′
0 such that

B′′
j = ⊕n

j F ′′i for 0 ≤ j ≤ n. Then F ′′i is either 0 or isomorphic to Fi, and U ′′,
F ′′0 , . . . , F ′′n is an object of ExtC

GO.
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Proof. First note that it is indeed possible to choose the F ′i as required, for
example by putting a Hermitian metric on B0. Since D(B′

j/B′
j+1) is a closed

G-subspace of the irreducible induced representation D(Bj/Bj+1), it is 0 or
isomorphic to DFj , and so F ′j is 0 or isomorphic to Fj . Both U ′ and U ′′ will
inherit property 3 in the definition of ExtC

GO from U ; the rest is easy. 2

The reader should keep in mind that B0 is not naturally an H-bundle unless
U is induced. Recall the elementary fact that if F is any H-bundle and V is
the induced representation of G on DF , then any closed G-invariant subspace
of DF is of the form DF ′ for some H-subbundle F ′ of F . Lemma 3.1 does not
generalize this fact to say that any closed G-invariant subspace of DB0 is of
the form DB′

0 for some B′
0 as in the lemma. Such a generalization would be of

interest to the author.
We remark that F ′j need not be a subbundle of Fj . This points out a flaw in

our exposition: in the definition of objects of ExtC
GO we should specify only the

flag {Bj} and not the splitting {Fi}. We gave the definition as it stands in [4]
so that we could write U as a matrix, and we will not change it here so that it
will be easier to refer to that paper. Similarly, in the definition of objects of C
it would be better to specify only the flag {Nj} rather than the splitting {Li}.

We now define subquotients in C. Suppose that N ′
n is a subspace of Nn

such that ηs(N ′
n) ⊂ N ′

n ⊗ U(g) for all s ∈ S′. Let N ′
j = N ′

n ∩ Nj , and choose
subspaces L′i of N ′

n such that N ′
j = ⊕n

j L′i for 0 ≤ j ≤ n (some L′i may be 0).
Let η′ = η|N ′

n
and define M ′

kl, J ′kl, and K ′
kl as in the definition of C, but using

η′ and the L′i in place of η and the Li.

Lemma 3.2 For all s ∈ S′ and 0 ≤ j ≤ n, η′s(N
′
j) ⊂ M ′

jj and η′ has prop-
erties 1 and 2 in the definition of C, so there is an object σ′ of C such that
η(σ′) = η′ and Li(σ′) = L′i. Such objects will be called subobjects of σ. The asso-
ciated spaces E′

kl are naturally subspaces of Ekl, and the inclusion µ : E′
kl → Ekl

is a C-morphism such that τ(µ) is the inclusion N ′
n → Nn.

Proof. Since M ′
jj =

∑j
0 N ′

i ⊗Rj−i, we have

ηs(N ′
j) ⊂ ηs(N ′

n) ∩ ηs(Nj) ⊂
(
N ′

n ⊗ U(g)
) ∩

j∑
0

Ni ⊗Rj−i = M ′
jj .

Clearly η′ inherits property 2 from η. Now by Lemma 4.2 of [4], J ′kl = K ′
kl+M ′

kl.
On the other hand, K ′

kl ⊂ Kkl, M ′
kl ⊂ Mkl, and Kkl ∩ Mkl = 0, so J ′kl =

K ′
kl ⊕M ′

kl. We have mentioned that this is equivalent to η′ having property 1;
the proof is essentially that of Lemma 3.8 in [4]. Last, E′

kl = J ′kl/K ′
kl is a

subspace of Ekl because J ′kl ∩Kkl = (K ′
kl ⊕M ′

kl) ∩Kkl = K ′
kl. 2

Let σ′ be a subobject of σ as above, and define spaces N ′′
j = Nj/N

′
j . Then

N ′′
0 ⊂ · · · ⊂ N ′′

n is a flag, although some of these inclusions may not be proper,
and we may define J ′′kl and M ′′

kl as usual: J ′′kl =
∑l

0 N ′′
i ⊗ Uk−i and M ′′

kl =
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∑l
0 N ′′

i ⊗Rk−i. Let π : Nn⊗U(g) → N ′′
n ⊗U(g) be the canonical projection, and

note that π(Mkl) = M ′′
kl, π(Jkl) = J ′′kl, kernel(π) =

∑
J ′kl, and J ′kl∩Mkl = M ′

kl.
Since ηs(N ′

k) ⊂ M ′
kk for all s ∈ S′, ηs factors through π to a map η′′s : N ′′

n → M ′′
nn

such that η′′s (N ′′
k ) ⊂ M ′′

kk for 0 ≤ k ≤ n.

Lemma 3.3 The map η′′ has properties 1 and 2 in the definition of C, and so by
choosing spaces L′′i such that N ′′

k = ⊕k
0L′′i for 0 ≤ k ≤ n we get an object σ′′ of

C such that η(σ′′) = η′′ and Li(σ′′) = L′′i (some of the L′′i may be 0). The biflag
E′′

kl is the quotient of Ekl by E′
kl, and the canonical projection µ′ : Ekl → E′′

kl

is a C-morphism from σ to σ′′ such that τ(µ′) is the projection π : Nn → N ′′
n .

The object σ′′ will be called the quotient of σ by σ′, written σ/σ′.

Proof. Clearly η′′ inherits property 2 from η. To check property 1, note that
π ◦ Ns = N ′′

s ◦ π and N ′′
k = π(Nk), so

(N ′′
s ◦ N ′′

t −N ′′
st

)
(N ′′

k ) = π ◦ (Ns ◦ Nt −Nst

)
(Nk) ⊂ π(Kk−1,k−1).

Everything else follows from the easy fact that π(Kkl) = K ′′
kl. 2

The next lemma says that the definitions of subobjects and quotient objects
in C give the usual homomorphism theorem. Its proof follows from the fact that
if µ : σ → σ̃ is a C-morphism, then (τ⊗1)◦ηs = η̃s ◦τ , where we write η̃ = η(σ̃),
τ = τ(µ), and so on.

Lemma 3.4 If µ : σ → σ̃ is a C-morphism, then the subspace N ′
n = kernel(τ)

of Nn defines a subobject σ′ of σ. The subspace Ñ ′
ñ = image(τ) of Ññ defines a

subobject σ̃′ of σ̃, and µ factors through to an isomorphism from σ/σ′ to σ̃′. 2

Here by an isomorphism α : ν → ν′ between two objects of C we mean a
morphism such that τ(α) is a linear isomorphism; the two objects may be of
different lengths. We will leave it to the reader to check that if α is an arbitrary
morphism, then α :

∑
kl Ekl(ν) → ∑

kl Ekl(ν′) is injective (respectively, sur-
jective) if and only if τ(α) is injective (respectively, surjective). Next we must
check that the functor F defines a contravariant bijection from the subquotients
of U of the type discussed at the beginning of this section to the subquotients
of σ = F(U).

Lemma 3.5 Let all notation be as in Lemma 3.1, and let σ′ = F(U ′) and σ′′ =
F(U ′′). Then σ′′ is a subobject of σ and σ′ = σ/σ′′. Conversely, suppose that
σ′′ is any subobject of σ and let σ′ = σ/σ′′. Then there is a subbundle B′

0 of B0

such that DB′
0 is G-invariant and F(U ′) = σ′, where U ′ = U|DB′0 . Furthermore,

if U ′′ is the quotient representation on D(B0/B′
0) then F(U ′′) = σ′′.

Proof. We will leave the first statement to the reader and prove only its converse.
Let π : σ → σ′ be the projection morphism. Since F is essentially surjective
there is an object V of ExtC

GO acting in a flag of bundles DC0 ⊃ · · · ⊃ DCm
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such that F(V) = σ′, and since F is fully faithful there is a morphism T : V → U
such that F(T ) = π. The map T : C0 → B0 acts fiberwise, and so if we can
show that it is injective on every fiber then its image T (C0) will be the required
subbundle B′

0 of B0.
Recall the bundles of graded differential operators Ẽkl(U), and write Ẽ(U)

for
∑

kl Ẽkl(U) and similarly E(U) for the fiber
∑

kl Ekl(U) of Ẽ(U) at p0. In
Section 2 we defined a fiberwise map ∆T : Ẽ(U) → Ẽ(V) by ∆T (D) = D ◦ T ,
such that ∆T (p0) = F(T ) = π : E(U) → E(V). Now Ẽ(U) and Ẽ(V) are
G-bundles and ∆T is a G-map, so since π is surjective, ∆T is surjective on all
fibers. It follows that T is injective; we leave the rest to the reader. 2

4 Relations Between C, RS ′∞, and RS∞.

Recall that at the end of Section 2 we defined a map from objects of C to objects
of RS′∞, and from flag morphisms in C to RS′∞-morphisms. Here we will
describe the image of this map. Whenever we refer to S′∞, S′ is being regarded
as a subgroup of G, while whenever we refer to S∞, S is being regarded as a
subgroup of H. Let π be a representation of S′∞ acting in V0 ⊃ V1, and let {Vi}
be the associated flag defined in Section 1. Assume that we are given an integer
n and subspaces Nn ⊂ V0, Nn−1 ⊂ V1, . . . , N0 ⊂ Vn, such that N0 ⊂ · · · ⊂ Nn

is a flag with the following properties. First, if we let Jkl =
∑l

0 Ni ⊗ Uk−i and
Mkl =

∑l
0 Ni ⊗ Rk−i and define ρ : Jnn → V0 by ρ(ω ⊗ Z) = π(ZT )ω, then ρ

restricts to an isomorphism from Mnn to V0. Second, π|A leaves Nn invariant,
and π(a)− exp i〈a, p0〉 maps Nk to Nk−1 for 0 ≤ k ≤ n and is 0 for a ∈ C⊥p0

.
We will see that such π comprise the image of our object map from C to

RS′∞. Define Ekl to be ρ(Jkl), and note that Ekl ⊂ Vn−k because ρ(Ni ⊗
Uk−i) = π(Uk−i)Ni ⊂ π(Uk−i)Vn−i ⊂ Vn−k. Let q : V0 → Mnn be the right
inverse of ρ, and for s ∈ S′ define ηs : Nn → Mnn to be q ◦ πs. As usual, define

Kkl =
{
ηXω · Z + ω ⊗XZ : ω ∈ Ni, Z ∈ Uk−i, X ∈ s′, 0 ≤ i ≤ l

}
.

