Advanced Studies in Pure Mathematics xx, 199x Singularities and Arrangements, Sapporo-Tokyo 1998 pp. 0–0

Logarithmic forms and anti-invariant forms of reflection groups

Anne Shepler and Hiroaki Terao^1

Abstract.

Let W be a finite group generated by unitary reflections and A be the set of reflecting hyperplanes. We will give a characterization of the logarithmic differential forms with poles along A in terms of antiinvariant differential forms. If W is a Coxeter group defined over R, then the characterization provides a new method to find a basis for the module of logarithmic differential forms out of basic invariants.

Basic definitions. Let V be an ℓ-dimensional unitary space. Let W ⊂ GL(V ) be a finite group generated by unitary reflections and A be the set of reflecting hyperplanes. We say that W is a unitary reflection group and A is the corresponding unitary reflection arrangement. Let S be the algebra of polynomial functions on V. The algebra S is naturally graded by S = ⨁ q≥0 S_q where S_q is the space of homogeneous polynomials of degree q. Thus S_1 = V^∗ is the dual space of V. Let Der_S be the S-module of C-derivations of S. We say that θ ∈ Der_S is homogeneous of degree q if θ(S_1) ⊆ S_q . Choose for each hyperplane H ∈ A a linear form α_H ∈ V^∗ such that H = ker(α_H ). Define Q ∈ S by Q = ∏ H∈A α_H . The polynomial Q is uniquely determined, up to a constant multiple, by the group W. When convenient we choose a basis e_1, . . . , e_l for V and let x_1, . . . , x_l denote the dual basis for V^∗. Let ⟨ , ⟩ : V^∗ × V → C denote the natural pairing. Thus ⟨x_i, e_j⟩ = δ_{ij} . For each v ∈ V let ∂_v ∈ Der_S be the unique derivation such that ∂_vx = ⟨x, v⟩ for x ∈ V^∗. Define ∂_i ∈ Der_S by ∂_i = ∂_{ei} . Then ∂_ix_j = δ_{ij} and Der_S is a free S-module with basis ∂_1, . . . , ∂_l. There is a natural isomorphism S ⊗ V → Der_S of S-modules given by f ⊗ v → f∂_v Received October xx, 1998.

1 Partially supported by NSF-DMS 9504457.

Logarithmic forms and anti-invariant forms of reflection groups 1

for f ∈ S and v ∈ V. Let Ω^1 = Hom_S (Der_S , S) be the S-module dual to Der_S . Define d : S → Ω^1 by df(θ) = θ(f) for f ∈ S and θ ∈ Der_S . Then d(ff^′) = (df)f^′ + f(df^′) for f, f^′ ∈ S. Furthermore, Ω^1 is a free S-module with basis dx_1, . . . , dx_l and df = ∑_l i=1 (∂_if)dx_i. There is a natural isomorphism S ⊗ V^∗ → Ω^1 of S-modules given by f ⊗ x → fdx for f ∈ S and x ∈ V^∗. The modules Der_S and Ω^1 inherit gradings from S which are defined by deg(f∂_v ) = deg(f) and deg(fdx) = deg(f) if f ∈ S is homogeneous. Define Ω^p = ⋀_p S Ω^1 (p = 1, . . . , ℓ). The S-module Ω^p is free with a basis {dx_{i1} ∧ · · · ∧ dx_{ip} | 1 ≤ i_1 < · · · < i_p ≤ ℓ}. It is naturally isomorphic to S ⊗_C ⋀_p V^∗. Let Ω^p(A) be the S-module of logarithmic p-forms with poles along A [Sai3][OrT]:

Ω^p(A) = { η Q | η ∈ Ω^p, d( η Q ) ∈ 1 Q Ω^{p+1}}

where d is the exterior differentiation.

The unitary reflection group W acts contragradiently on V^∗ and thus on S. The modules Der_S and Ω^p (p = 1, . . . , ℓ) also have W -module structures so that the above isomorphisms are W -module isomorphisms. If M is an C[W ]-module let M^W = {x ∈ M | wx = x for all w ∈ W } denote the space of invariant elements in M. Let M^{det−1} = {x ∈ M | wx = det(w)^{−1}x for all w ∈ W } denote the space of anti-invariant elements in M. Let R = S^W be the invariant subring of S under W . By a theorem of Shephard, Todd, and Chevalley [Bou, V.5.3, Theorem 3] there exist algebraically independent homogeneous polynomials f_1, . . . , f_l ∈ R such that R = C[f_1, . . . , f_l]. They are called basic invariants. Elements of S^{det−1} and (Ω^p)^{det−1} are called anti-invariants and anti-invariant pforms respectively. It is well-known that S^{det−1} = RQ.