Lemma 4.1 In the setting just described, let L0, . . . , Ln be any subspaces of
Nn such that Nk = ⊕k

0Li. Then η, L0, . . . , Ln define an object σ of C such that
η(σ) = η, Li(σ) = Li, ρ(σ) = ρ, q(σ) = q, Ekl(σ) = Ekl, and the extension of
σ to a representation of S′∞ on Enn ⊃ En−1,n−1 is equal to π. In particular,
ρ(Mkk) = Ekk = Vn−k for 0 ≤ k ≤ n and Vn+1 = 0. Conversely, the exten-
sion of any object σ of C to an object of RS′∞ has all of the above additional
structures and properties in the way indicated by the notation.

Proof. We start by checking that ρ(Mkk) = Ekk = Vn−k for 0 ≤ k ≤ n; the
same argument also shows that Vn+1 = 0. This is true for k = n, and so we may
induct downward on k. We know that ρ(Mkk) ⊂ Ekk ⊂ Vn−k, and so it will
do to suppose that there exists v ∈ Vn−k − ρ(Mkk) and derive a contradiction.
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Recall that h = s⊕ r, r1, . . . , rq is an ordered basis of r, and the subspace Rr of
Ur used to define Mkl has the monomials rI with |I| ≤ r as a basis. Therefore
any element of Mnn may be written uniquely as

∑
I ωI⊗rI , where ωI ∈ Nn−|I|.

In particular, since q(v) ∈ Mnn − Mkk we have q(v) =
∑

I ωI ⊗ rI , where
ωI 6∈ Ni and |I| ≥ k − i for some I. It follows that q(v) · rq ∈ Mnn −Mk+1,k+1,
but −ρ(q(v) · rq) = π(rq)v is in Vn−k−1 because v ∈ Vn−k. By induction,
Vn−k−1 = ρ(Mk+1,k+1), and so q(π(rq)v) ∈ Mk+1,k+1 is not equal to −q(v) · rq.
This is a contradiction, because both of them lie in Mnn and have the same
image under ρ.

Next we will verify that η defines an object of C. To check that ηs(Nk) ⊂
Mkk, note that ηs(Nk) ⊂ q ◦ πs(Vn−k) = q(Vn−k) = Mkk. It follows that
Kkl ⊂ Jkl, and so as we saw in the proof of Lemma 3.2, Jkl = Mkl + Mkl. By
construction ρ(Kkl) = 0, and so in fact Jkl = Mkl ⊕Kkl. We also saw in the
proof of Lemma 3.2 that this means that η has property 1. The condition on
π|A implies that η|A = π|A and hence that η has property 2, so the object σ of C
exists. We find from Jkl = Mkl⊕Kkl that Knn = kernel(ρ) and Kkl = Knn∩Jkl,
from which it follows that Ekl(σ) = Ekl. We leave the rest to the reader. 2

Lemma 4.2 Let σ and σ′ be two objects of C such that n = n′. If µ : En → E′
n

is an S′∞-morphism between the S′∞-actions of σ and σ′ such that µ(Nk) ⊂ N ′
k

for all k, then µ is a flag morphism in the category C. In particular, µ(Ekl) ⊂
E′

kl.

Proof. Let τ : Nn → N ′
n be µ|Nn . Then for ω ⊗ Z ∈ Jkl we have

ρ′ ◦ (τ ⊗ 1)(ω ⊗ Z) = ρ′ ◦ rZT ◦ τ(ω) = σ′ZT ◦ µ(ω)
= µ ◦ σZT (ω) = µ ◦ ρ(ω ⊗ Z).

Hence ρ′ ◦ τ ⊗ 1 = µ ◦ ρ, the condition for µ to be a C-morphism. It is a
flag morphism by definition, and as we remarked in the definition of C the last
sentence is easy. 2

We will finish this section by developing a technique for combining an object
σ, η, N0 ⊂ · · · ⊂ Nn of C with an object π of RS∞ (not RS′∞) to form a new
object of C, which we refer to as σ ⊗ π. Write Ekl for Ekl(σ) and so on, as
usual, and let π act in V0 ⊃ V1 with associated flag {Vi}. For convenience we
will write Ek, Mk, and Jk for Ekk, Mkk, and Jkk, respectively, and we write Wk

for Vn−k. Define spaces

Ẽk =
k∑
0

Ei ⊗Wk−i and Ñk =
k∑
0

Ni ⊗Wk−i

for 0 ≤ k ≤ n, view σ as a representation of S′∞ as in Lemma 4.1, extend π
to a representation of S′∞ by making A act trivially, and let σ̃ be the tensor
product representation σ ⊗ π of S′∞ acting in the flag Ẽn ⊃ Ẽn−1, as defined
in Section 1.
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Lemma 4.3 The flag associated to σ̃ is Ẽn ⊃ Ẽn−1 ⊃ · · · ⊃ Ẽ0 ⊃ 0, and the
subflag Ñn ⊃ · · · ⊃ Ñ0 of this flag makes σ̃ into an object of C as in Lemma 4.1.
We define the object σ ⊗ π of C to be σ̃.

Suppose that π′, V ′
0 ⊃ V ′

1 is another representation of S∞ and that T : π →
π′ is a S∞-morphism. Then µ = 1⊗ T is a C-morphism from σ ⊗ π to σ ⊗ π′,
and in fact it is a flag morphism. The map τ(µ) is µ|Ñn

.

Proof. Define J̃kl and M̃kl from the flag {Ñk} as usual, define ρ̃ : J̃nn → Ẽn

by ρ̃(ω ⊗ Z) = σ̃(ZT )ω, and for convenience define J̃k = J̃kk and M̃k = M̃kk.
It is easy to check that ρ̃(J̃k) ⊂ Ẽk, and so by Lemma 4.1 we need only prove
that ρ̃ maps M̃k isomorphically onto Ek for 0 ≤ k ≤ n, and that σ̃|A has the
special form given in that lemma. This last statement is easy, because σ|A has
this special form and π|A = 1.

To prove that ρ̃ : M̃k → Ẽk is an isomorphism, we first check that M̃k

and Ẽk have the same dimension. Since dim(Mi) = dim(Ei), dim(Ẽk) =
dim(

∑k
0 Mi ⊗Wk−i). But both

∑k
0 Mi ⊗Wk−i and M̃k are naturally isomor-

phic to
∑

i+j+l=k Ni ⊗ Rj ⊗Wl, and so we are done. Next we will check that
ρ̃(M̃k) = Ẽk by induction on k, which will complete the proof of the first para-
graph of the lemma. Since M̃0 = Ẽ0 = Ñ0, the induction starts. We will pro-
ceed in two steps, where the first step is a proof that σ̃(R1)Ẽk−1 + Ñk = ρ̃(M̃k).
To show the forward containment we only need σ̃(R1)ρ̃(M̃k−1) ⊂ ρ̃(M̃k), as
ρ̃(M̃k−1) = Ẽk−1 by induction. For this, note that

σ̃(R1)ρ̃(M̃k−1) =
k−1∑
0

σ̃(R1)σ̃(Rk−i−1)Ñi ⊂
k−1∑
0

σ̃(Rk−i + Uk−i−1)Ñi

because R1Rk−i−1 ⊂ Rk−i + Uk−i−1. But this last sum is ρ̃(M̃k + J̃k−1) =
ρ̃(M̃k) + Ẽk−1 ⊂ ρ̃(M̃k), as needed. The reverse containment is easy.

For the second step we must prove that σ̃(R1)Ẽk−1 +Ñk = Ẽk. The forward
containment is clear; for the reverse containment, recall that Ẽk =

∑k
0 Ei ⊗

Wk−i. We will show that Ei ⊗ Wk−i ⊂ σ̃(R1)Ẽk−1 + Ñk by induction on i.
Since E0 ⊗ Wk = N0 ⊗ Wk ⊂ Ñk, the induction begins and we may assume
Ei−1 ⊗ Wk−i+1 ⊂ σ̃(R1)Ẽk−1 + Ñk. Then we have that Ei−1 ⊗ Wk−i+1 +
σ̃(R1)(Ei−1⊗Wk−i)+Ni⊗Wk−i is in σ̃(R1)Ẽk−1 + Ñk, and so since σ̃ = σ⊗π
as a representation of S′∞, σ(R1)Ei−1 + Ni = Ei, and π(R1)Wk−i ⊂ Wk−i+1,
the result follows. We leave the second paragraph to the reader. 2

5 Functions on Neighborhoods of Submanifolds

In Section 6 we will define certain objects of ExtGO which arise geometrically
as spaces of vector-valued functions on infinitesimal neighborhoods of the orbit
O in its ambient space A∗, and so in this section we must define functions
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on neighborhoods of O. Heuristically we think of the nth order infinitesimal
neighborhood of O in A∗ as a space, O(n), but in fact we will not define O(n)

but only the functions on it. Roughly, a function on O(n) assigns smoothly to
each point of O the n-jet of a function on A∗. Similar constructions may be
found in the beginning of Griffiths’ paper [8]. We remark that the functional
analysis we will use in this section is all easy; most of the work is in setting up
notation.

Suppose that M is any smooth manifold and N is any regularly imbedded
submanifold. Let ∆M be the vector bundle of differential operators on M . This
is a complex vector bundle of countably infinite rank with the usual filtration
of bundles ∆rM of differential operators of order ≤ r, which are of finite rank.
A section of E∆M or D∆M is a smooth or smooth compactly supported dif-
ferential operator mapping DM to itself, respectively. An element of the fiber
∆M(p) at a point p ∈ M is a differential operator supported at p mapping DM
to C.

For each integer r ≥ 0, we define the rth jet bundle JrM above M to
be the vector bundle dual to ∆rM . If F and D are sections of JrM and
∆rM , respectively, we have the function 〈D,F 〉 on M whose value 〈D(p), F (p)〉
at p is given by the duality. Let jr : DM → DJrM be the map assigning
to a function f its rth jet. In other words, jrf is defined by the equation
〈D, jrf〉 = Df for all D ∈ D∆rM . The map jr is not a vector bundle map; it
is easily seen to be a differential operator of order r. The fibers of JrM have
an algebra structure induced by multiplication of functions, and so DJrM is
an algebra under fiberwise multiplication and jr is an algebra homomorphism.
Since ∆rM is a subbundle of ∆sM for r ≤ s, there is a quotient map of bundles
πrs : JsM → JrM . One checks that πrs is an algebra map, that πqr ◦πrs = πqs

for q ≤ r, and that jr and πrs ◦ js are equal as maps from DM to DJrM . Note
that D(JrM |N ) is an algebra under fiberwise multiplication, and that we may
regard ∆rN as a subbundle of ∆rM |N by restriction in the obvious way.

Definition. We define the space DN (n) of smooth compactly supported func-
tions on N (n) to be the subspace of D(JnM |N ) consisting of sections F such
that for each p ∈ N , there is an open neighborhood V of p in M (not N) and a
smooth function fV on V such that for all q ∈ V ∩N we have

jnfV (q) = F (q).

So locally, functions on N (n) are restrictions to N of n-jets of functions on
M . We give DN (n) the subspace topology it inherits from D(JnM |N ), and we
define the support supp(F ) ⊂ N of F ∈ D(N (n)) to be its support as a section
of JnM |N .

Lemma 5.1 The space DN (n) is a closed subalgebra of D(JnM |N ), and so it
is an inductive limit of Frechet spaces and is complete.
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Proof. It is clear that DN (n) is a subalgebra from the definitions. To prove that
it is closed, let F be any section in D(JnM |N ), and choose D and E in D∆nM
such that the composition E◦D is still of order ≤ n, and E|N lies in the subspace
D∆nN of D(∆nM |N ). Since ∆nM |N and JnM |N are dual to each other, there
is a fiberwise pairing which gives a function 〈D|N , F 〉 in DN . A local calculation
shows that if F ∈ DN (n), then the function obtained by applying the differential
operator E|N ∈ D∆nN to 〈D|N , F 〉 is equal to 〈(E ◦D)|N , F 〉, and furthermore
that F is in DN (n) if and only if this equality holds for all E and D as above.
For each choice of D and E this is a closed condition, and so DN (n) is closed.

Recall the following standard notation: if L is any manifold, B is any vector
bundle over L, and K is any subset of L, let DKB = {s ∈ DB : supp(s) ⊂ K}.
When K is compact, DKB is a closed Frechet subspace of DB, and DB is the
inductive limit of the spaces DKB as K runs over a compact exhaustion of L.
Similarly, for any subset K of N let DKN (n) = DK(JnM |N ) ∩ DN (n). Then
DN (n) is the inductive limit of the closed Frechet subspaces DKN (n) as K runs
over a compact exhaustion of N . 2

Remark. Perhaps the first definition of DN (n) one thinks of is the following.
Since N is regularly imbedded in M it is locally closed in M , and so we may
choose V open in M such that N is a closed subset of V . Let IN (V ) be the ideal
of functions in DV that vanish on N . It would be natural to define DN (n) to be
the space DV/IN (V )n+1 with the quotient topology, but this adds unnecessary
difficulty to our results. Note that for the definition of DN (n) we are using, there
is a natural continuous linear map πn : DV → DN (n) defined by πnf = (jnf)|N ,
and it is clear that πn is an algebra homomorphism whose kernel is IN (V )n+1.
By Lemma 5.2, πn is surjective, and we expect that it factors through to a linear
homeomorphism from DV/IN (V )n+1 with the quotient topology to DN (n), but
we do not have and will not need a proof of this.

The next two lemmas give some basic properties of DN (n). We will use the
obvious fact that for any V as above, DN (n) 3 F is a module for the algebra
EV 3 g, where gF = (jng)|NF .

Lemma 5.2 First, if {Uα} is any open cover of N and F ∈ DN (n), then F is a
finite sum of elements of DN (n) each having support in one of the Uα. Second,
the map πn defined above is surjective.

Proof. First, let us replace the given open cover by a locally finite refinement
{U1, U2, . . .} such that for each open set Ui in N there is an open set Vi in M
such that Ui = Vi ∩N and Ui is closed in Vi. Let V ′ = ∪iVi, and let {θi} be a
partition of unity for the open cover {Vi} of V ′. One checks that F =

∑
i θiF

is the desired finite sum.
Second, choose a locally finite open cover U1, U2, . . . of N such that for each i,

there is an open set Vi in V with Ui = Vi∩N and Ui closed in Vi, and a function
fi in EVi such that (jnfi)|Ui = F |Ui . Let V ′ = ∪iVi, and let {θi} again be a
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partition of unity for V ′ subordinate to {Vi}. One checks that F = πn(
∑

i θifi).
2

Recall from above the surjective bundle maps πrs : JsM → JrM for r ≤ s,
and write also πrs for the associated surjective fiberwise maps from D(JsM |N )
to D(JrM |N ). Let Irs = {F ∈ DN (s) : πrsF = 0}; then Irs is the closed
subspace of DN (s) of functions that vanish to order r.

Let Ω1M be the 1-form bundle over M . The tangent bundle TN is canoni-
cally a subbundle of TM |N , and we define T⊥N ⊂ Ω1M |N to be the annihilating
bundle of TN . For any vector bundle B, let SnB be its nth symmetric power
bundle. When B is a real bundle, we will adopt the convention that SnB is
complexified.

Lemma 5.3 First, the maps πrs◦πs and πr defined above are equal, πrs(DN (s)) =
DN (r), and Irs is an ideal in the algebra DN (s). Second, πrs factors through to
a linear homeomorphism from DN (s)/Irs with the quotient topology to DN (r).
Third, Irs admits a closed complementary subspace in DN (s). Fourth, the prod-
uct IrsIqs is contained in Ir+q+1,s, and so the action of DN (s) on Irs factors
through to an action of DN (s−r−1). Fifth, the DN = DN (0)-module Ir−1,r is
DN -isomorphic and linearly homeomorphic to D(SrT⊥N).

Proof. Let V be as above Lemma 5.2. The first statement follows from the facts
that πrs◦js and jr are equal as maps from DV to DJrV , that πr(DV ) = DN (r),
and that πrs is an algebra map. Second, to see that πrs factors through to a
linear homeomorphism it is enough to prove that πrs is an open map. For any
compact subset K of N it is clear that πrs(DKN (s)) ⊂ DKN (r). If we can
prove that this containment is an equality, then since DKN (s) is Frechet the
open mapping theorem implies that the restriction of πrs to it is open, and so
πrs is open because DN (r) is the inductive limit of spaces DKN (r).