The main theorem. The following theorem gives the relationship between logarithmic forms and anti-invariant forms.

Theorem 1. For 1 ≤ p ≤ ℓ,

Ω^p(A) = 1 Q (Ω^p)^{det−1} ⊗_R S.

Proof. Let x_1, . . . , x_ℓ be an orthonormal basis for V^∗. Let θ_1, . . . , θ_ℓ be an R-basis for Der^W_S . Then, by [OrT, Theorem 6.59], θ_1, . . . , θ_ℓ is known to be an S-basis for the module D(A) of A-derivations, where D(A) = {θ ∈ Der_S | θ(Q) ∈ QS}.

2 A. Shepler and H. Terao

By the contraction ⟨ , ⟩ of a 1-form and a derivation, the S-modules D(A) and Ω^1(A) are S-dual each other [OrT, Theorem 4.75] . Let {ω_1, . . . , ω_ℓ} ⊂ Ω^1(A) be dual to {θ_1, . . . , θ_ℓ}. In other words, ⟨θ_i, ω_j⟩ = δ_{ij} (Kronecker’s delta). Then {ω_1, . . . , ω_ℓ} is an S-basis for Ω^1(A). Then each ω_i is obviously W -invariant and

ω_i ∈ ( 1 Q Ω^1)^W = 1 Q (Ω^1)^{det−1} .

Therefore we have

Ω^1(A) ⊆ 1 Q (Ω^1)^{det−1} ⊗_R S.

By [OrT, Proposition 4.81], the set {ω_{i1} ∧ · · · ∧ ω_{ip} | 1 ≤ i_1 < · · · < i_p ≤ ℓ} is a basis for Ω^p(A). In particular, ω_{i1} ∧ · · · ∧ ω_{ip} ∈^1_Q Ω^p. Since ω_{i1} ∧ · · ·∧ ω_{ip} is W -invariant, Q(ω_{i1} ∧ · · ·∧ ω_{ip} ) ∈ (Ω^p)^{det−1} . This shows that

Ω^p(A) ⊆ 1 Q (Ω^p)^{det−1} ⊗_R S.

Conversely let ω ∈^1_Q (Ω^p)^{det−1} . Then Qω ∈ Ω^p ⊆ Ω^p(A). Thus Qω can be uniquely expressed as Qω = ∑ i_1<···<i_p f_{i1···ip} ω_{i1} ∧ · · · ∧ ω_{ip} (f_{i1···ip} ∈ S). Act w ∈ W on both sides, and we get

det(w)^{−1}Qω = w(Q)ω = ∑ i_1<···<i_p w(f_{i1 ···ip} )ω_{i1} ∧ · · · ∧ ω_{ip} . Therefore, by the uniqueness of the expression, we have det(w)^{−1}f_{i1···ip} = w(f_{i1···ip} ) (w ∈ W ) and f_{i1 ···ip} ∈ S^{det−1} = RQ. This implies that each f_{i1···ip} /Q lies in S and that ω = ∑ i_1<···<i_p ( f_{i1 ···ip} Q ) ω_{i1} ∧ · · · ∧ ω_{ip} ∈ Ω^p(A). Thus we have shown the inclusion 1 Q (Ω^p)^{det−1} ⊗_R S ⊆ Ω^p(A).

Q.E.D.

Logarithmic forms and anti-invariant forms of reflection groups 3 Taking the W -invariant parts of the both sides in Theorem 1, we have

Corollary 2. For 1 ≤ p ≤ ℓ, (Ω^p(A))^W = 1 Q (Ω^p)^{det−1} .

The following theorem is a special case of a theorem obtained by Shepler [She].

Theorem 3 (Shepler). For 1 ≤ p ≤ ℓ,

(Ω^p)^{det−1} = Q^{1−p} p⋀ R (Ω^1)^{det−1} .

Proof. In the proof of Theorem 1, we have already shown that the both sides have the same R-basis {Q(ω_{i1} ∧ · · · ∧ ω_{ip} ) | 1 ≤ i_1 < · · · < i_p ≤ ℓ}. Q.E.D.

The Coxeter case. From now on we assume that W is a Coxeter group. In other words, for an ℓ-dimensional Euclidean space V , W ⊂ GL(V ) is a finite group generated by orthogonal reflections and W acts irreducibly on V . The objects like S, R, and Ω^p are defined over R. Note that det(w) is either +1 or −1 for any w ∈ W and thus det = det^{−1}.