Thus we come down to proving that given F ∈ DN (r), there exists F ′ ∈
DN (s) such that πrsF

′ = F and suppF ′ = suppF . Choose a locally finite open
cover {Uα} of N with the following properties. For each Uα there is an open
set Vα in M such that Uα = Vα ∩N , Uα is closed in Vα, and Vα is a coordinate
chart on M with coordinates (x, y) = (x1, . . . , xp, y1, . . . , yq) such that Vα is
the cube {(x, y) : |xi| < 1, |yj | < 1}, and Uα is the subset of Vα cut out by
y = 0. Note that x gives coordinates for Uα. Let V ′ = ∪αVα, and let {θα} be a
partition of unity for V ′ subordinate to {Vα} (the Vα may not be locally finite,
so to construct the θα, choose a locally finite refinement). A local calculation
shows that we may choose F ′α in DN (s) such that suppF ′α = supp(θαF ) and
πrsF

′
α = θαF , and so F ′ =

∑
α F ′α is the required element of DN (s).

For the third statement, retain the open cover Uα. We will need products
of the coordinates xi and yj , and we will use the multinomial notations yJ =
yJ1
1 · · · yJq

q and |J | =
∑

j Jj . Given F ∈ DUαN (s), a local calculation shows
that there are unique functions cJ(x) ∈ DUαN for all |J | ≤ s such that F =
js(

∑
|J|≤s cJyJ ) on Uα. Since suppF ⊂ Uα, F lies in Irs if and only if cJ ≡ 0
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whenever |J | ≤ r. We define a continuous linear projection pα : DUαN (s) → Irs

by

pα(F ) = js


 ∑

r<|J|≤s

cJyJ




on Uα and pα(F ) ≡ 0 off Uα. Define p : DN (s) → Irs by p(F ) =
∑

α pα(θαF );
then since Irs is an ideal and the pα are projections, p is a continuous linear
projection. Therefore DN (s) = kernel(p)⊕Irs, which proves the third statement.

Fourth, recall that πrs : JsM → JrM is a bundle map and an algebra
map on fibers. One checks locally that the kernels of πrs on the fibers form a
subbundle Krs of JsM whose fibers are ideals, and that the product of the fibers
Krs(p)Kqs(p) is contained in Kr+q+1,s(p) for all p ∈ M . Since JrM = JsM/Krs

and Kr+q+1,s = 0 if q ≥ s− r− 1, the JsM action on Krs factors through to an
action of Js−r−1M . The statement now follows from Irs = D(Krs|N ) ∩ DN (s).

For the fifth statement we must define the transversal order of elements of
the fiber ∆rM(p) for p ∈ N . One of the sets Uα from above contains p, and
the coordinates (x, y) on Vα give us the basis ∂xi |p and ∂yj |p of TM(p). If we
write ∂J

y for ∂J1
y1
· · · ∂Jq

yq , then ∆rM(p) has the basis {∂I
x∂J

y |p : |I + J | ≤ r}. For
k ≤ r, we define the subbundle ∆r(M, N, k) of differential operators of order
≤ r and transversal order ≤ k by letting the fiber ∆r(M, N, k)(p) have the basis
{∂I

x∂J
y |p : |J | ≤ k, |I + J | ≤ r}. This definition is coordinate free, and one sees

that the quotient bundle ∆rM |N/∆r(M, N, r − 1) is naturally isomorphic to
Sr(T⊥N)∗ in much the same way that one sees that ∆rM/∆r−1M ∼= SrTM .

Recall that for D ∈ D(∆rM |N ) and F ∈ DN (r) we have the pairing
〈D, F 〉 ∈ DN . One checks that if F ∈ Ir−1,r and f ∈ DN = DN (0), then
〈D, fF 〉 = 〈fD, F 〉 = f〈D, F 〉, and that 〈D, F 〉 ≡ 0 for all F ∈ Ir−1,r if
and only if D ∈ D∆r(M, N, r − 1). Since (∆rM |N/∆r(M, N, r − 1))∗ and
SrT⊥N are isomorphic, it follows that there is a DN -isomorphism from Ir−1,r

to D(SrT⊥N), and using the open mapping theorem as above shows that it is
a homeomorphism. 2

6 Representations in Functions on Neighborhoods
of Orbits

Recall from the introduction that O is a locally closed orbit of H in A∗, and
so O is regularly imbedded in A∗. In this section we will prove that there is
a canonical representation of G in DO(n) which is an object of ExtGO, and
exhibit an equivalence from this object to an object of ExtC

GO which will be
useful for computations. Note that DO(n) is not canonically a vector bundle
over O, while objects in ExtC

GO act in vector bundles.
The H-action on A∗ defines an H-bundle structure on JnA∗ such that jn in-

tertwines the representations of H on DA∗ and DJnA∗. Since O is H-invariant,
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there is a smooth representation of H on D(JnA∗|O), and one finds that DO(n)

is an invariant subspace. We write V(n) for the subrepresentation on DO(n),
and we extend V(n) to a representation of G by letting V(n)

a be multiplication
by (jnξa)|O for all a ∈ A, where ξa is the character function from the introduc-
tion. It may be of interest to note that if we let V = A∗\∂O, where ∂O is the
boundary of O, then V is a H-invariant open set in A∗ containing O as a closed
subset, and πn : DV → DO(n) is a G-map.

Clearly the maps πrs are G-maps, and so the ideals Ikn of DO(n) are G-
invariant. Thus V(n) admits the G-flag

DO(n) ⊃ I0,n ⊃ · · · ⊃ In−1,n.

Using Lemma 5.3 one checks that the isomorphism from DO(n)/Ikn to DO(k)

restricts to an isomorphism from Ik−1,n/Ik,n to Ik−1,k, and also that the isomor-
phism from In−1,n to D(SnT⊥O) is a G-map, where D(SnT⊥O) is a G-space via
the H-bundle structure on SnT⊥O coming from the natural H-bundle structure
on T⊥O, and the character action of A. Lemma 5.3 now yields the following
proposition.

Proposition 6.1 The representation V(n) of G on DO(n) is an object of ExtGO
whose composition series is isomorphic to D(SkT⊥O), 0 ≤ k ≤ n. 2

Our plan is to apply the results of [4] to reduce the study of DO(n) to
the study of certain representations of SA, and to use [4] we must find an
isomorphism of DO(n) with an object of ExtC

GO. To this aim let e be the
endpoint map from the total space of the real subbundle C of O × A∗ to A∗:
for p ∈ O and c ∈ Cp ⊂ A∗, e(p, c) = p + c.

We will write Ct for the total space of the bundle C, so that for example
ECt denotes the smooth functions from Ct to C, while EC denotes the smooth
sections of C. Given any vector space V , recall that SkV is its kth symmetric
tensor power (complexified if V is real), and let SnV = ⊕n

0SiV . We will view
SnV as an algebra via the projection from the algebra SV = S∞V to SnV
whose kernel is the ideal 〈V 〉n+1 = ⊕i>nSiV . Similarly, for any vector bundle
B we have the vector bundle SnB, whose fibers Sn(Bp) are algebras.

We will use the endpoint map e to define an isomorphism εn : DSnC∗ →
DO(n). Elements of the fiber SnC∗p are polynomials of degree ≤ n on Cp, and
so a section s ∈ DSnC∗ defines a function s̃ ∈ ECt that is polynomial on
fibers: for (p, c) ∈ Cp, s̃(p, c) is s(p)(c), the value of the polynomial s(p) at
c. For future reference, for k ≤ n let π̃kn : SnC∗ → SkC∗ be the projection
along the bundle of ideals K̃kn = ⊕k<i≤nSiC∗, and write also π̃kn for the
corresponding map DSnC∗ → DSkC∗ whose kernel is DK̃kn. Note that the
equality O×A∗ = TO⊕C defines an isomorphism C∗ ∼= T⊥O, which gives rise
to an isomorphism SnC∗ ∼= SnT⊥O.

Since C is complementary to TO in O×A∗, the differential of e : Ct → A∗ is
bijective everywhere. Therefore given p ∈ O, there is an open neighborhood Ṽ

22



of the point (p, 0) in Ct such that V = e(Ṽ ) is an open neighborhood of p in A∗

and e : Ṽ → V is a diffeomorphism. Given s ∈ DSnC∗, we define εn(s) ∈ DO(n)

by (εns)(p) = jn

(
s̃ ◦ (e|Ṽ )−1

)
(p).

It is clear that εns(p) is a well-defined element of JnA∗(p), independent of
the choice of Ṽ . To see that εns ∈ DO(n), let Ũ = Ṽ ∩ (O × 0) and let U be
the open neighborhood e(Ũ) of p in O. In order to exclude the possibility that
V ∩O is larger than U , shrink V so that V ∩O = U and shrink Ṽ accordingly.
Define fV ∈ EV to be s̃ ◦ e|−1

Ṽ
; then εns|U = jnfV |U and so εns ∈ DO(n).

Lemma 6.2 First, for k ≤ n we have εk ◦ π̃kn = πkn ◦ εn, εn(DK̃kn) = Ikn,
and suppεns = supps for all s ∈ DSnC∗. Second, εn : DSnC∗ → DO(n) is
a homeomorphism and an isomorphism of algebras. Third, the isomorphism
from DK̃n−1,n = DSnC∗ to DSnT⊥O obtained by following εn with the iso-
morphism from In−1,n defined in Lemma 5.3 is same as the one coming from
the isomorphism C∗ ∼= T⊥O.

Proof. First, retain the neighborhoods Ṽ , V , V ′, and U ′ from above, write ẽ
for the diffeomorphism e|Ṽ : Ṽ → V , and shrink U ′ and V ′ so that U ′ is a
coordinate chart on O with coordinates x = (x1, . . . , xp) and C|U ′ is trivial.
Then we may extend x to coordinates (x, y) on V ′ such that the equations
y = 0 define U ′, and for any q ∈ U ′, (x(q), y) are linear coordinates on the
plane q + Cq = e(Cq) ⊂ A∗ defined near (q, 0). In other words, for q ∈ U ′

fixed and c ∈ Cq varying c 7→ y(q + c) are linear coordinates on Cq defined near
0 (of course, linear coordinates are defined everywhere, but V ′ ∩ (q + Cq) is a
neighborhood of (q, 0)), and x(q + c) = x(q) is independent of c.

Given F ∈ DO(n) such that suppF ⊂ U ′, there are unique functions cJ ∈
DU ′O such that F = jn(

∑
|J|≤n cJyJ) on U ′. For x fixed at the value x(q) for

any q ∈ U ′, yJ is a polynomial on Cq, and so
∑
|J|≤n cJyJ may be viewed as

a section s in DU ′SnC∗ such that εns = F . This shows that at least when s
and F have support in U ′, suppεns = supps and F is in the image of εn. It
also shows that F is in εn(DK̃kn) if and only if cJ ≡ 0 for |J | ≤ k, which is
the same as F ∈ Ikn. Now the usual partition of unity arguments imply that
suppεns = supps in general, εn is surjective, and εn(DK̃kn) = Ikn.

To prove that εkπ̃kns = πknεns, it is enough to prove it on U ′. Since SnC∗ =
SkC∗ ⊕ K̃kn, there are unique sections s′ of SkC∗ and s′′ of K̃kn such that
s = s′ + s′′. Now using εns = jn(s̃ ◦ ẽ−1) on U ′, we find that we come down to
proving πknεns′′ = 0, and this follows from our choice of coordinates.

Second, εn is injective because it preserves supports, and we have already
seen that it is surjective. It is a homeomorphism by the same type of open
mapping theorem argument used in the proof of Lemma 5.3. To check that it is
an algebra map, it will do to prove εn(ss′) = εn(s)εn(s′) for both s and s′ having
support in U ′. This comes down to proving that the difference t = s̃s̃′− (ss′)̃ is
a function in EtC such that jn(t ◦ ẽ−1) is 0 on U ′. Now s̃ and s̃′ are polynomial
of degree ≤ n on the fibers Cp, and a review of the definition of multiplication in
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SnC∗ shows that (ss′)̃ is the part of s̃s̃′ of degree ≤ n. A coordinate calculation
finishes the proof.

We will leave the third statement to the reader; it may be proven by using
the differential operators ∂yj , which are sections of C|U ′ ⊂ TA∗|U ′ , and the
definition of the isomorphism in Lemma 5.3. 2

The isomorphism εn allows us to transport V(n) to an equivalent represen-
tation Ṽ(n) on DSnC∗, and we will prove that Ṽ(n) is an object of ExtC

GO. To
simplify notation let us write ε, V, and Ṽ in place of εn, V(n), and Ṽ(n) when
n is specified by the context. We begin with some isomorphisms, which will be
viewed as identifications when it is convenient. Any δ ∈ SnA∗ defines a constant
coefficient differential operator Dδ on A∗, and there is an isomorphism between
the bundles A∗ × SnA∗ and ∆nA∗ defined by (p, δ) 7→ Dδ(p). Any Ω ∈ SnA
defines a polynomial PΩ on A∗, and this defines a duality 〈 , 〉A between SnA∗

and SnA: 〈δ,Ω〉A = Dδ(0)PΩ. Note that this procedure defines a duality 〈 , 〉V
between SnV and SnV ∗ for any vector space V , such that 〈 , 〉V = 〈 , 〉V ∗ .

For p ∈ A∗, let PΩ,p be the shifted polynomial PΩ,p(q) = PΩ(q − p). Since
JnA∗ is dual to ∆nA∗ and SnA is dual to SnA∗, we get an isomorphism between
JnA∗ and A∗ × SnA. One checks that it maps the n-jet of PΩ,p at p to (p, Ω),
and hence that it is an algebra isomorphism on each fiber which identifies the
ideals Kkn(p) and 〈A〉k+1.

Under these identifications, DO(n) sits inside D(JnA∗|O) = D(O : SnA),
the functions on O with values in SnA, and the ideal Ikn of DO(n) sits inside
the ideal D(O : 〈A〉k+1). Let r : O × SnA → SnC∗ be the fiberwise map
r(p, Ω) = PΩ|Cp , and write also r for the resulting algebra map from D(O : SnA)
to DSnC∗. An easy calculation using the definition of ε gives the following
lemma.

Lemma 6.3 The isomorphism ε−1 : DO(n) → DSnC∗ is the restriction of r to
DO(n). Consequently, for p ∈ O, s ∈ DSnC∗, and δ ∈ SnCp ⊂ SnA∗ we have
〈δ, s(p)〉Cp = 〈δ, εs(p)〉A∗ . 2

We remark that as a map from DSnC∗ to D(O : SnA), ε is not a fiberwise
map but a differential operator of order n. We are now ready to compute the
action of the Lie algebra a on DSnC∗ under the representation Ṽ. Let ζ = dξ,
so that for α ∈ a, ζα : A∗ → C is the function ζα(p) = i〈α, p〉.

Proposition 6.4 The representation Ṽ together with the splitting SnC∗ = ⊕n
0SiC∗

is an object of ExtC
GO. If α ∈ a, s ∈ DSnC∗, and p ∈ O, then (Ṽαs)(p) =

r(p, ζα(p)+ iα)s(p). Here ζα(p)+ iα ∈ S1A is a polynomial on A∗ with constant
term ζα(p), r(p, ζα(p) + iα) ∈ S1C

∗
p is its restriction to Cp, and the product is

in the algebra SnC∗p .

Proof. Let F = ε(s). We must prove that ε−1(VαF )(p) = r(p, ζα(p) + iα)s(p).
Since ε−1(VαF ) = r(VαF ) and r is an algebra map, it is enough to prove
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(VαF )(p) = (ζα(p) + iα)F (p), where the product is in the algebra SnA. But
(VαF )(p) = jnζα(p)F (p), and since ζα is just the linear polynomial iα on A∗,
our identifications give jnζα(p) = ζα(p) + iα.

In light of Proposition 6.1 and the fact that ε
(⊕n

k+1DSiC∗
)

= Ikn, Ṽ will
be an object of ExtC

GO provided it satisfies the third property in the definition
of that category. We have just seen that Ṽα acts fiberwise, and if α lies in the
subspace C⊥ ⊗ C of a then r(p, α) = 0, so ṼαF (p) = ζα(p)F (p). Lifting these
statements from a to A completes the proof. 2

Note that now Theorem 2.1 applies to describe the actions of H and h under
Ṽ, although in fact it is easy to prove this description directly for this particular
representation.

7 Computation of FṼ (n)

Let π be any representation of H in a finite dimensional complex space V , and
extend it to a representation of G by making A act trivially. Then it follows
from Proposition 6.1 that the representation V(n) ⊗ π of G is in ExtGO, and
our goal is to reduce the problem of deciding which objects U of ExtGO are
subquotients of V(n) ⊗ π, for some n and π, to a problem involving only the
representation of S∞ associated to U at the end of Section 2.

The map ε ⊗ 1 is an equivalence from V(n) ⊗ π to Ṽ(n) ⊗ π, and it follows
from Proposition 6.4 that Ṽ(n) ⊗ π together with the splitting SnC∗ ⊗ V =
⊕n

0SiC∗ ⊗ V is in ExtC
GO. In this section we will compute the action of the

functor F : ExtC
GO → C from Section 2 on Ṽ(n) ⊗ π, which will allow us to

reduce our subquotient question to a problem in the category C.
As before we write Ṽ and V for Ṽ(n) and V(n). We begin by proving that

for 0 ≤ k ≤ n the bundles Ẽkk(Ṽ) of graded differential operators on SnC∗ are
isomorphic to the bundles ∆kA∗|O of differential operators of order ≤ k on A∗,
restricted to O. This isomorphism is the transpose εT of the map ε of Section 6,
and it will allow us to move FṼ to an equivalent object of C acting in the flag
∆nA∗(p0) = SnA∗. This object may be thought of roughly as FV , although V
is not in ExtC

GO.
We saw in the discussion around Lemma 6.2 that for any p ∈ O, we may

choose neighborhoods V ⊃ U 3 p as follows. First, U is open in O and closed
in V , V is open in A∗, and U = V ∩ O. Second, U is a coordinate chart on O
with coordinates xi and C|U is trivial, and so we may define coordinates x̃i, ỹj

on the total space of C|U such that for any (q, c) ∈ C|U , x̃i(q, c) = xi(q) and
c 7→ ỹj(q, c) are linear coordinates on Cq. Third, there is an open set Ṽ ⊂ C|U
such that the endpoint map e is a diffeomorphism from Ṽ to V . We will write
ẽ : Ṽ → V for this diffeomorphism, which we use to define coordinates xi, yj on
V by xi ◦ ẽ = x̃i and yj ◦ ẽ = ỹj .