Recall the definition of the R-linear map d̂ : S −→ Ω^1 in [SoT, Proposition 6.1]: d̂f =^ℓ ∑ i=1 (∂_if)d(Q(Dx_i)). Here D is a Saito derivation introduced in [Sai2][SYS]. The following proposition is Proposition 6.1 in [SoT]:

Proposition 4 (Solomon-Terao). Let f_1, . . . , f_ℓ be basic invariants. Then (Ω^1)^{det} = Rd̂f_1 ⊕ · · · ⊕ Rd̂f_ℓ.

From Theorem 3 and Proposition 4 we get

4 A. Shepler and H. Terao

Corollary 5. For 1 ≤ p ≤ ℓ,

(Ω^p)^{det} = ⨁ 1≤i_1<···<i_p≤ℓ RQ^{1−p}(d̂f_{i1} ∧ · · · ∧ d̂f_{ip} ).

Using Theorem 1, we have Corollary 6. For 1 ≤ p ≤ ℓ,

Ω^p(A) = ⨁ 1≤i_1<···<i_p≤ℓ SQ^{−p}(d̂f_{i1} ∧ · · · ∧ d̂f_{ip} ).

This corollary gives a new method using the new differential operator d̂ to calculate a basis for the module of logarithmic forms.

Taking the W -invariant parts of the both sides in Corollary 6, we also have

Corollary 7. For 1 ≤ p ≤ ℓ,

(Ω^p(A))^W = ⨁ 1≤i_1<···<i_p≤ℓ RQ^{−p}(d̂f_{i1} ∧ · · · ∧ d̂f_{ip} ).

Example 8 (B_2). When W is the Coxeter group of type B_2, we can choose f_1 = 1 2 (x^2_1 + x^2), f_2 = 1 4 (x^4_1 + x^4_2).

Then, as seen in [SoT, §5.2], the operator d̂ in Proposition 4 satisfies d̂x_1 = −dx_2, d̂x_2 = dx_1.

Thus d̂f_1 = −x_1dx_2 + x_2dx_1, d̂f_2 = −x^3_1dx_2 + x^3_2dx_1.

Then d̂f_1 and d̂f_2 form an R-basis for (Ω^1)^{det} and d̂f_1/Q and d̂f_2/Q form an S-basis for Ω^1(A) as Corollaries 5 and 6 assert.

References [Bou] Bourbaki, N.: Groupes et Algèbres de Lie. Chapitres 4,5 et 6, Hermann, Paris 1968 [Fla] Flanders, H.: Differential Forms, with Applications to the Physical Sciences. Academic Press, 1963

Logarithmic forms and anti-invariant forms of reflection groups 5

[OrT] Orlik, P. and Terao, H.: Arrangements of Hyperplanes. Grundlehren der Math. Wiss. 300, Springer Verlag, 1992 [Sai1] Saito, K.: On the uniformization of complements of discriminant loci. In: Conference Notes. Amer. Math. Soc. Summer Institute, Williamstown, 1975 [Sai2] Saito, K.: On a linear structure of a quotient variety by a finite reflexion group. RIMS Kyoto preprint 288, 1979 = Publ. Res. Inst. Math. Sci. 29 (1993) 535–579 [Sai3] Saito, K.: Theory of logarithmic differential forms and logarithmic vector fields. J. Fac. Sci. Univ. Tokyo Sect.IA Math. 27 (1980) 265–291 [SYS] Saito, K., Yano, T., Sekiguchi, J.: On a certain generator system of the ring of invariants of a finite reflection group. Communications in Algebra 8 (1980) 373–408 [She] Shepler, A.: thesis, Univ. of California, San Diego, 1999. [Sol1] Solomon, L.: Invariants of finite reflection groups. Nagoya Math. J. 22 (1963) 57–64 [SoT] Solomon, L. and Terao, T.: The double Coxeter arrangement. Comment. Math. Helv. 73 (1998) 237 – 258 [Ter] Terao, H.: Free arrangements of hyperplanes and unitary reflection groups. Proc. Japan Acad. Ser. A 56 (1980) 389–392

Anne Shepler Mathematics Department University of California at San Diego La Jolla, CA 92093 USA Hiroaki Terao Mathematics Department Tokyo Metropolitan University Hachioji, Tokyo 192-0372 Japan

E-mail address: ashepler@euclid.ucsd.edu hterao@math.matro-u.ac.jp