Recall that ε : DSnC∗ → DO(n) is defined on U as follows. Given s ∈

25



DSnC∗, we view s as a function s̃ : Ct → C that is polynomial on fibers, and
we let εs|U = jn(s̃ ◦ ẽ−1)|U . So roughly speaking, ε is the transpose of e−1.
Now recall from the beginning of Section 5 that elements D ∈ D(∆nA∗|O) act
on elements F ∈ DO(n) to give functions DF ∈ DO, and so we have the map
εT D = D ◦ ε : DSnC∗ → DO. Note that with the identifications at the end of
Section 6, D(p) ∈ SnA∗, F (p) ∈ SnA, and DF (p) = 〈D(p), F (p)〉A.

Lemma 7.1 For any D in D(∆nA∗|O), εT D is in DẼnn(Ṽ), and εT is a fiber-
wise isomorphism from D(∆nA∗|O) to DẼnn(Ṽ). Therefore it arises from a
vector bundle isomorphism εT : ∆nA∗|O → Ẽnn(Ṽ), and εT maps ∆kA∗ iso-
morphically to Ẽkk(Ṽ) for 0 ≤ k ≤ n.

Proof. Let us write Ẽkl for Ẽkl(Ṽ). First we check that if D is in D(∆kA∗|O)
then εT D is in DẼkk. It follows from our choice of coordinates that there are
unique functions dIJ (x) on U such that D|U =

∑
|I+J|≤k dIJ∂I

x∂J
y , where we use

the multinomial notation from the proof of Lemma 5.3. Now the ỹj are nothing
but a section basis of the bundle C∗|U , and so for any s in DSnC∗ there are
unique functions sJ(x) on U such that s|U =

∑
|J|≤n sJ ỹJ . Since x̃ = x ◦ ẽ,

ỹ = y ◦ ẽ, and ∂J
y yj′ = J !δJJ ′ , we find that εT D(s)|U =

∑
J !dIJ∂I

xsJ (x). Since
dIJ = 0 if |I + J | > k, we know at least that εT D is a differential operator of
order ≤ k. To check that it is graded so as to be in DẼkk, recall the flag of vector
bundles SnC∗ ⊃ K̃0n ⊃ · · · ⊃ DK̃n−1,n ⊃ 0 defined below Proposition 6.1. This
is the flag left invariant by Ṽ, where s ∈ K̃kn if and only if sJ = 0 for |J | ≤ k
for all choices of U as above. A review of the definition of DẼkl shows that it
consists of differential operators of order ≤ k from DSnC∗ → DO that restrict
to 0 on DK̃ln, and to differential operators of order ≤ k − i − 1 on DK̃in for
0 ≤ i ≤ l. In particular, εT D is in DẼkk if and only if dIJ = 0 whenever
|I + J | > k, and so εT maps D(∆kA∗|O) surjectively to DẼkk.

For any f ∈ DO, εT (fD) = fεT D, and so εT is a fiberwise map. We leave
it to the reader to check that it is injective. 2

Recall the fiberwise restriction map r : DO⊗SnA → DSnC∗, which restricts
to the inverse of ε on DO(n). For any D ∈ DẼnn, let rT (D) be D ◦ r : DO(n) →
DO. It follows from Lemma 7.1 that rT is a bundle isomorphism from Ẽnn to
∆nA∗|O which takes Ẽkk to ∆kA∗|O, and that it is the inverse of εT .

Definition. Let φ̃(n) = FṼ(n), the object of C acting in Ẽnn. Let µ : Ẽnn(p0) →
∆nA∗(p0) = SnA∗ be the isomorphism rT (p0), and use µ to transport φ̃(n) to
an object φ(n) of C acting in SnA∗. We will usually write simply φ̃ and φ for
these objects.

Instead of finding the action of φ̃ we will find the action of φ, which should
be thought of as FV. It may seem that we could have avoided Ṽ altogether,
but since V is not canonically an object of ExtC

GO we defined Ṽ in order to
use the machinery of [4]. To understand the sense in which φ = FV, let us

26



define a representation ∆V of G on D(∆nA∗|O) by ∆Vg(D) = λg ◦ D ◦ V−1
g .

Here ∆VgD is well defined because sections of ∆nA∗|O are determined by their
action on DO(n). By the above remarks rT intertwines ∆Ṽ and ∆V, and so
since µ = rT (p0) is a C-isomorphism by definition, we see that the S′-action of
φ is simply ∆V|S′(p0), the little group representation of ∆V at p0. Using the last
paragraph of Section 2, we see that the g-action φX : En−1,n−1(φ) → Enn(φ) is
φX(δ) = −δ ◦ VX .

We will now compute Ekk(φ) and Nk(φ), and from now on we will write
Ek instead of Ekk. By definition Ek(φ) = µ

(
Ek(φ̃)

)
= ∆kA∗(p0) = SkA∗.

In computing Nk(φ) = µ
(
Nk(φ̃)

)
we will use the fact that if Y ⊂ Z is any

subspace of any vector space and r : SZ∗ → SY ∗ is restriction of polynomials,
then rT : SY → SZ is inclusion. Since Nk(φ̃) is the space of order 0 differential
operators at p0 on DSnC∗ that annihilate the ideal DK̃kn(p0), we find that
Nk(φ̃) = K̃kn(p0)⊥ ⊂ (SnC∗p0

)∗. Henceforth we will write C0 for Cp0 and
identify the dual of SnC∗0 with SnC0, which gives Nk(φ̃) = SkC0. Now on
order 0 differential operators µ = rT (p0) is r(p0)T , and so the fact noted above
gives Nk(φ) = SkC0.

Next we will use the fact that φ = FV to compute the S′∞-action of φ. Let
us write λ for the canonical action of H on DA∗, extended to an action of G by
the character action of A. We will also continue to use λ for the same action
on DO, as we did in Section 2. Let us write ` for the graded action of H on
SA, and `∗ for the graded action on SA∗. Then ` and `∗ are dual actions, and
we make A∗×SA∗ and A∗×SA into H-bundles by the product action. Now λ
makes ∆nA∗ and JnA∗ into H-bundles, and we leave it to the reader to check
that our identification of ∆nA∗ with A∗ × SnA∗ is an H-isomorphism, and so
the identification of JnA∗ with A∗ × SnA is also, by duality.

The bundle O×SnA∗ = ∆nA∗|O is also an H-bundle by the product action,
and a review of the definition of V shows that the restriction ∆V|H of the
representation ∆V defined above is the representation λ ⊗ ` on DO ⊗ SnA∗

associated to this H-bundle structure.
If Z is any vector space and z ∈ Z, let mz : SZ → SZ be multiplication by

z, and for α ∈ Z∗ let ∂α : SZ → SZ be the derivative along α of elements of SZ,
viewed as polynomials on Z∗. Then ∂α is a derivation of the algebra SZ such
that ∂α(SnZ) ⊂ Sn−1Z, and on Z we have ∂αz = 〈α, z〉. It is elementary that
the transpose ∂T

α : SZ∗ → SZ∗ is mα. We are now in a position to compute φ.

Proposition 7.2 The object φ of C acts in SnA∗, with Ek(φ) = SkA∗ and
Nk(φ) = SkC0. For α ∈ a, s ∈ S, and X ∈ h, we have φα = −ζα(p0) − i∂α,
φs = `s, and φX = `X + mXp0 : Sn−1A

∗ → SnA∗.

Proof. We have already seen the first sentence. The formula for φα follows from
the proof of Proposition 6.4 and the fact that mT

α = ∂α, and φs = `s follows
from ∆V = λ⊗ `, since φ|S is the little group representation of ∆V|H at p0. For
δ ∈ SnA∗, we compute φXδ = −δ ◦ VX using the identifications from the end
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of Section 6. As an element of ∆nA∗(p0), δ is Dδ|p0 , and if Ω ∈ SnA then as
an element of JnA∗(p0), Ω is the n-jet jnPΩ,p0(p0) of the polynomial PΩ,p0 at
p0. Now VXjnPΩ,p0 = jnλXPΩ,p0 , and one finds that λXPΩ,p0 = PΩ′,p0 , where
Ω′ = `∗XΩ− ∂Xp0Ω. Thus 〈φXδ,Ω〉 = −〈δ, (`∗X − ∂Xp0)Ω〉 = 〈(`X + mXp0)δ,Ω〉,
completing the proof. 2.

We will now consider the representation Ṽ ⊗ π defined at the beginning of
this section. In fact, it will be more convenient to study Ṽ ⊗ π∗, and we will
write Vπ and Ṽπ for V ⊗ π∗ and Ṽ ⊗ π∗. Then r ⊗ 1 : Vπ → Ṽπ is a G-
isomorphism, and clearly ∆Ṽπ = (∆Ṽ) ⊗ π, so the object φ̃π = FṼπ of C acts
in Ek(φ̃π) = Ek(φ̃) ⊗ V with Nk(φ̃π) = Nk(φ̃) ⊗ V . Define an object φπ of C
with Ek(φπ) = SkA∗ ⊗ V and Nk(φπ) = SkC0 ⊗ V by making µ⊗ 1 : φ̃π → φπ

an equivalence, where µ : φ̃ → φ is the equivalence from above.

Proposition 7.3 The object φπ of C is φ⊗π, where the representation π of H
is restricted to a representation of S∞ with flag V = V0 = V1, and the tensor
product is the one between C and RS∞ defined in Section 4.

Proof. If we define a representation ∆Vπ of G on D(∆nA∗|O)⊗V by ∆Vπ
g (D) =

λg ◦D ◦ Vπ
g−1 , then rT ⊗ 1 is a G-isomorphism and so ∆Vπ is actually (∆V)⊗

π. Furthermore, φπ = FVπ in the same sense as before, and so φπ|S′ is the
inhomogeneous little group representation of ∆V ⊗ π at p0, which is φ|S′ ⊗ π.
To check that φπ

X = φX ⊗1+1⊗πX , choose δ ∈ SnA∗ and v ∈ V and compute
φπ

X(δ ⊗ v) = −(δ ⊗ v) ◦ (V ⊗ π∗)X , using the fact that V ⊗ π∗ is an ordinary
representation of H. 2

In Section 8 we will need the fact that the restriction of φ to a representa-
tion of S∞ is in fact the restriction of a representation φ̃ of H on SnA∗, i.e.,
φ|S∞ = φ̃|S∞ . To understand why this is the case, note that φ is an S′∞-
subrepresentation of an ordinary S′, g-representation on the entire symmetric
algebra SA∗, and the restriction of this representation to S, h leaves the ideal
〈A∗〉n+1 invariant. Hence it defines a quotient representation on SnA∗, and this
representation extends φ|S∞ to an ordinary representation of S, h.

To extend φ|S∞ further to a representation of H, recall that φ is defined
using the identification δ 7→ Dδ|p0 of SnA∗ with ∆nA∗(p0). The action of φ on
∆nA∗(p0) is dual to the natural action on JnA∗(p0), and this space is naturally
isomorphic to the polynomials PnA∗ on A∗ of degree ≤ n. Now PnA∗ carries
a natural action of H, the dual of which extends φ|S∞ to H. Furthermore,
translation by p0 in PnA∗ intertwines the H action on JnA∗(p0) with that on
JnA∗(0), which is just `∗. Working this out yields the following results.

For any p ∈ A∗, define an endomorphism mp : δ 7→ pδ of SnA∗ such that
mp maps the ideal 〈A∗〉n to 0. Let φ̃ be the representation of H on SnA∗

defined by φ̃h = exp(mhp0 −mp0) ◦ `h; since `h ◦mp ◦ `−1
h = mhp, φ̃ is indeed

a representation. Differentiating at e yields φ̃X = `X + mXp0 , which gives the
next proposition.
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Proposition 7.4 The restriction of φ̃ to a representation of S∞ on the flag
SnA∗ ⊃ Sn−1A

∗ is φ|S∞ . Furthermore, exp(mp0) intertwines the representa-
tions φ̃ and ` of H. 2

8 The Main Theorem

We may now prove our main theorem, which gives a condition for an object
U of ExtC

GO to be isomorphic to a subquotient of Vπ for some π, in terms of
the restriction of the representation of S′∞ associated to FU to S∞. The main
strength of the theorem is that in deciding whether or not U is a subquotient
of Vπ, it is not necessary to consider the A-action of FU .

Theorem 8.1 Let U be an object of ExtC
GO, and write σ for FU . Then U is

isomorphic to a subquotient of Vπ for some representation π of H on a finite
dimensional complex vector space V if the representation σ̃ = σ|S∞ of S∞ on
the flag En ⊃ En−1 is a subquotient of the restriction of π to a representation
of S∞ on the flag V = V0 = V1. Conversely, if U is isomorphic to a subquotient
of Vπ for some π, then σ̃ is a subquotient of the restriction of a representation
of H to S∞ (this representation of H is not necessarily π).

Remark. It is well known that if H is a real linear algebraic group and S ⊂ H
is an algebraic subgroup, then all rational representations of S are subquotients
of restrictions of rational representations of H, see e.g. [1]. If there is an analog
of this fact showing that for some wide class of subgroups S of algebraic groups
H, a wide class of representations of S∞ are subquotients of restrictions of
representations of H, we will be able to say that “most” of the representations
in ExtC

GO are isomorphic to subquotients of representations of the form Vπ.
In light of Theorem 2.1, this would mean that generically, representations in
ExtGO are isomorphic to subquotients of representations of the form Vπ.

Proof. If U is isomorphic to a subquotient of Vπ, then σ is a subquotient of
FVπ = φ ⊗ π in both the categories C and RS′∞ by Lemma 3.5. By Propo-
sition 7.4, (φ ⊗ π)|S∞ is itself the restriction of the representation φ̃ ⊗ π of H,
and so the converse statement of the theorem is proven.

Suppose now that σ̃ is isomorphic to a subquotient of π|S∞ in the category
RS∞. Then Lemma 4.3 shows that φ ⊗ σ̃ is isomorphic to a subquotient of
φ⊗π in the category C, where the tensor product is the one defined in Section 4
mapping C × RS∞ to C. Therefore if we can show that σ is isomorphic to a
subquotient of φ⊗ σ̃ in C, we will have that σ is isomorphic to a subquotient of
φ⊗ π in C. Lemma 3.5 will then show that U is isomorphic to a subquotient of
Vπ, completing the proof of the theorem.

We will in fact show that σ is isomorphic to a subobject of φ ⊗ σ̃ in the
category C, by defining a C-monomorphism z : σ → φ⊗ σ̃. Write Ek and Nk for
Ek(σ) and Nk(σ), and recall from the end of Section 2 that the flag associated
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to the representation σ̃ of S∞ on En ⊃ En−1 is En ⊃ · · · ⊃ E0 ⊃ 0. Let
Ėk = Ek(φ⊗ σ̃) and Ṅk = Nk(φ⊗ σ̃); by definition

Ėk =
⊕

p+q=k

SpA
∗ ⊗ Eq and Ṅk =

⊕

p+q=k

SpC0 ⊗ Eq.

In order to define z, we must define an algebra representation Σ of SnA on
En. For α ∈ a = AC, let Σα = i

(
σα + ζα(p0)

)
. Since σ is a representation

of the abelian Lie algebra a, this defines a representation Σ of the U(a) = SA.
Using the last paragraph of Section 2 we find that Σα(Ek) ⊂ Ek−1, so the ideal
〈A〉n+1 acts as 0 under Σ and hence Σ factors through to a representation of
SnA.

For any Ω ∈ SnA, let ΣT
Ω : E∗

n → E∗
n be the transpose of ΣΩ. Then ΣT is an

algebra representation of SnA on E∗
n, and we define the map z : En → SnA∗⊗En

by defining its transpose zT : SnA⊗E∗
n → E∗

n to be zT (Ω⊗ε) = ΣT
Ωε. We remark

that if σ = φ, ΣT
α = mα and zT : SnA⊗SnA → SnA is just multiplication; this

case led us to discover z. Since zT is surjective, z is injective, and we will show
that z(Nk) ⊂ Ṅk and that z is a S′∞-map. Then it will follow from Lemma 4.2
that z(Ek) ⊂ Ėk and that z is a flag monomorphism in C, which means that σ
is isomorphic to a subobject of φ ⊗ σ̃ and Theorem 8.1 is proven. In order to
proceed we need a lemma, whose proof will be omitted.

Lemma 8.2 Let A, B, Y , and Z be finite dimensional vector spaces, α : A → Z
and β : B → Y linear maps, Z0 and Z1 subspaces of Z, A0 ⊂ · · · ⊂ An ⊂ A
and B0 ⊂ · · · ⊂ Bn ⊂ B flags, and denote transposes with a superscript T .
First, α(A0) ⊂ Z0 if and only if αT (Z⊥0 ) ⊂ A⊥0 . Second, if j : Z0 → Z is
inclusion, jT is projection. Third, (A0 ⊗B0)⊥ = A⊥0 ⊗B∗ + A∗ ⊗B⊥

0 . Fourth,
(Z0 + Z1)⊥ = Z⊥0 ∩ Z⊥1 . Fifth, (α⊗ β)T = αT ⊗ βT . Last,


 ∑

p+q=k

Ap ⊗Bq



⊥

=
∑

r+s=k−1

A⊥r ⊗B⊥
s .

In proving that z(Nk) ⊂ Ṅk, we will actually prove that z(Nk) ⊂ ∑
p+q=k SpC0⊗

Nq. Writing 〈C⊥0 〉 for the ideal in SnA generated by C⊥0 , we have (SpC0)⊥ =
〈C⊥0 〉+ 〈A〉p+1, and so by Lemma 8.2 it will do to prove that

〈
Nk,

∑

r+s=k−1

ΣT
(〈C⊥0 〉+ 〈Ar+1〉)N⊥

s

〉
= 0.

Since Σ〈C⊥0 〉Nk = 0, the terms containing C⊥0 are 0, and since ΣT 〈Ar+1〉N⊥
s ⊂

Nr+s+1 = Nk, the equation holds.
We will check that z is an S′∞-map by checking separately that it is an

S-map, an a-map, and a h-map. For s ∈ S we need z ◦ σs = (φs ⊗ σ̃s) ◦ z, or
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σT
s ◦ zT = zT ◦ (φT

s ⊗ σT
s ). Applying both sides to some Ω ⊗ ε ∈ SnA ⊗ E∗

n,
we see that we need σT

s ◦ ΣT (Ω)ε = ΣT (φT
s Ω) ◦ σT

s ε. This comes down to
Σ(Ω) = σs ◦ Σ(φT

s Ω) ◦ σ−1
s , and it is enough to check this for Ω = α ∈ a. By

Proposition 7.2, φs = `s, and so φT
s = `∗(s−1) acts on α to give Ad−1

s α. Now
the definition of Σ and the fact that sp0 = p0 give the desired equality.

For α ∈ a, (φ ⊗ σ̃)α = φα ⊗ 1 because σ̃ is trivial on A, and so we need to
check that z ◦ σα = (φα ⊗ 1) ◦ z. Taking the transpose and applying both sides
to Ω ⊗ ε, we need σT

α ◦ ΣT (Ω)ε = ΣT (φT
αΩ)ε, or Σ(Ω) ◦ σα = Σ(φT

αΩ). Now
φT

α = −ζα(p0)− imα, so

Σ(φT
αΩ) = Σ(−ζα(p0)− iα) ◦ Σ(Ω) = σα ◦ Σ(Ω) = Σ(Ω) ◦ σα.

It is a little tricky to check that z ◦ σX = (φ ⊗ σ̃)X ◦ z for X ∈ h, because
σX and φX are not endomorphisms of En and SnA∗, but rather are maps from
En−1 to En and Sn−1A

∗ to SnA∗, respectively. First, a direct argument like the
one used to prove that z(Nk) ⊂ Ṅk shows that z(En−1) ⊂ Sn−1A

∗⊗En−1, and
so both sides map En−1 to SnA∗⊗En. Let us write ρ for both of the projections
E∗

n → E∗
n−1 and SnA → Sn−1A. Then we find that (z◦σX)T : SnA⊗E∗

n → E∗
n−1

acts on Ω⊗ ε to give σT
X ◦ΣT (Ω)ε, while zT ◦ (φ⊗ σ̃)T

X = zT ◦ (φT
X ◦ ρ + ρ⊗σT

X)
acts on it to give ΣT (φT

XΩ) ◦ ρε + ΣT (ρΩ) ◦ σT
Xε. Thus we need to check that

Σ(Ω) ◦ σX and Σ(φT
XΩ) + σX ◦ Σ(ρΩ) are equal as maps from En−1 to En.

Here φX = `X + mXp0 gives φT
XΩ = −ρ`∗XΩ + ∂Xp0Ω, and note that since

Σ〈An〉En−1 = 0, Ω and ρΩ have the same action on En−1 under Σ. Hence we
come down to proving that [σX , ΣΩ] = Σ(−`∗XΩ+∂Xp0Ω). Since both ad(σX)◦Σ
and Σ ◦ (∂Xp0 − `∗X) are Σ-derivations from SnA to End(En), it is enough to
check the equality for Ω = α ∈ a, where it is easy. 2

The following variation on Theorem 8.1 can be more practical than the the-
orem for computations. For example, if U = Vπ then σ = FU = φ ⊗ π, and
so Theorem 8.1 exhibits U as a subquotient of V φ̃⊗π, where φ̃ is the repre-
sentation of H from Proposition 7.4. Here U is actually equal to Vπ, a much
simpler representation than V φ̃⊗π, and it would be nice to have an improve-
ment of Theorem 8.1 which would sense this and exhibit U as a subquotient
of Vπ. Corollary 8.3 does this, as the restriction of φ ⊗ π to a representation
of S∞ on SnA∗ ⊗ V has π|S∞ as a quotient. To see this, divide by the S∞-
subrepresentation 〈A∗〉 ⊗ V , and use Proposition 7.4 to check that the quotient
is π|S∞ and that it has the property required by Corollary 8.3.

Corollary 8.3 Given U in ExtC
GO, let σ = FU . Suppose that the restriction of

σ to a representation σ̃ of S∞ on En ⊃ En−1 has a quotient S∞-representation
σ on a flag Xn ⊃ Xn−1, such that the subspace X∗

n of E∗
n generates E∗

n under
the action of the representation σ∗|A. If there is a representation π of H on a
space V such that σ is a subquotient of π|S∞ , then U is a subquotient of Vπ.

Proof. We must show that σ is a C-subquotient of φ ⊗ π. Since σ is a
S∞-subquotient of π, φ ⊗ σ is a C-subquotient of φ ⊗ π by Lemma 4.3, and
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so we need only show that σ is a C-subquotient of φ ⊗ σ. Let ρ : En → Xn

be the quotient map intertwining σ̃ = σ|S∞ with σ, let z : En → SnA∗ ⊗ En

be the C-map from the proof of Theorem 8.1, and let z : En → SnA∗ ⊗ Xn

be (1 ⊗ ρ) ◦ z. By Lemma 4.3, 1 ⊗ ρ is a C-map from φ ⊗ σ̃ to φ ⊗ σ, and
so z is a C-map from σ to φ ⊗ σ. Now zT : SnA ⊗ X∗

n → E∗
n is just zT , and

so zT (SnA ⊗ X∗
n) = ΣT (SnA)X∗

n. The assumption that σ∗
(
U(a)

)
X∗

n = E∗
n

therefore gives that zT is surjective, and so z is injective and σ is actually a
C-subobject of φ⊗ σ. 2

9 An Example

We will now apply our main theorem to the example of Rideau’s mentioned in
the introduction. Let A = R1,3, and let H = SL2C act on A via the double cover
of the identity component of SO(1, 3) by H. Then G is the Poincare group, and
we take O to be the forward light cone. Let F0 be the trivial bundle O × C,
let F1 be the complexified tangent bundle TcO, and let U i be the canonical
representation of G in DFi for i = 0, 1. Let σi be the little representation of S
in F ∗i (p0), so that U i is induced from the representation σ∗ ⊗ eip0 of S′. In [9],
Rideau studied indecomposable representations U of G acting in DF0⊕DF1 that
leave DF1 invariant and define U0 and U1 in the subquotients. He found that
there is a bijection from the set of equivalence classes of these representations
to the projective complex plane P1, which is described in the notation of this
paper on page 663 of [4]. There we classified the objects σ (actually, η(σ)) of
C such that σ = FU for some such U , indexing them by elements (p, x) of C2.
Write σp,x for the object of C with index (p, x), and let Up,x be a representation
in ExtC

GO with FUp,x = σp,x. We found that Up,x
∼= Up′,x′ if and only if

[p, x] = [p′, x′] in P1 or both indices are (0, 0), and that Up,x decomposes if
and only if (p, x) = (0, 0). Furthermore, we saw that U0,x is induced and is
isomorphic to the natural representation on DO ⊗ A if x 6= 0, and that Up,x is
not induced if p 6= 0. Here we will prove that for all (p, x), Up,x has the type of
geometric realization sought after in this paper. This result was first obtained
by Cassinelli, Truini, and Varadarajan [2].

Proposition 9.1 For all (p, x) in C2, Up,x is isomorphic to a subquotient of
V(1) ⊗ (π ⊕ 1), where 1 is the trivial representation of H on C and π is the
representation of H on A.

Proof. We will use Corollary 8.3, and for brevity we will use the notation from
Section 6 of [4]. Fix (p, x), and write σ for σp,x and η for η(σp,x). Since E1,1 is
linearly isomorphic to M1,1 and σ acts in E1,1 (see Section 2 of this paper), we
may transport σ to M1,1. Here M1,1 = L0 ⊕ (L0 ⊗ r)⊕ L1, where L0 has basis
f0
0 , L1 has basis f−2

1 , f0
1 , f2

1 , and r has basis M+,M−,M3.
In order to describe the S′∞-action of σ, we must give the actions of s′ and

r. The space E0,0 = M0,0 is just L0, and it is only here that σ|r is defined. A
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review of the definition of the S′∞-structure of objects of C shows that M ∈ r
acts by right multiplication: σMf0

0 = −f0
0 ⊗M . The s′-action follows from the

formulae for the action of η given in [4]; we will simply state the relevant facts.
The flag L0 ⊗ r ⊃ 0 is an S∞-subrepresentation of the representation σ|S∞ on
M1,1 ⊃ L0 which has the quotient property. Keep in mind that when we speak
of S′∞, S′ is being viewed as a subgroup of G, while when we speak of S∞, S is
being viewed as subgroup of H. Writing X1 ⊃ X0 for the quotient flag, we find
that the quotient S∞-representation is isomorphic to one of two representations
of S∞, depending on whether x is 0 or not. In both cases, h acts by 0 on X0.
If x 6= 0, the S-action on X1 is isomorphic to π, and if x = 0 it is isomorphic to
σ0 ⊕ σ1. In either case, it follows from Lemma 1.2 that X1 ⊂ X0 is isomorphic
to a subquotient of the restriction of π⊕ 1 to a representation of S∞. We leave
the reader to use the formulae for η|a from [4] to check that X∗

1 generates E∗
1

under the action of A, and then apply Corollary 8.3 to complete the proof. 2
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